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K-POLYSTABILITY OF TWO SMOOTH FANO THREEFOLDS
IVAN CHELTSOV AND HENDRIK SUSS

ABSTRACT. We give new proofs of the K-polystability of two smooth Fano threefolds.
One of them is a smooth divisor in P! x P! x P? of degree (1,1, 1), which is unique up
to isomorphism. Another one is the blow up of the complete intersection

{x03:3+3:1334+3:2335 = x%+wx%—|—w2$§+($§+wxi+w2x§)+(3:0:173—|—w3:13:4—|—w2a:2:1:5)} c pb

in the conic cut out by xg = x1 = 22 = 0, where w is a primitive cube root of unity.

1. INTRODUCTION

Let X be a smooth Fano threefold. Then X is contained in one of 105 families, which
are explicitly described in [4], These families are labeled as Nel.1, Ne1.2, ..., Ne9.1, Ne10.1,
and members of each family can be parametrized by an irreducible rational variety:.

Theorem 1.1 ([1]). Suppose that X is a general member of the family N . Then
9.23,2.262.28,2.30,2.31,2.33, 2.35, 2.36, 3.14,
X is K-polystable <— AN & < 3.16,3.18,3.21, 3.22,3.23, 3.24, 3.26, 3.28, 3.29,
3.30,3.31,4.5,4.8,4.9,4.10,4.11,4.12,5.2

In the proof of this theorem, many explicitly given smooth Fano threefolds has been
proven to be K-polystable. Among them are the two threefolds described in the abstract.

Let G be a reductive subgroup in Aut(X), and let f: X — X be a G-equivariant
birational morphism with smooth X , and let E be any G-invariant prime divisor in X.
We say that F is a G-invariant prime divisor over X, and we let Cx(EF) = f(E). Then

i=1
where F1, ..., E, are f-exceptional surfaces, and aq, ..., a, are strictly positive integers.
If E=FE;for some i€ {1,...,n}, welet Ax(E) = a; + 1. Otherwise, we let Ax(E) = 1.
The number Ax(FE) is known as the log discrepancy of the divisor E. Then we let

1 o0
Sx(E :7/ I(f"(—Kx) —zFE)d
x(E) KL, vol(f*(=Kx) — xE)dx
and f(E) = Ax(E) — Sx(FE). We have the following result:

Theorem 1.2 ([3, 6, O]). The smooth Fano threefold X is K-polystable if 5(F) > 0 for
every G-invariant prime divisor F' over X.

Now, we let

the log pair <X , iD) is log canonical for any m € Z+
ag(X)=supqecQ m
and every G-invariant linear subsystem D C ‘ —mKx
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This number, known as the global log canonical threshold [2], has been defined in [§] in
a different way. But both definitions agree by [2, Theorem A.3]. If G is finite, then

the log pair (X, eD) is log canonical for ever
ag(X):sup{eeQ B pair ( ) & y}.

G-invariant effective Q-divisor D ~g —Kx
by [1, Lemma 1.4.1]. We have the following result:
Theorem 1.3 ([8,1]). If ac(X) > 2, then X is K-polystable.

In this short note, we give a new proof of the K-polystability of the threefolds described
in the abstract using Theorems [[.2] and [L3] This is done in Sections [2 and B

2. SMOOTH DIVISOR IN P! x P! x P? OF DEGREE (1,1,1)

Let X be the unique smooth Fano threefold in the family Ne3.17. Then X is the divisor
{x0y022 + T1Y120 = ToY121 + SClonl} CP' xP' x P?,

where ([ : z1], [Yo : 1], [20 @ 21 : 22]) are coordinates on P! x P! x P2
Let G = Aut(X). Then G = PGLy(C) % py, where p, is generated by an involution ¢
that acts as

([950 c2a] [yo tynl, 20t 21 Zz]) = ([?/0 syl [wo s a], (20t 21 32])-

and PGL3(C) acts on each factor via an appropriate irreducible SLy(C)-representation.
More precisely, an element (¢ %) € PGLy(C) acts as follows:

([:L’O cx1), [Yo 1), [20 0 21 22]) > ([axo + cxy : brg + dxq], [ayo + cyr = byo + dyi],
(a2 + 2aczy + 2o : abzy + (ad + be)zy + cdzy : b2z + 2bdz; + dzzz])

There are birational contractions m1: X — P! x P? and m5: X — P! x P? that contracts
smooth irreducible surfaces E; and E; to smooth curves C; and Cy of bi-degrees (1,2).
Moreover, there exists PGLy(C)-equivariant commutative diagram

T e

P! x P2 P! x P2

IP)2

where pr,, is the projection to the second factor, the PGLy(C)-action on P? is faithful, and
pry(Ch) = pry(Cs) is the unique PGLy(C)-invariant conic, which is given by zg2o — 27 = 0.

By [Il Lemma 4.2.6], the threefold X is K-polystable. Let us give an alternative proof
of this assertion.

Let pry: P! x P? — P! be the projection to the first factor. Using pr; o 7 and pry o 7y,
we obtain a PGLy(C)-equivariant P'-bundle ¢: X — P* x P!, where the PGLy(C)-action
on the surface P! x P! is diagonal. Let C' = E; N Fy. Then ¢(C) is a diagonal curve.
Denote its preimage on X by R. Then C' = RN E; N Ey and

—Kx ~Ey+ Ey + R.
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Let Hy = (pryom)*(Op1(1)), let Hy = (pryoms)*(Op: (1)) and let Hy, = (pryoms)*(Op2(1)).
Then PIC(X) = <H1,HL,E1>, E2 ~ QHL - E1> R~ Hl —I—Hg ~ 2H1 —I—HL - El and

—KX N2H1+3HL—E1

Observe that the curve C' and the surface R are the only proper G-invariant irreducible
subvarieties in X. This easily implies that ag(X) = %, so that we cannot apply Theo-
rem to prove that X is K-polystable. Let us apply Theorem instead.

