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Theorem (Murphy's law by Vakil '04)

Moduli of surfaces of general type can be arbitrarily badly
singular.

Toric varieties can easily give examples of obstructed algebraic
varieties =

Theorem (Kaloghiros—P. '20)

Moduli of K-polystable Fano varieties of dimension > 3 can be
singular, in particular non-reduced and/or non-unibranch.

Theorem (P. '21)

Moduli of K-polystable Fano varieties of dimension > 3 can be
quite singular, in particular can have arbitrarily many local
branches.
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X normal algebraic variety over C

Def x is the deformation space of X:

® analytic germ, it is the base of the semiuniversal (a.k.a.
Kuranishi) deformation of X
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® the corresponding complete noetherian local C-algebra
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T} := Ext'(Qx, Ox) for i = 0,1,2.

Then
o T = TiqAut(X)

® there exists a holomorphic map of analytic germs
obx: (T%,0) — (T%,0)
such that obx has zero linear part and
Defx = oby'(0).

L Ti = Ty Defx
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X is rigid if Def x = point

X is unobstructed if Defx smooth
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K-moduli of Fano varieties:

Theorem (Alper, Blum, Halpern-Leistner, Jiang, Li, Liu,
Wang, Xu, Zhuang)

MHKss —— {K-semistable Fano n-folds} A‘V\“‘A druch

Moot |
spacs

M}P* —— {K-polystable Fano n-folds} Pl‘lo:)Q.CﬁUQ
NS
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X K-polystable Fano, dim X = n

~~ closed point Spec C — MKss — MKps

(Alper—Hall-Rydh) The local structure at [X] is

[Defx / Aut(X) "’JC O MKss

iy

Defx / Aut(X) —— MAPS

MKss smooth at [X]

Def th
efx smooth = { M,prs normal and Cohen—Macaulay at [X]
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X Fano

e X smooth = Defx smooth

e (Hacking—Prokhorov, Odaka—Spotti-Sun, Akhtar—Coates—
Corti-Heuberger—Kasprzyk—Oneto—P.—Prince—Tveiten)
dim X = 2 = Defx smooth

K
= MX5*s smooth and M, " normal

e (Namikawa, Sano) dim X = 3, X terminal = Defx smooth
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