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Factorization semigroups
and irreducible components of the Hurwitz space

Vik. S. Kulikov

Abstract. We introduce a natural structure of a semigroup (isomorphic to
the factorization semigroup of the identity in the symmetric group) on the
set of irreducible components of the Hurwitz space of coverings of marked
degree d of P! of fixed ramification types. We shall prove that this semi-
group is finitely presented. We study the problem of when collections of
ramification types uniquely determine the corresponding irreducible com-
ponents of the Hurwitz space. In particular, we give a complete description
of the set of irreducible components of the Hurwitz space of three-sheeted
coverings of the projective line.

Keywords: semigroup, factorization of an element of a group, irreducible
components of the Hurwitz space.

Introduction

The Hurwitz space HUR4(PP!) of coverings of degree d of the projective line
P! :=CP' is usually investigated in the following way. One fixes the Galois group G
of the coverings, the number b of branch points and the types of local monodromies
(that is, b-tuples of conjugacy classes of G) and studies the set of sets of represen-
tatives of these conjugacy classes up to the so-called Hurwitz moves (see [1]-[9],
for example). Similar objects (finite collections of elements of a group consid-
ered up to Hurwitz moves) arise naturally in other problems: describing the set of
plane algebraic curves up to equisingular deformation or, more generally, describing
the set of plane pseudo-holomorphic curves up to symplectic isotopy, describing the
set of symplectic Lefschetz pencils up to diffeomorphisms, and so on (see [10]-[12],
for example). (To obtain such elements in the case of plane algebraic and pseudo-
holomorphic curves, one should choose a pencil of (pseudo-)lines giving a fibration
over P1.) As was shown in [13], there is a natural semigroup structure on the sets
of such collections considered up to Hurwitz moves, namely, the so-called factoriza-
tion semigroups over groups. Moreover, if we consider such fibrations over the discs
Dr = {z € C | |2| < R} instead of the whole of P!, then this semigroup structure
has a natural geometric meaning (see [13]).

In §1 we give basic definitions and investigate properties of factorization semi-
groups over finite groups. In particular, we prove that the factorization semigroups
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of the identity are finitely presented. We also study the problem of when elements of
factorization semigroups are uniquely determined by their type and product.

Factorization semigroups over symmetric groups Sy are treated in more detail
in §2. We shall prove a stabilization theorem and give a complete description of
the factorization semigroup of the identity in Ss.

In § 3 we introduce the natural structure of a semigroup (the factorization semi-
group of the identity in a symmetric group) on the set of irreducible components
of the Hurwitz space of coverings of marked degree d of P! with fixed ramification
types and show that this structure induces a semigroup structure on the set of
irreducible components of the Hurwitz space HURdG of Galois coverings of P! with
Galois group G having no outer automorphisms. The results obtained in §§1, 2 are
applied to the problem of deciding when the irreducible components of HUR4(P!)
are uniquely determined by the sets of types of local monodromies of the coverings.

§ 1. Semigroups over groups

1.1. Factorization semigroups. A quadruple (S,G,a,\), where S is a semi-
group, G is a group and a: S — G, A: G — Aut(S) are homomorphisms, is called
a semigroup S over a group G if the following equalities hold for all s, s € S:

s1-s2 = p(a(s1))(s2) - s1 = s2 - Aa(s2))(s1),

where p(g) = A(g™').

Let (S1,G1,0a1,A1) and (S2, Ga, ag, A2) be semigroups over G; and G3. A pair
(h1, ha) of homomorphisms hy: S; — Se and he: G — Ga is called a homomor-
phism of semigroups over groups if

(l) hz o] = (x2 © hl,

(ii) A2(h2(9))(h1(s)) = h1(A1(g))(s) for all s € S; and all g € G;.

The factorization semigroups defined below are our main examples of semigroups
Over groups.

Let O C G be a subset of a group G invariant under inner automorphisms. We
call the pair (G,0O) an equipped group. With the set O we associate an alphabet
X = Xo = {z,4 | g € O}. For each pair of letters z4,, x4, € X, g1 # g2, we define
relations Ry, 4,1 and Ry, g,:r in the following way: Ry, 4,. takes the form

Lgy " Lgy = Lgy - 1'92—19192 (11)
if go #1, and xg, - 1 = x4, if go = 1, and Ry, 4,.» takes the form
Tgy gy = Ty g 0=t~ Tgy (1.2)

if g1 #1, and x1 - g, = x4, if g1 = 1.
We put
R = {R911g2§T7R91792§l | (91,92) €0 x O, g1 # 92}~

Using the set of relations R, we define a semigroup
S(G,0)=(zse X | RER)

and call it the factorization semigroup of G with factors in O.
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We also define a homomorphism a: S(G,0) — G by the formula a(z,) = g on
the generators x4 € X and call it the product homomorphism.
Furthermore, we define an action A of G on X by the formula

e € X = ANg)(2a) = 4144 € X.

The set R of relations is easily seen to be preserved by A. Therefore A determines
a homomorphism A: G — Aut(S(G, O)) (the conjugation action). The action A(g)
on S(G,0) is called simultaneous conjugation by g. We put Ag = Ao« and
ps =poa.

Assertion 1.1 ([11]). For all s1,s2 € S(G,0) we have
81+ 82 = S2- Ag(82)(s1) = ps(s1)(s2) - s1.

Assertion 1.1 yields that (S(G,0), G, a, ) is a semigroup over G. When G is
fixed, we abbreviate S(G,0) to So. We write z4, - ... - x4, for the element of So
defined by a word x4, ...xg,.

Note that S: (G,0) — (S(G,0),G,a,)\) is a functor from the category of
equipped groups to the category of semigroups over groups. In particular, if sub-
sets 01 C Oy of G are invariant under inner automorphisms of G, then the identity
map id: G — G determines an embedding ido, o,: S(G,01) — S(G,03). Thus,
for every group G, the semigroup S¢ = S(G, G) is a universal factorization semi-
group for elements of G, which means that every semigroup Sp over G is canonically
embedded in S¢ by ido.c-

Let I" be a subgroup of G. We put Sor = {s € So | a(s) € I'}. Clearly, Sor is
a subsemigroup of Sp and if I is a normal subgroup of G, then So r is a semigroup
over G. An important example of such semigroups is given by Sp,1 (with I" = {1}).

The group G acts on itself by inner automorphisms, that is, for every group G
there is a natural homomorphism h: G — Aut(G) (the action of the image h(g) = a
of an element g on G is given by (g1)a = g~ lgig for all g € G). We easily
see that the homomorphism h endows Sg with the structure of a semigroup over
A = Aut(G), where the homomorphism a4: S¢ — Aut(G) is the composite h o «
and an element a € Aut(G) acts on Sg by the rule x4 — x(5),. The subsemi-
group S is easily seen to be invariant under the action of Aut(G) on Sg.
Hence the semigroup S 1 can also be regarded as a semigroup over Aut(G).

With every element s = x4, - ... - x4, € So, g; # 1, we associate a number
In(s) = n called the length of s. The map In: Sp — Z>o ={a € Z|a > 0} is easily
seen to be a homomorphism of semigroups.

Given any element s = x4, - ... - T4, € So, we write G for the subgroup of G
generated by the images a(z,,) = g1, ..., a(zg,) = gn of the factors zg4,,..., 24

Assertion 1.2. The subgroup G of G is well defined, that is, it is independent of

the representation of s as a product of generators x4, € Xo.

The proofs of Assertion 1.2 and the next proposition are very simple and we
omit them.
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Proposition 1.1 ([11]). Suppose that (G,0) is an equipped group and s€ So.
Then the following assertions hold.

1) The kernel ker X coincides with the centralizer Co of Go in G.

2) If «(s) belongs to the centre Z(Gs) of Gs, then the action A(g) leaves the
element s € So fixed for every g € Gs.

3) If a(s-x4) belongs to the centre Z(Gs.z,) of Gs.a,, then s x4 =12, - s.

4) If a(s) =1, then s-s' =5 -s for all s € S¢.
Assertion 1.3. For every equipped group (G, O), the semigroup So1 is contained
in the centre of the semigroup Sg and, in particular, is commutative.

Proof. This follows from Proposition 1.1,4).
It is easy to see that if g € O is an element of order n, then z € So 1.

Lemma 1.1. Let s € Sp1 and s1 € So be such that G5, = Go. Then
s s1=A(g)(s) - s1 (1.3)

forall g € Go. In particular, if C' C O is a conjugacy class of elements of order ng
and s € So satisfies Gg = G, then for all g1,g92 € C we have

Tyl s =1x," 8. (1.4)

Proof. (1.4) is proved in [5]. The proof of (1.3) is similar.
For every subgroup H of a group G we put
S8 =5(G,0)" = {s€ 5(G,0) | G, = H}

and Sg,1 = So1 N SH. Then the semigroup SH (resp. Sg,1) is easily seen to be
isomorphic to S(H, H N O)# (resp. S(H, H N 0)4). The isomorphism is induced
by the embedding H — G.

1.2. C-groups associated with equipped groups, and the type homomor-
phism. Let (G, O) be an equipped group with 1 ¢ O, and let the set O be a union
of m conjugacy classes: O = C; U ---UC,.

A group C/?\O generated by an alphabet Yo = {y, | g € O} (of so-called C-
generators) and defined by the relations

Y91Y92 = Y92Yg 1 g190 = YgigagrtYors Yg1:Yg2 € Yo, (1.5)

is called the C-group associated with (G, O). Clearly, the maps &y — Yg and y, — g
determine homomorphisms §: S(G,0) — Go and v Go — G with a = = yof[.
The elements of Im g3 are called positive elements of GO.

A C-group éo associated with an equipped group (G, O) has properties sim-
ilar to those of the semigroup Sp. For example, as in the case of factorization
semigroups, it is easy to check that for arbitrary g € @o and g; € O the relation

gilyglg:ygflglg (16)

is a consequence of the relations (1.5), where g = v(g).
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We denote the subset {y, | g € O} of Go by O. The relations (1.5), (1.6) yield
that O is invariant under inner automorphisms of Go.

Assertion 1.4. Let (G,0) be an equipped group. Then the semigroups S(G,O)
and S(Go, O) are naturally isomorphic.

Proof. In view of (1.5), (1.6) it is easy to see that the map £: S(Go,0) — S(G,0)
given by {(z,,) = 4 for g € O, is an isomorphism of semigroups.

The following proposition is an immediate corollary of the relations (1.5), (1.6)
(see [14], for example).

Proposition 1.2. For every equipped group (G,O) we have
Z(Go) =7~ 1(Z(Go)),

where Z(Go) and Z(Go) are the centres of Go and Go respectively.

The first homology group Hi(Go,Z) = Go/[Go,Go) of Go is easily seen to be
free Abelian of rank m. Let ab: Go — Hl(éo, 7) be the natural epimorphism. The
group Hl(éo, Z) ~ 7™ is generated by the elements ab(y,,) = (0,...,0,1,0,...,0),
where g; € C; (1 is in the ith place).

The homomorphism of semigroups 7 = ab o 8: S(G,0) — ZZ, C Z™ is called
the type homomorphism, and the image 7(s) of an element s € S(G, O) is called the

type of s. If O consists of a single conjugacy class, then the homomorphism 7 can
(and will) be identified with the homomorphism In: S(G,0) — Zx,.

Lemma 1.2. FEvery element ¢ of the C-group éo associated with an equipped
group (G,0), can be written as

9="0nd" (1.7)
where §1, go are positive elements. In particular, § € é/o = [@@éo] if and only
if ab(g1) = ab(ga) in the representation (1.7).

Proof. Write g in the form g = y;ill y;kk, where g;; € O and ¢; = £1. To prove
the lemma, it suffices to note that yg_zlyg1 =y
of the relations (1.5).

_1 . .
95 L 9192Y92 for all g1,¢92 € O in view

Assertion 1.5. Let (G,0) be an equipped group. The homomorphism (3: So —
Go is an embedding if and only if O C Z(Go), that is, if and only if Go is an
Abelian group.

Proof. Let O = C1 U --- U (Y}, be the decomposition into a union of conjugacy
classes. If O C Z(Gop), then we easily see that Go ~ 719!, where the isomorphism
is induced by the homomorphism ab. In this case one can identify the semigroup
So with the semigroup ZI;OI c 79l

If O ¢ Z(Go), then there is a conjugacy class C; C O consisting of at least
two elements, say g1 and go. Let n be their order in G. Then we easily see that
ry # zy, in So. On the other hand, their images y;, = #(z},) and y,, = B(z7,)
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coincide in @o. Indeed, there is no loss of generality in assuming that go = g 'g1g
for some g € Go. Consider the element g € v~ 1(g). Then

~—1,n

070 0= (070" =Yy 1g1g = Ypy-
But yg, and yg, belong to Z (CAY'O) by Proposition 1.2. Therefore yg;, = yg, .

