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Automorphisms of Galois coverings
of generic m-canonical projections

Vik. S. Kulikov and V. M. Kharlamov

Abstract. We investigate the automorphism groups of Galois coverings
induced by pluricanonical generic coverings of projective spaces. In dimen-
sions one and two, it is shown that such coverings yield sequences of exam-
ples where specific actions of the symmetric group Sg on curves and surfaces
cannot be deformed together with the action of S4 into manifolds whose
automorphism group does not coincide with Sy. As an application, we give
new examples of complex and real G-varieties which are diffeomorphic but
not deformation equivalent.

Keywords: generic coverings of projective lines and planes, Galois group
of a covering, Galois extensions, automorphism group of a projective
variety.

Perhaps the simplest combinatorial entity is the group of the n!
permutations of n things. This group has a different constitution
for each individual number n. The question is whether there are
nevertheless some asymptotic uniformities prevailing for large n or
for some distinctive class of large n. Mathematics has still little to
tell about such problems.

H. Weyl [1]

Introduction

0.1. Terminological conventions. By a covering we understand a branched
covering, that is, a finite morphism f: X — Y from a normal irreducible projective
variety X onto a non-singular projective variety Y, everything being defined over
the field C of complex numbers. With every covering f we associate the branch
locus B C Y, the ramification locus R C f~'B C X, and the unramified part
X\ f7Y(B) — Y\ B, which is the maximal unramified subcovering of f. Being
unramified, it determines a homomorphism ) from the fundamental group m (Y \ B)
to the symmetric group Sy acting on a set of d elements, where d is the degree of f.
This homomorphism ¢ (called the monodromy of f) is uniquely determined by f
up to an inner automorphism of Sy. Conversely, the Grauert-Remmert—Riemann
extension theorem implies that the conjugacy class of 1 uniquely determines the
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covering f up to isomorphism. The image im¢ = G C S, is a transitive subgroup
of Sd.

It is well known that for every covering f there is a unique (up to isomorphism)
minimal Galois covering f X — Y which factors through f: f = f o h, where
h: X — X is again a Galois covering. The covering f is called the Galois expan-
sion of f. The Galois expansion f is characterized by the minimality property:
any Galois covering which factors through f can be factored through f. Using the
Grauert—Remmert—Riemann extension theorem, one can obtain the Galois expan-
sion of f from the non-diagonal component of the fibre product of d copies of the
unramified part X\ f~1(B) — Y\ B of f. In particular, the Galois group Gal(X/Y)
of the covering f: X — Y is naturally identified with G = ¢(m (Y \ B)).

In this paper we study actions of finite groups on the Galois expansions of generic
coverings of projective spaces. To give a precise definition of a generic covering,
we introduce some preliminary definitions concerning actions of symmetric groups.

Let I be a finite set consisting of |I| = d elements and let Iy U---U I = I be
a partition of I, |I;| = d; > 1, Zle d; = d. Such a partition determines a unique
(up to conjugation) embedding of Sg4, X --- x Sg, into the symmetric group Sy,
which is referred to as the standard embedding. A representation Sy, C GL(V}),
where V; is a vector space over C, is called a standard representation of rank d; — 1
if there is a basis eq,..., e, of V; with r;, = dimV; > d; — 1 such that the action

i

o(;,j+1) of the transposition (j,j 4+ 1) € Sg, is given by

e ifLF£G]+1,
oG le) =S ejpr if 1 =7,
€; ifl=45+1

for j # d; — 1 and by

e if [ 7é dz - 1a
O(d—1,d;)(€1) = _ Zdi* e, fl=d;—1
s=1 “S o

for j=d;—1. A set of standard representations of the symmetric groups Sy, C GL(V;)
of ranks d; — 1, ¢ = 1,...,k, determines a representation Sy, x --- x Sg, C
GL(V) with V. = V] @& --- @ Vi, which will be referred to as a standard repre-
sentation of the product Sg, X -+ X Sg, of rank > d; — k. Tt is easy to see that
if Sg, x -+ x Sg, C GL(V) is a standard representation of rank Y d; — k, then the
codimension in V' of the subspace consisting of all vectors that are fixed under
the action of Sy, X -+ x Sy, is equal to > d; — k.

Let the group S; act on a projective manifold Y. We say that the action of Sy
on Y is generic if the stabilizer St, C Sy of each point a € Y is a standard
embedding of a product of symmetric groups and the action induced by St, on the
tangent space 1,Y is a standard representation (the product and the representation
both depend on a). By this definition, if the action of Sy on Y is standard, then
the quotient space Y/Sy is a projective manifold.

A covering f: X — PdmX of degree d is said to be generic if the Galois group
G = Gal(X /P4m X) of the Galois expansion of f is the full symmetric group Sy, the
varieties X and X are smooth and the action of G on X is generic. This definition
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implies that, for any generic covering f of degree d, the group Gal()z JPAim XY g the
full symmetric group Sy and the subgroup Gal()? /X) coincides with Sy_1 C Sy.

Suppose that X is non-singular and dim X = 1. In this case, a covering f: X — P!
branched over B C P! is generic if and only if |f~* ( )| = deg f—1 for every be B.
For generic coverings, the stabilizer St; C Sq= Gal(X /PY) of every point b€ f~1(b),
b € B, is generated by a transposition. This determines a standard embedding
of Sty = S into Sy.

Suppose that X is non-singular and dim X = 2. In this case, the covering
f: X — P? is generic if and only if the following conditions hold: f is branched
over a cuspidal curve B C P?, we have |f~1(b)| = deg f — 1 for each non-singular
point b of B and |f~1(b)| = deg f — 2 if b is a node or a cusp of B. For generic
coverings, the stabilizer St; C Sq = Gal(X /P2) of every point b € f~1(b), b € B, is
generated: by a transposition if b is non-singular point of B, and then St; = Ss; by
two non-commuting transpositions if b is a cusp of B, and then St; = S3; by two
commuting transpositions if b is a node of B, and then St; = Sy x Sy (see §3.1 for
a detailed exposition).

Whatever the dimension of the covering, the automorphism group Aut()? ) of
the variety X contains the symmetric group Sy, but the following examples show
that one cannot generally expect Aut(X ~) and Sy to be equal.

As a first example, we take a generic covering f1: Y =P' — P! of degree d + 1
and let f: Y — P! be the Galois expansion f = fiohy of fi. Then Gal(Y/IP’l)
Sd+17 Y = Y/Sd and h;: Y — Y = P! is a Galois covering with Galois group
Gal(Y/Y) = Sq. The covering h1: Y — Y = P! may be regarded as the Galois
expansion X =Y — Y = P! (with Galois group Gal(X /P') = S,) of a covering
f:X—-Y=P X= X/Sd 1- Then f is a generic covering of degree d. Hence, if
we start from f: X — P!, we see that its Galois group Gal(X/]P’l) =S4 does not
coincide with Aut(X) because the group Aut(X) = Aut(Y) contains at least the
group Sg+1-

Another example may be obtained as follows. Let fi: Y = P! — P! be a generic
covering of degree d branched over some B; C P'. Take points z,y € P! outside B,
and let fo: Z = P' — P! be a cyclic covering of degree p branched at z and y.
Consider the fibre product X =Y xp1 Z and its projection f: X — Z = P! onto
the second factor. It is easy to see that f is a generic covering and Aut(X) contains
Gal(X /P x Z/pZ.

0.2. Main results. The aim of our research is to give numerical conditions on
a generic covering f: X — PYmX which ensure that Aut(X) = Gal(X /PdimX)
and which are preserved under deformations of the Galois expansion.

To state the results obtained, we introduce another auxiliary notion. A covering
f: X — P4mX s said to be numerically m-canonical (m-canonical for short) if it
is given by dim X + 1 sections (without common zeros) of a line bundle numerically
equivalent to the mth power K?ém of the canonical bundle Kx of X.

It is known that m-canonical coverings exist only if the Kodaira dimension of X
coincides with the dimension of X. If dim X = 2, then X must also be minimal
and contain no (—2)-curves. If dim X = 1, then the genus of X must be greater
than or equal to 2. Conversely, it is well known that any curve of genus g > 2
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possesses an m-canonical covering for m > 1 and, as shown in [2], any minimal
surface of general type containing no (—2)-curves also possesses an m-canonical
covering, at least for m > 10.

Theorem 0.1. Let X be a curve of genus g > 2 and f: X — P! the Galois
expansion of an m-canonical generic covering f: X — PL. If m(g — 1) > 500, then
the Galois group Gal(X /PY) is the full automorphism group of X.

Theorem 0.2. Let X be a surface of general type and assume that it possesses
an m-canonical generic covering f: X — P2, m > 2. If m*K% > 2-84% and
f: X — P2 is the Galois expansion of f, then the Galois group Gal(X /P2) is the
full automorphism group of X.

As a corollary, we see that the G-curves in Theorem 0.1 and G-surfaces in Theo-
rem 0.2 provide infinitely many examples of saturated connected components of the
moduli space of G-varieties with G = S;. Here a component is said to be saturated
if, for any G-variety representing a point of this component, G is the full automor-
phism group of V. (It may be worthwhile to point out other simple examples of
saturated components with G # S;. These are the components given by the curves
and surfaces whose automorphism group has maximal possible order, 84(g — 1) for
curves and 422 K? for surfaces. One might also mention deformation-rigid varieties
with non-trivial automorphism groups.)

As another application of the theorems above, we give counterexamples to the
Dif = Def problem for complex and real G-varieties. Namely, we construct pairs
of complex (resp. real) varieties Vi, V5 such that the actions of Aut V; and Aut Vs
(resp. K1V; and K1 V5, where K1V is the group formed by the regular isomorphisms
X — X and X — X) are diffeomorphic but not deformation equivalent. As far
as we know, such examples are new, especially in real geometry. (It may be worth
noting that the surfaces in our counterexamples [3] to the Dif = Def problem for
real structures have diffeomorphic real structures, but the actions of the Kleinian
groups on these surfaces are not diffeomorphic.)

0.3. Contents of the paper. The proofs of Theorems 0.1 and 0.2 consist of
two parts. First (in §1) we use the methods of group theory to study minimal
expansions of symmetric groups. This restricts the number of possible cases. Then
the remaining cases are investigated by geometric methods (in §2 for Theorem 0.1
and in §3 for Theorem 0.2). In §4 we describe the applications mentioned above.

§ 1. Minimal expansions of symmetric groups

1.1. Preliminary definitions. To state the group-theoretic assertions used in
the proofs of Theorems 0.1 and 0.2, we introduce some definitions. We say that
a group G containing the symmetric group Sy possesses the minimality property if
there is no proper subgroup G of G that contains Sy and does not coincide with Sy.
Such a group G is called a minimal expansion of Sq.