Let n: Y — X be a G-equivariant birational morphism, let D be a prime G-invariant
divisor in Y, let t be a non-negative real number, and let

t
Sx(D,t) = i3 /0 vol(n*(—=Kx) — «D)dx.
X

Then we have Sx(D) = S(D,o0) and (D) = Ax(D) — Sx(D). By Theorem [[.2 to
prove that X is K-polystable it is enough to show that S(D) > 0. Let us first show this
in the case when 7 is an identify map:

Lemma 2.1. One has Sx(R) =5 and 3(R) =3
Proof. Since —Kx = F1 + Ey + R, the pseudoeffective threshold 7(F) is 1, so that

1

1
Sx(R) = /0 (— Ky — 2R)*dz —
X

1
= / —R32% + R*(—Kx)2? — R(—Kx)? + (-Kx)*dx =
0
Y 4

Since Ax(R) =1, we have S(R) = O

2
Let f: X — X be the blow-up of the curve C, let E be the exceptional surface of f,

let R I E» be the proper transforms on X of the surfaces R, Ey, Es, respectively. Then

Ey ~ f*(Ey) — E,

Ey ~2f"(Hy) = f*(E2) — E,

R~ f*(2H, + H, — F,) — E.
Lemma 2.2. One has Sx(E) = 4 and B(E) = 5. Moreover, if 0 < t <1, then

Sx(E,t) = ! /t(36 — 18t + 42*)dx = L Ly
36 36 4
Proof. We have
f'(—Kx)—2E ~ f*(R+ By + Ey) —aE ~ R+ Ey + Fy + (3—2)E.

so that 7(F) = 3. If 0 < < 1, then f*(—Kx) — zE is nef. Thus, if z € [0, 1], then

vol(f* (~Kx) — 2B) = (f*(~Kx) —2E) =
= [*(=Kx)® + 322" (—Kx)E® — 2*E® = 36 — 1822 + 4a°.
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If 3 > x > 1, then both surfaces E; and E, lies in the asymptotic base locus of the big
divisor f*(—Kx) — xE. Moreover, if x € [1, 2], then its Zariski decomposition is

[ (=Kx) — 2E ~g %(x —1)(Ey + By) +gf*(—KX) —zE — %(x ~1)(Ey + EQ)) :

-

Vo
nef part

Thus, if z € [1, 2], then we have
vol(f*(~Kx) + zE) = (f*(—KX) —2E — %(1’ ~1)(Ey + EQ))3 = 627 — 367 + 52.
If z € (2,3), then the nef part of the Zariski decomposition of f*(—Kx) — zFE is
F(~Kx) = 2B~ (e~ 1) (B + By) + (a — 2)R.
Thus, if z € [2, 3], then
vol(f*(—Kx) — 2E) = (f*(_KX) — 2B — %(g; —1)(Ey + Ey) + (z — 2)§)3 43— )

Summarizing and integrating, we see that

1/t 1 /2 1 /3 11
Sx(E 36 —1822 +42®)dr+ — [ (622 —36x+52)de+— [ 4(3—z)de = —
x(F) = 36/( x+x)x+36/1(x T+ )x+36/2 (3—x)°dx 5
which gives 3(E) = §, because Ax(E) = 2. Similarly, we compute Sx(E,t). O

The action of the group G lift to the threefold X ,and MR is a G-invariant irreducible
curve, which is contained in the pencil |R|g|. Therefore, using [7, Theorem 5.1], we see
that the group PGLQ(C) must act trivially on the fibers of the natural projection £ — C.
Since the curves E |z and Ej|p are swapped by G, we see conclude that |R| | contains
exactly two G-invariant curves: E N R and another curve, which we denote by C".

Now, let g: X — X be the blow up of the curve (', let R’ be the f-exceptional surface,

let El, EQ, E R be the proper transforms on X of the surfaces Fy, s F, R respectively.
Then we have

(fog)"(~Kx) ~g Ey + E; + R+ 3E + 3R/,
which implies that the pseudoeffective threshold 7(R’) = 3. On the other hand, we have

Lemma 2.3. One has 3(R') > g

Proof. Let x be a non-negative real number such that x < 3. Then E lies in the stable base
locus of the divisor (fog)*(—Kx)—xF, and the positive part of the Zariski decomposition
of this divisor has the following form:

(fo9)'(~Kx) = B2 D

for an effective R-divisor D. Indeed, if ¢ is a general fiber of the projection E—C , then
((fog)(~Kx)—aR) - =—a

and E -0 = —2, which implies the required assertion. Thus, we have

Sx(F) < 28 (E) = 29—2
4



because Sy (F) = & by Lemma 22 Then

B(F)=Ax(F)—Sx(F)=3—Sx(F) >3- ===
as required. -
The action of the group @ lifts to X, and the surfaces R', E and R are G-invariant,

Remark 2.4. There exists the following G-equivariant commutative diagram:

X2 -X

/ \lv
R——X X
" l
CCs P! x P! =—=P' x P!

where h is the contraction of the surface E v is the contraction of the surfaces R’ and fz
and 1) is a P!-bundle. Moreover, one can show that X = P(Opi,p1(2,0) ® Op1,p1 (0, 2)),
so that there is an involution o € Aut(X) such that o swaps the curves v(R') and v(R).
Then o lifts to V and swaps the divisors R’ and R.

The threefold X contains two G-invariant irreducible curves: the curves &N R and C'.
The threefold X also contains just two G-invariant irreducible curves: EN R and EN R/,
which are swapped by the involution o from Remark 2.4l Blowing up one of the curves, we
obtain a new threefold that contains exactly three G-invariant irreducible curves that can
be described in a very similar manner. Now, iterating this process, we obtain infinitely
many G-invariant prime divisors over X, which can be described using weighted blow ups.

Definition 2.5. Let V' be a smooth threefold that contains two smooth irreducible distinct
surfaces A and B that intersect transversally along a smooth irreducible curve Z, and let
0: U — V be the weighted blow up with weights (a,b) of the curve Z with respect to
the local coordinates along Z that are given by the equations of the surfaces A and B,
and let F' be the exceptional surface of the weighted blow up 6. Then

e the morphism 6 is said to be an (a, b)-blowup between A and B,

e the surface F' is said to be an (a, b)-divisor between A and B.

Observe that (1, 1)-blow up in this construction is the usual blow up of the intersection
curve. To proceed, we need the following well-known result:

Lemma 2.6. In the assumptions of Definition[2.8 and notations introduced in this defi-
nition, suppose that (a,b) = (1,1) and Z = P*. Let n = |a— B3|, where o and 3 be integers
such that

) a on the surface A,
| 8 on the surface B.

Denote by A and B the proper transforms on U of the surfaces A and B, respectively.
Then F = F,, the surfaces A and B are disjoint, A\E and B|E are sections of the natural
projection F — Z such that (A|g)* = (8 — &) and (B|p)? = (a — B).

Proof. Left to the reader. U



Now, we are ready to prove

Lemma 2.7. All G-invariant prime divisors over X can be described as follows:

(1) the surfaces R, E or R/, N
(2) an (a,b)-divisor between E and R,
(3) an (a,b)-divisor between E and R'.

