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Va = {(x,y) € C*: y? = x* + Aax + A}
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F. G. Frobenius, L. Stickelberger, Uber die Differentiation der
elliptischen Functionen nach den Perioden und Invarianten,
J. Reine Angew. Math., 92 (1882), 311-337.

Lo = Lo — udy, U
El - aua i@/r
Lo = Ly — ((u; Mg, X6) O B

Here p(u; Aa, X6) and ((u; Aa, \¢) are Weierstrass functions,
and the fields L, on B are

4
Ly = 4)\48,\4 aF 6)\66)\67 Ly, = 6)\63,\4 = §/\‘2la)\6.

Lie algebra
[Lo, L1) = L1,  [Lo,L2] =2L2,  [L1,L2] = p(u; Aa, X6) L1
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Hyperelliptic functions of genus g

An Abelian function is a meromorphic function on C8 with a
lattice of periods ' C C& of rank 2g. T8 = C&/T.

Vi ={(X,Y) €C?: Y2 = X?ET L X\ X281t 4+ X X+ Nagia}

where \ = ()\4, A6y - - - /\4g, )\4g+2) cC%*.B= CZg\Z

A hyperelliptic function of genus g
is a smooth function defined on

an open dense subset of C& x B, IA=C¢/T
such that for each A\ € B it’s restriction to C8 x A B

is Abelian with T# the Jacobian J) of V.

U
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Problem of Differentiation of Hyperelliptic Functions

Denote the field of hyperelliptic functions by F.

o Find the generators of the F-module Der F
of derivations of the field F and their action on F.

@ Describe the structure of Lie algebra Der F
(i.e. find the commutation relations).

V. M. Buchstaber, D. V. Leikin, Solution of the Problem of
Differentiation of Abelian Functions over Parameters for
Families of (n, s)-Curves, Funct. Anal. Appl., 42:4, (2008).
V. M. Buchstaber,

Polynomial dynamical systems and Korteweg—de Vries equation,
Proc. Steklov Inst. Math., 294 (2016), 176-200.
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Polynomial map

V. M. Buchstaber,
Polynomial dynamical systems and Korteweg—de Vries equation,
Proc. Steklov Inst. Math., 294 (2016), 176-200.

U-2sC3e
j” lp L1 L3 ... ﬁgg,1
BC (C2g EO LQ 5o o £4g_2

The map ¢ will be given by a set of generators of F
and p will be a polynomial map.

We will now describe ¢ and p.
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Hyperelliptic Kleinian functions

Let o(u; A) be the hyperelliptic sigma function
(or Weierstrass elliptic sigma function in genus g = 1 case).
We use the notation

o 8i+n
Ck = =—Ina(u; \), Pitks,kn = — 77— — Ino(u; A),
B (ui A) isky 3L, B0y O, (u: A)
where u = (uy, u3,...,Ug—1), n>0,i4+n>2.
In the case n = 0 we will skip the semicolon.
o 01,1 P13 .- P12g-1
U--»C%: (1, A) = | 921 923 ... 221
93,1 933 ... 03;2g-1
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V. M. Buchstaber, V. Z. Enolskii, D. V. Leikin,
Kleinian functions, hyperelliptic Jacobians and applications,
Reviews in Mathematics and Math. Physics, 10:2, (1997).

For i,k € {1,3,...,2g — 1} we have the relations

03;i =6p201;i + 601,42 — 200,3;i + 2A40;,1,
02,102k =4 (0201101« + PLLPLI+2 T PLiIPLk+2 T Pik+2,i+2) —
— 2(p1;i90.3,k + PL,k0:3,i + ©ik,ita + 00 k+a)+
+204(6i1901:k + Ok, 101:1) + 2Nt k+4(26i k + Ok i—2 + 6 k—2)-
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E. Yu.

Corollary

g(g+9)

Consider the map ¢ : U -—-» C 2

@1 (U, A) = (X Wits As) = (P R0k, 15 As)-
Then the image of ¢ lies in S C (Cg(ﬁg
where S is determined by the set of g(g+ ) equations.
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.. g(e+9)
The projection m1: C™ 2

gives the isomorphism S ~ C38.