An embedding «: Sy C Sgio is said to be quasi-standard if the image
a(o; ;) of every transposition o;; = (i,7) € Sg, 1 < ¢,j < d, is the product
a(o;j)=(1,7)(d+1,d+ 2) of two transpositions, (¢,7) and (d+1,d+2), in Sgyo.
We note that the image of Sy under a quasi-standard embedding is contained in
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the alternating subgroup Agy2 of Sgy2. Such an embedding «: Sy — Ag42 is said
to be standard.

Proposition 1.1. Let G be a minimal expansion of the symmetric group Sgq of
index k = (G : Sq). Assume that k < ed™, where either () ¢ =63 and n =1, or
(i) ¢ = (2-42)2 and n = 2. If d > max(2c,1000), then G is one of the following
groups.

1) G =S4 X Z/pZ, where p is a prime and p < cd™;

2) G = A4 % D,, where 3 <r < cd™, r is odd, D, is the dihedral group given by
the presentation

D, ={(o,7|c*=1%=(o1)" =1),

and the action (by conjugation) of o and T on Ay coincides with that of the trans-
position (1,2) € Sq on Ag C Sg;

3) G = S411 1is the symmetric group;

4) G = Agyo is the alternating group, the embedding of Sy in Agis is standard,
and such expansions can appear only under assumption (ii).

The rest of this section is devoted to the proof of Proposition 1.1.

Proof. A priori, one of the following two cases occurs.

Case 1. The group G contains a non-trivial normal subgroup.

Case I1. The group G is simple.

Since d > 6, the group Sy has a unique non-trivial normal subgroup (namely, the
alternating group Ay) and, therefore, Case I can be subdivided into the following
subcases, where N stands for the non-trivial normal subgroup of G:

Case I;. Sq C N.

Case Io. NN Sy ={1}.

Case Is. NNS; = Ay.

Case I3 can be further subdivided into two subcases.

Case 131. Ay is a normal subgroup of G.

Case I32. Ay is not a normal subgroup of G.

1.2. Analysis of Case I;. It follows from the minimality property that Sy=N.
Let g1 be an arbitrary element of G\ S4;. Then conjugation by ¢; induces an
automorphism of Sy. Since d > 7, all automorphisms of S, are inner. Hence there
isa go € Sy such that the element g = g1 go commutes with all elements of S;. Again
applying the minimality property, we see that G splits into the direct product of Sy
and the cyclic group (g) generated by the element g. Moreover, the order of g is
a prime number p.

1.3. Analysis of Case I3;. By §1.2, we can assume that Sy is not a normal
subgroup of G. Hence there is a g € G such that the group S, = g~ S4g does not
coincide with Sy (but is isomorphic to Sy).

Since Ay is a normal subgroup of G, we have Ag C S/, N Syq. Furthermore, for
any transposition o € Sy, the element 7 = g~og (which will be called a transpo-
sition in SY;) does not belong to Sy. Thus, it follows from the minimality property
that G is generated by elements of A; and any two transpositions, o € Sy and
T € S). Moreover, since conjugation by elements of Sy (resp. S) provides the
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full automorphism group Aut(A;) of Ay, we can choose the two generating
transpositions ¢ € Sq and 7 € S/ in such a way that o7 commutes with all ele-
ments of A4. We can also assume that the action (by conjugation) of o and 7 on Ay
coincides with the action of the transposition (1,2) € Sy.

Let H denote the subgroup of G generated by ¢ and 7. Then H is isomorphic
to the dihedral group

D, ={o,7|c*=1*=(o1)" =1)

for some r € N.

It is known that every element g € D, either belongs to the cyclic subgroup
generated by o7, or is conjugate to o or 7. Therefore A;N H is a subgroup of (o7).
Since the element o7 commutes with all elements of A4 and the centre of Ay is

trivial, we conclude that AgN H = {1}. In addition, A4 is a normal subgroup of G,
and G possesses the minimality property, whence

G=A;xH~ A ;% D,.
Moreover, 7 is odd since o and 7 are conjugate in G and, therefore, in D,..

1.4. Analysis of Case I5. It follows from the minimality property that in this
case the group G is isomorphic to the semidirect product N x Sy.

If N is not a simple group, then we can find a minimal non-trivial normal sub-
group N7 of N. First note that Ny cannot be a normal subgroup of G since G
possesses the minimality property. Therefore the set of subgroups of G' conjugate
to Nj contains more than one element. Let {Ny,..., Ns} be the set of subgroups
conjugate to Ny in G, s > 2. Every group N;, 1 < i < s, is contained in N since
N is a normal subgroup of G. Moreover, each of them is a normal subgroup of N
since V7 is normal in IV and conjugation by any element of G induces an isomor-
phism of N. The action of Sy on the set {Ny,..., Ns} is transitive and this set is
an orbit of the action of Sy by conjugation on the set of all subgroups of G.

We claim that N ~ Nj x---x N, for some s < s (possibly after a rearrangement
of the N;).! We first note that N;NN; = {1} for i # j. Indeed, Ny, ..., Ny are min-
imal normal subgroups of N and the intersection N; N IV;, being an intersection of
two normal subgroups, is a normal subgroup. Therefore [Ny, Na] C Ny NNy ={1}.
Thus the subgroup N7 Ns, which is generated in N by the elements of N; and N,
is isomorphic to N x N5 and is again a normal subgroup of N. Using induction,
we take some 7 < s and assume that the subgroup Ny ; = Ny ---N; of N is normal
and is isomorphic to Ny X -+ x N;. Then either N1 ; N N;+1 = {1}, or N;41 C Ny;.
(Here we again use the observation that N;;1 is a minimal normal subgroup of N.)
If Nl,i n Ni+1 = 17 then

Nijy1 =Ny Nigp =~ Ny x -+« X N

since [Ny, Niy1] € Ni,; N Nip1 = 1. This inductive procedure stops at some
subgroup N; s, C N which, being normal in N and invariant under the action

LEditor’s Note. The statement that a minimal normal subgroup of a finite group is a direct
product of isomorphic simple groups is well known to specialists in group theory (see, for exam-
ple, [B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin-Heidelberg 1967], Lemma 4.8 a)
on p.21 and Theorem 9.12a) on p.51).
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of S4 by conjugation, is a normal subgroup of G. Therefore N; 4, coincides with N.
Thus we have N >~ Ny x -+ x Ny, .

The groups Ny, ..., Ny, which are isomorphic to each other, are simple. Indeed,
if N1 is not simple, then there is a non-trivial normal subgroup N1 of Ny, so that
the group Ny x {1} x - -- x {1} is a normal subgroup of N. But this contradicts the
assumption that Nj is a minimal normal subgroup of N.

We now claim that s; = s if N; is a non-abelian simple group. Indeed, arguing
by contradiction, suppose that s; < s. Then Ng, 11 C Ny X---x Ng,, the projection
of N, +1 onto each factor is either an isomorphism or the trivial homomorphism and
at least two of them are isomorphisms. Without loss of generality, we can assume
that the first two projections are isomorphisms. Thus, if an element ¢ € Ny, 1
is written as a product g = gi¢2---gs, of elements g; € N;, then g; is uniquely
determined by g2. On the other hand, N, 41 is a normal subgroup of N and,
therefore, for any g = g1g2---gs, € Ns,+1 and any h € Ny, the product h~'gh =
(h=Yg1h)g2 - - - gs, belongs to Ny, +1. This contradiction proves the claim.

If N7 is a non-abelian simple group, then conjugation by the elements of Sy
transitively permutes Ny, ..., Ng and determines a homomorphism v: S; — S;.
Since d > 7, there are only two possibilities: either s < 2 and Ay C ker, or v is
an embedding and, therefore, s > d.

Suppose that Nj is a non-abelian simple group and s = 2. Then conjugation
by the elements of A, determines a homomorphism ¥: A; — Aut(Ny). Since
the outer automorphism group Out(N7) = Aut(N7)/Inn(N7) is soluble for a sim-
ple group Nj (see [4], Theorem 4.240) and the group A, is simple, we see that
P(Ag) C Inn(Ny), and either ¢(Ag) = 1 or ¢: Ay — Inn(Np) is an embedding
in the inner automorphism group. If ¢¥)(A4) = 1, then every element of Ny com-
mutes with all elements of A; and, therefore, A, is a normal subgroup of G since
G is generated by the elements of Sy together with a non-identity element h € Ny
and h commutes with all elements of A;. But this case has already been covered
(Case I31). If ¢o: Ag — Inn(N;) is an embedding, then the order of N; is greater
than %d! and, therefore,

k=(G:8y) > (;d!>2.

But this is impossible because of the assumption that d > 1000 and %k does not
exceed either 63d or (2 -42)%d>.

We now suppose that N is a non-abelian simple group and s > d. Then, since
As is the smallest non-abelian simple group,

k= (G:Sq) =|N|° > |N|* > 607

which is impossible for the same reason as above.

We finally suppose that N; is abelian. Then N ~ Nj x --- x N,, and again
conjugation by the elements of A, determines a homomorphism ¢: Ay — Aut(Ny).
As above, if ¥(Ag) = 1, then Ay is a normal subgroup of G. This case has already
been studied.

If ¢ Ag — Aut(Ny) is an embedding, then Lemma 1.3 (see below) implies that
s1 > [4]. Therefore,

k= (G:Sy) = |N.|* > 2lsl.
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This contradicts the assumption that d > 1000 and k does not exceed either 63d
or (2-42)%d>%.

The rest of this subsection is devoted to a proof of Lemma 1.3, which is based
on the following lemma.

Lemma 1.2. Let F be a finite field of characteristic p and H a subgroup of
PGL(F,n) isomorphic to the alternating group Asq,, di € N. Then n > d;.

Proof. If dy < 2, the statement is obvious. Suppose that the lemma holds for d; < k
and put d; =k + 1.

Consider the natural epimorphism ¢: GL(F,n) — PGL(F,n). The kernel of v
consists of scalar matrices A\Id, A € F*. Therefore the group 1/J_1(A4(k+1)) is
a central extension of the group A1)

We write = for the set of all 4-tuples {i1, 2,173,494} of pairwise-distinct integers
in the range 1 < i; < 4(k + 1). For every I € Z, we denote by z; the permutation
(i1,42)(73,14) € Ager41). The permutations xy, I € E, generate the group Ayg11).
Since 4(k + 1) > 8, any two of them are conjugate in Ay(,4q). For every pair
11,15 € = we choose a word wy, 1, in the letters x; such that x;, = w;l%12$[2w11’12
in Ay(k+1)- Then we pick elements &; € ¢~ (x7) C ¢~ (Ap41) and put

Tr, = T, Ip = {4k + 1, 4k + 2, 4k + 3, 4k + 4},
Ty =Wy 1 T, Wr,1,, I # Io,

where Wy, 1, is obtained from wy j, by writing Z; instead of z;.

