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Factorization semigroups
and irreducible components of the Hurwitz space. II

Vik. S. Kulikov

Abstract. We continue the investigation started in [1]. Let HURdS"i(IF’l)
be the Hurwitz space of coverings of degree d of the projective line P! with
Galois group Sq and monodromy type t. The monodromy type is a set
of local monodromy types, which are defined as conjugacy classes of per-
mutations o in the symmetric group Sy acting on the set Iy = {1,...,d}.
We prove that if the type ¢t contains sufficiently many local monodromies
belonging to the conjugacy class C' of an odd permutation o which leaves
fc = 2 elements of I, fixed, then the Hurwitz space HURdSi(Pl) is irre-
ducible.

Keywords: semigroup, factorizations of an element of a group, irreducible
components of the Hurwitz space.

Introduction

This paper is continuation of [1]. Before stating its results, we recall the main
definitions and notation used in [1]. A quadruple (S, G, a, p), where S is a semi-
group, G is a group and a: S — G, p: G — Aut(S) are homomorphisms, is called
a semigroup S over a group G if for all s1,s2 € S we have

5182 = pla(s1))(s2) - s1.= s2 - A(a(s2))(s1), (1)

where A(g) = p(g~!). Let (S1,G, a1, p1) and (Sa2, G, az, p2) be semigroups over G.
A homomorphism of semigroups ¢: S; — S5 is said to be defined over G if ay(s) =
az(p(s)) and p2(g)(¢(s)) = ¢(p1(g)(s)) for all s € Sy and g € G.

A pair (G,0), where O is a subset of G invariant under inner automorphisms
of G, is called an equipped group. With every equipped group (G,O) one can
associate a semigroup So = S(G,0) over G (called the factorization semigroup
of elements of G with factors in O) generated by the elements of the alphabet
X = Xo = {z4 | g € O} subject to the relations

Tgr Loz = Lo Lo tg190 = Lorgagy ' Ton (2)

forall z4,,z4, € X, and if go = 1, then 24, -z1 = 24,. We defineamap a: X — G by
putting a(xy) = g for every x, € X. It induces a homomorphism a: So — G called
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the product homomorphism. The action p (on the left) of G on Sp is induced by the
following action on the alphabet X:

Tqa € X p(g)(xa) = Tgag-1 € X

for g € G. Note that a(p(g)(s)) = ga(s)g~! for all s € Sp and g € G.

Let O\ {1} = C1 U--- Uy, be the decomposition of O into a disjoint union of
conjugacy classes of elements of G. Every element s = x4, ... 74, € So determines
an element 7(s) = n1Cy + - - + 1y Cyy, of the free Abelian semigroup generated by
the symbols C,...,Cy, (the element 7(s) is called the type of s), where n; is the
number of those factors x,, in the factorization s = x4, - ... x,, which satisfy
g; € C;. The number n =3 " | n; is called the length of s and is denoted by In(s).
A subsemigroup S of Sg is said to be stable if there is an element s € S (called
a stabilizing element of S) such that s; - s = s9 - s for all s1,s2 € S satisfying
a(s1) = as2) and 7(s1) = 7(s2).

For every element s = x4, - ... 4, € So, let G5 = (g1,...,gn) be the subgroup
of G generated by the elements g¢1,...,g,. Given any (not necessarily proper)
subgroups H and I' of G, one can define subsemigroups S = {s € S(G,0) |
Gs=H} and Sor = {s € S(G,0) | a(s) € T'}. If H and T are normal subgroups
of G, then Sor and S are semigroups over G. By definition, 55% = SornSH.

Let Sy be the symmetric group acting on the set Iy = {1,...,d} and let Ty C Sy
be the subset of transpositions. We denote the semigroup Ss, by ¥4. By Theo-

rem 2.3 in [1], the element
d-1 3
h= (H x(i,i+1)>
i=1

is a stabilizing element of ;. Here (i,i+ 1) € T, is the transposition interchanging
the elements ¢ and i + 1 of 1.

The aim of this paper is to prove that a similar result holds for almost all odd
elements of S;. More precisely, let C' = C,, be the conjugacy class of a permutation
o € S84, n¢ the order of o € C, k¢ = |C| the number of elements of C, and fc the
number of elements of I that remain fixed under the action of o € C on I,.

