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ON A CONJECTURE OF TIAN

HAMID AHMADINEZHAD, IVAN CHELTSOV AND JOSEF SCHICHO

“A tragedy of mathematics is a beautiful conjecture ruined by an ugly fact.”

ABSTRACT. We study Tian’s a-invariant in comparison with the a-invariant for pairs (Sq, H) consisting of
a smooth surface Sg of degree d in the projective three-dimensional space and a hyperplane section H. A
conjecture of Tian asserts that «(Sq, H) = a1(Sq, H). We show that this is indeed true for d = 4 (the result
is well known for d < 3), and we show that «(Sq, H) < a1(Sq, H) for d > 8 provided that Sg is general
enough. We also construct examples of Sy, for d = 6 and d = 7, for which Tian’s conjecture fails. We provide
a candidate counterexample for Ss.

1. INTRODUCTION

In order to prove the existence of a Kéahler-Einstein metric, known as the Calabi problem, on a smooth
Fano variety, in [9] Gang Tian introduced a quantity, known as the a-invariant, that measures how singular
pluri-anticanonical divisors on the Fano variety can be. There, he proved that a smooth Fano variety of
dimension m admits a Kahler-Einstein metric provided that its a-invariant is bigger that .

Despite the fact that the Calabi problem for smooth Fano varieties has been solved (see [6] and the
discussion and references therein) this result of Tian is often the only way to prove the existence of the
Kahler-Einstein metric for a given Fano.

In fact, the a-invariant turned out to have important applications in birational geometry as well; see for
example [I]. Later, Tian generalised this invariant for arbitrary polarised pairs (X, L), where X is a smooth
variety and L is an ample Cartier divisor on it. For the pair (X, L), it is defined to be

the log pair (X,AD) is log canonical
a(X,L):sup{)\eQ B pair ) 8 }E >0-

for every effective Q-divisor D ~q L

This number is often hard to compute but, in good situations, can be approximated by numbers that are
much easier to control (see, for example, [5, Proposition 2.2]). For instance, if the linear system |nL| is not
empty, Tian defined the n-th a-invariant of the pair (X, L) as

an(X,L) = sup{)\ eQ

the pair (X, iD) is log canonical for every D € ]nL]} € Qso.
n

If the linear system |nL| is empty, one can simply put o, (X, L) = +00. Then «(X, L) < a,(X, L) and
a(X,L) = }Lgf; {an(X, L)}
Then, Tian posed the following conjecture.

Conjecture 1.1 ([10, Conjecture 5.4]). Suppose that L is very ample and defines a projectively normal
embedding under its associated morphism, i.e., the graded algebra

P ' (x,0x(iL))

120
is generated by elements in H°(X,Ox(L)). Then a(X,L) = a1(X, L).
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The purpose of this paper is to study Conjecture [L1] for smooth surfaces in P3. Namely, let Sy be a
smooth surface in P3 of degree d > 1, and let H be its hyperplane section. Then the pair (Sy, H) satisfies
all hypotheses of Conjecture [Tl Moreover, if d =1 or d = 2, then a(Sy, H) = a1(Sq, H) = 1. Furthermore,
if d =3, then a(Sy, H) = a1(Sgq, H) by [2, Theorem 1.7]. In Section [ we prove

Theorem 1.2. Let Sy be a smooth quartic surface in P*. Then a(Sy, H) = oy (S4, H).

Hence, Conjecture[[. Tl holds for the pair (Sy, H) provided that d < 4. However, it fails for general surfaces
in P3 of large degrees. This follows from

Theorem 1.3. Let Sy be a general surface in P? of degree d > 8. Then a(Sg, H) < ay1(Sy, H).

We prove this result in Section Bl In Section [, we show that Conjecture [[T] also fails for some smooth
sextic and septic surfaces in P3. We believe that it fails for some smooth quintic surfaces as well. Unfor-
tunately, we are unable to verify this claim at this stage, due to enormous computations required in our
method (see Remarkl[6.4)).

All varieties are assumed to be algebraic, projective and defined over C.

2. SINGULARITIES OF PAIRS

In this section we present local results about effective Q-divisors on smooth surfaces. Almost all these
results can be found in [8 § 6] in much more general forms.

Let S be a smooth surface, let D be an effective non-zero Q-divisor on the surface S, and let P be a
point in the surface S. Put D = 22:1 a;C;, where each C; is an irreducible curve on S, and each a; is a
non-negative rational number. We assume here that all curves C, ..., C, are different. We call (S, D) a log
pair. B B

Let 7: S — S be a birational morphism such that S is also smooth. Then 7 is a composition of n blow
ups of smooth points. For each C;, denote by C; its proper transform on the surface S. Let Fi,..., F, be
m-exceptional curves. Then

T n
Kg—l— ZaiCi + ijFj ~Q W*(KS —|—D)
i=1 j=1
for some rational numbers by, ..., b,. Suppose, in addition, that Y ;_, 51 + zyzl F} is a divisor with simple

normal crossings.

Definition 2.1. The log pair (S, D) is said to be log canonical at the point P if the following two conditions
are satisfied:

e a; < 1 for every C; such that P € Cj,

e b; <1 for every F; such that m(F;) = P.

__ This definition is independent on the choice of birational morphism 7: S-S provided that the surface
S is smooth and Y ;_, C; + Z;‘L:I F; is a divisor with simple normal crossings. The log pair (S, D) is said
to be log canonical if it is log canonical at every point of S.

Remark 2.2. Let R be any effective Q-divisor on S such that R ~g D and R # D. Put
D.=(1+¢)D —¢€R

for some rational number € > 0. Then D, ~g D. Moreover, there exists the greatest rational number ¢y > 0
such that the divisor Dy, is effective. Then Supp(D,,) does not contain at least one irreducible component
of Supp(R). Moreover, if (S, D) is not log canonical at P, and (S, R) is log canonical at P, then (5, De,) is
not log canonical at P by Definition 2.1} because

1 €0

D= D,
1+ € 0+1+60

The following result is well-known and is very easy to prove.

Lemma 2.3 ([8, Exercise 6.18]). If (S, D) is not log canonical at P, then multp(D) > 1.

R.
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Let m1: S1 — S be a blow up of the point P, and let E; be the m-exceptional curve. Denote by D!
the proper transform of the divisor D on the surface S7 via 7. Then

K, + D'+ (multp(D) - 1)]51 ~g 71 (Ks + D).

Remark 2.4. The log pair (S, D) is log canonical at P if and only if (S7, D! + (multp(D) — 1)E}) is log
canonical at every point of the curve Ej.

Corollary 2.5. If multp(D) > 2, then (S, D) is not log canonical at P.

We can measure how far the pair (S, D) is from being log canonical at P by the positive rational number
Ictp (S, D) = sup {)\ € Q | the log pair (S, AD) is log canonical at P}.

