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Before formulating the main statement of the present note, recall some definitions and statements
related to Hodge structures.

Let 77 = {M, HP""P Q} be a polarized Hodge structure of weight n, i.e., a free Z-module M, a
nondegenerate bilinear form Q: M x M — Z, the vector space

b
M®C = @Hp,n—p

p=a
presented as the direct sum of its complex subspaces HP"~P for some a,b € Z, a < b, such that
H"™PP = HP:»=P and
Qu,v) = (=1)"Q(v,u),
Q(u,v) =0 for we HP"P v e Hp/’”_p/, p#n—7p.
A polarized Hodge structure # = {M, HP?,Q} is said to be unimodular if @ is an unimodular

bilinear form, i.e., if (e;) is a free basis of M, then the determinant of the matrix A = (Q(e;, e;)) is equal
to 1.

Let
ﬁ%l - {Mlaﬂf’anl} and ‘% - {M27H§7q7Q2}

be two polarized Hodge structures of weight n. A Z-homomorphism f: M; — Ms of Z-modules is a
morphism of polarized Hodge structures if

Q2(f(u)v f(’U)) = Ql(uvv) for all U,V € Ml
and f induces a morphism of Hodge structures, i.e.,
fc(HY?) c HP? forall p,q, where fc=f®Id.

Note thatif f: M7 — Ms is a morphism of polarized Hodge structures, then f is an embedding, since
@1 and @9 are nondegenerate bilinear forms. We say that J# is a polarized Hodge substructure of
5 (and write 54 C %) if the embedding My C My is a morphism of polarized Hodge structures. A
polarized Hodge structure

H = {My ® My, H,Q1 ® Q2}
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58 KULIKOV

is called the direct sum of the polarized Hodge structures 7 and .7 if the canonical embeddings
M; C My & My are morphisms of polarized Hodge structures for i = 1,2. In the case of a direct sum,
we have

HP? = g g1 forall p,q.

We say that a polarized Hodge structure .7 is nondecomposable if it is not isomorphic to the direct
sum of two nontrivial polarized Hodge structures.

Let X be a smooth projective manifold defined over the field C, dim¢ X = n. It is well known that
one can associate to X a polarized Hodge structure 2% = {Mx, H??, Q} of weight n, where

Mx = H"(X,Z)/{torsion},

HP4 = HYT c H™(X,C) are the spaces of harmonic (p, ¢)-forms on X and Q = Qx is the restriction
to

Mx ¢ Mx ® C~ H"(X,C)

of the bilinear form
Qo.0) = [ onw.

[t is well known that the lattice (Mx, Qx) is unimodular. Denote by
hP4 = hP4(X) = dim HY? = dim HY(X, Q%)
the Hodge numbers of X, where Q% is the sheaf of holomorphic p-forms on X.

Lemma 1. Let f: X — V be a birational morphism of smooth projective manifolds of dimension
dimc X = dimc V = n. Then the polarized Hodge structure 5 can be decomposed into the direct

sum of the polarized Hodge structure f*(4,) ~ 74 and a polarized Hodge structure a%”VL

Proof. This statement is well known in the particular case where f =o: X — V is the monoidal
transformation with nonsingular center C' C V' ([1]—[3]; also see [4]). By induction, the validity of the
lemma follows for any composition

f=omo--r001: X =V

of monoidal transformations o;: X; — X;_; with nonsingular centers @_1 C X;_1, where Xo =V and
Xn=Y.
Now, let f be an arbitrary birational morphism. Since deg f = 1, we have

/wa:/Xf*(wf*(zp),

i.e., f*is an embedding of the lattice My = H™(V,Z) in the lattice Mx = H™(V,Z). Therefore,
f*: R/ — Hx is an embedding of the polarized Hodge structure J#,. Since the lattices f*(My)

and Mx are unimodular, there is a sublattice M& of Mx such that
My = f*(My) @® M-

is the direct sum of lattices.
Let us show that this decomposition in the direct sum of lattices induces the decomposition

Hx = [ (A @ HF

in the direct sum of polarized Hodge structures. For this, since the image of Hodge structure under a
morphism of Hodge structures is a Hodge structure, it suffices to show that the natural projection

pri: My ®C — My ®C

is a morphism of Hodge structures. To show that pr' is a morphism of Hodge structures, let us consider
the birational map f~': V --s X. By the Hironaka theorem, there is a composition

oc=0p0---001:Y =V
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of monoidal transformations o;: Y; — Y;_; with nonsingular centers @—1 C Y;_1, where Yy = V and
Y,, =Y, suchthatg = f~'oo: Y — X is a birational morphism. We obtain the decomposition

m—1
Ay = o () & P A
i=0
in a direct sum of polarized Hodge structures, where %is the contribution in .74 of the monoidal
transformation o;,1. Note that the natural projection
m—1
f)VrQ: Hy — @ I
i=0

is a morphism of polarized Hodge structures.