It is known that if ¢ is an odd permutation, then elements of C generate the
whole group S; and, in particular, any transposition (i,j) € Sg can be written as
a product of permutations belonging to C. In the case when fo > 2, we write
me for the minimal number (counting multiplicities) of permutations in C'NSy_2
needed to express (1,2) as a product of elements of C' N Sy_2. We also fix any one
of these expressions:

(].,2):0'1...0'7”07 0; € CNSy_s. (3)

Theorem 1. Let C be the conjugacy class of an odd permutation 0 € Sq. If fo =2,
then there is a constant

N = N < 3473(2d — 1)(d — 1)m¢ +ncke + 1

such that every element s =5-35 € E‘;d with 3 € S¢ and In(3) > N is uniquely
determined by 7(s) and a(s).
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Corollary 1. Let an equipped symmetric group (Sq,O) be such that the set O
contains the conjugacy class C of an odd permutation o, fc = 2. Then So =
S(84,0) is a stable semigroup.

Note that the constant No whose existence is asserted in Theorem 1 is generally
greater than 1. For example, it is shown in [2] that this is the case when C is the
conjugacy class of o = (1,2)(3,4,5) € Ss.

The proof of Theorem 1 is similar to that of Theorem 2.3 in [1]. It is based on
the following theorem.

Theorem 2. Let C be the conjugacy class of an odd permutation o € Sq, and let
S(iy,iz) € Sc be an element with the following properties:

(l) a(g(il,lé)) = (i17i2)7

(ii) there are iz,iq € Ig\ {i1, 12} such that p((i3,14))(5(,,i5)) = 5(ir,i0)-

Then there is an embedding over Sy of the semigroup ng in the semigroup Sc.

Let HURy,(P') (resp. HURG,(P')) be the Hurwitz space of ramified coverings of
degree d of the projective line P! (defined over C) branched over b points (resp. with
Galois group G). It was shown in [1] that the irreducible components of HUR ,(P*')
are in one-to-one correspondence with the orbits of the action of S; by simultane-
ous conjugation (that is, the action determined by the homomorphism p) on the
set Xg1p = {s € g1 | In(s) = b}, and if G = S, then the irreducible compo-
nents of HURfdb(IF’l) are in one-to-one correspondence with the elements of E‘;dl
of length b. If an irreducible component of HUR“%(]P”) corresponds to an ele-
ment s € Ed \, then 7(s) is called the monodromy factorization type of coverings
belonging to this irreducible component. We denote the union of all irreducible
components corresponding to the elements s € Effl with 7(s) = ¢ by HURgft (PY).

The following theorem is a corollary of Theorem 1.

Theorem 3. The space HURd'S;(IP’l) is irreducible if the monodromy factorization
type t contains more than N¢o factors belonging to the conjugacy class C' of an odd
permutation o € Sg with fo > 2, where N¢ is the number defined in Theorem 1.

We note that an analogue of Theorem 3 holds for the Hurwitz spaces of d-sheeted
coverings of the disc A = {z € C| |z| < 1} (resp. d-sheeted coverings of the affine
line Ct).

8§ 1. Proof of Theorem 2

There is no loss of generality in assuming that (i1,42) = (1,2) and (i3,44) = (3,4).
For every transposition (i,7) € Ty we choose a permutation o; ; € S; such that
(1,7) = 05;(1,2)0; and put

=512 523 Sa-1a)
where g(i,j) = p(gi,j)(§(1,2))-
Clearly, a(5; ;) = (4,j) and a(c) = 1. Since the transpositions (1,2),.
(d — 1,d) generate the whole group Sy, we have ¢ € Scdl Therefore, by PI‘OpOSl—
tion 1.1, 2) in [1], the element c is fixed under the conjugation action of Sq on Sc.
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Given any k > 4, we write Z; ~ Sz x Si_o for the subgroup of S, generated by
the transpositions (1,2) and (4,7), 3 <4 < j < k. Note that Z; is the centralizer
of (1,2) in S,.

Assertion 1. There is z(1,9) € Sc such that a(z2)) = (1,2) and p(0)(21,2)) =
2(1,2) for all o € Zy.

Proof. We use induction on k to prove the existence of an element y; 2y € Sgd
such that a(y,2)x) = (1,2) and p(0)(ya,2),k) = Ya,2),k for all o € Z;. Then
2(1,2) = ¥Y(1,2),d is the desired element.

Put y(1,2)4 = 5(1,2) - ¢. Moving the first factor 5(; 5y to the right, we get

Y(1,2),4 = 5(1,2) * 5(1,2) " 5(1,2) 8(2 3) 'g%d—l,d)
=p((1,2))(31,2)) - 5(1,2) - 5(1,2) - (2’3) Cee 'E?dq,d)
=p((1,2))(,2) - ¢ = p((1,2))(50,2)) - p((1,2))(c)
=p((1,2))(@,2) - ©) = p((1,2))(Y(1,2),4)

since c is fixed under the conjugation action of Sy.
Using the hypotheses of Theorem 2, we similarly have

P((3,4)(Wa2),4) = p((3,4))(51,2) - ¢) = p((3,4))(51,2)) - P((3,4))(c)
=35(1,2) " €= Y(1,2),4)
whence p(0)(y(1,2),4) = Y(1,2),4 for all o € Zy.