Proof. Let I be a G-invariant prime divisor over X such that I is different from R, E, R’.
Then its center on X is one of the curves £N R or C'. Keeping in mind Remark 2.4]
we may assume that its center on X is EN R. Let us show that F is an exceptional
divisor of a weighted blow up between the surfaces E and ﬁ,

Let Vo = X and Zy = E N R. Then there exists a sequence of G-equivariant blow ups

Om Om—1 02 01

Vm—l

Vin Vi

Vo

such that #; is the blow up of the curve Zj, the surface F is the 6,,-exceptional surface,
the morphism 6y, is a blow up of a G-invariant irreducible smooth curve Z;_; C Vj_1 such
that the curve Z;_; is contained in the 6;_;-exceptional surface provided that k& > 2.

For every k € {1,...,m}, let F} be the f-exceptional surface, so that we have F' = F,,,.
To prove that F' = F,, is an exceptional divisor of a weighted blow up between E and R,
it sufficient to prove the following assertion for every k:

e the surface Fj contains exactly two PGLy(C)-invariant irreducible curves,
e the two PGLy(C)-invariant irreducible curves in Fy are disjoint,
o if ¥ is a PGLy(C)-invariant irreducible curve in Fj, then € is cut out by the strict
transform of one of the following surfaces:
— the surface F, for some r € {1,...,m} such that r # k,
— the surface E,
— the surface R.

Clearly, it is enough to prove this assertion only for k = m. Let us do this.
Let [y, = E and F_;, = R. For every k € {—1,0,1,...,m — 1}, let F; be the proper
transform of the surface Fj, on the threefold V,,. We claim that
(i) F,, 2 F, for some n > 0;
(ii) the surface F}, contains exactly two PGLy(C)-invariant irreducible curves,
(iii) the two PGLy(C)-invariant irreducible curves in [}, are disjoint,
(iv) if € is a PGLy(C)-invariant irreducible curve in F},, then €% € {—n,n},
(v) if € is a PGLy(C)-invariant irreducible curve in F,,, then

¢ =F,NF,

for some r € {—1,0,1,...,m — 1} and the following assertions hold:
— if €% = n on the surface F,,, then €% < 0 on the surface Fy,
— if €2 = —n on the surface F,,, then €2 > 0 on the surface F,.

Let us prove this (stronger than we need) statement by induction on m.

Suppose that m = 1. We already know that Fy = E 2 P! x P! and F_; = R & P! x P'.
Moreover, we have Z2 = 0 on the surface Fy, and we have Z3 = 2 on the surface F_;.
Then F; = Fy by Lemma 2.6 Moreover, since PGLy(C) acts faithfully on the curve Zj,

it acts faithfully on the surface Fy. Furthermore, if ¢ is a PGLy(C)-invariant irreducible
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curve in Fy, then it follows from |7, Theorem 5.1] that either € = FoNF, or ¢ = F_NF}.
Using Lemma [2.6] again, we see that

o if € = FyN Fy, then €2 = 2 on the surface F, and 4 = 0 on the surface Fo,
o if ¢ = F_ NFy, then €% = —2 on the surface F}, while 62 = 2 on the surface F\.

Thus, we conclude that our claim holds for m = 1. This is the base of induction.

Suppose that our claim holds for m > 1. Let us show that it holds for m 4 1 blow ups.
Let € be a PGLy(C)-invariant irreducible curve in F,, let ©: )V — V,, be its blow up,
and let F be the O-exceptional surface. By induction, we know that F,, = F, for n > 0.
Moreover, we also know that

€ =F,NF,
for some r € {—1,0,1,...,m—1}. Furthermore, one of the following two assertions holds:
e cither 42 = n > 0 on the surface F,, and ¢ < 0 on the surface F',
e or ¥? = —n < 0 on the surface F,,, and €? > 0 on the surface F,.

Let F,,, and F, be the strict transforms on V of the surfaces F,, and F,, respectively.
Then F N F,, and F N F, are disjoint PGLy(C)-invariant irreducible curves that are
sections of the projection F — %. Let 7 be the self-intersection €2 on the surface F,.
Then it follows from Lemma that F,,.1 = F for

s=n+|y| >0.

Thus, by [7, Theorem 5.1], the curves F N F,, and FNF, are the only PGLy(C)-invariant
irreducible curves in the surface F. Let C; = F N F,, and Co = F N F,.

Suppose that €2 = n on the surface F),. In this case, we have v < 0 and s = n—~ > 0.
By Lemma 2.6, we have C? = n > 0 on the surface F,,, and C? = —s on the surface F.
Similarly, we see that C3 = v < 0 on the surface F,, and C3 = s > 0 on the surface F.
Thus, we see that the required claim holds for m + 1 blow ups in this case.

Finally, we suppose that 6% = —n on the surface F},,. Then v > 0 and s =n +~ > 0.
By Lemma 2.6, we have C; = —n < 0 on the surface F,,,, and C{ = s on the surface F.

Similarly, we have C2 = v > 0 on the surface F,, and C3 = —s < 0 on the surface F.
Therefore, we proved that the required claim holds for m + 1 blow up also in this case.
Hence, it holds for any number of blow ups (by induction). O

By Lemmas 2], 22 23] we have S(R) > 0, 5(F) > 0, B(R') > 0, respectively. Thus,
to prove that X is K-polystable, it is enough to check that S(F) > 0 in the following
cases:

(1) when F is the (a,b)-divisor between E and R,
(2) when F'is the (a, b)-divisor between E and R'.

We start with the first case.

Proposition 2.8. Letv: Y — X be the (@, b)-blow up between the surfaces E and E, and
let F' be the v-exceptional surface. Then B(F) > 0.

Proof. Let E, By, E, R be the proper transforms on Y of the surfaces E,, E,, E, ﬁ,
respectively. Take a non-negative real number x. Put n = f ov. Then

n(—Kx) —aF ~g By + Es+ R+ 3E + (a+3b—2)F,

so that the pseudoeffective threshold 7 = 7(F) is at least a + 3b.
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Suppose that < 7. Then F lies in the stable base locus of the divisor n*(—Kx) —zF.
Moreover, we claim that the positive part of the Zariski decomposition of this divisor has
the following form:

t
“(—Kx)— ——FE —aF —D
' x) a+b o

for an effective R-divisor D. Indeed, if ¢ is a general fiber of the projection E — C, then
x

<77*(_KX) - :cF) A=——,

a

because n*(—Kx) ¢ =0and F-¢= L. On the other hand, we have E - { = —%2 which
implies the required claim. Thus, if 7b > 2a, then

