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ALPHA-INVARIANTS AND PURELY LOG TERMINAL BLOW-UPS
IVAN CHELTSOV, JIHUN PARK, AND CONSTANTIN SHRAMOV

ABSTRACT. We prove that the sum of the a-invariants of two different Kolldr compo-
nents of a Kawamata log terminal singularity is less than 1.

Let V' be a normal irreducible projective variety of dimension n > 1, and let Ay be an
effective Q-divisor on V. Write
AV = Z aiAia
i=1

where each A; is a prime divisor, and each a; is a positive rational number. Suppose
that the log pair (V,Ay) has at most Kawamata log terminal singularities. Then, in
particular, each a; does not exceed 1. Suppose also that the divisor —(Ky + Ay) is
ample, so that (V] Ay) is a log Fano variety. Finally, suppose that V' is faithfully acted
on by a finite group G such that the divisor Ay is G-invariant. Let ag(V, Ay ) be the real
number

the pair (V, Ay + )\DV) has Kawamata log terminal singularities

sup ¢ A €Q L . .
for every G-invariant and effective Q-divisor Dy ~g — <K v+ Av)

This number is known as the a-invariant of the log Fano variety (V, Ay), or its global log
canonical threshold (see [12], Definition 3.1]). If G is trivial, we put a(V, Ay) = ag(V, Ay).

Example 1. The divisor —(Kp1 + Ap1) is ample if and only if Y7, a; < 2. One has

1 —max(aq,...,a,
O{(Pl,Apl) = 2_%1 o )
i=1 %

We put ag(V) = ag(V,Ay) if Ay =0.

Example 2. A finite group G acting faithfully on P! is one of the following finite groups:
the alternating group 2s, the symmetric group &y, the alternating group 2l4, a dihedral

group Ds,,, of order 2m, or a cyclic group p,, of order m (including the case m = 1, that

is, the trivial group). The number %Pl) is equal to the length of the smallest G-orbit in
P!, which gives
(6 if G = As,
3if GG,
2if G = Uy,
1if G = Dg,,,
\ % itG=p,.

ac(P') =

We assume that all varieties are defined over the field C.
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If both Ay =0 and G is trivial, we put a(V') = ag(V, Ay). This is the most classical
case. Namely, if V' is a smooth Fano variety, then by [II, Theorem A.3] the number
a(V') coincides with the a-invariant of V' defined by Tian in [45]. Its values were found
or estimated in many cases. For example, in the toric case the explicit formula for a (V)
is given by Cheltsov and Shramov in [I1, Lemma 5.1]. It gives a(P") = 5, which can
also be verified by an easy explicit computation. The a-invariants of smooth del Pezzo
surfaces were computed in [2].

Theorem 3. Let V be a smooth del Pezzo surface. Then one has

(1 if KX =1 and | — Ky/| contains no cuspidal curves,

if K& =1 and | — Ky/| contains a cuspidal curve,

if K& =2 and | — Ky| contains no tacnodal curves,

if K& =2 and | — Ky| contains a tacnodal curve,

if Vis a cubic in P* with no Eckardt points,

if either V' is a cubic in P* with an Eckardt point, or K3 = 4,
if VP x P! oor K& € {5,6},

in the remaining cases.
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The a-invariants of all del Pezzo surfaces with Du Val singularities were computed
in [4, 43, 38, 37, [7].

Example 4. Let V be a singular cubic surface in P? that has at most Du Val singularities.

Then one has
(

if V' has unique singular point, and it is of type Aq,
if V' contains singular point of type Ay,

if V' has unique singular point, and it is of type Dy,
if V' contains two singular points of type As,

if V' contains singular point of type Asj,

if V' has unique singular point, and it is of type Ds,

if V' has unique singular point, and it is of type Eg,
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in all the remaining cases.
\

The a-invariants of many non-Gorenstein singular del Pezzo surfaces that are quasi-

smooth well-formed complete intersections in weighted projective spaces were computed
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in [9, 15, 24]. The a-invariants of many smooth and singular Fano threefolds were com-
puted or estimated in [23] (111 3 5], [6l 25]. The a-invariants of smooth Fano hypersurfaces
were estimated in [1I, 8, [40] [10].