— C32 on the first 3g coordinates

Corollary

.. g(e+9)
The projection m3: C™ 2

gives a polynomial map p: C3 — C?8,

— C28 on the last 2g coordinates

(Cg(g2+9) (C3g y (Cg(ngl) % ng
/
U-2>8~Ck
3
!
B——(C?8
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Problem of Differentiation of Hyperelliptic Functions

Denote the field of hyperelliptic functions by F.

o Find the generators of the F-module Der F
of derivations of the field F and their action on F.

@ Describe the structure of Lie algebra Der F.

Der F is determined by it’s action on the generators of F.
We take the 3g functions g;.j(u, \) as these generators.

U-2-cs
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Problem of Differentiation of Hyperelliptic Functions

Denote the ring of polynomials in A € C?8 by P.
A vector field £ in C38 will be called projectable for p
if there exists a vector field L in C?8 such that

L(p*f)=p*L(f) for any f € P.

The vector field L will be called the pushforward of L.
For a projectable vector field £ we have L(p*P) C p*P.

e Find 3g polynomial vector fields in C3& projectable for
p: C38 — C?8 and independent at any point in p~*(B).

e Construct their polynomial Lie algebra.
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Genus 1

The projection p takes the form
1

)\4 = §X4 — 3X22 5
1 1
A6 = ng — §X2X4 + 2x§’.
The vector fields are
Lo 2x> 3x3 4dxy 3%2
L1] = X3 X4 12x0x3 a%
Lo %X4 —2x3 3xox3 2xox4 + 3x3 6%4

The polynomial Lie algebra is
[Lo, L1] = L1, [Lo,L2] = 2L, [L1,L2] = xL1.
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Genus 2 polynomial map

In the formulas below we write y4 instead of xq 3, ys instead of
x23 and yg instead of x3 3 to shorten down the formulas.

The projection p takes the form

1
Ay = —3X22 + =xq — 2ya,

2
1
Ag = —§(X4}/4 — x3y5 + Xo¥6) + (4X22 + ya) ya,
1 1 1
A6 = 2X§ + 2 3? = §X2X4 — 2x0y4 + §y6,
1 1
Ao = 2xoy; + ZY52 — 546
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Genus 2 Lie algebra

[,Co,ﬁk] =kLy, k=1,2,3,4,6, [£1,£3] =0,
[£1,L2] = 2Ly — L3, [L1,La] = p1;3L1 + 02L3, [L1,Le] = p1.3L3,

4 3
(L3, L2] = (p1;3 + 5)\4) Ly, (L3, L6] = g)\8£1 + 00:3,3L3,

6
['637 £4] = (@0;373 =+ 5)\6> L1+ (p1;3 — )\4) L3,

8 8 1 1
(L2, L4] = g)\ﬁﬁo — g)\4ﬁz +2L6 — 5@2;3& + 5@353,
4 4 1 1
= — = — . s
[£2, Ls) 5>\8£o 5>\4£4 2@1,3,351 + sp23Ls,
6 6 1 1
(L4, Le] = —2A10L0 + gAsﬁz = g)\6£4 +2X\4 L6 — 5@0;3,3,3& 4 5@1;3,353-
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Genus 2 generators

L1 =0y )

1 1 U
‘C’3 - 8U37 l
[,0 = L() — Ulaul — 3U3au3, B

4
Ly= 1L+ <—C1 + 5/\4u3> Ouy — 11045,
6
L= L4+ <C3 + 5>\6U3) Ou, — (C1 + Aau3) Ous,

3
Le =L+ g/\susaul — (3043,
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Problem of Differentiation of Hyperelliptic Functions

e Find 3g polynomial vector fields in C3& projectable for
p: C38 — C?8 and independent at any point in p~*(B).

e Construct their polynomial Lie algebra.
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Polynomial vector fields in B

We consider C?8 with coordinates (A4, Xg, . . ., Nag, Aag42)- Set
As =0 for every s ¢ {4,6,...,4g,4g + 2}.
For k,m e {1,2,...,2g}, k < m set

k—1
Tok2m = 2(k + m)Aaksom + Y 2(k + m — 25) Aas Aoy 2m—2s—
s=2
2k(2g — m+1)
— Aok
2g + 1 2kN\2m;

and for k > mset Toxom = Tomok. For k =0,1,2,...,2g — 1 we
have the vector fields

2g+1
0

Lok = > Tokt22s-257—
s=2 a)\2s
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@ The vector field Ly is the Euler vector field on B.
We have LO()\k) = k)\k, [Lo, Lgk] = 2kL2k.