[t follows from the commutative diagram
SN

X s >V

that g*: J#x — 4 is an embedding of polarized Hodge structures such that
g(f(H) =0 ()  and  g"(My) C (0" (My))".

Therefore, we can identify J#x with its image g*(#x), f*(J4,) with o*(J4,) and M- with g*(M;F).
Under these identifications, the projection prt is identified with the restriction of pry to g*(#%).

Therefore, prt is a morphism of Hodge structures, being the composition of two morphisms of Hodge
structures: namely, of the embedding ¢* and the projection pr,.

Let dime X = 2k. Believing in the Hodge Conjecture, the elements of Ax = Mx N H** will be
called algebraic, and the module

Tx ={y€ Mx | Q(v,a) =0 foralla € Ax}

will be called the module of transcendental n-cycles on X, n = 2k. It is easy to see that a polarized
Hodge structure 7% induces the polarized Hodge structure

Ix ={Tx, H;’q, Qr}, where H;’q =T®C)n Hf;){’q

and Qr is the restriction of @ to T'x.
[T S'is a smooth projective surface, then the form @ = Qg is symmetric unimodular and, by the index

theorem, its signature is equal to (2R>0 + 1, A1! — 1). Note that the polarized Hodge structure 7% on
the transcendental cycles on a smooth projective surface S is a birational invariant of the surface S.

Nondecomposability Conjecture. The polarized Hodge structure Js on the transcendental
cycles on a smooth projective surface S is nondecomposable.

Let V' C P° be a smooth cubic fourfold. It is known (see [5], [6]) that the moduli space of cubic
fourfolds contains several families of rational cubics. Nevertheless, the following conjecture is well
known.

Nonrationality Conjecture. A generic cubic fourfold is nonrational.

The aim of the present note is to show that the Nonrationality Conjecture follows from the Non-
decomposability Conjecture. To formulate the precise statement, we fix one of the smooth cubic
fourfolds Vj. For each cubic fourfold V', we can identify the lattice (My, Qy) with the lattice (Mg, Q),
where My = H*(Vo,Z) and Q = Qv,. Let A = L? € My, where L € H?(Vy,Z) is the class of the
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60 KULIKOV

hyperplane section of Vo C P?. It is well known (see, e.g., [7]) that each smooth cubic fourfold V' has
the following Hodge numbers:

h470 — h074 — 0’ h3’1 — h1,3 — 1’ and h272 —921.

Consider the polarized Hodge structures &, = { My, HP?, Qv } on the fourth cohomology groups of
the smooth cubic fourfolds V. Since h*? = 0 and h3! = 1, the polarized Hodge structure

%\/ - {M07 H\Z;’qa Q}
is defined by a nonzero element w € H‘?)l C My ® C. It iollows from the Hodge—Riemann bilinear
relations that
Q\w)=Q(w,w)=0 and Q(w,w) < 0.

Therefore, the classifying space D of polarized Hodge structures of smooth cubic fourfolds coincides
with

D={weP?|Qw,)\) =Qw,w) =0, Qw,w) < 0}.

The point w(V') € D corresponding to the polarized Hodge structure J&, = {My, HP9(V'),Q} of a
smooth cubic fourfold V' is called the periods of V. By [8] and by the global Torelli theorem proved
in [9], the set Dy of periods of the smooth cubic fourfolds is an open subset of D.

Let
P={peM|QN\ pu)=0}

be the submodule of My consisting of the primitive elements. For each endomorphism A € End(My)
such that A(P) C P and the restriction A|p of A to P is not proportional to the identity automorphism
of P, denote

Ea={w € D cP?|wisan eigenvector of A}.

Obviously, E4 is the intersection of D and a finite number of linear subspaces of P22 of codimension at
least 2. Therefore, E 4 is a proper closed analytic subvariety of D. Put E = J E4. Then E is the union
of countably many proper closed analytic subvarieties of D. Therefore, D \ E is everywhere dense in D.