The a-invariant plays an important role in Kahler geometry. If V' is a smooth Fano
variety, then V' admits a G-invariant Kahler—Einstein metric provided that

dim (V)
dim(V) + 1
This was proved by Tian in [45]. In [19], this result was improved by Fujita. He proved
that V' admits a Kéhler-Einstein metric if it is smooth and (V') > df;}T‘S‘Ql.
all smooth hypersurfaces in P? of degree d are Kihler-Einstein, because their a-invariants
are at least =1 by [I], §].

The K-stability of the log Fano variety (V,Ay) crucially depends on «(V,Ay). For
instance, if

aG(V) >

In particular,

1
dim(V) + 1’
then the log Fano variety (V, Ay) is K-unstable by [22, Theorem 3.5] and [21], Lemma 5.5].
This bound is sharp, since P" is K-semistable and «(P") = #1 Vice versa,
if a(V,Ay) > dii;ag‘)/il, then the log Fano variety (V,Ay) is K-semistable by [34, The-
orem 1.4] and [20, Proposition 2.1].
The a-invariant also plays an important role in birational geometry. It was first observed

by Park in [35], where he proved the following

« (V, Av) <

Theorem 5 ([4 Theorem 5.7]). Let X be a variety with at most terminal Q-factorial
singularities. Suppose that there is a flat morphism ¢: X — Z such that Z is a curve,
and —Kx is ¢-ample. Let P be a point in Z, and let Ex be a scheme fiber of ¢ over P.
Suppose that Ex is irreducible, reduced, normal, and has at most Kawamata log terminal
singularities, so that Ex is a Fano variety by the adjunction formula. Suppose also that
there is a commutative diagram

such that'Y is a variety with at most terminal Q-factorial singularities, 1 is a flat mor-
phism, the divisor —Ky 1s1-ample, and p is a birational map that induces an isomorphism

X\ Supp(Ex) =Y \ Supp(Ey),

where Ey s a scheme fiber of 1 over P. Suppose, in addition, that Ey s irreducible.
Then p is an isomorphism provided that a(Ex) > 1. Moreover, if Ey is reduced, normal

and has at most Kawamata log terminal singularities, then p is an isomorphism provided
that a(Ex) + a(Ey) > 1.

Theorem [l gives a necessary condition in terms of a-invariants for the existence of a non-
biregular fiberwise birational transformation of a Mori fibre space over a curve. It follows
from [29, Theorem 1.1] that this condition is not a sufficient condition. Nevertheless, the

bound is sharp (one can find many examples in [35] 36]).
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Example 6. Let S be a P'-bundle over a curve. Then we have an elementary transforma-
tion to another P*-bundle over the same curve. Note that the a(P') = 1 by Example 21

Example 7 ([I8, Example 5.8]). Let S be a smooth cubic surface in P* with an Eckardt
point O. Denote by L, Lo, Ls the lines in S passing through O. Put X = S x A!, and
let ¢ be the natural projection X — A!. Let us identify S with a fiber of ¢. Then there
is commutative diagram

where « is the blow up of the point O, the map ¢ is the anti-flip along the proper
transforms of the curves Ly, Lo, L3, and [ is the contraction of the proper transform of
the surface S. The scheme fiber of ¥ over the point ¢(S) is a cubic surface in P? that has
one singular point of type Dy. Its a-invariant is % by Example 4 On the other hand, we
have a(S) = 2 by Theorem