We have sz()\25+4) = Lzs()\gk+4).
The vector fields Ly are independent at any point of B.

© 0O

The vector fields Lyy are tangent
to the discriminant curve ¥ of V.
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(1, Lo] 1 0 o0
[‘Clv ‘62] §92 =1 0 I

1
(L1, L4 | | o13 g2 -1 r

— 3 5

(L1, L6] P15 P13 92 Lo
[£1, Lg] 0 21,5 91,3
[£1, L10] 0 0 g5
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Genus 3 polynomial map

1
Aa = -3 + 5% — 2y4,

1 1
Ao = 2X§ TF 2 3? = §X2X4 — 2xoV4 + §y6 — 27,

2 1 2 1
g = 4x5y4 — §(X4)/4 — x3y5 + Xoy6) + Vi — 2x026 + 528

1 1 1
Aig = 2xzyf + Zyg — 5Ya¥s — §(X4Z6 — X327 + x028) + (4x22 + 2y4) Z6,

1
A12 = dxoy426 — 5()’626 — ¥521 + yazs) + 73,
1

2 1 2
Mg = 2X226 + Z 7 — 52628-
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Genus 3 generators

El = au1a £3 = aU3a £5 = aU5a
Lo = Lo — 10y, — 3u30u; — Sus0ys,

8 4
C1— )\4U3) Oy, — <U1 - 7/\4U5> Ou; — 3304,
12 6
(3 — *A6U3 — | G+ Aqu3 — *)\GUS Ous — (U1 + 3Aqu5)0,

10

9 8
Le=Lg— <C5 — )\3U3> 8 — <€3 — )\3U5> — (Cl + Agu3 + 2)\5U5) 8u5,
( AoU3 — >\12U5) O — (Cs = )\10U5> Ous — (G3 + Agus) Ous,

3
L10 = L1o + (7>\12U3 = 2)\14U5> Oy 7>\12U53u3 — 5k
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Genus 3 Lie algebra

[Lo, Lk) = kL,

[£17 £3] =0, [ﬁla ‘65] =0, [£37 £5] =0,
[ﬁl, Ez] £2 —1 0
(L1, L4] p13 2 -1 | (L1
[£1,L6] | = | 15 p13 2 L3 ],
[£1, Ls] 0 @15 p13| \Ls
[£1, L10] 0 0 g5
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(L3, L2] 013 — A 0 -3

(L3, L4] ©033 P13 — M4 0 L1
[£3,L6] | = | w035 ©033 13—\ | | L3
(L3, Ls] 0 03,5 ©03,3 Ls
[£3, L10] 0 0 ©0:3,5

[£5, £2] §1:5 0 0 2)\4
(L5, L4] £035 915 0 L1 5 | 36
[L5,L6] | = | w055 035 15 Ls | += | 42
[Ls, Ls] A2 9055 035 | \Ls 510
[Ls, L10] —2X12 —A12 (o055 612
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5\
46
3)g
2)10

Ly,
7 1

0
34
26
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[‘627 54]

(L2, Le]

(L2, Ls] Lo

[£2, L10] Lo Ly
(L4, Le] | Ly

(e C] | = M Lo +K (ﬁs) )
(L4, L10] Lsg >
(L6, Ls] L0

(L6, L10]

[Ls, L10]
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—2:3 ©3 0
—1;3,3 — §£2;5 §92:3 3
—2p1:35 £2:5 £2;3
—1:55 0 §2.5
o L o333 P1:33 — 202;5 2¢02;3
2 —200:33,5 0 20133 ’
—§20;3,5,5 —01,55 20135
—200;355 20155 — £0;3,3,5 £0:3,3,3
—£0;5,5,5 —§20:3,5,5 £0;3,3,5 T §£1;5,5

0 —§20;5,5,5 £20;3,5,5

Functions



86
63
2)12
2| —7TA10
7 | =14\
—21)\14
—TA14

0

0
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—8A4

O)\g
610
312
—14\14
0
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0
—6)4

810
415
—TA14

7
0
—4)\,

T4
—6)¢

—8Xs

5A12

o~w~oPNoo

ARV
oV
146
s




[L27 L4]
[L2, Le]
[L2, Lg] Lo
[L2, L1o] Lo
Lals] | | La
(Lo L] | =M L
(L4, L1o] Lg
[Ls, Lg] Lo
[L6, Lio]
[Ls, L1o]
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Thank you!

Bunkova
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