For every I € = we have z; = puy2y, where the uy € ker belong to the centre

of GL(F,n). Therefore,

Ty = w;}O%IOwI,on
where wy 1, is obtained from wy j, by writing T instead of z;. On the other hand,
x2 =1 for every I € =, whence 77 = A; € kert. Since the Z; are all conjugate
and the Z? = A; belong to the centre, the A\; must all be equal. We denote this
element by A.

We regard GL(F,n) as a subgroup of GL(F,n), where F is the algebraic closure
of the field F'. Let /~14(k+1) be the subgroup of GL(F,n) generated by the 77, I € =,
together with the elements of the centre. It is easy to see that 1214(k+1) is a central
extension of Ay(pq1)-

144(k+1) contains an element p such that u>=A"1. Put y; =pz;. Then y?=1
and the elements y; are all conjugate: y; = U;}Oyjov[’lo, where vy 7, is obtained
from wr j, by writing y; instead of x;. We also have x;ry, = xy,xr for all I =
{i1,12,i3,i4} € B, 1 < ij < 4k. It follows that yryr, = 1y, yr for some element 1y
of the centre of GL(F,n). Since y? = Id, we have u; = +Id. Since the y; are all
conjugate by words depending on y;, we see that the p; must all be equal. Hence
the pur with I € = are all equal to either y =1Id or p = —Id.

We claim that ;4 = Id. Indeed, consider the elements y1 234, ¥1,2,56 and put
§37475,6 = Y1,2,3,4Y1,2,5,6- We have g3,4,5,6 = /\y3,475,6, where \ is a central ele-
ment since T3456 = 21,2,3,471,2,56- We also have yr y1034 = 1y1,2,3,4y1, and
YI,Y1,2,56 = HY1,2,5,6Y1,- Hence, on the one hand,

YIoY3,4,5,6 = YIoAY3,4,5.6 = MLY3.4,5.6YT, = HY3,4,5,6YI,
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and on the other,

Y1,Y3,4,5,6 = Y1,Y1,2,3,4Y1,2,5.6 = 1 Y1,2,3,4Y1,2,5,6Y1, = K Y3,4,5,6YI,-

Therefore p = Id.

We denote by Ay(y41y the subgroup of GL(F,n) generated by all y;, I € E.
Its image in PGL(F,n) is obviously equal to Ay(k41)- Consider the subgroup Ay
of Ay(r41) generated by the elements yy, I = {iy,42,i3,i4} € E with 1 < i; < 4k.
The elements of Ay, commute with yz,, and the image of Ay, in PGL(F,n) is Ay

We first assume that the characteristic p # 2. Then the vector space V = F"
splits into a direct sum F @ F_ of eigenspaces corresponding to the eigenvalues +1
of yr,. Since yy, does not belong to the centre, we have dim £, > 1 and dim E_ > 1.
Since the elements of Ay, commute with yz,, the eigenspaces F are invariant under
the action of Ayr. This action is non-trivial on at least one of these subspaces, say
on E,. Moreover, since Ay is a simple group, this action induces an embedding
of Ay into PGL(EL). By the induction hypothesis, we have dim E. > k and,
therefore, dimV > k +1 = d;.

We now suppose that p=2. Then the subspace E={veV |y, (v)=v} of V is
invariant under the action of A4, and dim F < dim V. If the action of Ay, on F
is non-trivial, then n =dimV > dim E > k, that is, n > k+ 1 =d;.

To complete the proof, we claim that if the action of A4y on E is trivial, then the
induced action of Ay, on V/E is non-trivial. For if both actions are trivial, then
we can choose a basis of V' in such a way that every element y € Ay is represented
in this basis by a matrix of the form

(1, A
Y=o 14,)°

where ¢ = dim F, b = dimV — a, A is an a x b matrix and 0 is the zero b X a
matrix. But this is impossible because such matrices form an abelian group while
the group Ay is non-abelian. Thus we conclude that the action of Ay on V/E is
non-trivial and, therefore,

n=dimV >dimV/E >k,

whence n > k + 1 = dy. The lemma is proved.

Lemma 1.3. Let F be a finite field of characteristic p and H a subgroup of
GL(F,n) isomorphic to the alternating group Asq,, di € N. Then n > d;.

Proof. This follows from Lemma 1.2 since PGL(F,n) is the quotient group of
GL(F,n) by its centre and the alternating group has trivial centre.

1.5. Analysis of Case I35. Since N is a normal subgroup and N NSy = Ay, we
see that the subgroup (N, o) of G generated by the elements of N together with
the transposition o € Sy is isomorphic to the semidirect product N x (o). The
group Sy is contained in (N, o) since A; C N. Thus the minimality property of G
implies that G = N x (o).

We recall that, by assumption, A, is not a normal subgroup of G.
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We first suppose that the group IV is not simple. Pick a minimal non-trivial
subgroup Ny of N. Then we have either Ny N Ay = {1} or Ny N Ay = A, since Ay
is simple.

If Ny N Ay = {1}, then the group Ny = 0! Njo is a normal subgroup of N and
NonAg = {1}. If Ny = Ny, then Ny is a normal subgroup of G, and this case
has already been studied (Case I). If Ny # Nj, then [Ny, N3] € Ny N Ny = {1}
and the group NiNy ~ N; x N; is a normal subgroup of G. The case when
NiN, N Ay = {1} is also contained in Case Iy. Therefore we can assume that
N = N1 Ns. Since N;N Az = {1} for i = 1,2, the projections of A4 onto the factors
are embeddings. Therefore |N;| > |A4| = 4. Hence,

B

k:(G:Sd):(N:Ad)>

)

1000 and k& does not exceed

\YARR ST

which is impossible because of the assumptions that d
either 63d or (2 - 42)%d?.

If Ny N Ag = Ag, then Ny N Ay = Ay, where Ny = 0~ Njo. If N; = Ns, then
N7 is a normal subgroup of G. This case is contained in Case Iy. If N; # N,
then Ny N Ny is a normal subgroup of N and we have A; € Ny N Ny C Ny.
This contradicts the original assumption that N7 is a minimal non-trivial normal
subgroup of N.

Thus it remains to treat the case when N is a simple group and G = N X (o).
Clearly, the group N cannot be cyclic.

If N is isomorphic to some alternating group Ag4,, then d; —d = n; > 1 and

E=(G:85q) =(Aq, : Ag) = (d+1)---(d+ nq).

By hypothesis, we have d > max(2¢,1000) and k < ¢d™, where ¢ = 63, n = 1
(case (i)) or ¢ = (2-42)%, n = 2 (case (ii)). Therefore n; < 1 in case (i) and ny < 2
in case (ii).

If ny = 1, then G = Sy+1 (and, moreover, the embedding of Sy in G = Sy11
is standard).

Before completing the analysis of other simple groups, let us show that it is
impossible to have n; = 2 under assumption (ii).

Lemma 1.4. Any embedding a: Aq — Agio is conjugate to the standard one
ifd > 0.

Proof. We consider the standard actions of Ag C Sq and A4y C S4y2 on the sets
I, ={1,2,...,d} and Ig4o = {1,2,...,d + 2} respectively. If 7 € A, is a cyclic
permutation of length 3, then its image «(7) is a product 7y - - - 7, of pairwise disjoint
cyclic permutations, and we have 73 = 1 for all i = 1,...,s. To prove the lemma,
it suffices to show that s = 1 for every 3-cycle 7 € A;. There is no loss of generality
in assuming that 7 = (d — 2,d — 1,d).

Under the action of a(7), the set Iz 2 splits into a disjoint union of s orbits Os ;,
i=1,...,s, of length 3 and d 42— 3s orbits Oy ;, i =1,...,d+2 — 3s, of length 1.
Consider the subgroup Ay_3 of A; whose elements leave the points d — 2, d — 1,
d € I, fixed. The elements of A;_3 commute with 7. Hence the group a(A4—3) acts
on the set of all orbits O3z ; and on the set of all orbits O, ;. This action determines
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a homomorphism 3: Ay_3 — Ss X Sg12_35. But we have s < d — 3 for d > 9, and
if s > 1, then d + 2 — 3s < d — 3. Hence the homomorphism £ is trivial for s > 1
because A4_3 is a simple group and |Ag_3| > |Ss|, |Ad—3| > [Sar2—3s| if d > 9.
Therefore o induces a homomorphism from A;_3 to the direct product of s copies
of S3, and this induced homomorphism must also be trivial. Finally, we see that
if s > 1, then o cannot be an embedding. The lemma is proved.

By Lemma 1.4, we can assume that G ~ A2 % (o) and the embedding A; C
Agyo is standard. We claim that in this case G ~ Sy;2 and the embedding
Sq C G ~ Sgyo is also standard, so the expansion Sy C G of the symmetric
group Sy does not possess the minimality property.

Indeed, consider the natural homomorphism

i: Inn(G) — Aut(Agy2) >~ Sqyo.

Clearly, i(Agy2) = Agya C Saye. To prove that G ~ S4y9, it suffices to show that
(o) is not an inner automorphism of 4,49 (we recall that o is a transposition as an
element of Sy). If i(0) € Inn(Ag42), then there is an element 7 € A4y9 such that
the product v = o7 commutes with all elements of A415. In particular, it commutes
with 7 and, therefore, it commutes with o. Since o ¢ Ajy2, we have v = o7 # 1
and the group (Sg,v) (which is generated in G by v and the elements of Sy) is
isomorphic to Sy x (7). But the existence of such a subgroup in G ~ Agi2 % (o)
contradicts the minimality property of G.

To prove that the embedding j: Sy C G ~ Sy is standard, we note that j(o) is
a product o1 - - -0, of an odd number of pairwise disjoint transpositions o; € Sgyo.
We must show that s = 1. Assume that s > 3. As in the proof of Lemma 1.4,
we consider the standard actions of Sy and S92 on the sets I; = {1,2,...,d} and
Tipo = {1,2,...,d + 2} respectively. Let o € S; be the transposition (d — 1,d).
Under the action of j(o), the set I;4o splits into the disjoint union of s orbits O,
(l=1,...,s)oflength 2 and d+2—2s orbits O1; (I =1,...,d+2—2s) of length 1.
Consider the subgroup S;_s of S; which leaves fixed the elements d — 1, d € I;. The
elements of Sy_o commute with 0. Hence the group j(Sg—2) acts on the sets of orbits
O ; and O ;. This action determines a homomorphism 3: Sq_o — Ss X Sqio_2s.
But we have s < d — 2 (recall that d > 1000), and if s > 3, then d +2 —2s < d — 3.
Therefore the composite of 5 and the projection onto each factor has a non-trivial
kernel if s > 3. This kernel is either A4 o or the whole group Sy_o. Therefore the
image of any element of S;_ under the embedding j has order at most 4, which is
impossible if d — 2 > 5.