1.3. Hurwitz equivalence. As above, let O be a subset of G invariant under
inner automorphisms. Consider the set

o" :{(gla"'vgn) ‘gl EO}

of all ordered n-tuples in O and let Br,, be the braid group with n strings. We
fix a set {a1,...,an_1} of so-called standard (or Artin) generators of Bry, that is,
generators subject to the relations

AiQi+10; = Ai110;Qi41, 1<i<n—1, (1.8)
a;ar = apa;, li — k| > 2. '
The group Br,, acts on O™ by the formula

(9152 Gim1, Gis Git 1 Git2s - -+ 9n)) @i = (915 -, Gim1, 9iGi+19; "+ Gir Git2s - - - Gn)-

The actions of the standard generators a; € Br,, and their inverses on O™ are usually
called Hurwitz moves. Two elements of O™ are said to be Hurwitz equivalent if one
can be obtained from the other by a finite sequence of Hurwitz moves, that is, if
they belong to the same orbit under the action of Br,,.

The following formula defines a natural map a: O™ — G (the product map):

a((917"'7gn)) =9g1---Gn-

The element (g1,...,9,) € O™ is called a factorization of g = a((g1,...,9n)) € G
with factors in O.

There is a natural map ¢: O™ — S(G, O) sending (g1, ...,9n) t0 8 = T4, ... Ty, .
Assertion 1.6. Two factorizations y,z € O™ are Hurwitz equivalent if and only
if e(y) =¢(2).

Proof. This is obvious.

Remark 1.1. In what follows we identify the classes of Hurwitz-equivalent factor-
izations in O with their images in S(G, O) in accordance with Assertion 1.6.

We also define a conjugation action of G on O™:

MNg)((g15---,90) = (97 919, - -9 " gng).

The map ¢ identifies this action with the conjugation action A of G on S(G,O)
defined above.

We denote the set of all words in the alphabet X = X\ (13 by W = W(0),
and let W, be the subset consisting of all words of length n. In what follows we
identify the elements of O™ with elements of W,, via the formula (g1,...,9,) €
O" — xg, ...xq4, € W,). We put

W(s)={weW|pw)=secSGO0)}.
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1.4. Non-perforated subsemigroups of Z’;O. We shall use the following facts
about subsemigroups of ZZ,.

A subsemigroup S of ZY, is said to be non-perforated if we have a+ b € S for
all a € S and b € ZZ,,. Note that if S; and Sy are non-perforated subsemigroups,
then so are S; US> and S1NS;. An element a of a non-perforated subsemigroup S
is called an origin of S if there are no elements b € S and ¢ € ZZ \ {0} such that
a = b + c. The set of all origins of a non-perforated subsemigroup S is denoted
by O(S). A non-perforated subsemigroup S with a single origin is said to be prime.
If a is the origin of a prime non-perforated subsemigroup S, then we easily see that

Clearly, every non-perforated subsemigroup S can be written as a union of prime
non-perforated subsemigroups, for example,

S = UFa.

acS

Suppose that S is represented as the union of prime non-perforated subsemigroups
over some subset A of S:
S=|J Fa (1.9)

acA

We say that representation (1.9) is minimal if

s# U F
acA\{ao}
for any ag € A.

Assertion 1.7. Every non-perforated subsemigroup S C ZZ, has a unique minimal
representation as a union of prime non-perforated subsemigroups, namely,

S = U F,.

acO(S)

Proof. Tt follows from the definition of an origin that if S = | F, is a representation
as a union of prime non-perforated subsemigroups and a is an origin of .S, then
a = a; for some i.
Assume that the set
c=5\ |J Fa
acO(9)

is non-empty. Then there is an element co = (¢1,0,--.,¢m,0) € C such that ¢, 0 =
min e, for (c1,...,¢m) € C, ¢pm_1,0 = minc,,—1 for (c1,...,¢m-1,¢mo0) € C, ...,
¢1,0 =mine; for (c1,¢2,0,-.-,¢mo0) € C. Clearly, cg is an origin of S.

Proposition 1.3. Fvery ascending chain
51CSQCS;3C"'

of non-perforated subsemigroups of ZZy with S; # Sit1 is finite.
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Proof. This is obvious for m = 1. Let us use induction on m. Consider an ascending
chain of non-perforated subsemigroups S1 C S2 C S3 C -+ C ZY;,, m = 2.
Put P; = {(z1,...,2m) € A4 | 2 = j} and S;; = S; N P;. Then S;; may
also be regarded as non-perforated subsemigroups of ZZ L (if we ‘forget’ the last
coordinate). By the inductive assumption, the ascending chains S;; C Sa; C
S3,; C --- stabilize for every j. We denote the first largest semigroups in these
chains by S; = S, ;-

Define a map sh: ZZ; — ZY, by the formula

sh((z1, -+, 2Zm=1,2m)) = (21, s Zm-1, 2m + 1).

It follows from the definition of a non-perforated subsemigroup that sh: S;; —
S;.j+1 is an embedding. Therefore we can (and will) identify each \S; ; with the sub-
semigroup sh™(S; ;) of S; j+n. It also follows from the definition of a non-perforated
subsemigroup that if j; < jo, then gjl = Si().j C §j2 = Si(j),jo- As a result, we
obtain an ascending chain of non-perforated subsemigroups

Si(O),O C Si(l),l C Si(2)72 C.-C Z’go—l.

It must stabilize. We easily see that if ;) ;
Si(jo) = Si(jo)+1 = Si(j0)+2 = ...

, is the largest semigroup, then

Corollary 1.1. The set of origins O(S) of a non-perforated subsemigroup S C 7z,
is non-empty and finite.

Proof. If the set O(S) = {a1,as,as,...} is infinite, then by Assertion 1.7 we have
an infinite ascending sequence

Fo, CFa,UF,, CFy UF, UF,, C -+,
contrary to Proposition 1.3.

1.5. Finite presentability of some subsemigroups of S(G, O). Let (G,0)
be a finite equipped group. Then the semigroup So is finitely presented by defi-
nition. From a geometric point of view, the most interesting subsemigroups of Sg
are Sp 1 and Sg,l = {s € So1 | Gs = G}. (Note that 58,1 is non-empty if and
only if Go = G.) In this subsection we show that the semigroups So 1 are finitely
presented, but 58,1 may not be finitely presented (or even finitely generated).

Let N = |G| be the order of G and C = {C4, ..., C,,} the set of conjugacy classes
of G such that O = [[ C;. Given C € C, we denote the order of any element g € C
by nc = ngy. In each class C' € C we choose and fix an element gc € C.

An obvious necessary condition for a subsemigroup S of Sp to be finitely gener-
ated is that the image 7(5) is a finitely generated semigroup, where 7: So — ZZ,
is the type homomorphism.

Theorem 1.1. The factorization semigroup So1 over a finite group G is finitely
presented.
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Proof. Let O = C1; U --- U C,, be the decomposition into the union of conjugacy
classes and suppose that 1 ¢ O. We enumerate the elements of O = {g1,...,9x}
in such a way that g; = g¢, fori =1,...,m.

For every g € O we have s, = Ty’ € So1. Let F = {s1,...,sm} be the set
of elements of Sp 1 of length less than or equal to KV, where N = |G| and we
also assume that s; = s4, = xg‘“ for i« < K. We shall prove that the elements
81,...,8m € F generate the semigroup So 1.

Lemma 1.3. Every element s € So1 of length ln(s) > KN can be written as

n n, =
AR 'Sl'

S=8; ... 8, "5,

where 1 <y < -+ <i; < K and the element 5 € So.1 satisfies In(3) < KN,

Proof. If In(s) > K*, then any representation of s as a product @y, - ... T e
contains at least N equal factors x4 for some g € O. Since ny < N, we can move
ng such factors to the left (using the relations (1.1)) and obtain that s = s, - ¢/,
where s’ € Sp 1 satisfies In(s’) < In(s).

It follows from Lemma 1.3 that Sp 1 is generated by the elements s € Sp 1 of
length In(s) < K%, that is, Sp 1 is finitely generated.

To show that Sp ;1 is finitely presented, we partition the set of all relations in
the following way. The first set R; consists of relations of the form

Si 85 = 85" 8i, Si,SjEF.

Given any M-tuple k = (ki,...,kp) of non-negative integers, we put s, =
sho sﬁf Since R; has already been defined, we can assume that all other
relations between the generators s1,...,sa in Sp 1 are of the form

Sk; = Sky- (1.10)

Note that if we have a relation of the form (1.10), then Gs, = G, and 7(sk,) =
T(Sk,)-

Consider the set Ry of all relations (1.10) for which Gs,, 1s a proper subgroup

S ko

of G. By induction, we can assume that the semigroups S(I', O); are finitely pre-
sented for all equipped groups (I, O) of order less than N. Since there are only
finitely many proper subgroups of G and the embeddings (G, ,ONGs, ) — (G,0)
determine embeddings S(GSkl ,ONGs,, )1 — So,1, it follows that there is a finite
set of relations Ry C Rs such that all the relations in Ry are consequences of those
in Ry U Rs.

Let R3 be the set of all relations in Sp 1 of the form sk, = sk, which are not
contained in Ry U Ry and satisfy In(sy,) < K. Clearly, R3 is a finite set.

For each element s; of the set of generators of Sp 1 with 7 > K + 1 we put

n; = min{In(s?) > KV} — 1.

The following lemma is a corollary of Lemma 1.3.
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Lemma 1.4. For every ¢ > K + 1 the element s?iH can be written as

K
stitl = (H s;”> .81 (1.11)
j=1

for some K-tuple a = (ay,...,ax) of non-negative integers and some generator
s € Fwithl > K+ 1.

We denote the set of all relations of the form (1.11) by R4. This set is finite.
Lemma 1.4 shows that by applying the relations in R; U R4, we can write every

element s € Sp 1 in the form s = s, where k = (k1, ..., kar) satisfies the following
condition: k; < n; for i > K + 1.
An element sy is said to be I'-primitive if k = (k1,..., k) satisfies k; < 1 for

1<K, ki <n;fori> K+1and G, =T. By Lemma 1.1, for every G-primitive
element s we have the following relations in Sp 1:

Si * Sk = S5 * Sk,

where ¢ < m and j < K are such that g; € C;. We denote the set of all such
relations by Rs. Clearly, Rs is a finite set.

Let s € So,1 be such that G, = G. By applying relations in Rs and arguing
as above, we easily see that s can be written in the form

5= (317_:[1 sjf) - Sk, (1.12)

where sy is a G-primitive element. Let Rg be the set of all relations in So,1 of the

form . .
(H S?j,l) "8k = (H 527%2) " Sk (1.13)

j=1 j=1
where sy, and sk, are G-primitive elements.

To complete the proof of the theorem, it suffices to show that all the relations
in Rg are consequences of some finite set of relations Rg. Since there are only
finitely many G-primitive elements, it suffices to show that all the relations (1.13)
with fixed G-primitive elements sk, and sk, are consequences of a finite set of
relations.

Note that if we have a relation of the form (1.13), then

(b1ancys -« bmane,,) + 7(sk,) = (b12ncy, - -, bm2nc,,) + 7(sk,)-

Therefore if 7(sk;) = (a1,5,--.,mj), then a1 = a;2 (modng,) for all i. We
put a;10 = b;1 — b2 if &2 > ;1 and a;1,0 = 0 otherwise. Conversely, put
ai20=0b;2—bi1if a1 > a2 and a; 20 = 0 otherwise. We have

ne,a;1,0 + Q1 = Ne, Q2,0 + Q2

and the numbers a; 1,0, @;,2,0 are uniquely determined by «; 1, o; 2 and ng,. More-
over, if we put a;; = b; ; — a; 0, then a;1 = a;2 > 0 for i = 1,...,m and each
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of the relations (1.13) can be rewritten in the form
m m m m
a; a; a; a;
(H st) ' (H Sj“’o) Sk = (H 55) ' (H Sj'7’2’0> " Sk (1.14)
Jj=1 Jj=1 Jj=1 Jj=1

where a; = a;1 = a; 2.
If (1.14) is a relation in Sp 1, then

m m m m
P T ) s = (TLs ™) - (11572 ) -
<H Sj > < Sj Ski = Sj j Sko

j=1 j=1 j=1 j=1
is also a relation for each b = (by,...,by) € ZZ; and it is a consequence of (1.14).
The above considerations show that the set {(a1, ..., am)} of exponents occurring

in the relations (1.14) for fixed sk, and sk, forms a non-perforated subsemigroup
F of ZZ. The set O(Fy, s, ) of its origins is finite by Lemma 1.1. It is

Sk1+Sk
eas;f to2 see that the relations (1.14) with fixed sk, and sy, are consequences of
the relations corresponding to the origins of Fy, s, . Since there are only finitely
many G-primitive elements, we obtain that all the relations in Rg are consequences
of some finite subset Rg C Rg.