Sx(F) < (a+b)Sx(E) = %(a +b),

because Sx(E) = & by Lemma 22 Thus, if 2 > 2, then

BIF) = Ax(F) = Sx(F) = a+ 25— Sx(F) > a+2b— (a+b) = 7b;2a

>0
9

as required. Hence, we may assume that S < %

If z > 2b, then the surface R lies in the stable base locus of the divisor n*(—Kx) — xF.
Moreover, in this case, the Zariski decomposition of this divisor has the following the form:

t — t—2b=
E —

(—Ky) — R—azF—D
(= Kx) a+b a+b o

for some effective R-divisor D Lsupported in F, ,_Eg, E, R, F). Indeed, if ¢ is a general
fiber of the natural projection R — ¢(C). Then R-{ = —%t and

(v (~Kx) —aF) -t =27,

which implies that the Zariski decomposition has the required form for x > 2b. Then

S(F)<1/2b o (—ky) - B dt+L [ vol (o (—Ky) - =R at
<= v — - — — - =
X 36, O\ VYT 36 J,, O \F VY T

:(a+b)-s(E,a2—fb)+(a+b)-5(1~z)<g(a+b)+g(a+b):a+b.

because we have S(R) = 5 by Lemma 2], and we have S(E, f—fb) < 2 by Lemma 22

This gives S(F') > 0, since Ax(F') = a + 2b. O
Finally, we deal with (a, b)-divisors between E and R

Proposition 2.9. Let v: Y — X be the (a,b)-blow up between the surfaces E and R,
and let F' be the v-exceptional surface. Then B(F) > 0.

Proof. Let E,, FEs, E, R, R be the proper transforms on Y of Fy, Fs, F, E, R, respec-
tively. Take a non-negative real number x. Put n = f o gov. Then

n*(=Kx) —2F ~g By + B+ R+ 3E + 3R + (3a+3b — 2)F,

so that the pseudoeffective threshold 7 = 7(F) is at least 3a + 3b.
8



Suppose that < 7. Then F lies in the stable base locus of the divisor n*(—Kx) —zF.
Moreover, we claim that the positive part of the Zariski decomposition of this divisor has
the following form:

t
(-Kxy)——FE—xF—-D
n (= Kx) 2a+0b v
for an effective R-divisor D. Indeed, if £ is a general fiber of the projection E — C, then
x

<77*(_KX) - :cF) L= 0

because n*(—Kx) - =0and F-¢ = 1. On the other hand, we have E - { = —2t2 which
implies the required claim. Thus, we have
11
Sx(F) < (2a+b)Sx(F) = 5(2a + ),

because Sx(E) = 4 by Lemma Then

11
ﬁ(F):AX(F)_SX(F):?’&_I_Z)_SX(F)23@—}—26—5(@4_[)):5&;—7[)

as required. 0

>0

Thus, we see that S(F") > 0 for every G-invariant prime divisor F' over the threefold X.
Then X is K-polystable by Theorem

3. BLOW UP OF A COMPLETE INTERSECTION OF TWO QUADRICS IN A CONIC

Let Q; = {f = 0} C P5, where f = xoxs + 2124 + 2275, and let Qo = {g = 0} C P5,
where g = 2% + wa? + w?a3 + (22 + wa? + W) + (zox3 + w124 + W?T9x5), and w is
a primitive cubic root of unity. Let V; = QQ1NQ3. Then V} is smooth. Let G be a subgroup
in Aut(P®) such that G = p2 x p,, where the generator of p; acts by

[xozx1:x2::c3:x4:x5} — [x1:x2:x0:x4:x5::c3},
the generator of the first factor of u3 acts by
[xozx1:x2:x3:x4:x5] — [—xolez—xgz—x3:x4:—x5],
and the generator of the second factor of u3 acts by
[xozx1:x2:x3:x4:x5] — [—xoz—xlzxgz—xgz—x4:x5].

Then G = 24, and P° = P(Us @ Us), where Uz is the unique (unimodular) irreducible

three-dimensional representation of the group GG. Note that Q; and ()5 are G-invariant,

so that Vj is also G-invariant. Thus, we may identify G with a subgroup in Aut(V}).
Let 7 be an involution in Aut(P°) that is given by

[1'011’111’221'311’411’5}>—)[l’311’42$521’021’12$2}.

Then )1 and @)y are 7-invariant, so that Vj is also 7-invariant.
The group G does not have fixed points in P?, and there are no G-invariant lines in P%.
Moreover, every G-invariant plane in P° is given by

)\ZL’Q + U3 = O,
>\SL’1 + ULy = O,
>\SL’2 + puxs = O,
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where [\ : u] € P'. Using this, we see that V} contains exactly four G-invariant conics.
These conics are cut out on Vj by the following G-invariant planes: the plane II; given
by xg = x1 = w9 = 0, the plane Iy = 7(II;), the plane II3 given by

Ty = Wx3,
T1 = Wy,
Ty = WTs,

and the plane I1, = 7(I13). We let C; = VNI, Cy = V,NIly, C3 = VNI, Cy = VyNIl,.
Then the conics C1, Cy, C5, Cy are pairwise disjoint, Cy = 7(C7) and Cy = 7(C3),

For every i € {1,2,3,4}, we let m;: X; — Vj be the blow up of the conic C;, and we
denote by FE; the exceptional surface of the blow up 7;. Then X; = X, and X3 & X, are
smooth Fano threefolds Ne2.16, and the action of the group G lifts to its action on them.

For every i € {1,2, 3,4}, we have the following G-equivariant diagram:

Xi
N

Vam ==~ - P

where the dashed arrow is a linear projection from the plane II;, and 7; is a conic bundle
that is given by the linear system |7;(H) — F;|, where H is a hyperplane section of
the threefold V. In each case, we have P? = P(Us).

Lemma 3.1. One has B, = Ey, = E; = F, =2 P! x PL.

Proof. One has E; = F,, for some integer n > 0. We have —FE;|g, ~ sg, + afg, where
sg, is a section of the projection E; — C; such that s%Ei = —n, and fg, is a fiber of this
projection. Since E? =2+ Ky, - C; = —2, we have —2 = (sg, + afg,)?> = —n + 2a, so that
a = 222, On the other hand, we have (7}(H) — E;)|g, ~ sg, + "£2 fg,. Since |7} (H) — E|
is base point free, we have ";2 > n, so that either n =0 or n = 2. If n = 2, then sg, is
contracted by 7; to a point, which is impossible, since G does not have fixed points in P2,
Hence, we see that n = 0, so that E; = P! x P O

For each i € {1,2,3,4}, let A; be the discriminant curve in P? of the conic bundle ;.
Then A, is a (possibly reducible) quartic curve with at most ordinary double points.