The following lemma forbids the appearance of other simple groups N in the
product G = N x (o) and thus completes the investigation of Case I3s.

Lemma 1.5. Suppose that G is a simple group different from an alternating group
and containing a subgroup Hy isomorphic either to the symmetric group Sq or to
the alternating group Ag, d > 1000. Then (G : Hg) > 84%d>.

Proof. The proof uses the classification of finite simple groups (see [4]).

The group G is non-abelian since Hy is non-abelian. Moreover, G cannot be
a sporadic simple group since the order of no such group can be divisible by %
if d > 33 (the sporadic simple groups possess the following property: either the
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multiplicity of the prime 11 in their order does not exceed 2, or the order is not
divis'ible by 13) while the order |G| is divisible by |Hy|, which is in turn divisible
by £.

L2et G be a simple group of Lie type. Then G is a subgroup of either GL(F,n) or
PGL(F,n), where F is a finite field. We denote the number of elements of F by g.
Since Hy C G, we have n > [4] by Lemmas 1.2 and 1.3.

Suppose that G is one of the following groups: A,(q), B.(q), Cn(q), Dn(q),
2A,.(¢%), Dy (¢?). Then ,

Gl > 4",

where r = [%]. Since [¢]* — 16 > dlog, d for d > 1000 > 3!, we have (G : Hq) >
1682d>.

To complete the proof of the lemma, we note that all the other simple groups
of Lie type have a non-trivial irreducible linear representation of dimension less
than 250. Therefore, by Lemma 1.3, they cannot have a subgroup isomorphic
to Aq if d = 1000.

1.6. Analysis of Case II. Lemma 1.5 shows that it only remains to consider the
case when S; C G = Ay,

The embedding Sy C A4, induces an embedding Sy C Sg4,. Since any embed-
ding Sy C Sg41 is standard, we have dy —d = n; > 2. By hypothesis, we have
d > max(2¢,1000) and (Ag, : Sq) = 3(d+1)---(d + n1) < cd", where either
(i) c=63, n=1or (i) c=(2-42)% n = 2. Therefore n; < 2.

We claim that if n; = 2, then the embedding Sy C Ag442 is standard. Indeed, by
Lemma 1.4, the embedding Sy C Agy2 induces a standard embedding Ay C Agyo.
Moreover, the image in Agio C Sgyo of a transposition o € 94 is a product of an
even number s of mutually commuting transpositions o; in Sgio. To show that
the embedding Sy C Ag42 is standard, it suffices to prove that s =2. We omit the
proof since it coincides almost verbatim with that of Lemma 1.4.

8 2. Proof of Theorem 0.1

2.1. Minimal expansions of the Galois groups of generic coverings. We
denote by g = g — 1 the arithmetic genus of X, g > 1, and by B the branch locus
of f: X — P! in P'. Since f is m-canonical, we have

d =deg f = 2mg.
Applying the Hurwitz formula to f, we get
|B| = 2d +2g = 2(2m + 1)g.

The branch locus of f (the Galois expansion of f) coincides with B, and the ram-
ification indices of all ramification points of f are equal to 2. Thus, applying the
Hurwitz formula to f, we have

1
2§:—2d!+§d!|B\ =dl(d+7-2), (2.1)

where § = g(X) — 1 is the arithmetic genus of X.
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Assume that Aut(X) # Gal(X/P') and choose a subgroup G of Aut(X) such
that Sy C G is a minimal expansion of S,.

We denote the index of Sy in G by k = (G : Sg). The Hurwitz bound on the
orders of the automorphism groups of algebraic curves (see, for example, [5]) implies
that |G| < 84g. Therefore,

k<A42(d+g—2). (2.2)
In particular, we have
k < 63d. (2.3)

Thus it follows from Proposition 1.1 that G is one of the following groups:

1) G =S4 x Z/pZ, where p > 2 is a prime;

2) G = Ay % D,., where r > 3, r is odd, D,. is the dihedral group given by the
presentation

D, = {o,7|0*=1*=(o1)" = 1),
and the action (by conjugation) of o and 7 on A4 coincides with that of the trans-
position (1,2) € Sy on Ay C Sy;
3) G = S4y1 is the symmetric group.

2.2. Elimination of the remaining three cases. Consider Case 1). Let 7 be
a generator of Z/pZ.

Since the action of v on X commutes with the action of any element of Sy, we
see that the action of the group (y ) on X descends to X and to PL. We denote the
corresponding quotient spaces by X1 = X/{(7) and X; = X/{7). Let 7: X — X1,
r: X — Xy, hi: X1 — Xy and rp: P! — P1/(y) ~ P! be the corresponding
morphisms. We have the following commutative diagram.

554’1>X4f>]?1

?\L ir iTP
X, —— X1 ——P!

h1 f1

The cyclic covering rp: P! — P! is of degree p > 2 and is ramified at two points,
say, at x1,z2 € PL. Therefore the cyclic covering r is ramified at least at 2(d — 1)
points lying in f~!(x;)Uf~(x2). The ramification indices at these points are equal
to p. By the Hurwitz formula, we have

2g 2 2p(9(X1) = 1) +2(d = 1)(p - 1),

whence
25 > ~2p+2(2mg — 1)(p - 1).
We finally get the inequality

2 g+1 g
Q@mibg+l . 943
2mg — 2 2mg — 2

which shows that Case 1) is impossible.
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Consider Case 2). By choosing a suitable pair of generators o, 7 of D,., we have
Sq = Ag x (o) C G while the group S, = A4 x (1) is conjugate to Sy and does not
coincide with Sy (but is isomorphic to Sg). Moreover, Ay C S, N S4. We denote
the corresponding quotient spaces by X; = )2/5&71, P! = )?/S{i and X = )?/Ad.
They can be arranged in the following commutative diagram, where the morphisms
foi, © = 1,2, are of degree two and, since f is a generic covering, fo1 is branched
over all points belonging to B.

X Xo X,
fl A fo2 lfl
P! P!

The morphisms fy;, i = 1,2, of degree 2 determine an embedding i: X, — P! xP!
whose image i(Xp) is a curve of bidegree (2,2) in P! x P!. Therefore i(Xy) is
an elliptic curve, and the projections of i(Xy) onto each factor are branched at
four points. On the other hand, fy; is branched at every point of B while |B| =
2d 4 2g > 4. Therefore Case 2) is impossible.

Consider Case 3). First note that the embedding of Sy in G = Sg41 is standard.

We consider the quotient space X /G and the quotient map f: XX /G. The
morphism f factors through f, whence X /G ~ P! and f is the following composite

of morphisms: ;
X=X Pt ——

P!,

where r is a morphism of degree d+ 1. Since Sy and Sy; have no common normal
subgroup, f is the Galois expansion of 7.

We denote by B; C P! the branch locus of r and compare the cardinality of B
with that of r(B) C Bj.

The symmetric group Sg41 acts as a permutation groupon I ={1,...,d+1} CN.
We put H; = {y € Sat1 | y(i) = i}, so that our group Sq is equal t to Hyyq1. The
groups H; are all conjugate. Therefore all the coverings fi: X - X /H; ~ P! are
Galois expansions of generic coverings.

Let a € X be a ramification point of de = f. The stabilizer St, (f)={g €
G | g(a) = a} is a cyclic group. Its order is equal to the ramification index of f
at a. Let 7 be a generator of St,(f). The intersection St,(f) NSy = Sta(fas1) is
a group of order 2 generated by a transposition o € Hgyyq since de is the Galois
expansion of a generic covering. Therefore ¢ = 7% and 72% = 1.

First we claim that k£ is odd. Indeed, let us write 7 as a product of disjoint
cycles:

T = (il,l, e 7il,k1) cee (is,la ey is,ks)~

We can assume that (up to a rearrangement) o = (i11,...,014 )" and

(ija,....05,,)% = 1for j = 2,...,s. Then we easily see that k; = 2, k is odd
and the k; are divisors of k for j =2,...,s
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We now claim that & = 1 and, therefore, 7 = 0. For each ¢, the intersection
Sto(f) N H; = Sta(f;) is a group of order at most 2, and if its order is equal to 2,
then it is also generated by a transposition o; € H; since fz is conjugate to fd+1.
On the other hand, the element

o7 = (i21, - vizgy)  (Gs1s- - yisk,) € Sta(f) N Hiy, = Sta(fiy )

is of odd order. Therefore o = 7.
We now consider the fibre f~!(f(a)) containing the point a: it can be identified

with the set of right cosets {St,(f)v} in Sg11. Hence the stabilizer Stq),(f) of the
point (a)y is generated by the transposition v~ 1o7.

The fibre f~1(f(a)) splits into the disjoint union of the orbits under the action
of Hyy1. Each orbit is a fibre of de. There is no loss of generality in assuming
that the group St,(f) is generated by o = (1,2). Then we easily see that each of
these orbits can be identified with one of the sets F; = {Sto(f)y | v € 0iHar1},
where 0; = (i,d+1) if2 < i < d+1, and 0 = (1,2) if i = d+ 1. (The transpositions
o1 = (1,d+ 1) and o9 = (2,d + 1) determine the same orbit under the action
of Hyiq because (1,2)(1,d +1)(1,2) =1d - (2,d + 1).)

The points a; = (a)o; have the same stabilizer,

Sta,(f) = ((1,2)) C Hata,

if ¢ > 2. Hence all the points belonging to F; with ¢ > 3 are ramification points
of de and, therefore, de(Fl-) € B. It is easy to see that the points belonging
to Fy are not ramification points of fg41. Thus the point fy41(F3) is a ramification
point of 7.

As a corollary, we obtain that if b € r(B), then the fibre r—*(b) consists of d — 1
points belonging to B and one point (a ramification point of r) which does not
belong to B. Hence the number |B| = 2d + 2g = 2(m + 1)7 is divisible by d — 1 =
2mg — 1. Then 2g + 1 must be divisible by 2mg — 1. But this is possible only when
g=landm=1orm=2.

8 3. Proof of Theorem 0.2

3.1. Local behaviour of generic coverings and their Galois expansions. In
this subsection we specialize to the case of surfaces the definitions related to generic
actions of symmetric groups, compare our definitions with traditional definitions
of generic coverings, deduce the local properties of generic coverings from those of
such actions, and fix the corresponding notation and notions.