This number has been introduced by Shokurov and is called the log canonical threshold of the pair (S, D)
at the point P € S. The log canonical threshold of the pair (S, D) is defined as

let(S, D) = ggfs {lcto(S,D)}.
By Lemma 2.3] and Corollary 2.5] we have

2
Hlultp(D)

1

(2.6) multp(D)'

> letp(S,D) >
The following theorem is a very special case of a much more general result known as Inversion of Adjunc-

tion (see, for example, [8, Theorem 6.29]).

Theorem 2.7 ([8, Exercise 6.31], [3, Theorem 7]). Suppose that r > 2. Put A =5, ,a;C;. Suppose that
Cy is smooth at P, a1 < 1, and the log pair (S, D) is not log canonical at P. Then multp(Cy - A) > 1.

This theorem implies

Lemma 2.8. Suppose that (S, D) is not log canonical at P, and multp(D) < 2. Then there exists a unique
point in By such that (S1, D' + (multp(D) — 1)Ey) is not log canonical at it.

Proof. If multp(D) < 2 and (51, D! + (multp(D) — 1)E}) is not log canonical at two distinct points Py and
P, of the curve E7, then

2> multp(D) =D' E > multp, (Dl . El) + rnultl[;1 (Dl . E1> > 2
by Theorem 2.71 By Remark 2.4} this proves the assertion. O

A crucial role in the proof of Theorems is played by

Theorem 2.9 ([3, Theorem 13]). Suppose that r > 3. Put A =37 5a;C;. Suppose that the curves Ci and
Cy are smooth at P and intersect each other transversally at P, the log pair (S, D) is not log canonical at
P, and multp(A) < 1. Then either

multp<C1 . A) > 2(1 - ag)
or
multp<C'1 . A) > 2(1 — al)

(or both).

Recall that 7 is a composition of n blow ups of smooth points. We encourage the reader to prove both
Theorems 2.7] and using induction on n.
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3. SMOOTH SURFACES IN P3

In this section we collect global results about smooth surfaces in P3. These results will be used in the
proof of Theorems and [[31
Let Sy be a smooth surface in P? of degree d. Denote by H its hyperplane section. Then

1
1>a(Sq,H) > e
by Lemma 23l These bounds are not optimal for d > 2. In fact, if d > 2, then «(Sy, H) > %. Moreover,
a(Sq, H) = % if and only if S; contains a so-called star point, i.e., a point that is an intersection of d lines
contained in S;. This follows from [4, Corollary 1.27]. A slightly better upper bound for a(Sy, H) follows
from

Lemma 3.1. Suppose that d > 3. Then a1(Sq, H) < %.

Proof. The assertion is obvious for d = 3. Let us prove it for d = 4. The proof is similar for higher degrees.
Let X = P34 be the variety of all quartics in four variables, and suppose ) is the variety of all complete
flag varieties, hence ) is a projective variety of dimension 6. Consider the incidence variety Z2 C X x )
consisting of all pairs (X,Y), where Y = (P, L, F), such that X N E has an Ag, or worse, singularity at P
with tangent L. We claim that the fibres of the second projection are linear subspaces of codimension 6. To
show this, we choose a coordinate system such that P, L and F are, respectively, defined by x =y =2z =0,
x =1y =0 and x = 0. Then the fibre of Y is the set of quartics such that the coefficients of the monomials

yzw?, yw?, 2w, 22w?, 2w, wt
are equal to zero.

Therefore it follows that Z is irreducible and has dimension 34 + 6 — 6 = 34. In order to complete the
proof, we need to show that the first projection is surjective. Since it is a projective map, the image W C X
is closed. We claim that there exists a point X € W with finite fibre. Then the generic fibre is finite and
dim(W) = dim(Z2) = 34.

A quartic surface corresponds to a point Xy € W with finite fiber if it is nonsingular and the intersections
with its tangent planes do not have triple points; equivalently, the rank of the hessian of the equation of the
surface never drops to 2. An example of such a surface is given by the equation

gyttt 4 (242 2 u?)? =0

Arguing as in the proof of [5] Proposition 2.1], we get

Lemma 3.2. Suppose that Sy is a general surface in P® of degree d. Then oy (Sq, H) > %.

Proof. Similar as in the proof of Lemma B we define X' = ]P’(d?)_l, Y the variety of all complete flag
varieties, and Z C X’ x ) the incidence consisting of all pairs (X,Y’), where Y = (P, L, E), such that XNF has
an Ay, or worse, singularity at P with tangent L. Now the fibers of the second projection have codimension
7 (defined by 6 linear and one quadratic equation). Since dim()) = 6, it follows that dim(Z) < dim(X),
hence the first projection cannot be surjective and the generic surface has no corresponding point in Z. This
shows that its hyperplane sections have only singularities of type Ai, Ay, and As. O

The following result is due to Pukhlikov.

Lemma 3.3. Let D be an effective Q-divisor on Sy such that D ~q H, and let P be a point in the surface
Sy. Put D = Z:Zl a;C;, where each C; is an irreducible curve, and each a; is a non-negative rational
number. Then each a; does not exceed 1.

Proof. Let X be a cone over the curve C; whose vertex is a sufficiently general point in P3. Then

XOS:CH—@-,
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where C; is an irreducible curve of degree (d — 1)deg(C;). Moreover, C; is not contained in the support of

~

the divisor D. Furthermore, the intersection C; N C; consists of deg(C;) different points, because the surface
Sg is smooth. Thus, we have

which implies that a; < 1. O

For an alternative proof of Pukhlikov’s lemma, see the proof of [§, Lemma 5.36].

4. QUARTIC SURFACES

In this section, we prove Theorem Let S; be a smooth quartic surface in P3. Denote by H its
hyperplane section. By definition, one has a(Ss, H) < a1(S4, H). We must show that a(S4, H) = a1 (Sy, H).
Suppose that «(Ss, H) < a1(Ss, H). Let us seek for a contradiction.

Since a(Sy, H) < a1(Ss, H), there exists an effective Q-divisor D such that D ~g H and (S4, AD) is not
log canonical for some A < a;(Sy, H). Since o (S4, H) < % by Lemma [3.1] we have

3
4.1 A< —.
(1) <2

By Lemma B3] the log pair (S4, AD) is log canonical outside of finitely many points. Let P be one of
these points at which (S4, AD) is not log canonical. Consider the quartic curve Tp that is cut out on Sy
by the hyperplane in P3 that is tangent to S, at the point P. Then Tp is a reduced plane quartic curve
Lemma [3.3l It is singular at the point P by construction.

Lemma 4.2. The curve Tp contains all lines in Sy that passes through P.

Proof. If L is a line in S4 that passes through P, then L is an irreducible component of the curve Tp, because
otherwise we would have

1=L-C= multp<L . Tp> = multp(Tp) > 2,
which is absurd. O

Put m = multp(D). Then Lemma 23] and (1)) imply

1 4
4. - > -
(4.3) m>)\>3

Lemma 4.4. Let L be a line in Sy that passes through P. Then L is contained in Supp(D).