To complete the proof of the theorem, it suffices to note that all the relations
are consequences of the relations belonging to the finite set Ry U--- U Rg.

Note that not all subsemigroups 58,1 of S¢ are finitely generated. For example,
let G ~ (Z/27Z)* be generated by two elements, say, g1 and go. If O = {g1, 92},
then S§ , is isomorphic to the semigroup

S = {(al,ag) S 2220 ‘ a1 >0, as > O},

which is not finitely generated.

Proposition 1.4. Let (G,0) be a finite equipped group. Suppose that O =
C1U---UCy, is a union of conjugacy classes such that, for every i, the elements
of C; generate G. Then the subsemigroup 5871 of Sq is finitely presented.

Proof. We use the same notation as in the proof of Theorem 1.1. Consider the
element
ngce.
50, = ze” =[] s
g1€C; a1€C;

We have s¢, € 5871 since the elements g; € C; generate G.
As shown in the proof of Theorem 1.1, every element s € Sgl can be written in

the form (1.12):
s = (H s?) - Sk,
i=1

where sy is a G-primitive element of 58,1~ If a; > |C;|, then, by Lemma 1.1,

a; a’L_‘Cll .

S; Sk = S¢; * S; Sk.
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Therefore every element s € 5871 can be written in the form

. (f[l Sg) . <f[18a> s, (1.15)

where (by,...,b;) € ZZO, 0 < a; < |C4], and sk is G-primitive. It follows that 5871
is generated by the elements .
(H s?) " Sk
i=1

where 0 < a; < |C;| and sy is G-primitive, along with the elements s¢,, i = 1,...,m.
Clearly, this set of generators is finite. To prove the finite presentability of Sg’l,
we note that all the relations between these generators are consequences of the
commutation relations and the set of relations Rg (in the notation of the proof of
Theorem 1.1). Therefore the end of the proof of the proposition coincides with the
corresponding part of the proof of Theorem 1.1.

1.6. Stabilizing elements. If G is a finite Abelian group, then the type homo-
morphism 7: Sg — Zg)l_l is obviously an isomorphism. If G is non-Abelian and
¢(@) is the number of conjugacy classes of its elements g # 1, then the type homo-

morphism 7: Sg — Z;(O) is surjective and non-injective, and one of the main
=

problems is to describe the pre-images 771(a) of elements a € Z;(g ) (in particular,
to describe the set of all elements a € Z;(g ) such that every s € 7~ 1(a) is uniquely

determined by its value a(s) € G).

Proposition 1.5. Let 5871 be as in Proposition 1.4. Then there is a constant
¢ = ¢(G,0) such that for every a € ZZ the number |7~"(a)| of pre-images of a
under the homomorphism T: 58,1 — LY, is less than c.

Proof. As shown in the proof of Proposition 1.4, every element s € Sg,l can be
written in the form (1.15). Since the number of different expressions (1.15) having
the same type is finite and bounded by a constant ¢ independent of the types of
these expressions, the proposition follows.

Note that Proposition 1.5 does not hold for the semigroup So,1 (instead of 58,1)5
see Corollary 2.4, for example.

An element s € S(G,O) is said to be stabilizing if s-s1 = s s9 for all s1,59 €
S(G, O) such that 7(s1) = 7(s2) and a(s1) = a(s2). The semigroup S(G, O) is said
to be stable if it has a stabilizing element.

Assertion 1.8. If s is a stabilizing element of S(G,O), then so is the element s-s1
for every s1 € S(G,0). In particular, if S(G,O) is stable, then there is a stabilizing
element s € S(G,0) with a(s) = 1.

Proof. This is obvious.

The Conway—Parker theorem ([5], Appendix) gives a sufficient condition for the
stability of Sg. To state this theorem, we recall that a Schur covering group R
of a finite group G is a group of maximal order with the following property:
R has a subgroup M C R’ N Z(R) such that R/M ~ G, where R' = [R, R] is
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the commutator subgroup and Z(R) is the centre of R. Such a group R always
exists (but need not be unique). The group M is isomorphic to the Schur multiplier
M(G) = H*(G,C*) of G. The Schur multiplier M (G) is said to be generated by
commutators if M N {g=th=tgh | g,h € R} generates M.

Theorem 1.2 (Conway—Parker, [5]). Suppose that G is a finite group and O =
G\1=C;U---UCQCy, is the decomposition into conjugacy classes. Put

s = H CCZg € Sq,
geG\{1}
where ng is the order of g in G. Assume that the Schur multiplier M(G) of the
group G is generated by commutators. Then there is a constant n = n(G) such
that 3" is a stabilizing element of Sq.

We note that a Schur covering group G of a finite group H satisfies the hypotheses
of the Conway—Parker theorem (see [5]).

In the next section we shall prove that the factorization semigroups Ss, of the
symmetric group Sy are also stable. On the other hand, there are many finite
equipped groups (G, O) whose semigroups S(G, O) are unstable.

Proposition 1.6. Let (H, 5) be a finite equipped group such that
(i) the elements of O generate H,

(i) HNZ(H) #1,

(iii) G195+ & Z(H) \ {1} for all 1, 3o € O.

Let f: H— H/Z(H) = G be the natural epimorphism and put O = f(O) C G.
Then there are at least two elements s;,s9 € 5871 such that 7(s-s1) = 7(s-s2) but
5-51 # 559 forall s € Sg’l. In particular, if O consists of a single conjugacy class
of H, then there is a constant N € N such that for every t € T(Sg’l) NZynN there
are at least two elements s1, 82 € 5871 such that T(s1) = 7(s2) =t but s1 # so.

Proof. By condition (i), the elements of O generate G. By (iii), the surjective
map f|5: O — Ois a bijection and, putting g; = f(g;) for g; € 6, we see
that the equality g;lgjgi = gi holds in G for some elements g;,g;,gr € O if
and only if the equality g, 1§j§i = g holds in H. Hence the induced homo-
morphism f.: S5 — So (sending the generators x3 of Sz to the generators
x4, of Sp) is an isomorphism of semigroups. In particular, the restriction of f.

to Sg,Z(H) = {3 € SH | a(3) € Z(H)} gives an isomorphism between Sg’Z(H)

and 5871. In addition, f induces a surjective homomorphism f,: I/-jé — (A?O

of the C-groups associated with the equipped groups (H, 5) and (G,0) (f. sends

A

the generator yg of fl@ to the generators y,, of Gp) such that the diagram

S5l fiy et
f*l"’ lf* f
B Y
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is commutative and the induced homomorphism
for: Hi(Hg,Z) — Hy(Go, Z)
is an isomorphism compatible with the isomorphism f.: S5 — So (that is, if

s = fu(8), then 7(s) = fiu(7(5))). Therefore, to prove the first part of the
proposition, it suffices to establish the existence of elements 3,5, € SZ

0,Z(H)
such that 7(81) = 7(82), but «(81) # «(82). Indeed, for such elements we have
T(5-51)=7(5-52) but a(5-51) #(5-52) for all § € SgZ(H). Therefore, in view of

the isomorphism f,: S = 58,1» the elements s; = f.(51) and s3 = f.(52)

H
0,Z(H)
are not equal to each other in the semigroup Sp 1, but 7(s-s1) = 7(s - s2) and

5+ 81 # s+ 8o for all elements s € Sg 1-

It follows from Proposition 1.2 that for every subgroup Hiof H 5 we have
Y(HLNZ(Hg)) =~(Hi) N Z(H).

In particular,
V(H5N Z(Hg)) = H' 0 Z(H).

Hence, by condition (ii) there is an element h € H’ N Z( 5) \{1}. By Lemma 1.2
we have h = h1h2 , where hy = 6(81) and hy = 6(52) for some 81,5, € S5 (that is,
hy and hy are positive elements). Since h € Hé, we have ab(hy) = ab(hs).

Every element of the finite group H can be expressed as a positive word in its
generators. Therefore, by condition (i), one can find 5 € S5 and a positive element
~ ~ 77 ~ 7—1 ~ i
g = B(5) € Hg such that y(g) = y(hy ). We put 8o =[], .55 € SO 1
is the order of g;. Then 51 = 39 -5- 81 and §3 = §p - §- §9 are the desired elements.

where n;

To prove the second part of the proposition, we choose elements 51, ...,5, gen-
erating the semigroup 58,1 (by Proposition 1.4, the semigroup ngl is finitely
generated in the case when O consists of a single conjugacy class) and let sq, so
be the elements whose existence was proved in the first part of the proof. We put
to = 7(s1) = 7(s2) and t; = 7(5;) for i = 1,...,n and write GCD(¢1,...,t,) = d,
t; = a;d. Then the type 7(s) of any element of 58,1 is divisible by d. We claim
that there is a constant M € N such that for every j € N one can find s € Sg,l
with 7(s) = (M + j)d. Indeed, there are gy, ...,q, € Z such that

> qia; = 1. (1.16)
i=1

Renumbering the elements 5;, we can assume that ¢; = —p; < Ofori < kand g; > 0
fori > k+1. We put M = aid E?Zl a;p; and consider the following elements for
i=0,1,....a1

k n
S0, = (Hsgalj)pi) ' ( I1 M) € 56,1
i=1

i=k+1
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We have

k

k n
7(s0,5) = daa sz‘ai +dj (- Z a;p; + Z ai(h’) =d(M + j)
i=1

i=1 i=k+1
for 0 < j < ai. Then 7(37" - s0,;) = d(may + M + j). Since
{d(ma1 +M+j)|m=0,0<j gal} = dN>

we easily see from this that M has the required property: for every j € N there is
an element s € 5’871 with 7(s) = (M + j)d.

To complete the proof of the proposition, it remains to note that N = M +tg =
M + 7(s1) is the desired constant.

It is easy to give examples of groups H satisfying the hypotheses of Proposi-
tion 1.6. For example, let H = SL,_1(Z,) be the group of (p—1) x (p— 1) matrices
with determinant 1 over the finite field Z,, p # 2. It is well known that H' = H
and the centre Z(H) consists of scalar matrices and is cyclic of order p — 1. For
i # j let e; ; be the matrix with all entries equal to zero except for the entry equal
to one at the intersection of the ith row and jth column. We put ¢; ; = e + €; 5,
where e is the identity matrix. It is well known that the matrices ¢; ; (the so-called
transvections) are conjugate to each other and generate the group H = SL,_1(Zj).
Hence, if we consider the equipped group (G,0) with G = PGL,_1(Z,) and O
the set of transvections, then almost all elements of the semigroup 58’1 are not
uniquely determined by their type. In other words, 58,1 (resp. So) is not a stable
semigroup.

§ 2. Factorization semigroups over symmetric groups

2.1. Basic notation and definitions. Let S; be the symmetric group acting on
the set {1,...,d} = I;. We recall that an element o = (i1,...,ix) € Sy sending
i1 to ig, i to i3, ..., ik_1 tO ik, i to i; and leaving the other elements of I
fixed is called a cyclic permutation of length k. Cyclic permutations of length 2
are called transpositions. Every cyclic permutation o = (iy,...,i) is a product
of k — 1 transpositions:

g = (il,ig)(iQ,ig)...(ik_l,ik). (21)

The factorization (2.1) of ¢ = (i1, ..., 4x) is said to be canonical if i1 = mini ;< 4;.
It is well known that every permutation ¢ € Sy, 0 # 1, can be represented
as a product of cyclic permutations:

g = (Z'Ll, N 7ik1’1)<i1,2, ey Zlkzyg) N (il,’ﬂh e aikm,m)v (22)

where kl Z kg 2 s 2 km 2 2 and the sets {il,jl yous 7ikj17j1} and {2'17]'2, . ,ika 7j2}
are always disjoint for j; # jo. If o is written in the form (2.2), then the ordered
set t(0) = [k1,..., k) is called the type of o and the number l;(0) = > /" ki —m
is called the transposition length of o.
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Note that for any ki > ko > - -+ > ky, > 2 with )~ k; < d there is a permutation
o of type [k1,...,kn] and it is well known that two permutations o; and oy are
conjugate in Sy if and only if ¢(o1) = t(02). For a fixed type t(o) = [k1,..., km]
the permutation

m—1 m
(1,...,k1)(k:1+1,...,k1+k2)...(Z ki+1,...,2ki)
=1 =1

is called the canonical representative of type t(c). We say that the type t(o1) =
(k115 -+, kmy 1] is greater than the type t(o2) = [k1,2,...,kmy,2] if there is I > 0
such that k1 ; = ko for i <1 and kq 41 > k241 (here kj;, = 0if i > m;). We say
that the cyclic permutation o1 = (j1,...,Jk, ) 18 greater than the cyclic permutation
o2 = (l1,...,1lk,) if either t(o1) > t(o2) or t(o1) = t(0o2) and there is r < k1 = ko
such that j; = l1,...,4, = [, and j,41 > 41 in the canonical factorizations
of 01 and oy. Finally, we say that a permutation o1 is greater than oo if either
t(o1) > t(o2) or t(o1) = t(o2) and there is [ such that o1 ; = og; for j < I and
01, > 09, in the cyclic factorizations 0; = 0;1...0;m, ? = 1,2. We denote the set
of all types of permutations o € Sy by 7 = {t; <tz <--- <in}.