We recall that the Galois expansion f: X — P2 of a generic covering f: X — P?
of degree d factors through f: f = foh, where h: X — X is a Galois covering with
Galois group Gal(X/X) = S;_1 C Sq = Gal(X/P?). The branch locus B C P? of
the covering f coincides with that of f. We say that f is generic if the action
of Sy on X is generic. The latter means that the stabilizer St,(S4) of any point
acXisa product of symmetric groups (depending on a) embedded in S, in the
standard way and that the actions induced by St,(S4) on the tangent spaces T, a)?
are standard representations of rank < 2 (see the introduction).
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On the other hand, in dimension 2 it is more traditional to define a generic
covering f: X — P2 of degree d as a covering with the following local behaviour.
The branch locus B of f is a cuspidal curve. Over a neighbourhood U of a smooth
point of B, the pre-image f~1(U) splits into a disjoint union of d — 1 connected
components. In one of them, the covering is two-sheeted and isomorphic to the
projection of the surface = 22 onto the (z, y)-plane in a neighbourhood of the ori-
gin, and in the others it is a local isomorphism. Over a neighbourhood of a cusp
of B, the pre-image splits into a disjoint union of d — 2 connected components. In
one of them, the covering is a pleat (that is, a three-sheeted covering isomorphic to
the projection of the surface y =23+ xz onto the (x,y)-plane in a neighbourhood
of the origin), and in the others it is a local isomorphism. Over a neighbourhood of
anode of B, the pre-image splits into a disjoint union of d —2 connected components.
The covering is two-sheeted in two of them, and the restriction of the covering
to the union of these components is isomorphic to the projection of the union
of the surfaces z = 2% and y = 22 onto the (x,y)-plane in a neighbourhood of
the origin, while the restriction of the covering to any other component is a local
isomorphism. The non-trivial local Galois groups in the corresponding three cases
are Z/2, Ss, and Z/2 x Z/2. All their non-trivial representations in GL(2,C) that
produce non-singular quotients are standard representations of rank < 2. Hence
our definition of a generic covering coincides with the traditional one.

The global behaviour of generic coverings is easy to see from the above local
models. In particular, we have f*(B) = 2R + C, where R (the ramification
locus of f) is a non-singular curve, C' is a reduced curve and C' is non-singular
over the non-singular points of B. Moreover, the intersection points of R and C
lie over the nodes and cusps of B. There are two intersection points over each
node (and these intersections are transversal) and one intersection point over
each cusp (this intersection is a simple tangency).

Consider the same behaviour from the viewpoint of the action of Sy on X. The
properties of this action are used repeatedly in the rest of this section.

For every point a € )N(, the action of St,(S4) on a small neighbourhood of a can
be linearized. (This can be done by Cartan’s linearization procedure [6], which is
reproduced below in the proof of Lemma 4.2. It gives a suitable coordinate change
that enables us to identify the local action with the action induced on the tangent
space T,X.) We shall treat the possibilities for St,(Sy) case by case, analyzing
the local behaviour of f, f and h in accordance with the definition of standard
representations.

If the group St,(S4) = S2 is generated by a transposition o € Sy, the ramification
divisor R of f coincides in some neighbourhood of @ with the set of fixed points of o,
to be denoted by R,. This set is a smooth curve and, in particular, R is smooth at a.
The image h(a) of a belongs to the ramification locus R of f (equivalently, a does
not belong to the ramification locus of h) if and only if o ¢ S;_1. Moreover, h(R,)
coincides with R in a neighbourhood of h(a) if o ¢ S4_1 (otherwise it coincides
with the curve C' defined above). We see that the curve h(R,) is smooth at h(a) in
both cases (0 € Sy_1, 0 ¢ S4_1). Moreover, in both cases, the point f(a) belongs

to B and B is non-singular at f(a).
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If the group St,(Sq) = So x So is generated by two commuting tl“anSpOblthl'lb
o1 € S; and 03 € Sy, then a belongs to R(71 N Rgz, and the curves Rg1 and Rgz
are non-singular and meet each other transversally at a. Furthermore, the curves
h(Rs,) and h(R,,) are non-singular and meet each other transversally. If one of
the transpositions (say, o1) does not belong to Sy_1, then h(R,, ) is contained in the
divisor R and, moreover, coincides with R in a neighbourhood of h(a). If 01 € S4_1,
then h(R,, ) is not contained in R (but is contained in C). If both oy and oy belong
to Sq-1, then h(a) is not a ramification point of f. (In this case, h(a) is a node
of C and we have C' = h(R,,)Uh(R,,) in a neighbourhood of h(a).) In every case,
f(a) is a node of B.

If the group Stq(Sq) = S3 is generated by two non-commuting transpositions
oy € Sd and 03 € Sq4, then a belongs to R(71 ﬂRUz ﬂRUS, where 03 = 0109071, and the
curves Ral, Rgz and ]-1’(73 are non-singular and meet each other pairwise transver-
sally at a. If all three transpositions belong to S;_1, then h(a) is not a ramification
point of f. Otherwise, one and only one of the transpositions (say, o3) belongs
to S4_1, and then the curves h(Ry,) = h(Rs,) and h(ﬁgs) are non-singular and tan-
gent to each other while the curve h(Ry,) = h(R,,) coincides with R (and h(f?%)
coincides with C) in a neighbourhood of h(a). In every case, f(a) is a cusp of B.

3.2. Invariants of m-canonical generic coverings. Let f: X — P2 be a generic
m-canonical covering branched along a cuspidal curve B C P2, Then X is a minimal
surface of general type containing no (—2)-curves, and the degree of f is equal to

d=degf=m’K%.

By the formula for the canonical divisor of a finite covering, we have Kx =
f*Kpz + [R]. Hence the divisor R is numerically equivalent to (3m + 1)K x. Since,
in addition, the curve R is non-singular and X contains no (—2)-curves (if f is
an m-canonical generic covering, then Kx is ample), we see that R is irreducible.
Since the curve B is birationally isomorphic to R, it too is irreducible. Thus we can
apply the results of [7]. In particular, we get the following formulae for the degree
deg B and the number ¢ of cusps of B (see [7], proof of Theorem 2):

deg B=m(3m + 1)K%, (3.1)
c=(12m* +9m + 3)K% — 12p,, (3.2)

where p, = py — ¢ + 1 is the arithmetical genus of X. Note that if the degree of
the generic covering f exceeds 2, then its branch curve B necessarily has cuspidal
singular points, that is, ¢ > 0. (Indeed, the image in Sy of the monodromy of f is
a transitive subgroup of Sy. Since for generic coverings this image is generated by
transpositions, we see that it coincides with the whole of S;. Therefore the group
7;(P? \ B) is non-abelian for d > 3. On the other hand, by Zariski’s theorem, the
group 7;(P? \ B) is abelian if B is a nodal curve.)

Finally, we apply to f the projection formula for the canonical divisor. This
yields that K ¢ = f*(Kp2) + [R] = f*(Kp + 3[B]) and, therefore,

1 1 2
K% = £(deg B~ 6)%d! = d! <m(3”;+) K2 - 3) . (3.3)



138 Vik. S. Kulikov and V. M. Kharlamov

3.3. Minimal expansions of the Galois groups of generic coverings.
Assume that Aut(X) # Gal(X/P?) and choose a subgroup G of Aut(X) such that
Sq¢ C G is a minimal expansion of Sy;. We write k = (G : S4) for the index
of Sy in G.

The Xiao bound (see [8]) for the order of the automorphism group of a surface
of general type states that |G| < 422K§?. It follows that

1 2
ke < 422 (m(?"zﬂ K2 - 3) . (3.4)

We finally get
k< (2-42)%d% (3.5)

Proposition 1.1 now yields that G must be one of the groups in the following list.
1) G =54 xZ/pZ, p > 2, where p is a prime.
2) G = Ag % D, where r > 3, r is odd, D, is the dihedral group with the
presentation
D, = {o,7|c*=1%= (o1)" = 1),

and the action (by conjugation) of o and 7 on Ay coincides with that of the trans-
position (1,2) € Sy on Ay C Sy.

3) G = Sgy1 is the symmetric group.

4) G = Ag4o is the alternating group and the embedding of Sy in G = Agys is
standard.

3.4. Case 1). Let g be a generator of Z/pZ. Since the action of g on X commutes
with that of any element of S4, we see as in the proof of Theorem 0.1 that the action
of the group (g) = Z/pZ descends to X and to P2. We denote the corresponding
quotient spaces by X1 = X/(g) and X; = X/(g), and let 7: X — X1, r: X — X1,
hi: X; — X, and 7p: P2 — P?/{g) = Y be the corresponding morphisms. We
have the following commutative diagram.

b

X1 h1 X f1 Y

=

The automorphism ¢ of P? is determined by a linear map C* — C3? of order p.
Hence it has either three isolated fixed points, say 1,2, 3 € P2, or just one, say
x € P2, and a fixed line £ C P?. The cyclic covering rp: P? — P? is accordingly
of degree p and ramified either at the three points 1, x2, x3 or at the point x and
along the line E. We consider these two cases separately.

If rp is ramified at three isolated points, then r is ramified at least at 3(d — 2)
points lying in F = f~1(x1) U f~(z2) U f~(z3), and the ramification index of
each of them is equal to p. The points of F' are the only fixed points of the
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automorphism ¢ acting on X. Therefore, by the Lefschetz fixed point theorem, we

have
4

[F| = (=1)'tr;, (3.6)

i=0
where tr; is the trace of the linear transformation g* acting on H*(X,R). It follows
from (3.6) that

3(d —2) <Y ltrl < obi(X X)) + 4b1(X) (3.7)
=0 1=0

(where e stands for the topological Euler characteristic). On the other hand,
2
Noether’s formula 1 — ¢ + py = KX%;(X) with 2¢ = by yields that

e(X) +4by(X) =12 — K% +12p, — 4¢ < 12 — K% + 12p,. (3.8)

Therefore, combining (3.7) and (3.8) with Noether’s inequality 2p, < K% + 4, we
get
3(m?K% —2) < 12— K% + 12p, < 5K% + 36. (3.9)

Hence,
(3m? - 5)K% < 42

This contradicts the inequality m? K% > 2-842 if m > 2 since we have K% > 1 for
any surface of general type.

We now assume that rp is ramified at a point € P? and along a line £ C P2,
Then every line L C P? through x is invariant under the action of g on P2. Hence
every curve C' = f~1(L) C X is invariant under the action of g on X. Pick a generic
line L passing through z. By the Hurwitz formula,

2(9(C) — 1) = —2d + deg B — 2m*’K% +m(3m + 1)K% = m(m + 1)K%, (3.10)

where g(C') is the geometric genus of C.