Proof. If L is not contained in the support of D, then (43]) gives

1
1=L-H=L-D >multp(L)multp(D)=m > X 1,

which is absurd. O

Let f: gi — Sy be a blow up of the surface S at the point P. Denote by E the f-exceptional curve, and
denote by D the proper transform of D on the surface S4. Then the log pair

(4.5) (S1,AD + (xm 1) E)

is not log canonical at some point Q € E by Remark 2.4l Moreover, Lemma 2.8 implies

Corollary 4.6. Suppose that m < % Then the log pair ([&3) is log canonical at every point of the curve E

that is different from Q.



6 AHMADINEZHAD & CHELTSOV & SCHICHO

Put m = multg (D). Applying Lemma 23] to the log pair (3] at the point @, we obtain

- 2 8

4. - > =

(4.7) m+m > N3
because A < 2 by (&)

Let g: Sy — 54 be the blow up of the surface §4 at the point (), and let F' be the exceptional curve of g.
Denote by E and D the proper transforms of E and D, respectively. By Remark 4] the log pair

(4.8) (S5,AD + (dm = 1)E + (\m + i — 2) F)
is not log canonical at some point O € F', because

Kg, +AD+ (Am — 1)E + (Am + Mt — 2)F ~q g*(Kg, + AD + (m — 1)E),
and (A1) is not log canonical at the point Q. Applying Lemma 2.8, we obtain

Corollary 4.9. Suppose that m +m < % Then the log pair ([A38)) is log canonical at every point of F' that
is different from O.

Put 7 = multo (D). Applying Lemma 23] to the log pair (@8] at the point O, we get
~ 3
(4.10) mf T > > 4,
because A < %be @1).

Denote by Tp the proper transform of the singular quartic curve Tp on the surface §4. We have the
following diagram:

cS
o
S

cCE

vl
SeP
For the point @, we have two mutually excluding possibilities: @ € Tp and Q¢ Tp. If Qe T 'p, We can use

geometry of the curve Tp to derive a contradiction. If Q & Tp, then we often can obtain a contradiction
using the following two lemmas.

S

Q=—M

Lemma 4.11. Suppose that m < %, m+m < % and Q ¢ Tp. Then O=ENF.

Proof. Suppose O # ENF. Then the linear system |(fog)*(H)—2F — E| is a free pencil. Thus, it contains
a unique curve that passes through the point O. Denote this curve by M, and denote its proper transform
on Sy by M. Then M is a hyperplane section of the surface Sy and P € M. In particular, M is reduced by
Lemma 3.3l Since Q ¢ Tp, we have M # Tp, so that M is smooth at P. Thus, M is the proper transform
of the curve M on the surface Sy.

Since M is smooth at P, the log pair(Ss, AM) is log canonical at P. Thus, it follows from Remark
that there exists an effective Q-divisor D’ on the surface Sy such that D’ ~g H, the log pair (Sy, AD’) is
not log canonical at P, the support of the divisor D’ is contained in the support of the divisor D and does
not contain at least one irreducible component of the curve M. Replacing D by D’, we may assume that D
enjoys all these properties.

Denote by M, the irreducible component of the curve M that is not contained in the support of D.
Similarly, denote by M’ the irreducible component of the curve M that contain O, and denote its image on
Sy by M'. If M, = M’, then

WSM/-ﬁ:deg(M/) —m-m<4—m—m,
which contradicts (£I0). Thus, we see that M, # M’. In particular, the curve M is not irreducible.
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Since M is smooth at P and P € M ', then P & M,. By Lemma [£.2] the curve M’ is not a line, because
Q ¢ Tp by assumption. Hence, either M’ is a conic or M’ is a cubic curve. Therefore, we may have the
following cases:

oy = S

/
" and M, are conics M’ is a conic, and M, is a line is a cubic, and M, is a line

Put D = aM'’ + A, where a is a non-negative rational number, and A is an effective Q-divisor whose
support does not contain M’. Then a < 1 by Lemma [3.3l In fact, we can say more. Indeed, we have

deg(M,) =H -M,=D-M,=aM - M, +A-M,>aM" - M,.
Since M’ - M, = deg(M')deg(M,) on the surface Sy, we have
"< deg(M,) '
deg(M’) deg(M*)

Denote by A the proper transform of the divisor A on the surface S;. Put n = mult p(A) and 7 =
multg(A). Since O # E N F and (&) is not log canonical at the point O, the log pair

(4.12)

(84, Al + AR + (An + Xit 4 2)a — 2)F )
is also not log canonical at the point the point O. Applying Theorem [2.7] to this log pair, we obtain
M A+ (An+Xi+2x\a—2)=M - <AZ+ (An+Aﬁ+2Aa—2)F) > 1.
This gives M -A+n+n+2a> % On the other hand, we have
M -A=M -A—n—n=M- (H—aM') —n—n=deg(M') —a(M')? —n —7.
Therefore, we obtain
deg(M') — a(M')* > 3_ 2a >4 — 2a,

A
because A > 2 by (@I]). Thus, we have
(4.13) a<2 - (M’)2> > 4 — deg(M').
If M’ is a conic, then (M’)? = —2, so that that a > § by (&I3), which is 1mp0881ble because a < 5 by

@12). Thus M’ is a plane cubic curve. Then (M’)? = 0. Now ([@I3) gives a > 3, which is 1mp0851ble
since a < & by ([@I2). O

Lemma 4.14. If m < 2, thenm<§,m+rﬁ<§and07ﬁE0F.

Proof. Suppose m < 2. Then m < ?\, because A < 2 by (&1). Similarly, we see that m + m < , because
m<m. If O =FENF, then

(XD + (\m + X~ 2)F) - B> 1
by Theorem 2.7l On the other hand, we have
E=m-m
Am > 3, which contradicts (@.I). O

Vo

and F - E = 1. Hence, if O # EN F, then 2\

Recall that Tp is a reduced plane quartic curve that is singular at the point P. This implies that there
are twelve possibilities for the curve Tp as follows.

(A) multp(Tp) = 4, hence Tp consists of four lines that intersect at P.
(B) multp(Tp) =3and Tp
(B1) consists of four lines and three of them intersect at P, or
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(B2) it is an irreducible quartic with a singular point P of multiplicity 3, or
(B3) it consists of a conic and two lines, all intersecting at P, or
(B4) it consists of a cubic curve with a singular point P of multiplicity 2 and a line passing through P.
(C) multp(Tp) =2 and Tp
(C1) consists of four lines, two of which pass through P, or
(C2) it consist of a conic and two lines, and the two lines intersect at P and P does not lie on the
conic, or
(C3) it consist of a conic and two lines and P is the intersection point of the conic with one of the lines,
or
(C4) it consists of a cubic curve and a line and P is the intersection of the two at a smooth point of
the cubic curve, or
(C5) it consists of a cubic curve and a line and P is singular point of the cubic curve with multiplicity
2 and does not lie on the line, or
(C6) it consists of two conics and they intersect at P, or
(C7) it is an irreducible quartic curve with a singular point P of multiplicity 2.