Example 8 ([35, Example 5.3]). Let X and Y be subvarieties in A' xP? given by eqautions
P4+ Pw+ P =0 and 2 + iz 4+ 2w +w =0,

respectively, where ¢ is a coordinate on A, and (x : y : 2 : w) are homogeneous coordinates
on P3. Then the projections ¢: X — Al and ¢: Y — Al are fibrations into cubic surfaces,
and the map
(t,z,y,z,w) — (t, %2, 3y, 2, t5w)

gives a non-biregular birational fiberwise map p: X --» Y between them. The fiber of ¢
over the point ¢ = 0 is a cubic surface that has one Du Val singular point of type Eg, so
that its a-invariant is é by Example [, and the scheme fiber of ¥ over the point ¢t = 0 is
a smooth cubic surface with an Eckardt point, so that its a-invariant is % by Theorem

The a-invariant also plays an important role in singularity theory. Let U > P be a germ
of a Kawamata log terminal singularity. Then it follows from [47, Lemma 1] that there
is a birational morphism ¢: X — U such that its exceptional locus consists of a single
prime divisor Ex such that ¢(Ex) = P, the log pair (X, Ex) has purely log terminal
singularities, and the divisor —(Kx + Fx) is ¢-ample. Then

—(KX -+ Ex) ~Q —(SxEx

for some positive rational number dx. Recall from [39, Definition 2.1] that the birational
morphism ¢: X — U is a purely log terminal blow-up of the singularity U > P.

By [26, Theorem 7.5], the divisor Ex is a normal variety that has rational singulari-
ties. Moreover, it can be naturally equipped with a structure of a log Fano variety. Let
Ry, ..., Ry be all the irreducible components of the locus Sing(X) of codimension 2 that

are contained in Ex. Put
S

Diffg, (0) = >

i=1
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where m; is the smallest positive integer such that the divisor m; F'x is Cartier in a general
point of R;. Then Diff g, (0) is usually called the different of the pair (X, Ex). One has

—5XEX‘E ~g —(KX + EX> ‘E ~g — (Kpy + Diff, (0)).
X

X

Furthermore, the singularities of the log pair (Ex, Diff g, (0)) are Kawamata log terminal
by Adjunction, see [44], 3.2] or [27, 17.6]. This means that (Ex, Diffg, (0)) is a log Fano
variety with Kawamata log terminal singularities, because —FEx is ¢-ample.

Definition 9 (cf. [31, Definition 1.1]). The log Fano variety (Ex, Diffg, (0)) is a Kollar
component of U > P.

Let us show how to compute o(Ex, Diff g, (0)) in three simple cases.

Example 10. Let U > P be a germ of a Du Val singularity, and f: W — U be the
minimal resolution of this singularity. Then the exceptional curves of f are smooth
rational curves whose self-intersections are —2, and their dual graph is of type A,,, D,,,
Eg, E;, or Eg. Let Ey be one of the exceptional curves that is chosen as follows. If U > P
is not a singularity of type A,,, let Ey be the only f-exceptional curve that intersects
three other f-exceptional curves, i.e., Ey is the “fork” of the dual graph. If U 5 P is a
singularity of type A,,, choose Ey to be the k-th curve in the dual graph. In this case,
we may assume that k& < mT“ In all cases, there exists a commutative diagram

where h is the contraction of all f-exceptional curves except Ey, and g is the contraction
of the proper transform of Fy on the surface Y. Denote the g-exceptional curve by FEy-.
Then Y has at most Du Val singularities of type A, the curve Ey is smooth, and it contains
all singular points of the surface Y, if any. One can check that the log pair (Y, Ey ) has
purely log terminal singularities, see |28, Theorem 4.15(3)]. Also, the divisor —(Ky + Ey)
is g-ample. Thus, the curve Ey is a Kollar component of the singularity U 5 P. Moreover,
if U 3 P is a singularity of type A,,, then

. k 1
a(Ey,DlﬁEY(O)) = m 1 < 2
Indeed, if U > P is a singularity of type A;, then A is an isomorphism and Y is smooth, so
that Diff g, (0) = 0, which gives a(Ey, Diff g, (0)) = 1. Similarly, if U 5 P is a singularity
of type A,,,, m > 2, and k = 1, then Y has a singular point P; that is a Du Val singular
point of type A, 1. In this case, we have