We consider the restriction r|c: C' — C/(g) = Z C X1 of r to C. The cyclic
covering r|c has degree p and is branched at least at 2d — 3 = 2m*K%, — 3 points
belonging to f~!(z) U f~Y(L N E). Hence,

2(9(C) = 1) = 2p(9(Z) = 1) + (2m° KX — 3)(p — 1). (3.11)
It follows from (3.10) and (3.11) that
m(m+ 1)K% > —2p + (2m*K% — 3)(p — 1)

and, therefore,
m(3m+1)K% > 2m*K% — 5)p.

Finally, since (m? —m)K? > 842 > 10, we get

. m(3m+ 1)K%

< <2,
2m2K§< -5

contrary to the fact that p is integer and p > 1.
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3.5. Case 2). Group-theoretic part. Since r is odd and r > 3, the conjugacy
class of o in D, consists of r elements o1,...,0., 01 = 0, 0o = 7. For every i
with 1 < @ < r, the group Sg; (generated in G by o; and the elements of Ag)
is isomorphic to Ay x (0;) ~ S4. The groups Sy, are conjugate to each other
in G. Moreover, the element o; € Sy; acts on Ag C Sg,; as the transposition
(1,2). We write o, (;, ;,) for the element of Sy ; which is conjugate to o; and acts
on Ay as the transposition (i1,42). Given two disjoint subsets J; # &, Jo of the set
I ={1,...,d}, we denote by Sy, s, the subgroup of G = Ay x D, generated by
the elements o; (;, i,), (i1,i2) € (J1 X J1) U (J2 X J2).

Let St, C Aut X be the stabilizer of a point a ENJN(. For any subgroup H of Aut X
we put St,(H) = H N St,. For every point a € X, the action induced by St (Sq)
on the tangent space Ta)~( is a standard representation of rank < 2 and the group
St (Sq) is either trivial or isomorphic to Sy, s, 1, where either 2 < |J1] < 3 and
Jy =@, or |J1] = |J2| = 2. Since the groups Sy ; are all conjugate, we see that the
groups St,(Sq,;) possess the same properties for every i and every a € X. Hence
the intersection St,(S4,;) N Aq is generated by the cyclic permutation (i1, i, i3) € Ag
if J1 = {i1,42,i3} and Jo = &, and by the product of two transpositions if J; =
{i1,42} and Jo = {ig,is}. The group St,(Sq,;) N A4 is trivial in all the remaining
cases (when |J;| =2 and Jy = @ or St(S4;) = {1}). It follows that if St,(Sq1) =
S7,.7,,1 with [Ji1| = 3 and Jo = @, then the group St,(Sq,) coincides with Sj/ j ;
for every i, where J{ = J; and J) = @. Similarly, if St,(Sq1) = Sy, 7,1, Where
Ji = {i1,i2} and Jy = {iz,i4}, then the group St,(Sg;) coincides with Sy, for
every i, where J| = Jy and Jj = Jo. If St,(Sa1) = Sy,,01, where J; = {i1,i2}
and Jo = @, then for each i either Stq(Sy,;) is trivial or St,(S4,;) coincides with
Syi.05.i> where [Ji| =2 and J5 = @.

Let us investigate in more detail the case when St,(S4,;) coincides with Sy, 7, ;
for every i, where |.J;| = 3 and Jo = @. Suppose that J; = {iy, 42,45} and denote
the cyclic permutation (i1,i2,i3) € Ag by y. Let F3 be the subgroup of St,(G)
generated by z1 = 01 (;, 4,) (conjugate to o), o = 02,(;, i,) (conjugate to 7) and y.
It is easy to see that F5 has the presentation

Fy = (1, 22,y |2} = 23 = (2122)" = y* = [y, 2122] = [y, 2211] = 1,
oy lym =y ey g =y (3.12)

(recall that » > 3). The group F3 is non-abelian and has a maximal normal
subgroup N3 generated by y and z = xyxs. This subgroup is isomorphic to
the direct product (y) x (z) of cyclic groups of orders 3 and r respectively. On the
other hand, well-known properties of finite subgroups of GL(2,C) (see, for exam-
ple, [9]) imply that the quotient of F3 by its centre is either a cyclic group, a dihe-
dral group, or one of the groups A4, As, S5. However, the centre of the group
F3 = (Z/3Z x Z]rZ) x 7Z)2Z, is trivial since r is odd. It follows that r cannot be
divisible by 3 (we recall that the branch curve B has at least one cuspidal singular
point; see §3.2) and that F5 must be isomorphic to the dihedral group D,, ' = 3r.

Again using the classification of the conjugacy classes of finite subgroups of
GL(2,C), we see that the action of F3 ~ D3, near a is isomorphic to the unique
2-dimensional linear representation of Ds,.. In particular, the set of fixed points

of the automorphism o; ;, ,), 71,72 € J1, in a neighbourhood of a is a smooth
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curve, to be denoted by §i7(i1712). Any two curves ﬁi,(ihig) and ﬁi/7(i/17i/2) with
(i, (i1,12)) # (¢, (¢},4%)) are distinct and meet transversally at a.

We now examine the case when St,(Sq4:) = Sy, i, Where J; = {i1,i2} and
Jo = {iz,is}. Let Fpo be the subgroup of St,(G) generated by x1 = 01 ¢, 4y)
(conjugate to o), T2 = 02, (i, i) (conjugate to 7) and y = (i1,42)(i3,14) € Ag. It is
easy to see that F3 o has the presentation

Fop = (a,02,y |2l = 23 = (1122)" =y = [y, 1] = [y, 22] = 1) (3.13)
(we recall that 7 is odd and r > 3). The group F» » has a maximal normal subgroup
N5 generated by y and z = zyx2. This subgroup is isomorphic to the direct
product (y) x (z) of cyclic groups of orders 2 and r respectively. Therefore Fy 5 is
isomorphic to the dihedral group Ds,.. The classification of the conjugacy classes
of finite subgroups of GL(2,C) implies that the action of Fo ~ Dy, near a is
isomorphic to the unique 2-dimensional representation of Ds,.. In particular, for all
i1,19,1),15 € Jy U Jo with (4, (i1,12)) # (¢/, (7},%)), we see that the curves Ri,(il,iz)
and Ei/’(i/l iy are distinct and meet transversally at a.
Finally, we consider the case when St,(Sa,1) = S, 7,1 and Sto(Sa2) = Sy 152
where J1 = {j1,72}, Jo =9, J; ={j3,Ja}, J5 =&. We claim that in this case J; = J].
Indeed, if [J; N J{| = 1, we can assume that j» = j3 and, therefore, oy (j, j,) =
N~ 02,3j1.j2)N Where n = (ja, j2,51) € Aq. We have n* =1 and

—1
1,(1,72)92,Gsria)) = (01,(71,32)192,G1,52)1 )" = (01,(51,52) 02,(1.52) )"
(o o ) = (o no ) =(o o n)
+
= (01.(1.j2) T2, o)) 1 =1 =1

since r is not divisible by 3. Hence 7 € St,(G), contrary to the assumption that

Sta(Sa) = Sr 71
If JyNJ{ = @, then o3 (j, ;) = 1 '02,(j1.j»)N Where 1 = (j1,73)(j2,js) € Aq.
We put n1 = (j1, j2)(js, ja) € Ag. Then 1* =77 =1 and

—1
(01,(j1,42)02,(s,ia)) = (O1,(51,52)192,(G1,i)1 )"

1 1
= (01,(1.2)92,(j1.42) %2 (1 i) 192, Gin.) T )"
= (01,1.42)92,G1j2) M) = M-

Hence 171 € St,(G), contrary to the assumption that St,(Sq1) = Sy, Js.1-

3.6. Case 2). Geometric part. We have Ag = S4; NS4 ; for i # j. Denote the
corresponding quotient spaces by X; = )N(/Sd,l,i, P2 = )N(/SdJ- and Xg = )?/Ad.
They can be arranged in a commutative diagram (a fragment of which is shown
below), where fo; is a morphism of degree 2 for i = 1,..., 7.

AN

X X

; Xo J
PZ

PQ
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Since for every 4, the morphism fy; is conjugate to the covering foi: Xo — P2
branched along B; = B, we see that fy; is a covering of P? branched over the
points of a cuspidal curve B; C P? having the same degree and the same number
of cusps and nodes as B. We denote the ramification curve of the covering fo;
by Ri,O C Xp.

The group D, acts on Xgo. The image of o j, j,) € Sa: (see §3.5) under the
natural epimorphism from G to D, coincides with o;. Therefore the set of fixed
points of o; coincides with R; .

The surface X is a normal projective variety. The set of its singular points coin-
cides with f&l(Sing By): we have a singular point of type As over every cusp and
a singular point of type A; over every node. Hence all the points of f;,*(Sing By)
belong to R; o for every ¢, 1 < ¢ < 7. On the other hand, the observations at the
end of §3.5 imply that no two curves R; o and R;o with ¢ # j can meet at a non-
singular point of Xj.

Let v: Z — X be the minimal resolution of singularities. Its exceptional divisor
is given by

E SIHgXO U E175k‘ UEQ,sk)U U Es”

where ELSk,Eg,Sk (1 < k < ¢) are the irreducible components of E contracted to
the cusp sy of Xo, and Es, (I = 2¢+ 1,...,2c + n) is the irreducible component
of E contracted to the node s; of X.

Since fo; is a double covering branched along a cuspidal curve B;j, the above
minimal resolution of singularities fits into the following commutative diagram:

A v o Xo
foi foi
@2 127 ]P)Q

where v; blows up each singular point of B; once and fy; is a two-sheeted covering
of P° branched over the proper transform B; C P of B;.

Here is a more explicit description that enables us to count the intersection
numbers.

Let s be a cusp of B; and E C P the exceptional curve v, ( ) = P! of v; lying
over s. Then the curve B; C P’ meets E at one point, is non—smgular at this point
and has a simple tangency to E there. The lift R; o = fOi (B;) is the ramification
curve of fo;. It is non-singular and coincides with the proper transform of R; g. The
set f&l(E) splits into a union ELS U Eg,s C Z of two smooth curves intersecting
transversally, so that

—2 o
(El,s)Z = (E2,S)Z = -2,
(E1,5.E25)z = (E1,5,Ri0)z = (B2, Rio)z = 1.