Lemma 3.2. The curves Ay, Ao, As, Ay are smooth.
Proof. If i = 1, then the linear projection V; --» P? from the plane II; is given by
[$OZI11I22$32$415L’5:| — [I01I12$2:|.
Using this, one can deduce that A, is given by 4§ — 222? — 2323 + 4ot — 2323 + 425 = 0.
This curve is smooth. Thus, the curve Ay = A is also smooth.
Let yo = ®o — w3, Y1 = T1 — WLy, Y2 = T2 — WT5, Y3 = T3, Y4 = T4, Y5 = T5. In new
coordinates, the linear projection V; --» P? from the plane II3 is given by
(Yo :yr vz Y3 ya i ys] = [yo iyt vl

Then Aj is given by 4xf — wrdx? + (w + 1)z3xd — 4(w + 1)z — 2322 + 4wx]. This curve
is smooth, so that Ay = Az is also smooth. O
10



Observe that P? = P(U;) has three G-invariant conics. Denote them by Cy, Co and Cj,
and denote by [y ;, F5; and F3; their preimages on X; via 7;, respectively. Then

Fi,~Fy;~F;; ~m(2H) — 2E;.

For every i € {1,2,3,4} and j € {1,2,3}, let F;; = m;(F};)). Then F,; is an irreducible
surface in |2H| that is singular along the conic C;. Without loss of generality, we may
assume that F; is cut out on Vj by the equation f1; = 0 for f;; = 23 + 2? + 23, and
the surface I ; is cut out on Vj by the equation fo; = 0 for fo; = 22 +wa? +w?x3. Then
the surface F'3; is cut out on Vj by the equation f3; = 0, where f3; = 23 + w?2? + wa?.
Using the involution 7, we also see that F'y o = 7(F1,), Fao = 7(Fo,) and F35 = 7(F3,),
so that we let fio = 7°(fi1), for = 7*(fo1) and fs2 = 7*(fs1). Then Fy 4 is cut out by
f1.3 =0, where f, 3 = (zo—ww3)*+ (21 —wr4)’+(r9—wrs5)?. Likewise, the surface Fy3 is cut
out on Vj by the equation fy3 = 0, where fo3 = (70— wz3)? +w(r; —wrs)? +w? (12 —ww5)?,
Similarly, F'3 3 is cut out by f33 = 0, where f33 = (zo—ww3)?+w?(21 —wzy)?+w (e —wrs)?.
Finally, we conclude that 7174 = 7‘(71,3), 7274 = 7‘(?2,3) and 7374 = 7‘(73,3), so that we
let f14 = 7"(f13), foa = 7" (fo,3) and f34 = 7°(f33).

Remark 3.3. The incidence relation between the surfaces F171, 72,1, 73,1, 71,2, 7272, 7372,
Fl,3> F273, F373, F174, F274, F374 and the conics Cl, Cg, Cg, 04 is described in the fOHOWiIlg
table:

Fii1 | Fo1 | Fa1 | Fio | Fao | Fso | Fiz | Fas | Fzz | Fia | Fou | F3u

C1 || Node | Node | Cusp| No | Yes | No No | Yes | No No | Yes | No

Cy| No | Yes | No | Node|Node|Cusp| No | Yes | No No | Yes | No

Cs3 || Yes No No | Yes | No No | Node | Node | Cusp | Yes No No

Cy || Yes No No | Yes | No No | Yes | No No | Node | Node | Cusp

Here, No means that the surface does not contains the conic, and in all other cases
the surface contains the conic. Likewise, Node means the the surface has an ordinary
double point in general point of the conic, and Cusp means that the surface has an ordinary
cusp in general point of the conic. In all remaining cases the surface is smooth at general
point of the conic (we will see later that it is smooth along this conic).

Corollary 3.4. For every i € {1,2,3,4}, one has ag(X;) < 3.

Proof. Observe that Fs; + E; ~ —Kx,. Moreover, it follows from Remark that the

surface Iy ; is tangent to F; along a section of the projection £; — C;. Thus, we conclude
that aq(X;) < let(X;, Fs; + E;) < % as required. O

Recall that the group G = u2 x p; has three different one-dimensional representa-
tions: the trivial representation with the character x, the non-trivial representation with
the character x; that sends the generator of p4 to w, and the non-trivial representation
with the character y, that sends the generator of p; to w?. On the other hand, the poly-
nomials f, g, fi1, fo1, fa1, fi2, fo2, fa2, f1.3, f23, f3.3, f14, fo4, f34 are semi-invariants
of the group G considered as a subgroup in SLg(C). These polynomials split into three

groups with respect to the characters xo, x1 and y» as follows:
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(x0) f, fi1, fi2, fis, fi4 are G-invariants;
(xX1) f31, fa2, f33, fs4 are G-semi-invariants with character y;;
(X2) 9. fa1, fo2, fa3, fo4 are G-semi-invariants with character ys.

Note that fi4 = —(w+2) fi1+(w+2) fiz+ fis and (w+1) fi1—wfio—(w+1) fis+2f =0,
which implies that Fm, 71,2, 7173, 7174 generate a pencil on Vj, which we denote by Py.
Similarly, we have fs4 = —(w + 2)f31 + (W + 2) f32 + f33, and the surfaces F31, F3a,
73,3, 7374 generate two-dimensional linear system (net), which we denote by M. This
linear system M, contains four pencils, which we denote by P; 1, P12, P13 and Py 4, that
consist of surfaces containing the conics C;, Cy, C3 and Cy, respectively. Likewise, we
have fou = —(w+2) fo1+(w+2) foo+ foz and (w—1) fo1 — (w+2) foo—(w+1) fo34+29 = 0,
so that le, Fgg, F2’3, F274 generates a pencil on Vj, which we denote by Ps.

For every i € {1,2,3,4}, denote by Pj, P |, Pi 5, Pi 5, Pi 4 and Pj the strict transforms
on X; of the pencils Py, P11, P12, P13, P14 and Ps. Then

7311,1 ~ 7321 ~ _KX17
7312,2 ~ 7322 ~ _KX27
Pi3 ~ Pg ~ _KX37
PilA ~ Pg ~ _KX4-

Moreover, we have F3,1 + E1 S ’Pll’l, Fg,l + E1 S P21 F372 + E2 c P1272’ F272 + E2 c P22,
Fs3+ F3 € PPy, Fis+ Es € P, Fsu+ Ey € PYy, Fla+ Es € P;. Thus, we see
that the restrictions P{,[x,, Pylx,, Pralxs, Pslxes Pialxs: Polxss Plalxa Polx, are G-
invariant curves in Ey, Es, E3, E4, respectively. Denote them by Zy, Z}, Zs, Z}, Z3, Z,
Zy, Zy, respectively. Observe that Z) # Z1, Zy # Z}, Zs # Z}, and Zy # Z}. This follows
from the exact sequence of G-representations

5))

where the surjectivity of the last map follows from Kodaira vanishing. Alternatively, one
can show this using the explicit equations of the pencils Py, P11, P12, P13, P14 and Ps.