. m—1
DIEEY(O) = m Pl,

which gives a(Ey, Diffg, (0)) = m%rl Finally, if U 5 P is a singularity of type A,,,, m > 3,
and 2 < k < mT“, then Y has two singular points P; and P, which are Du Val singular
points of type Ay_; and A, . In this case, we have
k—1 m —k
DIHEY(()) - P1 + PQ,

k m—Fk+1
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so that «a(Ey,Diffg, (0)) = miﬂ Likewise, if U > P is a singularity of type D,

with m > 4, then a(Ey, Diff g, (0)) = 1. Indeed, in this case Y has three singular points
Py, P, and P; such that P, and P, are Du Val singular points of type A, and P is a Du

Val singular point of type A,, 3, so that

11 ~3
Diff, (0) = =P, + =Py + —— 2P,

2 2 m — 2
which easily gives a(Ey, Diffg, (0)) = 1. If U 3 P is a singularity of type E,,, then YV
has three Du Val singular points P;, P5, and P3 of types Ay, Ay, and A,, 4, respectively.
Thus, we have

Diff, (0) = %Pl + %Pz + Z:gpg.
This immediately implies
2if m =6,
a(Ey,Diff, (0)) = ¢ 3ifm=7,
6 if m = 8.

Example 11. Let U 3 P be a germ of a Du Val singularity of type A,,,, and let f: W — U
be the minimal resolution of this singularity. Let () be a point on one of the two exceptional
curves that correspond to “tails/”\ of the dual graph such that @ is not contained in any
other exceptional curve. Let £: W — W be the blow up at ), and { be the contraction of
the proper transforms of all the f-exceptional curves. Thus, there exists a commutative
diagram

T ¢

w Y

gof /

U

Denote the g-exceptional curve by FEy. Then Y has a unique singular point O, the

dual graph of the exceptional curves of its minimal resolution (: W — Y is a chain,
the self-intersection numbers of the exceptional curves of ( are —3,—2,...,—2, and the
proper transform of Ey intersects only the “tail” component of this chain. The curve
Ey is smooth, and it contains the singular point O. By [28, Theorem 4.15(3)] the log
pair (Y, Ey) has purely log terminal singularities. Also, the divisor —(Ky + Ey) is g-
ample. Thus, the curve Fy is a Kollar component of the singularity U > P. Moreover,

we have
1 1

< —.
2m+2 2
Indeed, the surface Y has a cyclic quotient singularity at the point O, which is a quotient
of C? by the cyclic group fy,,1, so that

o (Ey, DIEEY (O)) =

2m
2m +1

Diffp, (0) =

which implies the required formula.

Example 12. Let U 5 P be a germ of a Du Val singularity of type A,,, m > 2, and let
f: W — U be the minimal resolution of this singularity. Let @) be the intersection point of

the k-th and (k4 1)-th exceptional curves of f, where 1 <k < 3. Let &: W — W be the
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blow up at @, and ¢ be the contraction of the proper transforms of all the f-exceptional
curves. As in Example [[T] there is a commutative diagram

T ¢

w
gof /

U.

Y

Denote the g-exceptional curve by Fy. Then Y has two singular points P; and P,
the dual graphs of the exceptional curves of the minimal resolution of singularities
(: W — Y are chains such that the self-intersection numbers of the exceptional curves
are —3,—2,...,—2, and the proper transform of Fy intersects only the “tail” compo-
nents of these chains. The curve Ey is smooth, and it contains both the points P; and
P,. By [28, Theorem 4.15(3)] the log pair (Y, Ey) has purely log terminal singularities.
Also, the divisor —(Ky + Ey) is g-ample. Thus, the curve Ey is a Kolldr component of
the singularity U > P. As in Example [Tl one can check that each P; is a cyclic quotient
singularity of the surface Y, which is a quotient of C? by the cyclic group Mo, 11, Where
ny = k and ny = m — k. This implies

2k p 2(m — k)

Diffg. (0) = — P
iy (0) = 37 )1
Therefore,
2k +1 1
By, Diff = < -
o(By, Diffp, (0) = o =5 < 3

In particular, we see that a(Ey,Diffg, (0)) = % if and only if m is even, and @ is the
“central point” of the configuration of the f-exceptional curves.