Suppose that for some k > 4, k < d, we have already constructed an element
Ya,2)k € S‘gd such that a(y(1,2)x) = (1,2) and p(0)(ya,2),k) = Y(1,2),% for all o € Zy.
Consider the element y(, , , = p((k, k+1))(y(1,2),x)- Clearly, it belongs to Sgd and
we easily see that a(y(, ;) = (1,2). Hence the element y1 2)x - y(; o), belongs

to ngl and, therefore, it is fixed under the conjugation action of S;. We claim that
yEl 9,5, 18 fixed under the action of the group Z;, generated by the transpositions

(1,7) € Zgt1, 4,5 # k. Indeed, if (4,5) € Z;, and i, # k + 1, then
p((, 1)) (Y1.20) = p((E,9)) (p((k, &+ 1)) (Y(1.2).8))
=p((4,5)(k, k+ 1)) (ya2)6) = p((k, k4 1)(5,5)) (Y(1,2),k)
= p((k, k + 1))(P((iaj))(y(1,2),k)) =p((k, k+1))(ya,2).%) = yE1,2)7k~
If (i,k+1) € Z}, then

Pk + D) (Ya,2,0) = PGk + 1)) (p((k, & + 1) (Y(1.2).4))
= p((i, b+ 1)(k &+ 1)) (ya,28) = p((ky k +1)(0,5)) (y01,2).8)
= p((k, b+ 1)) (p((3, %)) (y1,2).6)) = p((k, ke + 1)) (Y ,2).8) = Y(1,2)0
since (i,k) € Zj.
Moreover, the elements y(1 ) and y, ,) ;, commute because
Yok a2k = P(W,20) Wa2) k) Y2k
= p((L2)(Ya.2)6)  Ya,2)6 = Y0120k " Y(1,2),0
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We put y(1.2) k11 = Y10y Y(1.2) % Clearly, ya 2)xr1 € S5 and a(y(1,2) k41) =
(1,2). We claim that p(o)(y1,2),k+1) = Y(1,2),k+1 for all ¢ € Zp1. Indeed, note
that the group Zjy1 is generated by the elements of the groups Zj, and Zj,. For
every o € Zj we have

P(0)(Ya,2)k+1) = P(O)(Y(1,2).k * Y(1,2).k 'yh,g),k)

T

(0)(y(1,2),k) 'P(U)(y(l,z),k 'yELz),k) =Y@,2),k " Y1,2),k '92172),/@

since the element y; ) 1 -yEl ok € Sgdl is fixed under the conjugation action of Sy.

For every o € Z}, we similarly have

P(U)(y(l,z),kﬂ) = P(U)(y(21,2),k 'Z/El,2),k)
= P(U)<y(21,2),k) 'P(U)(yh,z),k) = y(21,2),k 'yELz),k =Y1,2),k+1

since the element y(1 2) 1" Y(1,2),x € Sgdl is fixed under the conjugation action of Sy.
The assertion is proved.

Consider the orbit Xt , of the element z(; ) under the conjugation action of Sy
on Sc, where 2(; o) is the element constructed in the proof of Assertion 1 with the
help of the element 51 3).

Assertion 2. Define a map a: Xr, , — X1, = {xj) | (1,]) € Ta} by the formula

a(p(o)(2a,2) = To(1,2)0-1-
Then this map is a one-to-one correspondence.

Proof. The map a: Xr,, — X, is surjective because for every transposition
(i,j) € T; one can find o € Sy such that (i,5) = o(1,2)0~!, and this permu-
tation o satisfies
Oé(p(()’)(Z(Lg))) = 0(132)0—71 = (Zaj)a
Oé(a(ﬂ(ff)(zu,z)))) = a(Ty(1,2)0-1) = o(1,2)07" = (i, ).
The order of the group Zg is equal to 2(d — 2)!. Therefore, by Assertion 1, the
d!

number | X7 ,| of elements in X7, , does not exceed 5r7=5 = @ =|T,|. Hence

the map @: X7, , — X7, is a one-to-one correspondence. The assertion is proved.

We write z(; jy for an element z € X7, , such that a(z) = (4,). Let Sz, , be the
subsemigroup of Sc generated by the elements z(; ;), 1 < 4,5 < d, i # j. It follows
from the construction of the elements z(; ;) that St , is a semigroup over Sy.