By definition, the factorization semigroup ¥4 = S(S4,Sq) over the symmetric
group Sy is generated by the alphabet X = {z, | 0 € S4}. Let s =24, -+ ... - 24,
be an element of ¥,. Using the relations (1.1) and (1.2), we may assume that
t(o1) < --- < t(o,). Then the sum 7(s) = Zi\; a;t; is the type of s, where a; is
the number of factors z,, occurring in s with t(o;) = ;.

For a subgroup I' of Sy we put Xgr = {s € Xg | a(s) €T} and X}, = {s € 54 |
(Sd)s = F}

If J C I; is a subset of I; with |J| = d; < d, then the embedding J C Iy
determines embeddings Sz, C Sg and ¢ 7: X4, — Xg.

2.2. Decompositions into products of transpositions. We denote the set
of transpositions in Sg by Ty. The subsemigroup S, of ¥, is generated by the
elements x(; jy, 1 <1i,j < d, i # j, subject to the relations

T(i,5) = Z(j,i) V{i,j}ora C Ia,
Lliy,iz) *T(inyis) = L(inyis) " L(ir,iz) = L(i1,iz) * L(ia,is) V{i17i277;3}0rd C Ia, (23)
T(iy,in) " T(is,ia) = Clig,ia) * L(iv,iz) V{i1,42,13,%4 ora C Ia

(here {i1, ...,k }ora means an ordered subset of I, consisting of k elements, so that
for every subset {i1,...,it} of I; we have k! ordered subsets {o(i1),...,0(ik)}ord,
o c Sk).

We put Sz, 1 = S, N ¥41. By Proposition 1.1,4), the semigroup 41 is a sub-
semigroup of the centre of ¥;. In particular, it is a commutative semigroup.

It is easy to see that the element s; jy = x;; - @;; = x%l ;) belongs to 5, 1 for
every subset {i,j} C I;. The element

hd,g = S‘?i;) ©8(2,3) " -+ " S(d—1,d) € St,1 C Xg

is called a Hurwitz element of genus g.
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Lemma 2.1. For every ordered subset {ji,...,Jk+1}ord C Iqg and any i, 1<i <k,
the element

8= T(j1,52) * T(asgs) " TlGe—vdn) " L(irdntr) € St,

is equal to the element
8i = T(jr,ga) * o " T(Gam1,di) T TGndka1) T TGkrsditn) T TGirndive) T Tr—1,dk)"

Proof. By (2.3) we have the following equalities (at every step we underline the
factors to be transformed and write the result of transformation in brackets):

8§ = T(j1,52) " L(Gags) " - " Llagrr.dige) " LPlk—1.08) " L(idr+1)

= T(r,g2) " o T (Gandiga) (x(ji;jkﬂ) "L (fip1,gira) o 'x(jkflyjk))

= L(jr,ga) " oo " x(ji—lvji)(.'r(ji+17jk+1) ) x(ji7ji+1)) T T (Ge,k)

= T(rg2) " T T (Ga1de) (x(jixjk+1) 'x(jk+1,ji+1)) “T(Giprsdir2) " TGk—1k)
The lemma is proved.

Lemma 2.2. For every ordered subset {j1,...,Jktora C Ig and any i, 1<i<k,

the element s = X(j, jy) * T(izjs) * =+ " Tljnorijn) " Tlirjn) € T4, where b < d —1,
is equal to the element
2
Si = T(jr,ga) * v " TGam1ds) T TGarrdere) T T TUk1dk) T T (G dian)

Proof. By (2.3) we have
8= T(j1,52) " L(Gasga) ~ v+ " Tlk—1.dx) " T(Garn)

= T(j1,g2) " T(2.gs) 0 Tlhk—2de—1) (x(jivjk—l) : :E(jk—hjk)) =

= TGge) T T (Gam1d) T T (Gadi) (x(ji,jiﬂ) ’ m(ji+1,ji+2)) Cees T (Ge1,gk)

2
= Tg2) " T TGimndi) T T Gagirr) T TUedie) T T Tlik-t,dk)

P . . . . . . . . . . 2 . . . . . . . T e e e
= T(j1,52) " -0 T T(Gi1,i) (x(]i+17]i+2) x(ji7j11+1)) L(jita.gies) " = Tlr—1.dK) =

P . o . . . . . . . . . - . . 2 f— .
= TGyge) T T Gisdi) T T Gy dig2) T (m(kal»Jk) m(ji,jiﬂ)) = Si-
The lemma is proved.

Lemma 2.3. The equalities

x%il,ig) " Lligis) = L(iayis) z?il,ig) = ‘r?il,ig) " L(ig,iz) = L(ia,is) 'x(2il,z‘2)’ (24)
2 2 2 2 .2 2
Tliysin) " Tlizsis) = Llinsia) " Llinsia) = Llizsia) * Llinsis) (2.5)

hold for all ordered triples {i1,42,i3}ora C Iq. The equalities

2 2 .2 2
Tlirsin) " Tissia) — Lliasia) ~L(ir,in) (2'6)

hold for all ordered quadruples {i1,i2,i3,%4}ord C Ia-.
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Proof. We check only two of the three equalities (2.4) since the others are verified
in a similar way. By (2.3) we have

x%il,iz) “Lliniz) = L(ir,iz) ~ L(ir,i2) " L(iz,iz) = L(ir,ia) (x(lé,ig) 'ff(il,ig))

= (x(i27i3) ’ x(il,is)) " L(ir,ig) = L(iasig) © ‘T%il,is)'

Similarly,

x%il,iz) " Lliziz) = L(ir,iz) *L(ir,i2) " L(in,iz) = L(iy,ia) (x(ihiii) 'x(h,iz))

2
= (T(in,ia) * T(ir,i2)) " Tinyin) = Tinsis) * Tiyin)-
The lemma is proved.

Lemma 2.3 yields the following lemma.

Lemma 2.4. For every ordered subset {j1,. .., jr+1}ora C g and any i, 1 <i<k,
the element s; = T(jy,ga) " Tlarja) * " T(inrrrin) ~x%ji,jk+1) € St, 1is equal to the

—_— . . . . . . . . . . 2
element s; = L1 ga) " T(izga) " Llinm1ae) " Ljyguss)”

The following lemma is a particular case of Lemma 1.1.

Lemma 2.5. For every ordered subset {ji,...,jk}orda C Iq we have
2 2
T(41,d2) " LGragz) " Tlizgs) * - " Lln—1.d8) = LGag) " Tlhd2) " TG2.gs) o TlGe—1dn)

where 1 <1 <1< k.

With every word w(T()) = T(isji) - T(imgm) € W = W(Ty) we associate
a graph I'y, consisting of d vertices v;, 1 < i < d, with edge set in one-to-one
correspondence with the set of letters occurring in w. Two vertices v; and v; are
connected by an edge if the letter x(; ;) occurs in w. In particular, the number
of edges connecting v; and v; is equal to the number of occurrences of the letter
Z¢,5) in w. The edges of fw are enumerated according to the position of the
corresponding letter in w. We denote the set of isolated vertices of fw by Viso-
(A vertex v; is isolated if it is not connected by an edge to any other vertex of fw)
We put ', = fw \ Viso-

Lemma 2.6. Let w',w"” € W(s) = {w € W | po(w) = s} be two words representing
an element s € St, and let I'yyy =T U--- Ul n, and Dy =T U---ULy,, be
the representations of the graphs Iy and Ty as disjoint unions of their connected
components. Then ny = ng := ng and there is a one-to-one correspondence between
the connected components of 'y, and 'y such that the corresponding graphs I' ;
and Tay, © = 1,...,n5, have the same set of vertices V(I'1 ;) = V(I'a,) == Vi(s).
Moreover, the element s is uniquely representable as a product, s = s1 - ... - 8y,
of pairwise-commuting factors s; € St, such that for every i and every word w; €
W (s;) the graph Ty, is connected and V(T'y,) = V(I'1 ;).

Proof. This follows easily from the relations (2.3).
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Proposition 2.1. Suppose that the length of an element s € St, is equal to
kE<d—1. Then the element a(s) € Sy is a cyclic permutation of length k if
and only if s satisfies the condition

(%) there is a word w € W(s) whose graph Ty, is a tree.

Moreover, every element s satisfying condition (x) is uniquely determined by the
cyclic permutation a(s).

Proof. We claim that if s satisfies condition (x), then there are exactly k = In(s)
words wr,...,w, € W(s) whose graphs I, are simple paths when traced along
the edges according to their enumeration. Indeed, it is easy to see that Lemma 2.1
yields the existence of a word w1 = T (i, i,)T(in,is) - - - T(ir_y,i) Whose graph Iy, is
a simple path. Let us show that if we move the letter z(;, _, ;) to the extreme
left position, then the resulting word wy determines the same element s, and its
graph Ty, is also a simple path. Indeed, we have

S = x(il,iz) C et x(ik727ik71) . I(ikfhik)
= T(inyia) " v " L(i—gyin—2) (m(ik—%ik) CE(ipgino1)) = o
= (z(il,ik) 'ﬂf(il,iz)) Ceee  L(goyigo1)-
Repeating this transformation k times, we find the desired words wy, ..., wg.

We see that a(s)=(i1,i2). . .(ig—2,ik—1)(ix—1, 1) is a cyclic permutation of length k.
On the other hand, if o € §; is a cyclic permutation of length k, then it can be
represented as a product of k—1 transpositions: o = (i1,42) ... (ig—2, ix—1)(Tk—1, %)
and, clearly, a(s) = o for s = T, ) =+ - T(ip_sip_1)  T(in_1,ip) and the graph

D) iy gt )@y Satisties condition (x).

If we fix the set {i1,...,ix} C I4, then there are exactly (k — 1)! distinct cyclic
permutations of length k in S; that cyclically permute the elements of {i1,...,ix}.
On the other hand, there are exactly k! distinct simple paths connecting the vertices
Viys ..., ;. Hence the elements s satisfying condition (x) are uniquely determined
by the cyclic permutations «(s).
Lemma 2.7. Suppose that S:x%il,iz)'x%ig,i4)' R .

of generators of St, and the graph I'y, of the word w = x%

2 2
i1,02) C(ig,ia) L lig—_1,028)

) is a product of squares

s connected. Then
s =Yy r,)(ha, k—di—1),
where dy = |V(I'y)| is the number of vertices of TI'y and v r,)(ha, k—d,—1)

is the image of the Hurwitz element of the semigroup St, 1 of genus k —dy —1
under the embedding Yy (r,): Xa, — Xa induced by the embedding V(I'y) — Ig.

Proof. Arguing as in the proofs of Lemmas 2.1-2.3, we immediately deduce the
lemma from the connectedness of I',, and the relations (2.5), (2.6).

Lemma 2.8. For every s € St, the difference In(s) — l;(a(s)) is a non-negative
even number and one can find an element s € S, and an element 5 represented as
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a product of squares of generators x(; ;) of St, (and therefore belonging to St,.1)
such that
(i) s=5-75,
(ii) In(3) = l(a(s)),
(iii) a(s) = a(s).

Moreover, the element s is uniquely determined by conditions (1)—(iii).

Proof. Consider the graph I', of a word w € W(s) = {w € W | p(w) = s}. It
splits into a disjoint union of connected components: I'y, = I'y, 1 U --- U T, ;. By
Lemma 2.6, the element s can be uniquely represented (up to the order of factors)
as a product of pairwise commuting factors: s = p(w1(T(;))) - ... - (Wi (ZTa,))),
where the word w; (W) consists of the letters x(;,5) such that 'y, =Ty ;. Let s, =
¢(w;) € St, be the element determined by the word w;. We have (Sq)s, N(Sa)s; = 1
for i # j. In particular, a(s;) and «a(s;) are commuting permutations that act
non-trivially on the disjoint sets V(I'y, ;) and V(I'y, ;). Hence it suffices to prove
the lemma for the elements s = ¢(w) with a connected graph T'y,.