In the rest of this section, we eliminate all these possibilities case by case using Lemmas A.11] and 4.141
To succeed in doing this, we also need

Lemma 4.15. We may assume that the support of the divisor D does not contain at least one irreducible
component of the plane quartic curve Tp.

Proof. Note that (S4, ATp) is log canonical at P, because A < ay(Sy, H). Thus, it follows from Remark
that there exists an effective Q-divisor D’ on the surface Sy such that D’ ~q H, the log pair (Sy, AD’) is
not log canonical at P, and the support of D’ does not contain at least one irreducible component of the
curve Tp. Replacing D by D’, we obtain the required assertion. O

We denote by C, the irreducible component of the curve Tp that is not contained in the support of the
divisor D. By Lemma 4] if P € C,, then C, is not a line. This gives

Corollary 4.16. The case (Al) is impossible.
Now we are going to deal with the cases (BI)), (B2), (B3), and (B4). In these four cases, A < 2. Indeed,

one has lctp(Sy, Tp) < ﬁuﬂp) by (2:6). Thus, we have

2
4.17 AL ——————
( ) < multp(Tp)’

because A\ < a1 (Sy, H) < letp(Sy, Tp).
Lemma 4.18. The case (BI) is impossible.

Proof. Suppose that we are in the case (BIl). Then multp(Tp) = 3 and Tp consists of four lines L, Lo,
L3, and L4 such that the first three intersect at P, and L4 does not pass through P. Thus, we have the
following picture:

Lo
L Ls

Ly

By Lemma [£.4], the lines L;, Lo, and L3 are contained in the support of D, and C, = L,. Hence,
we put D = a1L1 + asLy 4+ agLs + ), where aq, as, and ag are positive rational numbers, and €2 is an
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effective Q-divisor whose support does not contain the lines Ly, Lo, L3, and Ly. Put n = multp(2). Then
m=n-+aj + az + as.

Denote by Q the proper transform of the divisor {2 on the surface S4. Also denote the proper transforms
of the lines L1, Lo, and L3 on the surface 54 by Ll, Lg, and L3, respectively. Then we can rewrite the log

pair (48] as
(54, )\alzl + )\agzg + )\agzg + AQ + ()\(n + a1+ az+a3) — 1)E)

On the surface Sy, one has L? = —2. Thus, we have
1=D-L; = <a1L1+a2L2+a3L3+Q> cLy=—-2a1+ax+a3+Q L1 > —2a1 +as + a3+ n.

Similarly, we see that a1 — 2a2 + a3 +n < 1 and a1 + a2 — 2a3 + n < 1. Adding these three inequalities
together, we get n < 1. On the other hand, we have

1=D-L,= (a1L1+CL2L2+CL3L3+Q) -Ly=a1+as+a3+ Q- Ly > a1 +as +as,
which gives a1 +az + a3 < 1. In particular, we have m = n + a; + a2 + a3 < 2. Then Lemmas 41T and 14
imply that @ is contained in one of the curves Ll, Lg, and L3 Without loss of generality, we may assume
that Q~€ Ll _ _ _ _

As Ly and L3 do not pass through @, the log pair (S, Aa1 L1 + AQ + (AM(n + a1 + az + az) — 1)E) is not
log canonical at the point ). Moreover, we have multg(2) < n < 1. Thus, we can apply Theorem to
the log pair (£8]) and the curves L; and E. This gives either

)\(1 + 2a1 —as — a3z — 7”L> = )\<(H — a1l —aslo — ang) L — 7”L> =

:)\<Q-L1 —n) =AQ- Ly > 2<1— ()\(n+a1+a2+a3) — 1))
or A\n = A2+ E > 2(1 — Aay) (or both). If the former inequality holds, then
4
4a1+a2+a3+n>x—1>5,

because A < % by ([AI7). One the other hand, we know that a; < 1 by Lemma 3.3 and we proved earlier
that a; + a2 + a3 < 1 and n < 1. This implies that 4a; 4+ as + ag + n < 5. Thus, we see that the latter
inequality holds. It gives 1 + 2a; > % > 3, since A < % by (@IT). Thus, we conclude that a; > 1, which is
impossible by Lemma [3.3] O

Lemma 4.19. The case (B2) is impossible.

Proof. Suppose that we are in the case (B2). Then multp(Tp) = 3 and Tp is an irreducible quartic curve
with a singular point P of multiplicity 3. Thus, we have the following picture:

Tp

We have C, = C. Thus, it follows from (3] that

4=H-C=D-C >multp(C)multp(D) > 3multp(D) >

>

which contradicts (4.1). O
Lemma 4.20. The case (B3)) is impossible.
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Proof. Suppose that we are in the case (B3]). Then multp(Tp) = 3 and Tp consists of a conic C; and two
lines L and Lo, all intersecting at the point P. Thus, we have the following picture:

Ly Lo

Cy

By Lemma [£4], both lines L; and Ly are contained in the support of the divisor D. Hence we can write
D =a1L1 4+ asLy + ), where a; and as are positive rational numbers, and 2 is an effective Q-divisor whose
support does not contain the lines L and Ls. Recall that the support of 2 does not contain the curve Cy
by assumption. In our case, the curve Cy is the conic Cf.

Put n = multp(). Let us show that n < &. We have

HSQ'le (H—alLl—ang) 'L1:1+2a1—a2.
Similarly, we see that n < 1 — ay + 2a2. Finally, we have
néQC’ = (H—alLl—ang) '0*22—2(11—2(12,

which implies that a; + a2 <1 — §. Adding these three inequalities together, we get n < g.

By ([@I7), we have A < % Since ng, we see that An < 1. Thus, we can apply Theorem 2.9 to the log pair
(Sy,a1L1 4+ asLo + Q). This gives AQ - L1 > 2(1 — Aag) or AQ - Ly > 2(1 — Aay). Without loss of generality,
we may assume that the former inequality holds. Then

M1+ 2a1 —ag),= A(H — a1Ly —azLa) - L1 = A2 - Ly > 2(1 — Aag),

which implies that 2a; +ao > % —1. Since A < %, we have 2a1 +ag > 2, which is impossible since we already
proved that a1 +a9 <1 — % < 1. O

Lemma 4.21. The case (B4) is impossible.