Assertion 3. The subsemigroup St , of Sc is a semigroup over Sq. The elements
Z(i,5) € STo.qr 1 <4, < d, i % 4, satisfy the following relations:
Z(iaj) = Z(]ﬂ) v{IL‘vj}ord - Id,
Z(irin) * Hinsis) = linsds) * Zinsia) = Ziria) * Zizyia)  V{i1,92,98 ord € Loy (4)

Z(iryiz) " Alisiia) = Z(is,ia) * Z(in,iz) V{i1, 2,13, 94 }ora C la-
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Proof.  This follows directly from the construction of the elements z(; ;) and
Assertion 1.1 in [1].

Assertion 4. The map a ': X7, — Xre4 can be extended to a surjective homo-
morphism @~ 1: Sp, — Ste.4 of semigroups over Sy.

Proof. Substituting x(; ;) for z(; ;) in (4), we get the defining relations of the semi-
group St,. Hence it follows from Assertion 3 that @ ! can be extended to a sur-
jective homomorphism of semigroups over Sg. The assertion is proved.

If s € St , is a product of n generators z(; ;) of the semigroup St ,, then
we define its T-length by the formula Ing(s) = n. We have In(s) = Inp(a'(s))
for s € St,.

Assertion 4 shows that all statements in [1] saying that an element of Sz, can be
represented as a product of some generators z; j, remain valid for elements of St ,
if we replace x(; ;) by z¢;,5) and lengths by T-lengths.

We define a subsemigroup S?ng of St , by putting

Sa, T . _ —— Sa
SgrT =S5,

Theorem 2 follows from the following assertion.
Assertion 5. The restriction of @~ ': Sp, — St , to S%’,

Sa,T

1. oSa
«a .STd — STl

is an isomorphism of semigroups over Sy.
Proof. The homomorphism & !: S%j — Sﬁng is injective by Theorem 2.1 in [1].

We also mention the following immediate corollary of Theorem 2.1 in [1] and
Assertion 5.

Corollary 2. FEvery element s of the semigroup S’;ng is uniquely determined
by a(s) and Inr(s).

§ 2. Proof of Theorem 1

Consider an element 51 9) = 75, - ... - Tope s where 01,...,0m, € C are the
factors in the factorization (3).

If fo > 2, we can and will assume that all the permutations o; appearing in (3)
belong to the subgroup 853’4} ~ S;_o of those elements of Sy that leave 3,4 € I
fixed. Then the element S 2) = %o, * ... " T, satisfies all the hypotheses of
Theorem 2. Hence the elements z(; ;) constructed in § 1 with the help of 5(; ) =
ZToy * - . Ty, . uniquely determine a subsemigroup Sgng of S¢ isomorphic to S%j
over Sy.

Note that the length of the element z(; 5y constructed in the proof of Assertion 1
is equal to In(z(1,9)) = 37*(2d — 1)mc if we start the construction with 51 9) =

mgo

Loy e T
We put
he = (21,2) " 2(2,3) -+ * Z(d—1,4))"
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Then he belongs to S;ng We rewrite h¢o as a product:
he =T, * oo Top, o;eC, i=1,...,L.
The length of h¢ is easily found to be
In(he) = 3473(2d — 1)(d — 1)me = L.
The following assertion will be used in the proof of Theorem 1.

Assertion 6. Under the hypotheses of Theorem 1 suppose that s = §-3 € Ed‘sd,
where s € S¢ has length

In(s) := M > 3%32d — 1)(d — 1)m¢ + ncke.
Then s can be represented as a product: s =3’ he.

Proof. Write
S=1Tg, e Tops o; € C. (5)

Since M = 1n(3) > 3973(2d — 1)(d — 1)m¢ +ncke > nckc, there is a permutation
o € C such that at least nc + 1 factors in (5) are equal to z,. Therefore 5 can be
written as § = § - 27¢, where 3 € Sc is such that 3-5 € £3%. By Lemma 1.1 in [1]
we have

~ = 3.5 . " —

— 3. . pc — 5. . 5.357 -
§=58:8 2, =85 T, =85 %oy,

where 5, = 5 - 22¢~!. Note that 5.5, € %3¢ and In(5) > ncke. Therefore,

by the same argument, §-5;, can be written as §-5, =557 - 220 - z,, ,. We

put 5,1 =3} -ngjll. Repeating the same arguments for 5-357,_1, we obtain that

§+SL-1 =552 Ty, ,, and so on. At the Lth step we finally get
$=5-5=5-59 (Ty, " .. Ty, ) =550 - he.