Let s = p(w) be such that T',, is connected. Using Lemma 2.1, we easily find
a representation of s as a word in the letters z(; ;) such that

5= T(51,52) " -+ " L(jrp—1.dk) * S
and the set {vj,,...,v;, } consists of all vertices of I',,.
Let x(;, j,) be the first factor of s; if s; # 1. Then (2.3) and Lemma 2.2
yield that s can be written as s = s’ - x%ja i) Note that x%ja i) € St,1 and

In(s’) = In(s)—2 < In(s), that is, the element s can be written in the form s = $7-31,
where In(s;) < In(s) and 5 € Sp,1. Moreover, a(s1) = a(s) since 51 € St, 1.
Repeating the above arguments for s7, ..., if necessary, we obtain that s can be
written in the form s = 55, where s € S, 1 is a product of squares of elements x(; ;,
and s = s1- ... - 8y, € St,; here the elements s; = @, , j, )« --- T (i, 1idkg i)
1 < i< m, are such that the subsets {j14,...,7k,,i} and {j1,1,..., 9,1} of I are
disjoint for ¢ # [. Therefore,

a(s) = a(s) = (k15 J11) - Ukoms -5 J1m),

and hence In(s) = l;(a(s)).
By Proposition 2.1, the elements s; are uniquely determined (up to a permuta-
tion) by their products «(s;). The lemma is proved.

Proposition 2.2. Let s € S, be such that a(s) = (i1,42,...,4x) is a cyclic per-
mutation and the set V(s) of vertices of the graph T, w € W(s), coincides with
the set {i1,i2,... ik} C I4. Then

—_— . . . . . . . . . . 2n
8= Tinsiz) " Tlinyiz) -+ " Tlin—1,ik) " T(inyir)

where 2n = 1n(s) — k + 1.
Proof. This follows from Lemmas 2.8 and 2.5.
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Proposition 2.3. Let s = p(w) € St, be such that Ty, is a connected graph and
if a(s) = H;.n:l(il’j,ig,j, ..k, 5) 18 a factorization into a product of cycles, then
either m> 1, or m=1 and V(T'y) # {i1,1,921,...,0%,,1}. Put

m
J = {7;1,17 - il,m} U (V(Fw) \ U {Z.Lj,ig’j, ey ikj,j}) C 1.
j=1
Then
s =vy(hayg) - H Llin,gi2,5) " Llizgisg) " - '917(%]-—Lj»ikj,j))7

where hq, , € Y1, is a Hurwitz element of genus g, di = |J|, g = ln(s)_%

and the embedding 1;: Xq, — X4 is induced by the embedding J — I,.

Proof. By Lemma 2.8, the element s can be written in the form

s=35-

—.

(T (s jin ) " Tlinguisg) = oo x(ikj—l,jvikj‘j))’ (2.7)

j=1

where s is a product of squares of generators w(, ;) of St,, and it follows from
the hypotheses of the proposition that In(s) # 0. Consider one of the factors
x%a,b) occurring in the factorization of 5. If a (or b) belongs to one of the sets
{i1,4,---,ix,,;}, then Lemmas 2.4, 2.5 show that this factor can be replaced in (2.7)
by x%iu’b) without changing the element s. Therefore we can assume that only

the following four possibilities occur for every factor x(Qa b) in the factorization of s:

1) {a,b} C V(L) \UjZ i {iny iz, - siny5 )

2) a = iy ; for some j € [1,m], b e V(I' )\U SRR (AW TN N N Y

3) {a,b} = {Z'le,il)jz} for some J1,J2 € [1,m],

4) {(I,b} = {2'17]',2'27]'} for some j € [l,m]

Let w be the word representing the factorization of s described above. Since
I, is connected, it follows that I'z is also connected, J C V(I'z) and, moreover,
for every j € [1,m] thereis b ¢ {41 j,...,ix, ;} such that m%il,j,b) is a subword of w.
If the word w contains a subword x%ﬁ ivizg) for some j, then Lemma 2.3 yields the

following equalities (we recall that the elements x%a,b) belong to the centre of Sy, ):

2 2 2 2 o
x(il,jyiQ,j) .x(il‘jyb) “ L iy 4ia,) T (x(il,j,b) x(iz‘j,b)) L(in,5,i2,5)

e 2 . 2 . . .
_x(il,j,b) (x(il,j’b) x(“,j’m,j))'

Therefore we can assume that V(I'y) = J and I'yz is connected. To complete the
proof of the proposition it suffices to use Lemma 2.7.

The following theorem is a consequence of Propositions 2.2, 2.3.

Theorem 2.1 ([7], [8]). Two elements s1,52 € ng are equal to each other if and
only if a(s1) = a(s2) and In(sy) = In(ssz).
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Proposition 2.4. If s € S‘ng and In(s) > li(a(s)) + 2(d — 1), then there is
a factorization s = 5 -5, where § = hqgy with g = $(In(s) — l;(a(s))) — d + 1,
and the element 5 satisfies In(3) = l;(a(s)), a(3) = a(s). Moreover, the element 3
is uniquely determined by the product o(s).

Proof. By Propositions 2.2 and 2.3, the element s can be represented as a product
s =15-5 € Sy, where s € S;: is a product of squares of elements z(; ;), and s
is such that

Oé(S) = 04(5) = (j1,17 . 7jk1,1) s (jl,ma e 7jkm,m)

and In(3) = l:(a(s)). Note that In(s) > 2(d — 1) since In(35) = l;(a(s)) and In(s) >
li(a(s)) +2(d—1).

Consider the graphs 'y, I'yz and gy, where w € W(5), w € W(35) and
ww € W(s). We claim that there is a factorization s = 5 -5 such that Vz = I
and 'z is connected. We have V; = I; since (S4)s = Sq. Suppose that either
Vs # Ig or 'y is not connected for some factorization s = § -3, and write

s = <,0({E(x%i7j))) and 5 = p(W(T(,)). Since In(s) > 2(d — 1), it follows from
Lemma 2.3 that there is a connected component I'y of I'g such that for each pair
of vertices v;,,v;, € I'1 we can find a word w € W () with § = (x%il,iz))Q -5’. Next,
since Vs = I, there is a pair of vertices v;,,v;, € V5 such that v;, & V5, v, € V&
and 5 =35"- T(iy,iy)- By Lemma 2.3 we have

s=5-5=5" Lo iz) * z?il,iz) ' x(zilvir-’) 5 =5 L(io,iz) * x?i07il) ’ x%il,iz) ' =5 51,
where for the word w;, € W(3$7) either Vi, = VU {4} and the number of connected
components of I', is equal to that of 'z while the number of vertices of one of its
connected components is increased by one, or the number of connected components
of I'g, is strictly less than that of I'z. Repeating such transformations several
times, we obtain a factorization s = 5 -5 such that Vz = I; and I'z, is connected.
To complete the proof of the proposition, it now suffices to use Lemma 2.3.

Proposition 2.5. There is a unique homomorphism r: ¥q — St, such that
(i) a(r(z,)) = o for o € Sy,
(i) In(r(zo)) = li(o),
(iii) sy, = Id.

Proof. Every element ¢ € Sy, 0 # 1, can be written as a product of pairwise
commuting cyclic permutations: o = o7 ...0,,, and this factorization is unique up
to a permutation of the factors. By Proposition 2.1, every cyclic permutation o;
uniquely determines an element s; € St, such that In(s;) = k; — 1 and a(s;) = oy,
where k; is the length of o; and, therefore, the product s(o) =s1- ... - s, € St is
uniquely determined by o. It is easy to see that the map o +— s(o) determines the
homomorphism r: ¥4 — Sz, given by the formula r(x,) = s(c) on the generators
of ¥q. Clearly, Iny(s) = In(r(s)) and rg, =Id.

The homomorphism r: ¥4 — St, defined in Proposition 2.5 is called the regen-
erating homomorphism. The number In;(s) = In(r(s)) is called the transposition
length of s € 4.
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2.3. Decompositions of the identity into a product of transpositions.
Consider the semigroup St 1.

Theorem 2.2. The semigroup St,1 is commutative and is generated by the ele-
ments S(; j) = x(zij), {i,j} C 14, subject to the relations

S(in,i) " S(inyig) = S(i1,ia) ~ S(ix,iz) = S(insis) * S(i1,ia) (2‘8)

for all ordered triples {i1,42,13}ora C Iq and

S(i1,i2) " S(iz,ia) = S(iz,ia) " S(i1,i2) (29)

for all ordered quadruples {i1,42,%3,%4}ora C Ig. Moreover, every element s € St, 1
has a normal form: it can uniquely be written as

— (k1
§= (S(i1,17i2,1) S(iz,1,i3,0) " v 5(%‘171,1713'1,1)) s
k77‘ . . . . .
(S(le,n,igyn) 8(7'2,71723,71) e 8(7'.771,—Lﬂw?inm)>7

where 1 < 411 < i12 < -+ < i1 <d—-1, kg € N forl =1,...,n, and the
sets My = {in; < igy < -+ <4}, 1 <1< n, are subsets of Iy of cardinality
Ji = 2 such that M;, N M, = @ for 1y # ls.

Proof. Tt follows from Lemma 2.8 that St, 1 is generated by the elements s(; ;.
Lemma 2.3 shows that the elements s, ;) satisfy the relations (2.8) and (2.9).

As in the proof of Proposition 2.4, for every s = 8¢, j,) * -+ * S(ju_1.jm) W€
consider the graph I'y, where w is a word in letters s(; ;) representing the ele-
ment s. The graph I",, splits into a disjoint union of connected components: I';, =
Py U - Uy, It follows easily from (2.3) that w = wi(55;)) ... wan(33,))
where w;(5(; ;)) is a word in letters s(; jy such that I'y, = I'y;. Let s; € St,1 be
the element defined by the word wy, that is, s; = p(w;).

It follows from (2.8) and (2.9) that every element s; can uniquely be written as

k
S1 = S(illyl,izﬁ,,) " S(ig,ayisa) T S(i,—1,0005,0)0 (2'10)

where the set M; = {i1; < i3y < --+ < 45,1}, 1 < 1 < n, is in one-to-one
correspondence with the set of vertices of the connected component I'y,; of I'y,.
y in (2.10) is the Hur-
witz element hj, ,—1 of the semigroup Sle .1 if we regard Sle,l as a subsemigroup
of St, 1 and the embedding is given by the natural embedding M; — 1.

ki
Remark 2.1. The element S(ir1yig)  Slizavis) "+ S(ig -1

Proposition 2.6. The Hurwitz element hq 4 belongs to the centre of the semigroup
Y4 and is fized under the action of Sp, on Xgq by conjugation. For hq.g,, ha,g, we
have

ha,g, - hd,g, = g, +gstd—1-

Proof. The first part of the proposition follows from Proposition 1.1 since, on one
hand, a(hgg) = 1 and the transpositions (4,7 + 1), ¢ = 1,...,d — 1, generate the
group (Sq)n,, and, on the other hand, they generate the whole group S;. The
second part of the proposition follows from Proposition 2.4.
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Moreover, as a corollary of Theorems 2.4, 2.2, we obtain that the Hurwitz
element hg4 4 is uniquely determined in the semigroup S, by its length and the
following two conditions.

Corollary 2.1 (Clebsch-Hurwitz theorem [1]). Suppose that an element s € St,
satisfies the conditions

(i) (Sa)s = Sa,

(ii) a(s) = 1.

Then In(s) > 2(d — 1) and s = hq 4, where g = @ —d+1.

2.4. Factorizations in symmetric groups (general case). In this subsection
we prove the following generalization of Proposition 2.4.

Theorem 2.3. Suppose that s = s, - ... - T, - S € X4, where s € St,. For
j = 1,...,m denote the canonical representative of type t(o;) by ojo (see the
definitions in §2.1) and put

o=0(s)=(010-.-0mo) ‘a(s).
If s€ %5 and In(3) = k > 3(d — 1), then
§=Zgy 5" -+ Loy -T‘(LUO—) : hd»Q’

whereg:%‘(%)—d—i—l.

Proof. We claim that there is a factorization

Siilfall' ~x0¢n~z(i17j1)~ "x(ikdk):xﬂi"" "T‘Tin,'sl’

where t(0;) = t(o}) for i = 1,...,m, the graph I'y, associated with the word w; =
T(iy ) - Tinge) € W(51) is connected, and the set Vg, of its vertices coincides
with 1.

Indeed, take w € W (3) and suppose that either Vz # I; or the graph I'z is
not connected. Since In(s) > 3(d — 1), there is a connected component I'y of T,
having more edges than vertices. Then the proof of Proposition 2.4 shows that
for any v;,,v;, in the set V(I'1) of vertices of T'y there is a word w’ € W such
that 5 = 1(21.17242) - p(w’) and the vertices in V(I';) belong to the same connected
component of szgl L Next, since (Sq)s = Sq, there is a permutation o; for some [,

1 <1< m, such that oy(i1,42)0; " = (io, jo), where either v;, or vj, (but not both)
does not belong to V(I'1). There is no loss of generality in assuming that | = m.
We have

S=Tg,* oer Ty, *S=1Tgy * -ev " To, -x%il)iz)-go(w’)
=Ty oo Ty T(ig o) Tom * T(ipia) - P(W)
=Ty e Ty P(10,50))(To)  Tin o) * Tin in) ~ P(W)
=gy e Ty P02 50)) (@) - ("),
where w” = 2, i0)%(, ;)W is a word such that either the set of vertices of

Ty strictly contains the set Vg, or the number of connected components of Iy,
is strictly less than that of Iy, .
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Repeating such transformations several times, we obtain a factorization of s
of the form

SZ]JU/l'... *Tgr * 81,

where 51 € St,, V5 = Iy, the graph I'y, is connected and t(o}) = t(o;) for
j=1,...,m. This factorization satisfies (Sq)s, = Sq and In(31) > 3(d — 1).