For each pu € My, p is not proportional to A, we put
B,={weDcCP?|[Q(uw)=0} and B=|]JB,.

As above, B is the union of countably many proper closed analytic subvarieties of D. Therefore,
Dy \ (E U B) is also everywhere dense in Dj.

Proposition 1. /] the Nondecomposability Conjecture is true, then a smooth cubic fourfold V is
nonrational if its periods w(V') are contained in Dy \ (E'U B).

Proof. Assume that the smooth cubic fourfold V' is rational and its periods w(V') are contained in
Dy \ (E U B)

Note that the sublattice of transcendental elements Ty, of the lattice My, coincides with the sublattice
of primitive elements P if the periods w(V') belong to Dy \ B.

Since V is rational, then there is a birational map r: P* --» V. By the Hironaka theorem, there is a
composition

T:Tno-~~o7'1:X—>]P’4

of monoidal transformations 7;: X; — X;_; with nonsingular centers C;_; C X;_1, where Xy = P4 and
X,, = X, such that

f=ror: X =V

is a birational morphism.
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NONRATIONALITY PROBLEM FOR GENERIC CUBIC FOURFOLDS 61

Each 7; induces an inclusion of unimodular polarized Hodge structures 7 : %, | — J¢x, such that
Hx, = () @ (7] ()
[n particular,
HY(X;,Z) = 7 (H'(Xi-1,2)) & (7 (H'(Xi-1,2))) -
Moreover, if dim C;_1 < 1, then
(7 (H*(X;-1,2))" € HY,

and if C;_1 is a smooth surface, then

(Ti* (‘%Xifl ))J_ = _%Cifl (_1)7

where
A, (1) = (Mg, ,H*Y, —Qc, ) and  HPY = Hg:_liq_l'
Therefore,
HY =7HY e Y, HY =0
and

Qx,(u,v) =0 for we Ti*(Hgéil,l ® H)léil), vE Hf’ill ® HZ-1L31-

As a consequence, we obtain a decomposition of the unimodular polarized Hodge structure
n—1
Hy =1 (M) & P A
i=0
into a direct sum of polarized Hodge structures, where 77 is the contribution in % of the (i + 1)th
monoidal transformation 7;1. By induction, we have .77, ~ (7-2-”‘(%6(2.71))L and, consequently,
Ix >~ — @ I, (1),
where the sum is taken over all surfaces C; with py > 1, since

HYPY,C) = B2, W?(PY=1,  HXC,C)=HE

if the geometric genus p, of the surface C; is equal to zero.
The morphism f induces a morphism of Hodge structures f*: J&, — #x. By Lemma 1, the Hodge
structure % is decomposed into the direct sum f*(74,) @ a%”VL of polarized Hodge structures.

Lemma 2. Let V be a smooth cubic fourfold from Proposition 1, and let
r=1p0-07: X > P! and f=rorm: X -V

be the morphisms described above. Then there is an iy such that the polarized Hodge structure
ﬂcio on the transcendental cycles of the surface C;, can be decomposed into the direct sum of

polarized Hodge structures fc’io ~ — (% )(1) and ﬂc”o

Proof. We have two decompositions
o = () & = 7 () & D
i=0
of the polarized Hodge structure #%. Consider a nonzero element w € f*(H‘?}’l). [t can be represented
in the form
w = nz_:lwi, where w; € Hf’l
i=0
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62 KULIKOV
Let iy be an index such that w;, # 0. Put wl-LO = Zi#io w;, and let
pry  Hx — Ay, Prio: Hx — @ipig i, pr: Hx — [H(H)), proi My — S
be the natural projections. Note that all these projections are defined over Z. We have pr(pr; (w)) = aw

for some a € C, since dim f*(H‘g’/’l) = 1 and pr, pr;, are morphisms of Hodge structures.

Let us show that a = 1. Indeed, the restriction of propr; to f*(My) ~ My induces an endomor-
phism of My, such that

propr;, (f*(P)) € f*(P),
since pr o pr; is a morphism of Hodge structures, My N H‘Q/’2 = ZA and P = Ty by assumption. There-
fore, (propr; ) r-(p) = a-1d, since pr(pr; (w)) = aw (i.e., w is an eigenvector of (pr o pr; )|+ (a1,,) @and a
is its eigenvalue, and, by assumption, w(V') € Dy \ (E'U B)). Therelore, a € Z, since (propr; )| p+(py is
an endomorphism of Z-module f*(P) ~ P. Let

wh = pri(w,) € Hg’él.