Proof. Suppose that we are in the case (B4]). Then multp(7Tp) = 3 and Tp consists of a cubic curve Cy with
a singular point P of multiplicity 2 and a line L passing through P. Thus, we have the following picture:

L

Cy

By Lemma[4.4] the line L is contained in the support of the divisor D. Hence, C, = C4, and we can write
D = alL + (), where a is a positive rational number, and 2 is an effective Q-divisor whose support does not
contain the line L. Put n = multp(2). Then

3:H-C1:D-Clz(aL+Q)-C1:3a+Q-C1>3a+2n>2a+2n,

which implies that a +n < % On the other hand, A\ < % by ([@I7), so that n+a > % by Lemma 2.3l The
contradiction is clear. O

Lemma 4.22. The cases (CI)) and (C2)) are impossible.
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Proof. Suppose that we are either in the case (CI) or in the case (C2)). Then Tp consists of two lines L;
and Lo, and a possibly reducible conic C;, where P is the intersection point of the lines L; and Lo, and
P is not contained in the conic Cy. If we are in the case (CIJ), then the conic C; splits as a union of two
different lines L3 and L4, which implies that we have the following picture:

Ly Lo Lj

If we are in the case (C2)), then the conic Cj is irreducible, so that we have the following picture:

Ly Lo
P

Cy

By Lemmad.4] both lines L; and Ly are contained in the support of the divisor D. In particular, Cy # L1
and Cy # Ly. Write D = Q + a1L1 + as Lo, where a; and as are positive rational numbers, and 2 is an
effective Q-divisor whose support does not contain the lines Ly and Ly. Put n = multp(Q2). Then

n<Q-Ly = (H—alLl—a2L2> L1 =14 2a1 — as.
Similarly, we see that n < 1 — a1 + 2as. Finally, we have

0 S Q- C* = (H - alLl - CL2L2> . C* = deg(C’*)(l —ay — ag),

N9V

which implies that a; + as < 1. Adding these three 1nequaht1es together, we get n <
Recall that m =n+a; +a;. We see that m < 2, because a1 +as <1 andn < 3. In particular, Am < 1—85,
because A < 2 by (&I).

Denote by Q the proper transform of the divisor {2 on the surface Sy. Similarly, denote by L and Lo the
proper transform of the lines L; and Lo on the surface 54, respectively. Then we can rewrite the log pair

5] as
<§4, /\alil + )\agig + )\ﬁ + ()\((11 + ag + n) — 1)E> .

Since Am < 8 , this log pair is log canonical at every point of E that is different from @ by Corollary .6l
Put n = multg(Q2). Then n < n.
Suppose that @ € L;. Then @ ¢ Lo and

néﬁ-il:Q-Ll—nzl—l—Zal—ag—n.
This gives 2n < n+n < 1+ 2a; — as, because n < n. Since, we already know that n < 1 — aq + 2as, we get

In<2n+n<2+a;+as <3,
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because a1 + as < 1. Thus, we see that n < 1. On the other hand, the log pair (§4, )\a11~}1 +AQ + (Maq +
as +n) — 1)E) is not log canonical at Q. Thus, we can apply Theorem to this log pair. This gives

A1420 = a3 —n) =A(Q- Ly =n) =A2- L1 > 2(1~ (Mar +az +n) — 1)
or \n=\Q-E > 2(1 — Aaq). Since A < % by (4I]), the former inequality gives

13
n+4a1+a2>§,

which is impossible, because n < 1 4+ 2as — a1 and a1 + a9 < 1. Thus, the later inequality holds. It gives
n -+ 2a > %. Since n < 1+ 2as — a1 and a1 + as < 1, we have as > % Now applying Theorem 2.7 to the
log pair (4.3]), we obtain

)\+3)\a1—1:)\<H—a1L1—a2L2>-L1+)\a1+)\a2—1:)\Q-L1+)\a1+)\a2—1:
=20 Ly dar + day + An = 1= (A2 + (@1 +as +n) = 1)B) - Ly > 1,

which results in a; > 8. On the other hand, we have a; + as < 1 and ay > %, which is absurd.

We see that @ ¢ L. Similarly, we see that Q ¢ Lo. L
Recall that m = a1 + a1 + n. We also have m = n, because Q ¢ L1 U Lo. Earlier, we proved that
a1 +as<landn < % In particular, we have n < % as well, because n < n. Thus, we have

~ ~ 3
m+m:a1—|—a2—|—n—|—n<a1—|—a2+2n<4<X,

because A < % by (@I). Thus, it follows from Corollary that the log pair (48] is log canonical at
every point of F that is different from O. Moreover, we have O = F N E by Lemma .11}, because m < %,
m+m < %, and Q & L1 U Lo.
Denote by € the proper transform of the divisor Q on the surface S4. Since Q & L U Lo, the log pair
<§4, A2+ (Mar +az +n) —1)E+ (May +az +n+n) — 2)F>

is not log canonical at the point O and is log canonical at every point of F' that is different from O. Applying
Theorem 2.7 to this log pair and the curve E, we get

)\(a1+a2+2n)—2:)\(n—ﬁ)—l—)\(a1+a2—|—n+ﬁ)—2:
=\ -E+MNay+az+n+n)—2= (Aﬁ+(>\(a1+a2+n+ﬁ)—2)F) "E>1

which implies that a1 + as 4+ 2n > % > 4, because A\ < % by (&I)). This is a contradiction, since we already
proved that a; +as < 1 and n < % O

Lemma 4.23. The case (C3) is impossible.

Proof. Suppose that we are in the case (C3)). Then multp(7Tp) = 2, the curve Tp consist of a conic curve
C4 and two lines L1 and Lo, and the point P is the intersection point of the conic with the line L;. Thus,
we have the following picture:

Ly Lo

(N
/>
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By Lemma 44 the line Ly is contained in the support of the divisor D. In particular, Cy # Li. Thus,
either C, = Lo of C, = C;. Write D = Q + alLq, + b(C{, where a is a positive rational number, b is a
non-negative rational number, and 2 is an effective Q-divisor whose support does not contain the curves L
and Cp. If b > 0, then the support of €2 does not contain the line Lo, which implies that

1—a—2b:<H—aL1—bCl)-L2:Q-L2>O.

Hence, either b =0 or a + 2b < 1 (or both), so that a 4+ 2b < 1, because a < 1 by Lemma [3.3]
Put n = multp(Q2). Then

n<Q-L1=(H—aLl—bcl).L1=1+2a—2b.

Similarly, we see that
n<Q-Cr = (H=aLi~bCy) - Cr =220+,
Adding these inequalities, we get n < % This gives m=n+a+b<n+a+2b< % < %, because A > % by
EI). B B B B
Denote by €2 the proper transform of the divisor {2 on the surface 2. Similarly, denote by L; and C; the
proper transform of the curves L and C; on the surface (2, respectively. Then we can rewrite the log pair

E3) as
(54, XaLy + NCy + A2+ (Ma+b+n) — 1)E).