Recall that B} & Fy & F3 & E, = P! x P! by Lemma Bl For every i € {1,2,3,4},
let sp, be a section of the projection E; — C; such that s%@_ = 0, and let fg, be a fiber
of this projection. Then —FE;|p, = sg, — fg,, so that —Kx, ~ sg, + 3fg,. Hence, we see
that Z; ~ Z] ~ sg, + 3fg,, which immediately implies that both curve Z; and Z/ are
irreducible, because C; does not have G-orbits of lengths 1, 2 and 3.

For each i € {1,2,3,4}, the conic bundle 7; gives a double cover E; — P2 whose
branching curve is C3. Indeed, one has Fy; ~ 7} (2H) — 2E;, and F3; has a cusp at
general point of the conic C;. Since F3;|p, ~ 2sg, + 2fg,, we have Fg’i‘Ei = 2C! for some
irreducible curve C! € |sg, + fg,|. Since the double cover E; — P? is given by a linear
subsystem in |sg, + fg,|, we conclude that 7;(C}) is the branching curve of this double
cover. But n;,(C?) = Cs, since F3; is the preimage of the curve Cs via ;.

For every ¢ and j in {1,2,3,4} such that j # i, denote by C’; the strict transform of
the conic C; on the threefold X;. Then —Kx,-Ci = —Kx,-Ci = —Kx,-Ci = —Ky,-Ci =4
and —Kx, - Z; = —Kx, - Z = 6. Observe also that C}, C%, Ci, C%, Z;, Z! are smooth
rational curves. Moreover, we have the following result:

0 H°(Ox,(- Kx, — B)) = B (Ox,(— Kx,) ) = H(0x,( - Kx,
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Lemma 3.5. Let C be an irreducible G-invariant curve in X; such that C = P! and
—Kx, - C < 8. Then C is one of the curves C}, C%, Ci, Ci, Z;, Z!.

(2

Proof. The proof is the same for every i € {1,2,3,4}. Thus, for simplicity of notations,
we assume that ¢ = 1. Suppose that C' is not one of the curves C{, C3, C3, C}, Zy, Z;.
Let us seek for a contradiction.

First, we suppose that C' C E;. Then C ~ asg, + bfg, for some non-negative integers
a and b. Since —Kx,|g, ~ sg, + 3fgr,, we see that 3a +b = —Kx, - C < 8. Moreover,
since C} - C' = a+b, we conclude that a+b > 4 and a +b # 5, because C] does not have
G-orbits of lengths 1, 2, 3 and 5. Thus, since C' is irreducible, we conclude that a = 1
and b = 3.

Let us describe the action of G on the surface £; = P! x PL. Since G acts faithfully
on C; = P!, this action is given by the unique (unimodular) irreducible two-dimensional
representation of the central extension 2.G = SLy(IF3) of the group G, which we denote
by Ws. Since |sg, + fg,| contains a G-invariant curve, and the projection E; — C
is G-equivariant, and we deduce that the action of G on the surface FE; is given by
the identification F; = P(Wjy) x P(Wy). Thus, the G-invariant curves in |sg, + 3fg, |
corresponds to one-dimensional subrepresentations of the group 2.G in Wy ® Sym?®(W,).
Using the following GAP script, we conclude that there are two such subrepresentations:

G:=Group("SL(2,3)");
R:=IrreducibleModules(G,CyclotomicField(3));
M:=TensorProduct (R[4] ,SymmetricPower (R[4],3));
IndecomposableSummands (M) ;

These subrepresentations corresponds to the curves Z; and Z7, so that C' must be one of
them, which is impossible by assumption.

Thus, we see that C'is not contained in F;. Let C = m(C). Then 7} (H)-C = H-C > 2.
Moreover, if H - C = 2, then C is one of the conics C,, Cs, C5 or C,4, because these are
the only G-invariant conics in V;. Since C' ¢ F; and C is not one of the curves C3, Ci,
C}, we see that H - C # 2, so that 7} (H) - C > 3.

Note also that 7;(C) is a curve, because G does not have fixed points in P2. Similarly,
we see that 1;(C) is not a line. Hence, we conclude that (7] (H)—E;)-C > deg(n: (C)) > 2.
One the other hand, we have E; - C' must be even since C' does not have G-orbits of odd
length. Moreover, we have

7> Ky, C = (xj(2H) = ) - C = 7{(H) - C + (wj(H) — 1) - C > 5,

so that —Ky, - C' =6, m(H) - C =3 and (7j(H) — E1) - C = 3, which gives E; - C = 0.
Hence, we see that C'is a smooth rational cubic curve, and n;(C') is a singular cubic curve.
This is impossible, since G does not have fixed points in P2. O

Lemma 3.6. Let S be a G-invariant surface such that —Kx, ~g aS + A for a rational
number a and an effective G-invariant Q-divisor A on X;. Then a < 1.

Proof. If S =E;,then 2= —-Kx, - € =aS-€+A-€ > ak; - € = 2a for a general fiber
% of the conic bundle v;. Thus, we may assume that S # E;. Then m;(S) is a surface in
Vi, and 2H ~q am;(S) + m;(A). Hence, if a > 1, then m;(Z) ~ H, which is impossible,
because P° does not contain G-invariant hyperplanes. U

Now we are ready to state the main technical result of this section:
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Lemma 3.7. Let a and X be positive rational numbers such that a > 1 and A < %, and

let D be an effective G-invariant Q-divisor on X; such that D ~q 7f(2H) — aE;. Then
E;, C!, Z; and Z! are not log canonical centers of the log pair (X;, A\D).

Let us use this result to prove

Proposition 3.8. One has ag(X:) = ac(Xs) = ag(X3) = ag(Xy) = 3.

Proof. Suppose that ag(X;) < %. Let us seek for a contradiction. Since X; does not have
G-fixed points, it follows from [I, Lemma A.4.8] and Lemma that there exists a G-
invariant Q-divisor D on the threefold X; such that D ~g —Ky,, the log pair (X;, AD)
is strictly log canonical for some positive rational number A < %, and the only center of
log canonical singularities of this log pair is an irreducible G-invariant smooth irreducible
rational curve Z C X; such that —Kx, - Z < 8. Then it must be one of the curves C}, C%,
Ct, Ci, Z;, Z! by Lemma [35. On the other hand, it follows from Lemma [3.7] that Z is
not one of the curves C?, Z;, Z!, so that Z = Cji- for some j € {1,2,3,4} such that j # i.