To complete the proof of the theorem, we use induction on m. If m = 0 (that is,
s € St,), then the theorem follows from Proposition 2.4.

Suppose that m = 1. By Proposition 2.4 we have $; = hg -3’ for some element
= STd-
Lemma 2.9. Let {i11,...,0 1 U U{itn, .- ik, nt be any disjoint union of
ordered subsets of I;. Then the Hurwitz element hqo can be represented as a product

hd70 = (x(il,laiZ,l) e .x(ik1—1,177;k1,1)) et (I(i1,717i2,n) e ':C(ikn—l,mikn,n)) : h’

where h is an element of Sgd.
d

Proof. The semigroup St, , is commutative and the Hurwitz element hq ¢ is invari-
ant under the action of S; by conjugation. Hence hg can be written in the form

hao = (S(il,lﬂé,l) Tt S(ikl—l,hikl,l)) Tt (S(il,miz,n) IR S(ikn71,n,ikn7n)) “h,

where h is an element of St,,- We have

— 2 2
S(ingri2,5) " oo Sk gtk ) T Fiaging) T Tk o100k 5)
f . . . 2 . . 2 . . . e
= Tlir,ji2,5) (x(i2,j;i3,j) e x(ikj—l,jvikj,j)) Tl jizg) = -+
o= (T ia) 'x(ikj—l,j’ikj,j)) ’ (x(ikj—l,j;ikj,j) e i i)

and the elements z( and Z(i,, ;. iy, 40 ,,) COMMute if j1 # ja. To

iy,51 581 +1,51)
complete the proof of the lemma, we note that (Sq)s, = (Sg)s;, where s; =
S(ingvizg) "~ v Sling—1.gving.5) and 5; = Tlis, o gving.g) * o r " Tingia)- Therefore

b= (I1%:) - 1 € 83 because hg,o € S5¢. The lemma is proved.

For the canonical representative o,, o of type t(o,,) there is an element @, € Sy
such that o, 0 = E;f o). Tm. The permutation 7, can be factorized into a product
of cycles and each cycle can be factorized into a product of transpositions:

Tm = ((i1,17i2,1) e (ik171,1,ik1,1)) e ((h,n,iz,n) e (iknfl,n7ik,L,n))~
Consider an element

r(x?m) = (x(il,hiz,l)' s 'x(ikl—l,l,ikl,l))' s '(x(h,n,iz,n)' s 'x(ikn—l,n,ikn,n)) € STd’

where r is the regenerating homomorphism. By Lemma 2.9,

hd,O = T(xﬁm) : hT)’L7
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where h,,, satisfies (Sd)ﬁm = 8,. We have

$=ag ~hao-3 =g -7(25,) hm-5'

=7(¥5,) oo hm 3 =g, T(27,) -5,

where 251 = A(0m,0)(27,,). The element 5/ = r(z5 ) - hy, -3 € St, satisfies
In(s]) = k, a(s]) = U;L’loa(s) and (Saq)s; = Si. Therefore, by Theorem 2.4,
5{ =r(zs) - ha,g, where 0 = a(35{) = U;L’loa(s) and g = %‘(L”) —d+1.

Assume that the theorem is true for all m < mg and consider an element
§=Toy " v Loy, 51,

where 31 € St, has length k£ > 3(d — 1) and satisfies (S4)s, = Sq. We have

5=Tg, oo " Top, ~§1:xgé- ~x04n0 “ Ty, - S1
_ =/ __ —=/
= -Toé LN '$a;”0 Loy S1 = Loy xaé’ et xa;:zo * 51,
r 1 no_ —1_1 - =/
where 0 = 01050, " and o = 0y (0%010 for j =2,...,m and the element 5{ € Sy

satisfies In(3]) = k and (Sg)s; = Sq. Therefore, by the inductive assumption, we
have

§=1Tgy o (Toy = oo T +31) =Toy o (Tony v " Topy o 51 )

mQ

where the element 5" € Sy satisfies In(3{) = k and (Sd)glll = &S4. By Proposition 2.4
we have 5{ = r(z,) - hagy, where 0 = a(5{') = (01,0...0m,0) *a(s) and g =
%”(%) — d+ 1. The theorem is proved.

Corollary 2.2. Suppose that s; = Tg,, * ... * Zg,,, " 8i, © = 1,2, are elements
of Ed‘sﬁ where the elements s; € S, have length In(51) = In(S2) = k. Suppose that
a(s1) = a(s2) and 7(s1) =7(s2). If k > 3(d—1), then s1 = 3.

Corollary 2.3. The Hurwitz element hd,[g} is a stabilizing element of 4. Hence
the semigroup >4 s stable.

The factorization of the identity in Sy is unique in the following case.

Theorem 2.4 [9]. Let s = s1- 52 and s’ = s} - s5 € Eg1 be such that s1, s| €
St, and the groups (Sq)s and (Sq)s act transitively on I4. If 7(s) = 7(s") and
In(s2) = In(sh) < 2, then s = ¢'.

Nevertheless, the following example shows that Theorem 2.4 does not hold even
for s, s’ € Zid’l if In(s2) = In(sh) > 2.
Example 2.1 [9]. Consider the permutations o1 = o] = (1,2,3)(5,6,7,8),
oo = (1,2)(3,4,5), o3 = (0102)"! = (8,7,6,5,4,2,3) and ob = (7,8)(3,4,5),
ob = (0104)~t = (8,6,5,4,2,1,3) in Sg. Then the elements s = 24, - Ty, * Ty
and 8" =g Ty Toy € E‘gfl have the same type, but s # s’
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2.5. Factorizations in S3. Consider the semigroup X3 1 C £3. The semigroup X3
is generated by the elements (1 2y, ®(13), T(2,3), T(1,2,3) and x(; 32) subject to
the relations

T(12)  T(13) T L(2,3)  L(1,2) = T(13) L(2.3) (2.11)
T(1,3) " L(1,2) = L(2,3) " T(1,3) = L(1,2) " L(2,3)» (2'12)
T(1,2) " 2(1,2,3) = 2(1,3,2) " L(1,2) = L(1,3) ~ L(1,3,2) = L(1,2,3) ~ L(1,3)> (2-13)
T(1,2) T(1,32) T L(123) T12) =T T(23) " T(12.3) = T(1,3.2) " T(2.3) (2.14)
T(23) T(1,32) = T(1,2,3) " T(2,3) = T(1,3) " T(1,23) = T(1,3,2)  T(1,3) (2.15)
T(1,2,3) " T(1,3.2) = £(1,3,2) " T(1,2,3)" (2.16)
We put
.2 ) .2 _
S1=2(1,2) 52 = T(2,3); 83 = T(1,3) S4 = T(1,2,3)  £(1,3,2)5
S5 =T(123) T(13) T2 56 = T(103), ST =L(132):
It is easy to see that sq,...,s7 € X3 1.
Theorem 2.5. The semigroup ¥31 has the following presentation:
2371:{51,...,57 ‘SZ"SJ':S]"SZ', lgl,jg’?,
S; 8k =858k, 1<4,5<3, 4<k<T,;
8; 8¢ =8;87, 1 <1< 3;
§1 82 = 8183 = 3 ° 835
52:56.57; sgzsfos% sgzs?s@;
54'55181'86151'57}.
Proof. First let us show that the elements s, ..., s7 generate ¥3 1. Indeed, suppose
that every element s € X3 1 of length In(s) < k can be written as a word in s, ..., s7

and consider an element s € X33 of length In(s) = k£ + 1. Moving the factors
%(1,2,3) and z(1 32y to the left, we can write every element s € X3 in the form

_ .a b /
$=T(1,2,3)  T(1,3,2) " 5>

where a, b are non-negative integers and s’ is a word in the letters x(1 2, (1,3
and T(2,3)-

By Lemmas 2.1 and 2.2, if In(s’) > 3, then s’ can be written in the form s’ =
x%m,) -8, Ifa >3, b >3, or both a and b are positive, then we similarly have
s = s; - 5, where i is either 6, 7, or 4 and 5 € ¥31, In(s) < & — 1. Thus we only
need to consider the cases when In(s’) < 2 and either 0 < a <2, b=10,0r a =0,
0<b< 2 Ifa=>b=0, then it is clear that s’ = s; for some ¢ = 1,2, 3 since
s=s¢€ 23’1.

Consider the case when a = 1 and b = 0, that is, s = (1 2,3) - s'. Since s € ¥33
and a(z(1,2,3)) = (1,2,3), we have a(s’) = (1,3,2). Therefore s" is equal to either
T(1,3) - T(2,3), T(2,3) T(1,2) O T(1,2) - T(1,3). But (2.11) shows that the last three
elements are equal to each other and, in this case, s = ss.
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If a=0and b=1, that is, s = (1 39) - s, then we similarly see that s’ is equal
to either (1) - T(2,3), T(2,3) T(1,3) OF T(1,3) " T(1,2), and the last three elements are
equal to each other by (2.12). Hence we obtain from (2.13) that

§=2(1,3,2) " T(1,2) " T(2,3) T T(1,2) " T(1,2,3) " T(2,3)
= 2(1,2,3) " T(1,3) " L(2,3) = S5-

If a =2 and b =0, that is, s = x%l 5.3) " ', then we obtain that a(s') = (1,2,3),
whence s’ = 21 2y - ¥(2,3). Therefore we see from (2.14) that

§= x%1,2,3) “T(1,2) T T(2,3) = T(1,2,3) " T(1,2) * T(1,3,2) " T(2,3)
= X(1,2,3) " L(1,3,2) “ T(2,3) " L(2,3) = S4 " S2-
Finally, if a = 0 and b = 2, that is, s = x%173,2) -§', then we have a(s") = (1,3,2),
whence s’ = 21 3) - ¥(2,3). Therefore we see from (2.15) that
5= I%L;},Q) T L(1,3) T L(2,3) = L(1,3,2) " L(1,3) " L(1,2,3) T L(2,3)
= 2(1,3,2) " T(1,2,3) " T(2,3) ~ L(2,3) = 54 S2.

As a result, we obtain that X3 ; is generated by s1,..., s7.

We now wish to verify that the generators sq,..., sy of X3 1 satisfy the relations
listed in the statement of Theorem 2.5. Since this is done in a similar way in every
case, we verify only one of them.

For example, we shall show that s4 - s5 = s¢ - s1. By (2.11)—(2.16), we have
S4°55 = T(1,2,3) - £(1,3,2) * ¥(1,2,3) " T(1,3) " T(2,3)
=223 (Ta23) Ta32) Tas) T
= T028)  T123) (F0128) T@s) T(28) = T(123)  T(123)  T(123) " T(2)
= 21,23 " T(1,23)" (x%l,B) $T(1,2,3)) = L(1.2:3) " T(1.23) " (T2,3) 'x%1,2))

= Sg * S1-

The fact that the relations listed in Theorem 2.5 are defining is a consequence
of the following theorem.

Theorem 2.6. Every element s € ¥31, s # 1, has a normal form. Namely, it is
equal to one and only one element in the following list:

s, 1=1,2,3, neN,

s3-sg 87, 0<a<2, m=20,n=20,, a+m+n>0,
. st - sa, n €N,

st - sg', m,n € N,

st-sg 854, m=0, n>0,

-85, m=0, n=0.
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Proof. If s ¢ E}?f‘h then s is clearly equal to either s}, i = 1,2,3, or s{ - 55" - 7.

Suppose that s € E}?fl. If s € S1,.1, then s = hg 4 for some g by the Clebsch—
Hurwitz theorem.

Suppose that s = s' - s k1

; where 5" = a7, 5 ~x](€12,372) and s” € Sp,. Using the
relations (2.13)—(2.16), we can assume that s’ = 935172,3) for k="ki+ks. k=0
(mod 3), then the relations in Theorem 2.5 yield that s = s7 - sg*. If k = 1 (mod 3),
then s" = s§" - 2(1 2,3y and (1 2.3y - 8" € ¥31. By Theorem 2.5 we have x(1 5 3)-5" =

"

s5 + st for some n > 0. If k = 2 (mod 3), then we similarly have s’ = sf* - x(21,273)
and xa,z,g) - §" € 331. Using the relations (2.13)—(2.16), we get x%1,2,3) s =
T(1,2,3) " T(1,3,2) - ] = 54 - 8] for some s{ € St 1, and the relations in Theorem 2.5
yield that s = s - s4 - s§".