Since m < %, this log pair is log canonical at every point of E that is different from @) by Corollary Put

n = multy (). Then n < n.
Let us show that @ ¢ Li. Suppose that ) € L. Then

ﬁgﬁ-ilzﬁ-Ll—nzl—l—Qa—%—n,

which implies that 2n <n+n < 1+ 2a — 2b. BuNt we already know that n < n < 2 — 2a + 2b. Adding these
two inequalities together, we get n < 1. If Q € C1, then we also have

ﬁéﬁ-élzﬁ'C’l—n:2—2a+2b—n,
which implies that 2n < n +n < 2 — 2a + 2b. Thus, if Q € 51, then

1 3
ngz((1+2a—2b)+(2—2a+2b)> <7

Keeping in mind that a + 2b < 1, we conclude that n + b < % provided that Q) € Cy. In particular, the
multiplicity of the Q-divisor AbCy + AQ) at the point () does not exceed 1, since A < % by (&I)). Hence, we
can apply Theorem to (435]) and the curves F and L;j. This gives either

220 = 2b = An = (6Cr +A0) - Ly > 2(1 = (Aa+b+n) — 1)
or
A+ An = b+ A2 E = (AC1 + Q) - E > 2(1 - \a)

(or both). Since A < 2 by (@I)), this gives either 4a+b+n > 12 or 2a+b+n > & (or both). On the other
hand, we already proved that n < 2 — 2a + 2b and a 4 2b < 1. Thus, we have

13
da+b+n=(2a—2b+n)+2(a+2b) <4< ER
which implies that 2a + b+ n > %. This gives

§<2a—|—b—|—n<2—|—3b,
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because n < 2 — 2a + 2b. Hence, we obtain b > %. On the other hand, applying Theorem 2.7] to the log pair
(£5]) and the curve L, we obtain

A+33a—1=XQ-Li—n) +Aa+22b+ A —1=XQ- L1 + Aa+2\b+ In — 1 =
- (Ab51+Aﬁ+(A(a+b+n)—1)E>-Zl>1,

which results in a > % — 1. Since \ > %, we have a > g. But a + 2b < 1, so that b < %. The obtained
contradiction shows that the curve Ly does not contain the point Q.
Let us show that the curve Cy does not contain the point (). Indeed, suppose it does. Then

ﬁéﬁ-é’lzﬁ'C’l—n:2—2a+2b—n,
which implies that 2n <n+n <2 —-2a+2b. But n <n < Q- Ly =1+ 2a — 2b, we see that
3n < (1+2a —2b) + (2 —2a + 2b) = 3,

which implies 77 < 1. On the other hand, the log pair (Ss, AbC1 + AQ + (A(a + b+ n) — 1)E) is not log
canonical at the point ), because Q € Li. Moreover, we can apply Theorem 2.9 to this log pair, because
n<land A< %. This gives

AM2-204+20-n) =A(2-C1—n) =A0-C1 > 2(1- (Ma+b+n) - 1)

or \n=\2-FE > 2(1 — Ab). The former inequality gives 4b + n > % — 2, and the later inequality gives
2b+n > % Since A < %, we see that either 4b+n > % or 2b+n > % (or both). But n < Q-Ly =1+2a—2b
and a + 2b < 1, which implies that

10

4b+n<1+2a+2b<3<§.

Thus, we have 2b+n > %. One the other hand, we already know that n+2b—2a < 1, n+2b—2a < 2, and
a+2b < 1, so that

[V
w

n—|—2b:g(n—l—Zb—Za)—|—%(n+2b—2a>—|—§(a+2b)<§+

which is a contradiction. This shows that Q ¢ Ch. B
Denote by €2 the proper transform of the divisor 2 on the surface S4. Recall that the log pair (4.8) is not
log canonical at the point O € F. Moreover, it is log canonical at every point of F' that is different from O

by Corollary B9, because

9

> w

m+m=a+b+n+n<a+2b+2n<4<

since a +2b <1, n < % and \ < %. Then O = F N E by Lemma E.111
Since Q ¢ L1 U C1, we see that the log pair

<§4,/\§+ (Ma+b+n)—1)E+ (AMa+b+n+n) —2)F>
is not log canonical at the point O € F' and is log canonical in all other points of the curve F. Applying
Theorem 2.7] to this log pair and the curve F, we get
Ma+b+2n)—2=An—-n)+Aa+b+n+n)—2=
=AY E+ANa+b+n+n)—2= (A§+ (Ma+b+n+n) —2)F) "E>1

which implies that a + b+ 2n > % > 4. On the other hand, n+2b—2a <1, n+2b—2a < 2l and a +2b < 1.
Thus, we have

11 13 2 1 13 2 15
n+a+b:E(n+2b—2a)+E(n+2b—2a)+§(a+2b) <E+E+§:Z<4’

which is a contradiction. O
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Lemma 4.24. The case (C4) is impossible.

Proof. Suppose that we are in the case (C4)). Then multp(Tp) = 2 and Tp consists of a cubic curve C;
and a line L, and P is their intersection at a smooth point of the cubic curve. Thus, we have the following
picture:

L o

By Lemma [£4] the line L; is contained in the support of the divisor D, so that C, = Cy. Write
D = Q+alq, where a is a positive rational number, and 2 is an effective Q-divisor whose support does not
contain the line L;. Put n = multp(£2). Then

n<Q- L= <H—aL1> Ly =1+2a,
which gives n — 2a < 1. Similarly, we obtain n + 3a < 3, because
néQCﬁ = <H—aL1) '01:3—361.

We see that n+a = Z(n—2a) + 2(n+3a) < &, which implies that m = n+a < %, because A > 3. Thus, it
follows from Corollary [4.6] that the log pair ([4.5) is log canonical at every point of E that is different from

Q.
Note that a < 1 by Lemma 3.3l This also follows from n + 3a < 3. We also know that a > 0. In fact one

can show that a > 6' Indeed, we have )\(1 + Za) = AQ2- Ly > 1 by Theorem 2.7 This gives a > 6, since
A>3

Denote by Q the proper transform of the divisor {2 on the surface Q. Similarly, denote by Zl the proper
transform of the line Ly on the surface €2. Then we can rewrite the log pair (&5 as (§4, aLq 4+ \Q+ (Ma+
n)—1)E). Put n = muth(ﬁ). Then n < n.

Suppose that Q) € L. Then

<QL1=Q - Li—n=1+2a—n,

which implies that 2n <n +n < 1+ 2a. Since n < n and n + 3a < 3, we have n + 3a < 3. Thus, we have
8n = 2(n + 3a) + 3(2n — 2a) < 9, which gives 7 < 2 5. Then An < 1. Hence, we can apply Theorem to
the log pair (435]) and the curves E and El. This gives

A+ 220 = An =20 Ly > 2(1- (Ma+n) - 1)

or An. = AQ- E > 2(1 — Aa). Since A < 3 by (@), the former inequality gives n+4a > 3 —1 > 12 and the
later inequality gives n+2a > % > %. Each of these inequalities leads to a contradiction, because n —2a < 1

and n 4 3a < 3. Indeed, we have
1 4 1 12 13 8
20=_-(n—2a)+-(n+3ad) <=+ —="2< 2.
nt2a=g(n=20) +2(ntde) < gt g =g <y

Similarly, n +4a <n+3a <3 < 13—3 This shows that El does not contain the point Q).
Let us show that @ ¢ C. Suppose @ € C'i. Then

3—3a—n:Q-C’1—n:§'5’1>ﬁ

which implies n + a +n < 3 — 2a. Thus, we have

oo

3—2a=2a+n+n=m+m>—

w
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by (&7)). This gives a < %. But we already proved that a > %. This shows that @ & Ch.