Let v: V' — X; be the blow up of the curve Z, let F' be the v-exceptional surface,
let D be strict transform of the divisor D via v, and let m = multz (D). Then m > § and

Ky +AD + (Am —1)F ~q v*(Kx, + AD).

Thus, either Am — 1 > 1 or the surface F' contains an irreducible G-invariant smooth
rational curve Z such that V(Z) = Z, the curve Z is a section of the projection F' — Z,
and Z is a center of log canonical singularities the log pair (V, AD + (Am — 1)F).

Let v: V — X, be the birational contraction of the strict transform of the surface £;,
and let D = (D). Then v(F) = E; and D ~g m;(2H) — mE;, so that

D+ (m- ;)E, ~g i (2H) — ;Ej.

Then the surface F; and the curves C’g , Zj and Z} are not log canonical centers of the log
pair (X;,AD + (Mm — 1)E;) by Lemma B2 In particular, we see that Am — 1 < 1, so
that the surface E; contains an irreducible G-invariant smooth rational curve Z such that
7;(Z) = Z, the curve Z is a section of the projection E; — C;, and Z is a center of log
canonical singularities of the log pair (X;, A\D+ (Am —1)E}). Let us repeat that the curve
Z is not one of the curves Cg, Z; and Z; by Lemma [3.7]

Recall that E; = P! x P'. Write D|g, = 6Z 4+ T. where § is a non-negative rational
number, and T is an effective Q-divisor on £ such that its support does not contain
the curve Z. Then § > § > 3 by [5, Theorem 5.50]. But

E}Ej ~Q <7Tj(2H) — mEj> }Ej ~Q 4ij + m(sEj - fE‘J) = MSE; + (4 — m)ij,
and Z ~ sp, + kfg,; for some non-negative integer k. This gives
T ~g msg, + (4 —m)fg, —6(sg, + kfp,) = (m—0)sg, + (4 —m — k) fg,.

Since m > % > % and 6 > %, we get k=0or k=1, so that Z = C]j by Lemma 3.5, which
is impossible by Lemma [3.71 O

By Proposition 3.8 and Theorem [[.3] the smooth Fano threefolds X; & X, and X35 & X,

are K-polystable. However, to complete the proof of Proposition B.8, we have to prove
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technical Lemma [3.7l Note that it is enough to prove this lemma for X; and X3, so that
we will assume in the following that either i =1 or ¢ = 3.

Fix rational numbers a and A such that a > 1 and 0 < A < . Let D be a G-invariant
effective Q-divisor on the threefold X; such that D ~g 7/ (2H) — aEZ-. Then we must show
that E;, C!, Z; and Z! are also not log canonical centers of the pair (X;, AD). Replacing
D by D+ (a—1)E;, we may assume that a = 1, so that D ~p —Kx,. Write D = ¢E; + A,
where ¢ € Qs0, and A is effective Q-divisor on X; whose support does not contain F;.
Then e < 1 by Lemma 3.0, so that E; is not a log canonical center of the log pair (X;, AD).

Lemma 3.9. Neither Z; nor Z! is a log canonical center of the pair (X;, AD).

Proof. Denote by Z one of the curves Z; or Z!. Let ma = multz(A) and m = multz(D).
B = 0Z 47T, where ¢ is a rational
number such that § > ma, and Y is an effective Q-divisor on the surface F; = P! x P!
such that its support does not contain Z. Observe that

Alp, ~o (mi(2H) = (1+2)Bi) |, ~a Afs, + (1+€)(sm, = fa) = (1 +)sm, + (3 = o) f,

and Z ~ sg,+3fg,. This gives T ~q (1+£—19)sg, +(3—e—39) fg,, which gives § < 1—=.
In particular, we get m =ma+e<d+e<1+% <2

Let v: V — X, be the blow up of the curve Z, and let F' be the v-exceptional surface.
Then the action of the group G lifts to the threefold V, since Z is G-invariant.

Recall that Z is cut out on E; by a G-invariant surface in | — Ky,|. Since Z = P!, this
gives Nz x, = Op(6) ® Opi(—2), because —K, - Z = 6, and Z? = 6 on the surface E.
Thus, we have F' = Fg. Moreover, since F? = —4, we deduce that —F‘F ~ sp+ 2fp,
where sp is a section of the projection ' — Z such that s% = —8, and fr is a fiber
of this projection. Let E; and D be the proper transforms of the divisors E; and D on
the threefold V, respectively. Then Ej|p ~ (v*(E;) — F)|p ~ sp, since E - Z = —2. Thus,
we see that E; |F = sp. Similarly, we get D}F ~g msg + (2m + 6) fr.

Now we suppose that Z is a log canonical center of the pair (X;, AD). Let us seek
for a contradiction. Since Am —1 < 1 and Ky + AD + (Am — 1)F ~g v*(Kx, + AD),
the surface F contains an irreducible G-invariant smooth rational curve Z such that
1/(2) = Z, the curve Z is a section of the projection F' — Z, and 7 is a center of log
canonical singularities the log pair (V,AD + (Am — 1)F). Write D|p = 0Z + Q, where
0 is a non-negative rational number, and € is an effective Q-divisor on F' such that its
support does not contain the curve Z. Then using [5, Theorem 5.50], we get 6 > % > %.

w

On the other hand, we have 7 ~ sp + kfr for some non-negative integer k£ such that
either k = 0 or £ > 8. Thus, we have Q ~q (m—@)sF + (2m+6 —0k) fr. Hence, if k # 0,

then 0 <2m+6 -0k <2m+6—-80 <2m+6 — = = 6m§14,sothatm> 3, Which is

impossible, since m < 5 . Then k = 0, so that Z = SF =FE,NF.