To complete the proof, we note that different normal forms determine different
elements because they have different invariants G, and 7(s) € Zio.

Theorem 2.7. Up to simultaneous conjugation, an element s € X3 is equal either
to s, where s is one of the elements of 331 described in Theorem 2.6, or to

2k+1
T(1,2) k=20,
x?1,273) . x’g,&z), n>m, n—m %0 (mod3),
5= x?w) “ T (2,3), n €N,

Tl ) ~x?{’72’3) @30, NEN, M>0,a=0,1,2,
and a # 0 if n=0 (mod2).

Remark 2.2. The elements s, s and sy in Theorem 2.6 are conjugate to each
other. The elements s$ - sg* - s7 and s§ - sg - s7* are also conjugate.

Proof of Theorem 2.7. We consider the following cases separately.

1) (S3)s = Sa.

2) (S3)s = As, where A3 is the alternating group.

3) s € St,, (S3)s = S3, and a(s) is either a transposition or a cyclic permutation
of length 3.

4) s & St,, (S3)s = S3, and «(s) is either a transposition or a cyclic permutation
of length 3.

In cases 1)-3) we easily see that, up to conjugation, s is respectively equal

2k+1 n L em n .
10 (1 5ys T(1,2,3) " L(1,3,2) L(1,2)  L(2.3)-

In case 4) we have s = s1 - so, where s; € Sp, and ss is represented by a word in
the letters (1,2 3) and @(1,3,2). By (2.13) and (2.14) we can assume that s1 = z{, ,).
We also have

T(1,2) '$?1,2,3) = 17?1,3,2) " T(1,2) = T(1,2) 'z?1,3,2)'

Using these relations and (2.16), we obtain that s = a7} 9" adm . g, where o =

(1,2,3) or 0 = (1,3,2). To complete the proof, we note that A\((1,2))(z,) = 5-1.

Corollary 2.4. Suppose that (S3)s = Sz or (S3)s = Sz for s € 3. Then s
is uniquely determined (up to simultaneous conjugation) by its type 7(s) and the
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type t(a(s)) of its image a(s) € Ss. Up to simultaneous conjugation, there are
evactly [§] + 1 different elements s € Eéﬁ of length In(s) = n if n # 1 (mod6).
If n =1 (mod6), then there are exactly [§] different elements s € Eéi of length
In(s) = n. If a(s) # 1, then there are exactly m = —[5"] different elements
s € B4 of length In(s) = n.

2.6. The Cayley embedding. It is well known that every finite group G can be
embedded in some symmetric group. In particular, if N = |G| is the order of G,
then we have the Cayley embedding ¢: G — Sym(G) ~ Sy:

(gl)Ug =019, 9,91 € Ga C(g) =0g,

that is, G acts on itself by right multiplication. We identify the group G with
its image ¢(G) and denote the normalizer and centralizer of G in Sy by N(G)
and C(G) respectively. Since N(G) acts on G by conjugation, we have a natural
homomorphism a: N(G) — Aut(G).
Theorem 2.8. Let ¢: G — Sym(G) ~ Sy be the Cayley embedding of a finite
group G. Then the natural homomorphism a: N(G) — Aut(G) has the following
properties:

(i) a is an epimorphism,

(ii) kera = C(G) ~ G,

(iii) the group generated by G and C(QG) is isomorphic to the amalgamated direct
product G X¢o G, where C is the centre of G.

Proof. We regard an automorphism f € Aut(G) as a permutation oy € Sy of the

elements of G:
(9)or = flg),  9€G.
We claim that oy € N(G). Indeed, for all g1 € G we have

(1)o7 ogor = (fH(g1))ogor = (FHg1)g)oy
=f(f""(g)9) = a1 flg) = (91)05(9)>

that is, 0';10'90']0 = 0y(g) € G for all g € G. Hence oy € N(G) and, moreover, the
conjugation of elements of G' by oy determines an automorphism f of G. Therefore
a is an epimorphism.

Clearly, C(G) = kera. Consider an element ¢ € C(G). We have 40 = 00y
for all g € G. Therefore,

(91)og0 = (919)0 = ((91)0) - g

for all g1,9 € G. In particular, if we take g3z = 1 and denote (1)o by g,, then
we have
(1)ogo = (g9)0 = gog

for all g € G. The equality (g)o = g,g shows that o acts on G as left multiplication
by g, € G. Clearly, the left and right multiplications by elements of G commute.
Therefore C(G) ~ G.

We recall that, by definition, G' acts on itself by right multiplication. Hence we
easily see that the group generated by G and C(G) is isomorphic to the amalga-
mated direct product G X G, where C' is the centre of G.
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Every embedding G S, determines an embedding of semigroups S(G, O)—X,.
Let ¢: Sg = S(G, G) — 3, be the embedding of semigroups induced by the Cayley
embedding ¢: G — Sy. Theorem 2.8 has the following corollary.

Corollary 2.5. The orbits of the conjugation action of Sy on Xy intersecting the
semigroup S(G,G) are in one-to-one correspondence with the orbits of the action

of Aut(G) on S(G,G).

8§ 3. Hurwitz spaces

3.1. Marked Riemann surfaces. Let f: C — Dg = {z € C | |z| < R} be
a Riemann surface, that is, a finite proper continuous ramified covering of the disc
Dr = {|z] < R} (or the projective line P! if R = oco) of degree d branched at
finitely many points of D% = Dr \ dDg = {|z|] < R} (we do not assume that
C is connected). Two coverings (C’, f') and (C”, f”) of Dg are said to be iso-
morphic if there is an orientation-preserving homeomorphism h: C’ — C” such
that f’ = ho f”. They are said to be equivalent if there are orientation-preserving
homeomorphisms ¢: Dr — Dg and ¢: C' — C" such that 1) leaves all points of the
boundary 0Dpg fixed and 9 o f' = " o p. We denote the set of equivalence classes
of coverings of degree d over Dy with respect to this equivalence relation by Rg 4.

Let ¢i1,...,q, € D% be the points over which f is ramified. We fix a point o =
or = €¢2™R € ODp (if R = oo, then we assume by definition that 0o, = 0o = P1\C)
and enumerate the points in f~!(0). This enumeration induces an ordering of the
set f~1(0). Such coverings (C, f) with a fixed point 0 € Dy and a fixed ordering
of f~1(0) are called coverings with an ordered set of sheets or marked coverings.
We say that two marked coverings (C’, f'),,, and (C”, f"),, are equivalent if there
are orientation-preserving homeomorphisms ¢: Dg — Dpg and ¢: C' — C" with
the following properties:

(i) ¢ fixes the points of ODg,

(ii) o(pl) = p! € (f")"Y(o) for each p. € (f)"1(o0), i=1,...,d,

(i) ¢ o f = " o p.

We denote the set of equivalence classes of marked coverings of degree d over Dg
with respect to this equivalence relation by R7% ;. Renumbering the sheets deter-
mines an action of the symmetric group S on RE ,. It is easy to see that
Rr,a=RE 4/Sa-

If Ry < Ry < o0, then every ramified covering f: C' — Dpg, can be extended to
a ramified covering f: C'— D R, Which is unramified over Dg,\ D, . Lifting the path

I(t) = 2™ (Ryt + (1 — t)Ry) C Dp, \ DY, , t €[0,1],

to C, we get d paths f~1(I(t)) connecting the points of f~'(og,) with points
of f~Y(og,). If (C, f)m is a marked covering, then these paths transfer the order-
ing from f~!(og,) to f~'(or,). As a result, we obtain an isomorphism ig, g,:
R, .a = Ri,.a

For every marked covering (C, f)n of the projective line P! and every R > 0,

we can similarly find an equivalent covering (C, f),, whose branch points belong



742 Vik. S. Kulikov

to D%,. Consider the restriction f of the covering f to C = f~Y(Dg). Lifting the
path

I(t)=e>™R/t CP'\ D%,  te[0,1],

to C, we get d paths f~1(I(t)) connecting the points of f~!(0s) with points
of f~'(og). They transfer the ordering from f~'(0s) to f~'(og). Clearly, the
equivalence class of the resulting marked coverings (5’, f)m is independent of
the choice of a representative (C, f),,. Therefore we obtain an embedding loo,R:
Rit.a = Rl q- 1t is easy to see that ioc, R, = ?R,,R, © too,r, for all Ry > Ry > 0.

3.2. Semigroups of marked coverings. A closed loopvC Dg\{q1,-..,q} start-
ing and ending at 0 = o can be lifted to C' by means of f. We get d paths starting
and ending at the points of f~!(0). This lift of loops determines a homomor-
phism (the monodromy of marked coverings) pu: w1 (Dr \ {q1,...,qp},0) — Sq to
the symmetric group Sy (the monodromy sends the starting points of the lifted
paths to the endpoints of the corresponding paths). Conversely, every homomor-
phism p: m (Dgr \ {q1,-.-,a},0) — Sq determines a marked covering f: C' — D
whose monodromy is p.

The fundamental group 71 (Dg \ {q1,...,aq},0) is generated by loops 71, ...,
of the following form. Each loop «; consists of a path [; starting at o and ending
at a point ¢} close to ¢; followed by a circuit in the positive direction (with respect
to the complex orientation on C) along a circle T'; of small radius with centre
at ¢, ¢} € T, followed by a return to gy along the path [; in the opposite direc-
tion. For ¢ # j the loops v; and «; have only one common point, namely, o. The
product 71 ...7 is equal to dDpg in the group m1(Dg \ {¢1,.-.,q},0). Such a set
of generators is called a good geometric base of the group w1 (Dgr \ {q1,.-.,q},0).
It is well known that if R < oo, then ~i,...,7 are free generators of
T (Dr\{q1,--.,@},0), that is, 1 (Dr \ {q1,---,®%},0) = (y1,-.., ). If R = o0,
then ~1,...,7 generate the group 71 (P! \ {q1,...,q%},0) and are subject to the
relation 1 ..., = 1.

If we choose a good geometric base v1,...,7, then the monodromy p is deter-
mined by the set of elements o1 = p(v1),...,0, = (V) € Sq, which are called local
monodromies. The product o = 071...0, = p(9D) is called the global monodromy
of f. We easily see that if R = oo, then the global monodromy is equal to 1.

The set (o1,...,0p) depends on the choice of a good geometric base v1, ..., 7.
Any good geometric base may be obtained from ~i,...,7, by a finite sequence
of Hurwitz moves. In other words, the braid group Br, acts naturally on the set of
good geometric bases of m1(Dg \ {q1,...,q},0) by means of Hurwitz moves [10].
Therefore if (0f,...,0y) is the set corresponding to another good geometric base
Yis- .57, then (o7,...,07) can be obtained from (oy,...,04) by a finite sequence
of Hurwitz moves (see §1.3).

Suppose that R < co. One can define the structure of a semigroup on Ry,
as follows. Let (Cy, f1)m and (Ca, f2)m be two marked coverings of degree d. We
choose two continuous orientation-preserving embeddings ¢;: Dr — Dg, j = 1,2,
of the disc Dp into itself which fix the point o and have the following properties.
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(i) The image ¢1(Dg) = {v € Dr | Reu > 0} is the right half-disc and
©1({u € 0Dg | Reu < 0}) = {u € D | Reu = 0} is the vertical diameter.

(ii) w2(Dr) = {v € D | Reu < 0} is the left half-disc and p2({u € 0Dpg |
Reu > 0}) = {u € Dg | Reu = 0}.

We identify the points belonging to the sets f; '(0) and f; '(0) using the order-
ings of these sets. Then we identify, by continuity, the points belonging to the d
paths f{ '({u € 9Dg | Reu < 0}) in C; with the points belonging to the d paths
f3'({u € DR | Reu = 0}) in Cy in such a way that the images of the identified
points under ¢ o f; and @90 f5 coincide. These identifications enable us to glue the
surfaces C; and Cs along these d paths. As a result, we obtain a marked covering
(C, f)m, where f(q) = ¢1(fi(q)) if ¢ € C1 and f(q) = wa(f2(q)) if ¢ € C2. The
resulting covering (C, f),, is called the product of the marked coverings (C1, f1)m
and (Cs, f2)m (we write (C, f)m = (C1, f1)m - (Co, f2)m). We easily see that this
notion of product makes R ¢ & non-commutative semigroup such that the maps
iR, R, are isomorphisms of semigroups for all Ry > Ry > 0.