It is easy to see from [28, Theorem 4.15] that if U > P is a Du Val singularity of type D
or E, and the exceptional curve Ey, in Example [I0 is not chosen to be the “fork” of the
dual graph, then the corresponding curve Fy is not a Kollar component. This is not a
coincidence: we will see later that in these cases the singulrity U > P has a unique Kollar
component, which is described in Example This is not true in general, i.e., a Kollar

component of a singularity U 3 P may not be unique, as one can see from Examples [10]
[T, and Nevertheless, Li and Xu established in [31, Theorem B] the following:

Theorem 13. A K-semistable Kolldr component of U > P is unique if it exists.

The K-semistable Kollar components of two-dimensional Du Val singularities are de-
scribed in our Examples and [[2. They are precisely the Kollar components whose
a-invariants are at least £ (cf. [32, Example 4.7]).

Note that Du Val singularities are two-dimensional rational quasi-homogeneous iso-
lated hypersurface singularities. The K-semistable Kollar components of many three-
dimensional rational quasi-homogeneous isolated hypersurface singularities have been de-
scribed in [9,[15]. Similarly, the K-semistable Kollar components of many four-dimensional
rational quasi-homogeneous isolated hypersurface singularities have been described in [23].

The purpose of this paper is to prove the following analogue of Theorem [Gl

7



Theorem 14. Suppose that there is a commutative diagram

where Y is a birational morphism such that its exceptional locus consists of a single prime
divisor Ey with ¢(Ey) = P, the log pair (Y, Ey) has purely log terminal singularities,
and the divisor —(Ky + Ey) is ¢»-ample. Suppose also that

a(Ey,Diff g, (0)) + a(Ey, Diff, (0)) > 1.
Then p s an isomorphism.

Before proving this result, let us consider its applications. Suppose that
dim(U) — 1

dim(U)
By Theorem [14] this inequality implies that the a-invariant of another Kollar component
of the singularity U > P, if any, must be less than m, so that it should be K-unstable.
Of course, this also follows from Theorem [[3] because the inequality (I5]) implies that the
log Fano variety (Ex, Diffg, (0)) is K-semistable.

Theorem [I4] also implies
Corollary 16. If a(Ex,Diffg,(0)) > 1, then the Kolldr component of U > P is unique.

This corollary is well known: it follows from [39, Theorem 4.3] and [30, Theorem 2.1].
Recall from [39, Definition 4.1] that the singularity U > P is said to be weakly exceptional
if it has a unique purely log terminal blow-up. This is equivalent to the condition that
there is a Kolldr component Ex of U 3 P such that o(Ex, Diff g, (0)) > 1, see [39, Theo-
rem 4.3], [30, Theorem 2.1|, [12]. It follows from Example [I0 that Du Val singularities of
types D and E are weakly exceptional. On the other hand, Du Val singularities of type
A are not weakly exceptional, since each of them admits several Kollar components (see
Examples [0 1], and [2)), and thus has several purely log terminal blow ups.