Recall that n — 2a < 1 and n + 3a < 3. Adding these two inequalities together, we obtain m + m =
a+n+n<a+2n<4< %, since A < %. Thus, Corollary .9 implies that the log pair (48] is log canonical
at every point of the curve F that is different from O. By Lemma E.IT], we have O = F N E, because m < %,
m+m < % anngzlueél.

Denote by 2 the proper transform of the divisor € on the surface S4. Then the log pair (S4, A2+ (A(a +
n) —1)E+ (AMa +n+n) —2)F) coincides with the log pair (£8) in a neighborhood of the point O, because
Q¢ L. Applying Theorem 2.7 to this log pair and the curve E, we get

AMa+2n)—2=2X0-E+Aa+n+7)—2= <A§+(A(a+n+ﬁ)—2)F> E>1

which implies that a4+ 2n > 2. But we already proved that n — 2a < 1 and n 4+ 3a < 3. Thus, we have
a+2n<4< /\, because A > This is a contradiction. O

Lemma 4.25. The case (Ch) is impossible.

Proof. Suppose that we are in the case (CH). Then multp(7p) = 2 and Tp consists of a cubic curve Cy and
a line L such that P is a singular point of the cubic curve with multiplicity 2 and does not lie on the line L.
Thus, we have the following picture:

Cy

Write D = Q + aC7, where a is a non-negative rational number, and 2 is an effective Q-divisor whose
support does not contain the curve C;. Put n = multp(2). Then m = n + 2a. If a > 0, then C, = Ly, so
that

1:D'L1:(Q+CLC1)-L1:Q-L1+3CLZ3CL,

because C) is not contained in the support of the divisor D. Hence, we see that a < % On the other hand,
we have

2n = multp(C’l) < Q- 01 = (H— aC’l) . 01 = 3.

Thus, we have n < 5. Then m = n+ 2a < )\, because A > 2 by (@I). Thus, it follows from Corollary
that the log pair (IE) is log canonical at every point of £ that is different from Q.

Denote by Q the proper transform of the divisor €2 on the surface Q. Similarly, denote by C, the proper
transform of the curve L on the surface Q). Then we can rewrite the log pair (Im) as (54, )\aCl +AQ +
(A(n+2a) —1)E). Put n = muth(Q) Then 7 < n. If Q & Cy, then m = 7. If Q € Cy, then m = 7 + a.

Denote by Q the proper transform of the divisor € on the surface S4, and denote by C; the proper
transform of the curve Cy on the surface S;. Then we can rewrite the log pair [@8) as (S, \aCy + A\Q +
(A(n + 2a) — 1)E + (AM(n + 2a + m) — 2)F). This log pair is not log canonical at the point O € F by
construction. Moreover, we have

3
m+m=n+2a+n+a<2n+3a< 3+3&<4<X’

since \ < %. Thus, it follows from Corollary that the log pair (4.8)) is log canonical at every point of the
curve F' that is different from the point O.
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Let us show that O # F'N E. Suppose that O = FNE. If O ¢ Cy, then Theorem 2.7 applied to the log
pair ([A.8]) and the curve E gives

AMBa+2n)—22A2a+2n+m—n)—2=A(n—n) +A(n+2a+m) -2 =
=A2-E+An+2a+m)—2= <)\§+(A(n+2a+ﬁz)—2)F) "E>1

which implies that 3a + 2n > % This is impossible, because a < %, n < % and A\ < %. Thus, we see that

O € C,. In particular, Q € 5’1, m = n+a, and C has a cuspidal singularity at the point P. Now we apply
Theorem 2.7] to the log pair (4.8) and the curve C'; at the point O. This gives

A(B+5a) —3=X(Q-C1 +5a) —3=X(Q-C1 —71) + A(2n + 5a+7) — 3 =
- ()\§+(A(n+2a)—1)E+()\(n—|—3a—|—ﬁ)—2)F) O > 1

which implies that 5a > 5 — 3. Since A < 4, we have a > (% -3) > 1—75, which is impossible, because we
already proved that a < i. Thus, we see that O # F N E.
We already know that m < % and m+m < % Thus, if @ ¢ Cq, then we can apply Lemma [£.1T] to obtain

O = F N E, which is not the case. Hence, we conclude that @ € 51, so that m = n+a. If O € Cy, then
the log pair (54, )\Q + (AM(n+2a+m) — 2)F) is not log canonical at the point O as well, which implies that
=Q-F > > = by Theorem 2.7 On the other hand, we have

329'01—27129'01

which implies that 31 < 2n +n < 3, so that n < 1. This shows that O e C.

Since O # F'N FE and O € C, we conclude that P is an ordinary double point of the curve C;. Hence,
the curves C; and E intersect transversally at the point (). Thus, applying Theorem 27 to the log pair
(£5) and the curve E, we get A\n = A\Q - E > 1 — Aa, which implies a + n > % > %. Similarly, applying
Theorem 2.7] to the log pair (4.5) and the curve Cy, we get

AB-2n) =22 -C1 >1— (M2a+n)—1) =2~ \(2a +n),
which implies that 2a > n + % —-3>n-— % Thus, we have 2a > n — % > (% —a)— % = 1 — a, which implies
that a > % But we already proved that a < % This is a contradiction. O
Lemma 4.26. The case (CG)) is impossible.

Proof. Suppose that we are in the case (C6). Then multp(Tp) = 2 and Tp consists of two conic curves and
they intersect at P. Thus, we have the following picture:

C 1 02

Without loss of generality, we may assume that C; = C,. This gives 2= C; - D > m. Then m < 2 3 and
m+m < % by Lemma [4.14l Hence, Corollary implies that the log pair (IE) is log canonical at every
point of the curve E that is different from ). Moreover, Corollary implies that the log pair (4.8) is log
canonical at every point of the curve F' that is different from O. Furthermore, Lemma [L.14] implies that
O#ENF.

Denote by Cl and Cg the proper tr transforms on the surface S4 of the conics C; and (s, respectively. By
Lemma [LIT], we see that Q € C; U Cs. If Q € Cy, then

2—-m=0D- C1
which implies that m 4+ m < 2. On the other hand, we have m + m > 2 1> 3 by (#T). Hence, we see that
Q¢ Cy and Q € Cs.
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Write D = aCs + €2, where a is a non-negative rational number, and €2 is an effective Q-divisor whose
support does not contain the conic Cy. Put n = multp(€2). Then
2 —4da = (H—CLCQ) 'ClZQ‘CQ =Zn
This gives n + 4a < 2. In particular, a < ;
Denote by Q the proper transform of the Q-divisor © on the surface Sy, and put 7 = multg(f2). Then
n >n and
242a—n= (H—an) Oy—n=0Q-Cyo—n=0Q-Cy>2n

Hence, we have n +n < 2 4+ 2a. Using this inequality together with n + 4a < 2, we see that
1
<24+2a—n<2+ 2(2—n) —n,

which implies that 2 sn+n < 3. This together with the fact that n < n shows that n < g.