Let s be a node of B;. Then the curve B; C @2 meets the exceptional curve E =

v, 1(s) at two points, is non-singular at these points and intersects E transversally.
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The lift f&l( ) = E, C Z is the exceptional curve of v and meets the proper
transform R; o = foz (B;) transversally at two non-singular points of R; o. Hence

we have . o
(ES)Z = *23 (ES7Ri,O)Z =2.

We claim that the intersection number (R; 0, Rjo)z is independent of i and j
if ¢ # j. Indeed, consider the commutative diagram

—_ @
X X
hot lho
Z——= X

where X = X X X, Z is the fibre product of X and Z over Xo while p: Z — X is
the composite of v and the blow ups of all the intersection points of the (—2)-curves
E1, and By s, (B=1,...,¢) lying on Z (these curves are those components of the
divisor F that are contracted by v to the cusps of Xy). We denote by £ 2.5, C 4
the exceptional curve lying over the point E; o N E, s~ To simplify the notation,
we again use the symbols R; 0, E, P o s, and Esl to denote the strict transforms
in Z of the curves R; o, E15,, Eos, (k=1,...,¢)and Es, (I =2c+1,...,2c+n)
lying in Z.

It is easy to see that hg is a Galois covering branched along the curves E.
and E,,. The ramification indices over the curves E.,, are equal to 3 (see the
local calculations in [2], §2), and the ramification indices over the curves Ej, are
equal to 2. The morphism iz blows up once each of the points lying over the nodes
of X¢ and performs three blow ups at each of the points lying over the cusps of Xo.
Therefore the strict transforms ﬂ_l(Ri’(jl’jQ)) are pairwise disjoint for 1 <7 < r,

1 < ji,j2 < d But Uy, 5,18 l(ﬁiy(jlm)) = hg'(Rio). Hence, blowing all the
curves El’g’sk down, we see that

(Ei,Oa Ej,O)Z =cC

for i # j and these intersection numbers are independent of ¢ and j. We also note
that the intersection numbers of the curves R, and any irreducible component
of E are independent of j.

The action of D, on Xg lifts to an action on Z. The curve Ri,O C Z (resp.
R;o C Xp) is the set of fixed points of o; € D,. Since a;lajai # oj for j # 1,
we have 0;(R;0) # Rjo (vesp. 0i(Rjo) # Rjo) for j # i. In particular, Rz =
01(R2,0) # R2, and, therefore, Ry o + R3 o = fo_ll(D) for some curve D C P2.

Since D, acts transitively on the set of curves Ew (resp. on the set of curves R; o),

we have (Eio)z = (E;o)z = (R;O)Z. It was also shown above that

(R1,07§2,0)Z = (El,mﬁao)z = (E2,07E3,0)Z

Denote by L the subspace of the Néron-Severi group NS(Z) ® Q orthogonal
(with respect to the intersection form) to the subspace Vg generated by Eq g,
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Egﬁsk_, k=1,...,¢c, and Es,, [ = 2c+1,...,2¢ +n. The intersection form is
negative definite on Vg. Therefore, by the Hodge index theorem, the intersection
form on L has signature (1,dim L — 1).

Let us calculate for later use the intersection numbers of some divisors in L. We
project the Néron-Severi classes of the divisors R; ¢ to L, denote these projections
by (Rio)r and denote their intersections in L by ( ;.0 Rjo)r (these numbers are
equal to the corresponding Q-intersection numbers on the Q-variety Xj).

Observe that f;:oBi = QRZ‘,O and Z/*Ri70 = Ri70 mod L. Thus,

(Rio)r = (Roo)r = <degB>

for all 4, j. Write (Ra,0)r, = A(R1,0)1 + T, where T € L is orthogonal to (Ri0)z.
We have

. — 9 — — . —
(R2,0- Ri0)r = ARy o)L = (R30- Ri0)r = (Ra0- R30)L

since the intersection numbers of the curves R;o and any irreducible component
of E are independent of j, and the intersection numbers (RZO,RJO) 7z are also
independent of i and j provided that ¢ # j.

_ Next, the divisor (R, + R30)r coincides with v*(fg;(D)). Therefore (Rg o +
Rs3,0)r is proportional to (Ri0)r = sv°(f5(B1)). It follows that (Rso)r =
ARio)r — T, where A > 0. We have (Ry o)1 = \2(Ri o) + T2 = (Ri o)1 and,
therefore,

—2
T? = (1- )‘2)(R1,0)L < 0.
Hence A > 1. Moreover, A = 1 if and only if T2 = 0, that is, if and only if T = 0 € L.
Since (EZO . Rg,o)L = (RQ@ . Rl,O)Ly we have

MR —T>=ARig)n, T°=( =N (Rio) <0,

whence A < 1. Combining this with the previous observations, we get A = 1 and
= 0. It follows that (R;0)r = (Rjo)r for all 4, j. This enables us to conclude

that deg D = deg B since 2(deg D)? = ((Ra,0 + R3,0)?) = 4(R§,0)L = 2(deg B)*.
Therefore we have

(R1 0)z (Rl 0, R2,0+ Rs30)z = c.

Since, in addition,

(Eio)z (V1 (B1) *QZ Es, — 22 ) degB) —2¢ —2n,

where the sum 3 (resp. 3.") is taken over all cusps (resp. all nodes) of the curve By,
we get
(deg B)* — 4n = 6c. (3.14)

On the other hand, we know (see the proof of Lemma 3 in [7]) that

(deg B)? — 2n < 6¢
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for any generic covering of degree d > 3. It is also shown in [10] that n > 0
if d > 6. The contradiction between these estimates and (3.14) shows that Case 2)
is impossible.

3.7. Case 3). The symmetric group G = Sy actson theset I={1,...,d+1} CN
as a permutation group. We denote by H; the subgroup {v € Sqy1 | v(i) = i}
of Sg+1, so that Sy coincides with Hg,q.

As in the proof of Theorem 0.1, we consider the quotient space X /G =Y and
the quotient map f: X — Y. The surface Y is a normal projective variety. The
morphism f factors through ﬁ Hence f is the following composite of morphisms:

~ h f T

X X P2 Y,

where 7 is a finite morphism of degree d + 1. Since S; and Sy1 have no common
normal subgroups, we see that f is the Galois expansion of 7.

Let B C Y be the branch locus of . We have r(B) = B; C B. The pre-image
r~1(By) is the union of B and some curve B’ C P2

Since Y is a normal projective surface, we can find a non-singular projective
curve L C Y \ Sing(Y) which transversally intersects B. We put E = r~1(L),
F = f~YFE) and F=f1 (E). Then fip: F — E is a generic covering branched
over BNE, f‘F F — E is the Galois expanslon of the generic covering fip: F' — E
with Galois group Gal(F/E) Sy, and f‘F F — L is the Galois expansion of the
covering r|g: E/ — L with Galois group Gal(F/L) = Sg41.

Consider the image b; = r(b) of a point b € BN E. As in the proof of Theo-
rem 0.1, we easily see that r~!(b;) consists of d — 1 points belonging to B and one
point (the ramification point of r|z) belonging to B’. In other words, the covering
rig: B’ — By is of degree 1, the covering rjg: B — Bj is of degree d — 1, and
r*(B1) = B+ 2B’. In particular, we have

deg B degE = (B/,E)]pz = (Bl,L)y
deg B-deg E = (B, E)pz = (d — 1)(Bi1, L)y

Therefore,
deg B = (d—1)degB'.

Since d = m*K% and deg B = m(3m + 1)K%, it follows that mK% + 3 is divisible
by m?K?% — 1. This contradicts the assumption that m*K% > 2 - 842,

3.8. Case 4). We denote the standard embedding Sq — Agq2 by a. For every
transposition o € Sy, the set X =X a(e) C X of fixed points of ¢ is a non- smgular
curve. Hence, for every element 7 € Ag4o which is conjugate to a(o), the set X
of fixed points of 7 is also a non-singular curve.

It is shown in [10] that if d > 6, then the branch curve B C P? has at least
one node. Therefore, for every product 7 = 0105 of two commuting transpositions
01,09 € Sg, the set )?,, of fixed points of 7 is finite and non-empty. It follows that
the set )?7,/ is finite and non-empty for any element n’ which is conjugate to a(n)
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in Agy2. On the other hand, if oy = (ji1,j2) and o2 = (Js, ja), then the elements

a(o1) = (J1,72)((d + 1), (d + 2)), alo2) = (j3,ja)((d + 1),(d + 2)) and a(n) =
(j1,J2)(Js, ja) are conjugate to each other in Ag4 9, a contradiction.

8§ 4. Applications

4.1. Deformation stability. In this subsection we prove a kind of deformation
stability of the examples given by Theorems 0.1 and 0.2. To state the correspond-
ing assertions, we need to introduce some notions. Namely, a G-manifold is under-
stood to be a non-singular projective manifold equipped with a regular action of
the group G. A smooth G-family (or G-deformation) of G-manifolds is a proper
smooth morphism (that is, a proper submersion) p: 2" — B, where £ and B
are smooth quasi-projective varieties and 2" is equipped with a regular action of G
preserving every fibre of p (preservation of fibres means that p o G = p).

Proposition 4.1. If one of the fibres of a smooth G-family is the Galois expansion
of a generic covering of P, then the whole family consists of Galois expansions of
generic coverings of P™.

To prove this we shall need the following lemma.

Lemma 4.2. Let G be a finite group and p: & — B a smooth G-deformation
of G-manifolds. Assume that there is an element g € G whose fized-point set
29 ={x e X |g(x) =a} is non-empty. Then the following assertions hold.
(i) Z°9 is a smooth closed submanifold of Z .
(ii) The restriction of p to Z'9 is a smooth proper surjective morphism.
(iii) The intersection of Z'9 and every fibre X;, t € B, of p is transversal.

Proof. Tt is known that the action of any subgroup H of G can be linearized at
any point z € 2  which is fixed by H. In other words, one can find local ana-
lytic coordinates in a neighbourhood of = such that the action of H is linear in
these coordinates.

Recall Cartan’s linearization procedure for actions of finite groups (see [6]). We
start from any system of local coordinates z1, .. ., 2z, taking the value 0 at the chosen
point z which is fixed by H. For every h € H we denote by b’ the linear part of the
Taylor expansion (with respect to z1,..., 2,) of the automorphism h at x. Then
the change of coordinates defined by the map

1 -
0= WZ(Q’) 'g
geEH

makes the action of H linear. Namely, it conjugates h and h' for every h € H
since 0 o h = I/ o 0. Indeed, we have

1 1 1
ooh = —Z(g’)_lg oh=— Z h'(g oh')tgoh = —h’Z(e’)_le =h'oo.
|H‘g€H |H|g€H |H| ecH
This change of coordinates is tangent to the identity. Moreover, it acts as the
identity on every linear (with respect to z1, ..., z,) subspace on which H already
acts linearly. Therefore, to prove (i), it suffices to linearize the action of g (where-
upon the set 29 becomes linear in the new coordinates), and to prove (ii) and (iii),
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it suffices to take any system of local coordinates at t € B and include its lift
into a system of local coordinates z1,...,2,. (This guarantees the surjectivity of
the map T,(2'9) — T, B at the level of tangent spaces. Since the morphism
p: & — B is proper and the submanifold 279 is closed in 2", we see that the
morphism p: 9 — B is proper and surjective.)