(15) a(Ex,Diff g, (0)) >

Remark 17. Du Val singularities are special examples of two-dimensional quotient singu-
larities. Note that quotient singularities are always Kawamata log terminal. For each of
them, it is easy to describe one Kollar component. Let G be a finite subgroup in GL,,1(C).
Suppose that U > P is a quotient singularity C"*!/ G. By the Chevalley-Shephard-Todd
theorem, we may assume that the group G does not contain quasi-reflections (cf. [13]
Remark 1.16]). Let n: C"™ — U be the quotient map. Then there is a commutative
diagram
w u Y

Wl ld}
Cn—l—l U

where 7 is the blow up at the origin, the morphism w is the quotient map that is induced
by the action of G lifted to the variety W, and 1 is a birational morphism. Denote by £
the exceptional divisor of 7, and denote by Ey the exceptional divisor of ¢». Then £ = P",

and Fy is naturally isomorphic to the quotient P"/G, where G is the image of the group
8




G in PGL,+1(C). Moreover, the log pair (Y, Ey) has purely log terminal singularities,
and the divisor —(Ky + Ey) is ¢-ample. Thus, the log Fano variety (Ey, Diffg, (0)) is
a Kollar component of the singularity U 3 P. Also, it follows from [31, Example 7.1(1)]
and [31, Theorem 1.2] that Ey is K-semistable. Furthermore, one has

a (Ey, leny (0)) = Qg (]P)n) ’

see [12, Proof of Theorem 3.16]. Thus, if ag(P") > 1, then this Kollar component is
unique by Corollary {6l One can find many subgroups G C PGL,1(C) with ag(P") > 1
in [33], 12, 13| 4T}, 4], 42}, 16]. Note also that one always has ag(P") < 1184036 by [46].

In the remaining part of the paper, we prove Theorem [I4l Let us use its assumptions
and notations. We have to show that p is an isomorphism. Suppose that this is not the
case. Let us seek for a contradiction.

We may assume that U is affine. There exists a commutative diagram

such that W is a smooth variety, and f and g are birational morphisms. Denote by EY
and By’ the proper transforms of the divisors Ey and Ey on the variety W, respectively.
Then EY is g-exceptional, and B} is f-exceptional. We may assume that EY , E}Y and
the remaining exceptional divisors of f and g form a divisor with simple normal crossings.

Observe that EY # EYY. Indeed, if EY = E}, then p is small, which is impossible,
because —Ey is ¢g-ample, and —FEy- is ¢p-ample (see [I7, Proposition 2.7]). Let Fy,..., F,,
be the prime divisors on W that are contracted by both f and g. Then

Ky + EY +aBY +> " a;F; ~g f*(KX +EX>
=1

for some rational numbers a, a4, . . ., a,,. Since the log pair (X, Ex) has purely log terminal
singularities, all numbers a, aq, ..., a,, are strictly less than 1. Also, we have

EY ~g f*(Ex) — bEY — ZbF,,

where b, by, ..., b, are non-negative rational numbers. Then b > 0, since f(E}) C Ey.
Fix an integer n > 0. Put My = | — nEx|. Then Mx does not have base points.
Denote its proper transforms on Y and W by MY and MY, respectively. Then

MY ~g —fF (nEx) ~g —nEY —nbE)Y — aniﬂv

which implies that MY ~g —nbEy. On the other hand, we have —(Ky + Fy) ~q —dy Ey

for some positive rational number dy. Put ex = %. Then ex MY ~g —(Ky + Ey), so
9



that

Ky + By +ex MY +aBY + Z%Fi ~q 9" <KY + By + €XM§<> ~q 0
i=1

for some rational numbers «a, aq, ..., a,,. Similarly, let My be the base point free linear
system |—nFEy|. Denote by M5 and MY its proper transforms on X and W, respectively.
Then there is a positive rational number ey such that ey Mss ~g —(Kx + Ex), so that

Kw + EY 4+ ey MY + BEY + Zﬁin‘ ~Q f*<KX + Ex +€YM))§> ~q 0
i=1
for some rational numbers (3, 51, ..., Bm.

Lemma 18. One has o > 1 and 8 > 1. In particular, the singularities of the log pairs
(Y, By + exMYX) and (X, Ex + ey M3) are not log canonical.