Rewrite the log pair @3) as (S4, A\aCs + (An + Aa — 1)E 4+ AQ). Since 71 < 5, we see that A\ < 1. Hence,
we can apply Theorem to the pair (43]) at the point (). This gives us that either

A2+2a—n)=AQ-Cy—n) =A2-Cy >2(1 — (M\n+ Aa— 1))
or \n = M- E > 2(1 — Aa) (or both). In the first case, we have

4 16 8

4 >—-—2>——-2=

ern>y 3 3
because A < 3. In the second case, we get n + 2a > % > %. On the other hand, we already proved that
da +n < 2. ThlS gives us the desired contradiction. O

Lemma 4.27. The case (CT) is impossible.

Proof. Suppose that we are in the case (C7). Then multp(7p) = 2 and Tp is an irreducible quartic curve
with a singular point P of multiplicity 2 We have the following picture:

Tp

Since Tp is irreducible, we have C, = C. This gives 4 = D - C' > 2m, which implies that m < 2. Thus,
Q € Tp by Lemmas [4.11] and [4.14] Therefore, we have

which 1mphes that 2m + m < 4. Using (4.7), we get 4 — which implies that m < %
But m > § by (&3). O

By Corollary and Lemmas 18] {.19] B3| B4] .22] 1.23] E.24], 1.25] 126, and .27, we obtain the
desired contradiction. This completes the proof of Theorem

+

3
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5. GENERAL SURFACES OF LARGE DEGREE
In this section, we prove Theorem [[.3l By Lemmas [B.1] and B.2] it follows from

Lemma 5.1. Let S; be a smooth surface in P? of degree d, and let H be its hyperplane section. Then
a(Sd,H) < %
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Proof. Let P be a point in Sy, and let f: §d — S4 be the blow up of the surface Sy at the point P. Denote
by E the f-exceptional curve. Fix any positive rational number m such that m < v/d, and take a positive
integer n such that mn is an integer. Then

(f*(nH) - nmE)2 = nz(d —m?) > 0.
This implies that the linear system |f*(nH) — nmE| is not empty for n > 0. Indeed, we have
h? (§4, Og, (F*(nH) — nmE)> = Ko (§4, Oz, (F7((d — 4 — n)H) + (mn + 1)E)) =0

for n > d — 4 by Serre duality. Thus, if n is sufficiently big comparing to d, then
I <§4, Os, (f*(nH) — nmE)) >

> x(05) + 5 ((f*(nH) = nmE)? = (f*(nH) - nmE) - K5, ) =

DO =

= X(O§d) + %<n2(d— mz) —n(d—4)— nm> >0

by the Riemann—Roch formula for surfaces.
Let us fix a positive integer n such that mn is an integer and |f*(nH) — nmE]| is not empty. Pick a

divisor M in this linear system, so that M ~ nH —nmE. Denote by M the proper transform of the divisor
M on the surface Sy. Put D = 1 M. Then multp(D) > m, so that letp(Sy, D) < 2 by (26). This gives
a(Sq, H) < %, because D ~qg H. Since we can choose rational number m < Vd as close to Vd as we wish,
we obtain a(Sg, H) < %. O

The idea of the proof of this lemma comes from [4, Example 1.26].

Proof of Theorem[L.3l It follows from Lemma3Iland Lemmal3.2lthat a; (Sg, H) = 2 for a general surface
Sy in P3. The claim follows from this fact together with Lemmal5.1l O

6. QUINTIC, SEXTIC AND SEPTIC
Let Sy be a surface in P? that is given by
(22 +y 2+ 272w (pw + yz2) + (y — z)d —z¢ =0,
where d > 2. One can easily see that the surface Sy is smooth. Denote by H its hyperplane section. Arguing
as in [0, Example 3.9], we obtain

Lemma 6.1. Suppose that d < 7. Then aq(Xg, H) > %

Proof. Let C C P3 be the curve defined by the intersection of the surface Sy and the Hessian surface Hess(S)
of Sg. For the tangent hyperplane Tp at a point P € Sy, if the multiplicity of the curve Tp NSy at the point
P is at least 3, then the curve C' is singular at the point P. Using the computer algebra system Magma, we
checked that the curve C' is smooth. Thus, the intersections of Sy with its tangent planes do not have points
of multiplicity 3 or higher. The later implies that aq(Sq, H) > % Indeed, each singular hyperplane section

of Sy is reduced by Lemma B3] so that each its singular point is of type A,. Then «;(Sy, H) = % + %,
where m is the greatest integer such that a hyperplane section of S; has a singular point of type A,,. O

On the other hand, we have
Lemma 6.2. One has a(Sq, H) < 2.

Proof. We may assume that d > 3. Put P =1[0:0:0:1]. Let M be the divisor that is cut out on Sy by
the equation zw + yz = 0. Locally at P, the divisor M is given by (y — 2)¢ = (—y2)? = 0, which implies
that lctp(Sy, M) = 2. Since M ~ 2H, we obtain as(Sq, H) < 3. O

Corollary 6.3. If d > 5, then o(Sy, H) < a1(Sq, H).
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Remark 6.4. We expect that a(Sy, H) < a1(Sg, H) for d = 5 as well. By Lemma [6.], this claim follows
from ;1 (Sq, H) > % To check the latter inequality one would have to find out if the intersections of Sy with
its tangent planes have a singularity of type Ag or worse. This can be expressed as a system of polynomial
equations in 4 variables x,y, z, w:

Start with the equation of the quintic in variables z,y, z,w. Then intersect this with a symbolic plane
w = ax~+by+cz, by substitution. This gives a polynomial in a, b, ¢, x,y, z. Now we compute the discriminant
of this equation with respect to z, which results in a huge polynomial in a,b,c,x,y. Let us denote this
polynomial by h. If there is an Ag singularity, or worse, then the discriminant, as a polynomial in z,y
(when a,b, c are treated as as parameters), should have a zero of multiplicity 10 or higher. So the system
of equations to consider consists of h and all its derivatives of order up to 10, as a system of polynomial
equations in a, b, ¢, and .

We used computer algebra to check whether or not this system has a solution, but the computations did
not finish after 1500 CPU seconds on a Pentium Pro with 2.7 GHz. After reducing the system of equations
modulo some small prime numbers (up to 293), the program finished with the answer that the reduced
system has no solution. This can be interpreted as a strong evidence that «(Sy, H) < ay(Sq, H) for d = 5.
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