Clearly, the semigroup Ry' = Ry, is generated by those marked coverings
(C, f)m that are coverings of D = Dpg with only one branch point ¢;. Such cov-
erings are uniquely determined (up to equivalence) by their global monodromy
o5 = pu(0D) € Sy, where p = py is the monodromy of the marked covering (C, f)m,
Therefore the number of generators is equal to d!. Let z,, be the generator of the
semigroup R4 corresponding to a covering (C, f),, with a single branch point.
A simple inspection shows that the generators x, satisfy the following defining
relations in the semigroup R}

Loy Loz = Tos " L(o710,0,) Loy Toy = L(5105071) Lo
and %o, - 1 = Toy, T1 * Toy = To, for all 01,02 € Sy
If a marked covering (C, f)m, is equal to 4, - ... - 4, in R], then it is easy to

see that its global monodromy ¢ = p(9D) is equal to o1 ...0,. Clearly, sending
each marked covering to its global monodromy determines a homomorphism from
R} to the symmetric group Sq. We denote this homomorphism by a: R}’ — Sg.

A renumbering of the sheets of a marked covering determines an action of
the group Sq on R'. Namely, an element oy € Sg acts on the generators x, by the

rule z, — Lo o) This action determines a homomorphism A: S — Aut(R]}).

Thus we get the following proposition.
Proposition 3.1. As a semigroup over Sq, R} is naturally isomorphic to Xg4.

In accordance with Proposition 3.1, the elements of ¥; will be referred to as
monodromy factorizations of coverings of degree d.

The kernel kera = R, = {(C, f)m € Ry | oy = 1} is easily seen to be
a subsemigroup of R;' isomorphic to ¥4 1. If the disc D is embedded in P!, then
the elements of Ry'; are those marked coverings f: C' — D that can be extended
to marked covermgs f: C — CP! that are unramified over P! \D. We note that such
an extension f: C — CP! of a marked covering f: C'— D with global monodromy
pr(0D) =1 is unique up to equivalence.
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The converse is also true: the image of R} ; under the embedding i, g coincides
with R7';. In what follows we identify the set R7. ; with the semigroup Ry’
by means of this isomorphism. As a result, we have the following proposition.

Proposition 3.2. The set of equivalence classes of marked coverings of degree d
over P! possesses the natural structure of a semigroup isomorphic to $4.1.

3.3. Hurwitz spaces of marked Riemann surfaces. In this subsection we
describe the Hurwitz space HUR}' (D) of marked ramified degree d coverings of
the disc D = Dg up to isomorphism. The space HUR (D) = | |,~, HUR,(D)
is the disjoint union of the spaces of coverings branched at b points, b € N.

As in [3], we consider the symmetric product of b copies of the open disc D° =
D\ D and denote it by D®). This is the complex manifold of dimension b obtained
as the quotient of the Cartesian product D® = D? x ... x D? (b factors) by the
action of S, that permutes the factors. We identify the points of D(®) with unordered
b-tuples of points of D°. Those b-tuples that contain less than b distinct points form
the discriminant locus A of D®).

Given a point By = {q1,0,---,q0} € D® \ A, we fix an ordering of the set

= {q1.0,---, @0} C D and choose a good geometric base 7i,...,7 in the
group m1(D \ Bg,0). Then every word w in the set W; of words of length b in
the letters z,, 0 € Sy, determines a marked covering f = f,,: C' — D branched
over By. Its monodromy g is such that u(v;) = o4, where x,, is the letter in the
ith place of w.

The choice of a good geometric base enables us to choose the standard generators
ai,...,ap_1 of the group 7T1(D(b) \ A, By) ~ Bry, in such a way that we get an action
of the group Br;, on the set of words W (see §1.3). In other words, this choice
determines a homomorphism g g : Tl(D(b)\A, By) ~ Bry, — Sy, where N = (d!)®.

The homomorphism 645 r enables us to define the space HURg', (D) as the
unbranched covering hqp,r: HURJ, (D) — D™\ A associated with 04, r. Indeed,
if we fix a marked covering f: C — D whose monodromy p satisfies u(y;) = oy,
then every path §(t), 0 < t < 1, in D® starting at By can be lifted to D and we get
b paths ¢;(t) in D starting at the points ¢1,0, ..., gb,0. These paths determine (up to
isotopy) a continuous family of homeomorphisms d;: D\ By — D\ {01(t),...,0(t)}
leaving the points of 9D fixed and satisfying 6y = Id. This family of homeomor-
phisms determines a continuous family of marked coverings f;: Cy — D branched
at d1(t),...,d(t) and having monodromy p; with (04 (7)) = 0. Clearly, if §(¢)
is a closed path, then the b-tuple (u1(71),-..,u81(7)) is Hurwitz-equivalent to
the b-tuple (uo(y1),--.,po0(7p)). It follows that the points of the covering space
HURY', (D) of the covering hgp r: HURG, (D) — D® \ A naturally parametrize
all marked coverings of D of degree d branched at b points. The degree of the
covering hqp g is equal to (d!)’. As a result, we obtain the following proposition.

Proposition 3.3. The irreducible components of HURG",(D) are in one-to-one
correspondence with the elements s of the semigroup ¥4 of length In(s) = b. The
set of irreducible components of HUR[' (D) has the natural structure of a semigroup
isomorphic to Rgq ~ 4.
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If R > Ry > 0, then we have an embedding D(b) — D( ) , and it is easy to see
that the restriction of hq 32 to h; bRy (DR ®) "\ A) can be 1dent1ﬁed with the covering
hapr,: HURGY(Dg,) — D \ A by means of ig, gr,.

In accordance with Proposmon 3.3, we shall write HUR', (D) for the irreducible
component of HURy', () (D) corresponding to an element s € ¥4. In particular,

the global monodromy oy = p(0D) = a(s) € Sy is an invariant of the irreducible
component HURy',(D). We put

HUR{, (D)= ) HURZ.(D).
a(s)=oc
In(s)=b

It follows from the above considerations that

HURT,(P') = | J HURY, 1 (Dg).
R>0

For a fixed type t of elements s € ¥; we put

HURJ, (D) := | J HURJ,(D)
T(s)=t

and
HURd ' (D)= HUR%(D) N HURZ?U(D).

As mentioned above, every marked covering f: C — D of degree d branched
at the points ¢1, ..., gy determines (and is in turn determined by) the monodromy
w:m(D\A{q1,-..,@}) — Sq. The image u(m (D \ {q1,.-.,q})) = Gal(f) C Sq
is called the Galois group of the covering f. It is easy to see that Gal(f) =
(Sq)s if f belongs to HURG' (D). The covering space C' of a marked covering
(C, f)m is connected if and only if the Galois group Gal(f) acts transitively on the
set Iy =[1,d].

Let HUR;"’G(D) be the union of the irreducible components of HUR}' (D) con-
sisting of the coverings with Galois group Gal(f) = G C S4. We also put

HUR}“ (D) = HUR["“(D) N HUR}}, (D),
HUR(;% (D) = HUR},“(D) N HURY, (D).

By Corollary 2.2 we have the following theorem.

Theorem 3.1. Suppose that the type t of a monodromy factorization contains
k transpositions. If k > 3(d—1), then each irreducible component of HURY; Sd( D)
is uniquely determined by the global monodromy oy = p(0D) € Sq of a covemng
(C, f)m belonging to this irreducible component.

3.4. Hurwitz spaces of (unmarked) coverings of the disc. To obtain the
Hurwitz space HUR4 (D) of coverings of the disc D = Dpg of degree d branched
over b points lying in D%, we must identify all marked coverings of D that differ
only in the enumeration of the sheets. Renumbering the sheets induces an action
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of S; on the marked fibres. We recall that the actions of Br, and S; on W,
commute. Therefore this action of Sy induces an action of S on HURG', (D), and

we obtain that the space HURg (D) is the quotient space with respect to this
action: HUR4;(D) = HURG,(D)/Sa. This yields the following proposition.

Proposition 3.4. The irreducible components of HURg (D) are in one-to-one
correspondence with the orbits of the action of Sy by simultaneous conjugation
on Xgp = {s € g | In(s) = b}.

If f: C — D is an unmarked covering, then we can also define the Galois group
as Gal(f) = (Saq)s. However, in this case the subgroup Gal(f) of the symmetric
group Sy is uniquely determined only up to inner automorphisms of Sy.

In what follows we write HUR. . .(D) (resp. HURG(D)) for the images of
the subspaces HUR™ . (D) (resp. HURmG(D)) of the space HURy', (D) under
the canonical map

HURG, (D) — HURq(D) = HURG', (D) /Sa.

In particular, we have HURg4 s, (D) = HURg s, (D) if and only if there is a permu-
tation o € Sy such that A(o)(s1) = ss.

Corollary 2.4 gives us a complete description of the irreducible components of
HURg,,(D) in the case d = 3.

Corollary 3.1. If G ~ S or G =~ 83, then the irreducible components of

HURgb(D) are uniquely determined by the monodromy factorization type and the

type of the global monodromy. If the global monodromy is equal to 1, then the space

HURQ%(D) consists of m = [2]+1 irreducible components when b # 1 (mod 6) and

[%] irreducible components when b = 1 (mod6). The space HUR;;’;(D) consists
b

of m = —[37] irreducible components if the global monodromy is not equal to 1.

3.5. Hurwitz spaces of (unmarked) coverings of P!. In [3], the Hurwitz
spaces HUR,,(P!) of coverings of P! of degree d branched over b points were
described as unramified coverings of the complement of the discriminant locus A
in the symmetric product P®) of b copies of P!. The choices of a point co € P! and
of an identification of C with P! \ {co} determines an embedding of HUR (Do)
in HUR4(P') as an open dense subset. Hence we get the following proposition.

Proposition 3.5. The irreducible components of HURg(P') are in one-to-one
correspondence with orbits of the action of Sy by simultaneous conjugation on the
set g1b ={s € Lq1 | In(s) = b}.

As in §3.4, we can introduce the unions HUR. . .(P!) (resp. HUR?.(IP’U) of the
irreducible components of HURy,(P') for fixed elements of ¥ 1, fixed types of
monodromy factorizations, fixed Galois groups, and so on.

The following theorem is a consequence of Proposition 1.1.

Theorem 3.2. The set of irreducible components of the Hurwitz space HURgd (Ph)
has the natural structure of a semigroup 3% = {s € Sq1 | (Sa)s = Sa}-
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Theorems 2.3, 2.4 and Corollary 2.4 give us the following theorems.

Theorem 3.3. The space HURg‘fE(IP’l) is irreducible if the monodromy representa-
tion type t contains at least 3(d — 1) transpositions.

Theorem 3.4 [9]. Let G be a transitive subgroup of the symmetric group Sq. The
Hurwitz space HURgt(Pl) is irreducible if the monodromy factorization type t con-
tains at least | — 2 transpositions, where 1 is the length of t (in other words, | is
the number of branch points of the covering).

Theorem 3.5. If G ~ S or G ~ Ss, then the irreducible components of
HURg’:b(lP’l) are uniquely determined by their monodromy factorization type. The
space HUR?’?,(IP’l) consists of m=[2]+1 irreducible components when b# 1 (mod 6)

and [2] irreducible components when b =1 (mod6).

3.6. Hurwitz spaces of Galois coverings. Let f: C — P! be a Galois covering
with Galois group G' = Gal(C/P!), that is, G is the deck transformation group of f
and the quotient space C/G coincides with P!. In this case we have deg f = |G| and
if we fix a point oo € P* over which f is not ramified and fix a point e € f~1(00),
then the action of G on f~!(00) determines an enumeration of the points of f~(co)
by the elements of G. If we enumerate the points of f~!(c0) by the integers in the
closed interval Ijg| = [1,|G]], then these enumerations determine an embedding
G — §g|- We easily see that this is the Cayley embedding. Hence the Hurwitz
space HURY(P') of Galois coverings with Galois group G can be identified with
the space HUR%M(}P’l). In particular, the natural map

HUR{[G( (P') — HUR(, ; (P') = HURY(P') (3.1)

is a surjective unramified morphism.

Theorem 3.6. The irreducible components of HURG(IP’I) are in one-to-one cor-
respondence with the orbits of the elements s € Sg C S(G,G) under the action
of Aut(G) on S(G,G). If Aut(G) = G, then the set of irreducible components of
HURG(]P’l) has the natural structure of a semigroup 5871.

Proof. The first part follows from Corollary 2.5.

To prove the second part, we note that the equality Aut(G) = G means that all
automorphisms of G are inner. By Proposition 1.1 the elements of 58,1 are fixed
under the action of G' by simultaneous conjugation. Therefore, by Corollary 2.5,
the natural map (3.1) is an isomorphism giving the desired structure of a semigroup

on HUR®(P').
In particular, Theorem 3.6 and Corollary 2.4 yield the following theorem.

Theorem 3.7. The irreducible components of the Hurwitz space HUR®* (PY) of
Galois coverings with Galois group G = Sz are uniquely determined by the mon-
odromy factorization type of the coverings belonging to them.
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