The assertion is proved.

To complete the proof of Theorem 1, we recall that the proof of Theorem 2.3 in [1]
consists of two parts. In the first part it is proved that every element s =55 € Eg”’
with 5 € S7, and In(3) > 3(d — 1) admits another factorization s = $; - 37 such that
5 € S%: and In(51) = 3(d —1). In this case, the element 5 is uniquely determined
by its product a(31) = a(31) " ta(s).

In the second part of the proof of Theorem 2.3 in [1] it was proved that every
such element s = s7 - §; may be rewritten as s = S - So, where 35 € S‘ng is
still of length In(S2) = 3(d — 1) and sz is uniquely determined by the type 7(s1).
Here we have only used properties of the semigroup Sp, and the relations (1) in
the factorization semigroups. Therefore, by Assertions 5 and 6, the end of the
proof of Theorem 1 coincides almost verbatim with the second part of the proof of
Theorem 2.3 in [1]. We need only replace the elements x(; ;) by z(; j), the lengths

of elements by the T-lengths, the element hq 4 by a—l(hd,g), the semigroup S%
by S;ng and the homomorphism r by 7 =a ! or.
However, at the request of the referee, we give this proof again. To do this, we
introduce the notation hcqy = @ '(ha,y) for the image of the Hurwitz element
2

2
ha,g = x(iz) . m%l,,Z) S T
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Lemma 1. For every disjoint union {i11,...,0615 U -+ U {t1n,.-- 9k, n; of
ordered subsets of Iq, the Hurwitz element hc 4,0 can be represented as a product

he,a0 = (Z(i1,1,i2,1) Tt Z(ik1—1,17ik1,1)) Tt (Z(il,mi'z,n) Tt Z(ikn—l,mikn,n)) -h,

T . Sa,T
where h is an element of S .

Proof. This follows directly from Lemma 2.9 in [1] and Assertion 5.

By Assertion 6, the element s can be represented as a product s = 5’ -5, where
5 is an element of Sgng of T-length k > 3(d — 1) (in our case 5 = h¢ and k =
3(d—1)) and 5" =z, - T, . By Proposition 2.4 in [1] and Assertion 5 we have
S=hcao-5.

To complete the proof of Theorem 1, we use induction on m. If m = 0 (that is,
s € St.,), then Theorem 1 follows from Proposition 2.4 in [1] and Assertion 5.

Suppose that m = 1. For the canonical representative oy, ¢ of type t(o,,) (see [1]
for a definition of the canonical representative) there is an element 7, € S; such
that oy,0 = E;llainﬁm. The permutation @,, can be factorized into a product of
cyclic permutations, and each cyclic permutation can be factorized into a product
of transpositions:

Om = ((7;1’17 i2,1) ce (iklfl,la ikl,l)) S ((il,na i2,n) cee (iknfl,ru ikn,n))~

Consider the element

T(27,,) = (Z(irrsian) " Zliny 1msing 1) o Blinmsizm) -+ ik —1.mriknn)) € SToa-

By Lemma 1 we have
ho,ao =T(vz,,) - hm,

T

where h,, is an element of S‘ng’d . Therefore

— — T =
5=2g ~hgo5 =2g T(25,,) hm-3

—/ 7

=T(25,,)  Top, Ry - 3 5

=T, , ~F(xg;n) “hpm -5,

where 27 = A(0m,0)(25,,). We have 5| = T(2z ) - hi - 5 € S?ng and a(3)) =
a;)loa(s). Theorem 2.4 in [1] and Assertion 5 imply that 3] = 7(z,) - h¢,q,4, Wwhere
o =a(s)) =0, ya(s) and g = k*]nft(w“) —d+1.
We now assume that Theorem 1 is true for all m < mg and consider an element
§=1ZTogy - Tay, 51,

where the T-length of 5; € S;ng is equal to k > 3(d — 1). We have

s:xal-...-x(,mo~§1:xgé-...~x(,/ “ Xy, - S1

- _
2'...-.’170;”0'IULO'SI—.’If‘gl’o-l‘gg-...'IUu -81,
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where o/ = 010;07 " and ¢/ = o7 y0%010 for j = 2,...,m, and the element 5} €
S’?ng satisfies Iny(5)) = k. By the induction hypothesis we have

5=1Tgy o (Toy ... Toy, 1) =T (Togg - Lo -37),
where 5/ € S?g: and Inp(3/) = k. By Proposition 2.4 in [1] and Assertion 5
we have 5| = T(x,) - ho,a,g, where 0 = a(5]) = (010...0m0) 'a(s) and g =
k—Ing () d
ketneee) g,
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