Then we have

Wiy = aw + wL,

wz-lo =(1-a)w—w'

By Hodge—Riemann bilinear relations, Q@ x (y,7y) < Ofory € H;’él and Qx(v,7) = 0ifand onlyify = 0.
Therefore, without loss of generality, we can assume that

Qx(w,w)=-1 and QX(wL,wi):bgo,

We have Qx (wiy,wi,) = —a® + b and, consequently, a and b cannot simultaneously be equal to zero,
since w;, # 0. Besides, we have

QX(w7wJ_) = QX(w7wJ_) = QX(w7wJ_) = QX(wawl) - QX(wZo7w£(_)) =0.
Therefore,
Qx (wip i) = Qx (aw + wh, (1 — a)w —wh) = a(1l —a)(=1) b =0,

2 _ 4 —1b=0, and hence

ie.,a
g LEVIH
— ) )
But, a € Z and b < 0; therefore, b = 0, @ = 1 and hence w* = 0, since Qx (w',w") = b = 0. Therefore,
w e Hf;l Besides, we showed that (propr; ) s+ (p) = Id.
Let us show that f*(7y) C T;,. As above, we have two decompositions

n—1

Tx = ["(F)e () =P

i=0
of the polarized Hodge structure 7x. Each v € f*(Ty) can be written in the form
Y=Y+ where yi = pry () € Ty g = Prig(7) € Bieig T
Then, since (propr; ) s+(py = Id and P = Ty, we have
Yo =7+
Yo =
where
v =t () € F1(Tv)

MATHEMATICALNOTES Vol.83 No.1 2008
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Denote by p31): Mx @ C' — Hi’(l1 the natural projection. Then, by definition of transcendental cycles,
p@,1)(7) # 0 for each nonzero element € T, since the Hodge number h*°(X) is zero. In particular,
p(3,1)(7) = a,w for some a, € C, a, # 0, since f*(H‘?}’l) = Cw. Therefore, p(31)(7iy) = a,w, since
w e f*(H‘g’/’l) C H?O’I, and hence p(371)(7f0) = 0. From this, we have %-t =0,i.e., f*(Ty) C T;.
As a consequence, we see that
Ty = " (Fv) & Ty (1)

is a direct sum of polarized Hodge structures, where ;" is a polarized Hodge substructure of [ (FH)*.
To complete the proof of Lemma 2, recall that .7, ~ —,?Cio(—l), where =70¢0 is the polarized Hodge
structure on the transcendental 2-cycles on the smooth projective surface Cj, .

Lemma 3. There does not exist any smooth projective surface S such that Fy ~ —Js(—1),
where V' is a smooth cubic fourfold whose periods w(V') belong to Dy \ B.

Proof. If 7, ~ —J5(—1) for some surface S, then its geometric genus is
pg =h*°(S) = > (V) =1

and rkTs = rkTy = 22. Since p, = 1, the surface S is not a ruled surface. The lattice T’s is a birational
invariant. Therefore, we can assume that S is a minimal model and its second Betti number satisfies

ba(S) = hb1(S) 4 2p%0(S) > 23,

because rk Ts = rk T}, = 22 and S should have also algebraic 2-cycles. Therefore, h''1(S) should be
greater than 20, since h20(S) = 1.

On the other hand, it follows from the classification of algebraic surfaces that Kg > 0, where Kg is
the canonical class of S. Denote by

x(S) =1 —hLO(S) + h20(S)
the algebraic Euler characteristic of the surface S and by
e(S) =24 hg' + 2h*0(S) — 4n'0(S)
its topological Euler characteristic. Note that
R1O(S) = dim H°(S, Q) > 0.
By Noether’s formula, we have

1

= KR +e(8)),

X(S)
and hence
RYL(S) =10 + 10A*9(S) — 8h10(S) — K2 =20 — 8A19(S) — K2,
because h?9(S) = 1. Therefore, h11(S) < 20.

It follows from Lemma 3 that, in the decomposition (1), the summand .7;" is nontrivial, which
contradicts the Nondecomposability Conjecture.
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