Proof of Proposition 4.1. We give a proof only for n < 2 since the proof in the
general case is similar.

Let X,, o € B be a fibre of p which is the Galois expansion of a generic covering
X, — P"™. The ramification locus of this covering is a union of smooth manifolds
Royi,5), 1 < i < j < d, of codimension one. These manifolds are the fixed-point sets
of the transpositions (i, j) € S;. By Lemma 4.2, the fixed-point sets 2" (/) € 2" of
the same transpositions acting on 2 are also smooth manifolds of codimension
one, and the intersection Ry; j) = 2 (3) N X, is transversal for every t € B and all
transpositions (i,7) € Sg. Moreover, if 279 # & for some element g € Sy, g # 1,
then 29 N X, # @ by Lemma 4.2. Since the action of S; on X, is generic, it
follows that ¢ is a transposition in the case n = 1, and g is either a transposition,
a product of two commuting transpositions or a cyclic permutation of length three
in the case n = 2.

Suppose that n = 2 and ¢ is a cyclic permutation (j1, j2, j3) (the other cases can
be treated in a similar way). We claim that the actions of S¢;, ;, j,3 on 2 and on
each fibre X;, t € B, are generic. Indeed, there is no loss of generality in assum-
ing that dim B = 1. Then by Lemma 4.2, 279 is a smooth curve and 2 (/1:72)
and 2°U1J3) are smooth surfaces, and they all meet every fibre transversally.
Since 279 N X, = Ry, o) N Rojy,js), another application of Lemma 4.2 yields
that 2 (192) 0 27 01:33) = 279 and X{ = Ry(j, j») N Rujy.js) for all t € B. Therefore
29 (resp. X/) coincides with the fixed-point set under the action of Sy, ;, .}
on 2 (resp. on Xj).

As a result, we see that the actions of S; on 2" and on every X;, t € B, are
generic. Hence the quotient space Z/Sy is a smooth manifold and the induced
morphism p;: 2 /Sq — B is smooth and proper. Thus it remains to note that
Xi/Sq = X,/Sq =P" for every t € B because a projective manifold M is isomor-
phic to P" if there is a C'*°-diffeomorphism M — P" which maps the canonical
class to the canonical class. (For n=1, this was known to Riemann. For n=2,
one can use the Enriques—Kodaira classification of algebraic surfaces; see [11]. It is
worth mentioning a related result of Siu [12]: in any dimension, a compact complex
manifold is isomorphic to P™ if it is deformation equivalent to P™.)

Corollary 4.3. G-varieties like those in Theorems 0.1 and 0.2 form connected
components in the moduli spaces of, respectively, G-curves and G-surfaces of general
type. These components are saturated (see §0.2). In dimension one, G-curves like
those in Theorem 0.1 form proper subvarieties in the moduli space of curves of
general type.

Proof. The first assertion follows from Proposition 4.1 while the second follows
from the first and Theorems 0.1 and 0.2. The third assertion follows from the first
along with the observation that if a birational transformation of a one-parameter
deformation family of curves of genus g > 2 preserves every fibre and is regular
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everywhere except for finitely many fibres, then it extends to a transformation
which is regular everywhere.

4.2. Examples of Dif # Def complex G-manifolds. Here we consider regu-
lar actions of finite groups on complex surfaces and construct diffeomorphic actions
which are not deformation equivalent. The idea is to pick surfaces that are diffeo-
morphic but not deformation equivalent and apply Theorem 0.2.

Let X be a rigid non-real minimal surface of general type (that is, a minimal
surface of general type which is stable under deformations and not isomorphic to its
complex conjugate X). Such surfaces can be found in [13]. We denote by Y; = X
the Galois expansion of a generic m-canonical covering X — P?, and by Y3 its
conjugate, Yo = Y.

Proposition 4.4. Suppose that Y1 and Y5 are as above and m satisfies the hypothe-
ses of Theorem 0.2. Then the actions of Sq = AutY; = AutYs on Y7 and Ys are
diffeomorphic, but Y1 and Y, are not Sy-deformation equivalent.

Proof. According to Theorem 0.2, AutY; = Aut Yy = Sy, where d is the degree of
the m-canonical covering X — P2. The actions of Sy on Y; and Y5 are tautologically
diffeomorphic since Y, = Y.

Assume that Y7 = X and Ys = Y are Sy-deformation equivalent. Let p: 2 — B
be a smooth Sy-deformation connecting them (the same treatment applies in the
case when there is a chain of deformations). By Proposition 4.1, the covering
X; — P™ is generic for every ¢t € B. Hence, 2 /S4_1 — B is a deformation family

connecting X = Y;/S;_1 with X = Y5/S,_1, which is a contradiction.

4.3. Examples of Dif # Def real G-manifolds. Here we extend the category
of G-manifolds. Namely, we consider finite subgroups of Klein extensions of the
automorphism group. We recall that the Klein group KI(X) of a complex vari-
ety X is, by definition, the group consisting of biregular isomorphisms X — X and
X — X (it is sometimes called the group of dyanalytic automorphisms). If X is
a real manifold and ¢ is a real structure on X, then there is an exact sequence

1—={()=7/2—-K|(X)—> Aut X — 1.

We consider the real Campedelli surfaces (X1,c¢1) and (Xs,c2) constructed
in [3], §2. As shown in [3], these surfaces are not real deformation equivalent,
but their real structures ¢y: X7 — X; and co: X — X5 are diffeomorphic.

The Campedelli surfaces are minimal surfaces of general type. Thus we can con-
sider m-canonical generic coverings X; — P2 and X, — P2. Moreover, we can
choose these coverings to be real. This means that they are equivariant with respect
to the usual (complex-conjugation) real structure on P? and the real structures
c1, o on X1, Xo. We denote the Galois expansions of such coverings by X, — P2
and )}2 —s P2, The surfaces X 1 and )}2 are real with real structures lifted from P2.

Proposition 4.5. The Klein groups KI(X1) and KI(X3) are isomorphic and their
actions are diffeomorphic, but there is no equivariant deformation connecting
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Proof. As in the proof of Proposition 4.4, the non-existence of an equivariant
deformation follows immediately from Proposition 4.1.

_ To prove the other two assertions, it suffices to construct a real diffeomorphism
X1 — X5 commuting with the actions of the Galois groups. To do this, it suffices to
construct real diffeomorphisms X; — Xo, P2 — P? that commute with the initial
m-canonical generic coverings X; — P2 and X, — P2.

We recall some details of the construction of the surfaces X1, Xs in [3]. The con-
struction starts from a real one-parameter family of Campedelli line arrangements
Z(t), t € T ={Jt] < 1,t € C}, consisting of seven lines L;(t),..., L7(t) labelled
by the non-zero elements o € (Z/2Z)3. These lines are real for real values of ¢,
and the family performs a triangular transformation at ¢ = 0 (see the definition of
a triangular transformation in [3]). Consider the Galois covering Y — P? x T with
Galois group (Z/2Z)3, branched over 23:1 L L =1{(p,t) € P2 x T:p € Li(t)}
and defined by the chosen labelling of the lines. The fibres Y; of the projection of Y’
to T are non-singular Campedelli surfaces for generic ¢ and, in particular, for all
t # 0 sufficiently close to 0. The surfaces X; and X, we are interested in are given
by Y; with, respectively, positive and negative ¢ close to 0. The fibre Y, has two
singular points. Each of them is a so-called T(—4)-singularity. These points are
non-real and complex-conjugate to each other. For every non-singular Campedelli
surface Vi, t # 0, and every i, 1 < ¢ < 7, the pullback Lf(t) C Y; of the line
L;(t) C P? represents the bi-canonical class, [L}(t)] = 2Ky, .

Since Y — P2 x T is a finite morphism, the divisors E,, = m[-£*] are relatively
very ample for any sufficiently large m (and any 7); see, for example, [14]. Pick such
an integer m and consider the real (with respect to T') embedding of Y in PV x T
defined by the linear system |E,,| (to construct such an embedding, one must
twist E,, by the pullback of a very ample divisor on T'). Since [L(t)] = 2Ky,, this
embedding determines a (2m)-canonical embedding of the Campedelli surfaces Y;
in PV. Theorem 0.1 of [2] implies that if m > 5, then the linear projection Y; — P?
from a generic subspace PV 3 is a generic covering for all but finitely many values
of t € T and, in particular, for all ¢+ # 0 close to 0. The projection Y — P? x T
is real for real subspaces PV=3. If the real subspace PN ~3 is sufficiently generic,
then the two singular points of Y, are projected to distinct complex-conjugate
points. We denote these singular points by ¥, 4 and their projections by b, b.
Literally repeating the argument in [2], one can show that the projection Yy — P2
is everywhere generic. (The projection is said to be generic at the singular points if
the fibre of the projection passing through the singular point y € Yy (resp. § € Yp)
is in general position with respect to the tangent cone CpYy (resp. C3Yp).)

We restrict our attention to small values of t. The coverings Y; — P? are generic
for t # 0, and their branch curves B; are cuspidal. For ¢t = 0, the branch curve By
is cuspidal everywhere except for two distinct complex-conjugate points b and b.
We cut out Milnor’s small complex-conjugate balls V' (b) and V (b) centred at these
points. Using a family of Morse-Lefschetz diffeomorphisms, we complete the iso-
topy Byeie \ (V(b) U V(b)) by an isotopy inside V(b) and then complete it by the
complex-conjugate isotopy inside V'(b). The resulting isotopy provides an equivari-
ant diffeomorphism between the Galois coverings branched along B; and B_; respec-

tively. The Morse—-Lefschetz diffeomorphisms may be regarded as transformations
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acting as the identity on the complement of V' (b) U V(). Hence the epimorphism
m1(P?\ B;) — Sy which defines the Galois coverings is not changed and, therefore,
the diffeomorphism constructed between the Galois coverings acts from X 1 to )?2
and is equivariant with respect to the Galois action. It is also equivariant with
respect to the real structure. To complete the proof, it remains to note that by
Theorem 0.2, the full automorphism groups Aut(X;) and Aut(X3) coincide with
the Galois group.
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