Proof. 1t is enough to show that a > 1. We have
EY +ex MY +aBY + 3 aiFy ~g 0 g B 4 aBY + Y aiF — f*(KX +EX).
i=1 i=1
This gives

(19)  exM¥ ~g (1 - a)EY +(a— DEY + 3 (4 — a))F;, — f* (KX + EX).
i—1
It implies that
EXMX ~Q —(KX + Ex) — (a — ]-)EX
Recall that —(Kx + Ex) ~g —0xFEx. We then obtain
exMx ~qg —(KX + EX) ~(a— 1)Ex ~g —tx (KX + EX>,

where txy =1+ é > 1. On the other hand, from (I9) we obtain

(1-)EY + 3 (@ — a)F ~g (1= @) BY + (1 - tx)f* (KX + EX).

Since a < 1, Negativity Lemma (see [28, Lemma 3.39]) implies o > 1. O
As in the proof of Lemma [I8 put ty =1+ % > 1. Then
ey My ~g —ty (Ky + Ey).

Now take any non-negative rational numbers A and p such that A + ¢ > 1. One has

Kx 4+ Ex + Ay M{ + pexMx ~g —(A+ ptx — 1) (KX + EX>,
so that Ky + Ex + )\EYM§ + pexMx is ¢-ample. Similarly, we see that

Ky + By + Aey My + pex MY ~g —(Aty +p — 1) (KY + Ey>,
so that Ky + By + Aey My + ueX/\/l}/( is 1-ample.

Lemma 20. At least one of the log pairs (X, Ex + AeyM5Y) and (Y, Ey + uex MY) is
not log canonical.
10



Proof. Suppose that both (X, Ex + ey Msr) and (Y, By + uex M?Y) are log canonical.
Then the log pairs (X, Ex + Aey M5 + pexMy) and (Y, By + ey My + uex M%) are
also log canonical. On the other hand, we have

Ky + EY + xey MY + pex MY +cBY +Y " ¢;F; ~g | (KX + Ex 4+ ey M5 + uex/\/lx>
i=1

for some rational numbers ¢, ¢y, ..., ¢, that do not exceed 1. Similarly, we have

Ky + B + ey MY + pex MY +dEY +> " diFi ~g g (KY + By + Aey My +ueXM§),
i=1

where d, dy, ..., d,, are rational numbers that do not exceed 1. Denote by Dy, the bound-
ary ey MY + puex MY + EY + BV + 3" F;. Then

KW -+ DW ~Q f* <KX -+ EX -+ AEyMiz( -+ NEXMX> -+ (1 — C)E;ﬁv + Z(l — CZ)E ~Q

i=1

~o g <Ky + By + dey My + ,UEXM§> +(1-d)EY + 3 (1 d)F.
i=1

Moreover, the log pair (W, Dy) is log canonical, since W is smooth, the linear systems
M{Y and MY are free from base points, and the divisors EY, EY, Fy,..., F,, form a
simple normal crossing divisor. Since Kx + Ex + )\ey./\/lff + pex My is ¢p-ample, it follows
from [28] Corollary 3.53] that the log pair (X, Ex + Aey M5 + pexMx) is the canonical
model of the log pair (W, Dy,). Similarly, the log pair (Y, Ey + Aey My + uex MY ) is also
the canonical model of the log pair (W, Dy,), because Ky + Ey + Aey My + pex MY is
y-ample. Since the canonical model is unique by [28, Theorem 3.52], we see that p is an
isomorphism. Since p is not an isomorphism by assumption, we obtain a contradiction.
This completes the proof of the lemma. O

Let A = a(Ex, Diff g, (0)) and u = a(Ey, Diff g, (0)). We may assume that the log pair
(X, Ex + ey M5) is not log canonical. Then (Ey, Diffg, (0) + Aey M55 |gy ) is not log
canonical by Inversion of adjunction, see [27, 17.6]. On the other hand, we have

ey M ‘ ~q —(Kx + Ex) )EX ~q —(Kpy + Diff5, (0)).

Ex

This is impossible by the definition of the a-invariant a(Ex, Diff g, (0)).
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