Recall that D = ¢F; + A, where ¢ is a non-negative rational number such that ¢ < 1,
and A is an effective Q- d1v1sor on the threefold X; whose support does not contain Ej.
Denote by A the proper transform of this divisor on the threefold V. Then 7 is a center
of log canonical singularities the log pair (V, XeE; + A\A + (Ama + Ae — 1)F'), where
ma = multz(A). Using [5, Theorem 5.50] again, we see that 7 is a center of log canonical
singularities the log pair (E;, )‘E‘E + (Ama + e = 1) F|5 ), where F|g = Z. This simply
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means that )\£|EZ +(Ama +Ae—1)F|g = ¢Z + E for some rational number ¢ > 1, where
= is an effective Q-divisor on E; whose support does not contain the curve Z. N

Now, let us compute the numerical class of the restriction A B Observe that E; = F;.
Denote by s and fg the strict transforms on EZ of the curves sg, and fg,, respectively.
Then Al ~q (1+¢)sg +(3—¢)f5 —maZ = (L+e—ma)sp, + (3—e—3ma) fz. Thus,
we see that

C(SEi_l_ngi) =~ )\A‘EZ—I— ()\mA—l—)\S—l)F‘Ei ~Q
~g M1+ —ma)sg + A3 —c—3ma)fz + (Ama +Xe —1)Z ~q
~g (A +2X e — 1)8@1_ + (BN + 2 e — 3)fEi’

so that = ~q (A+2 e —1—c)sg +(3A+2 e —3—3c) [ , which gives 3A+2 e —3—3c > 0.
Since c > 1 and A < %, we deduce that ¢ > % — % >4 — % = g But ¢ < 1. The obtained
contradiction completes the proof of the lemma. O

To complete the proof of Lemma 3.7 we must show that C? is not a log canonical center
of the log pair (X;, AD). Let Z = C!. Suppose that Z is a log canonical center of the pair
(Xi, AD). Let us seek for a contradiction. Observe that multz(D) > § > 5. Observe also
that Z is not a log canonical center of the log pair (X;, A(F5,; + E;)) and D ~g F3,; + E;.
Thus, replacing D by a divisor (1 + u)D — u(Fs,; + E;) for an appropriate non-negative
rational number p, we may assume that either the surface F3; or the surface E; is not
contained in the support of the Q-divisor D. Then we conclude that F3; is not contained
in the support of the Q-divisor D, because

Lemma 3.10. The surface E; is contained in the support of the Q-divisor D.

Proof. Let € be a general fiber of the projection F; — Z. If the surface FE; is contained
in the support of the Q-divisor D, then 1 = —Ky, -4 = D - % > multz(D) > % > %,
which is absurd. U

Let v: V — X; be the blow up of the curve Z, let F' be the v-exceptional surface, and
let E; be the strict transform of the surface F' via v. Then F' = [, for some integer n > 0,
and F|p ~ —sp + afr for some integer a, where sp is a section of the projection F' — Z
such that s% = —n, and fr is a fiber of this projection. Since —Ky, - Z = 4, we conclude
that F* = —2. Thus, we have —2 = F® = (—sp + afr)? = —n — 2a, so that a = %2,
On the other hand, we have EZ-}F ~ sp+22 fp, since B;-Z = (—sp,+ fg,) - (sg,+ fr,) = 0.

But EZ‘ i an irreducible curve, which implies that n = 2, since "T_z < n. Thus, we see

that FF = Fy and —F|p ~ EZ|F = sp. Observe also that the action of the group G lifts to
the threefold V', since Z is G-invariant.

Remark 3.11. The divisor —Ky is nef and big. Indeed, the linear system |7/ (2H) —2E;] is
base point free. Let M be its strict transform on V. Then M + E; is a linear subsystem of
the linear system | — K|, so that the base locus of the linear system | — K| is contained
in EZ But EZ >~ [; and —Ky/| B, ~ 2[g,, where fg is a strict transform of the curve fg,
on the surface E, Then _KV|E1~ is nef, so that — Ky is also nef. Since —K3 = 12, we see

that — Ky is big.
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Let m = multz(D), and let D be the proper transform of the divisor D via v. Then
ﬁ‘p ~Q (V*(_KXZ-) — mF) ‘F ~Q MSF + 4fF
Let € be a sufficiently general fiber of the conic bundle v; that is contained in F3;, and

let € be its strict transform on the threefold V. Then € is an irreducible curve that is
not contained in the support of the divisor D, because we assumed that Fs; ¢ Supp(D).
Moreover, the curve € intersects the curve Z, because F3;|g, = 2Z. Thus, we have

2-m=2-mF-¢€=((-Kx)-mF)-€=D-% >0,

so that m < 2. Since Am—1 < 1 and Kv+>\D+(>\m 1)F ~q v*(Kx,+AD), the surface
F contains an irreducible G-invariant smooth curve Z such that v(Z) = Z, the curve Z is

a section of the projection F' — Z, and Z is a center of log canonical singularities the log
pair (V,A\D + (Am — 1)F). Let m = mult (D) Then

2 8
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because the multiplicity of the divisor AD + (Am —1)F at the curve Z must be at least 1.

(3.12) m+m >

Lemma 3.13. Either Z = Sp or 7 ~ sp+2fF.

Proof. Write 13| r=0Z+ 2, where # is a non-negative rational number, and €2 is an ef-
fective Q-divisor on F' SliCh that its support does not contain Z. Using [5, Theorem 5.50],
we get 0 > % > %. But Z ~ sp + kfr for k € Z such that £ = 0 or k > 2. Thus, we have

Q ~g msp + Afp — 07 ~g (m — 0)sp + (4 — 0k) fr.
Hence, if k # 0, then 0 < 4—0k < 4—%1@ sothat k = 2. Then Z = S or 7 ~ spt+2fp. O

Let ﬁ&i be the proper transform on V' of the surface F3;. If 7 = sp, then 7 = EZ N ﬁg’i,
because Fj; is tangent to E; along the curve Z and E; N |p = Z. Using this, we get

Lemma 3.14. One has Z #+ Sp.

Proof. 1f 7 = sp, then % intersects the curve Z,sohat2—m >2-mF-¢=D-¢ > m,
which contradicts (3.12). O

Thus, we see that 7 ~ sp+2fF.

Remark 3.15. The curve Z is unique G-invariant curve in the linear system |sp + 2fp,
because (sp + 2fr) - Z = 2, and Z does not have G-orbits of length less than 4.

Let p: Y — V be the blow up of the curve Z , and let R be the p-exceptional surface.
Then — K3 = 2.
Lemma 3.16. The divisor —Ky s nef.

Proof. Let 1/7’\371-, EZ-, F be the strict transforms of the surfaces Fs,, E;, F, respectively.
Then | — Ky | contains the divisor F\g,i +E2- +F. Therefore, to prove the required assertion,
it is enough to prove that the restrictions —Ky|p , —Ky|p and —Ky|p are nef.

The nefness of the restriction — Ky |z follows from the nefness of the restriction —Ky|z ,

because Z is disjoint from the surface E;. To check the nefness of the restriction —Ky | 7
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note that Z ~ sp + 2fp and —Ky|p ~ sp + 4fF, so that —Ky|z is rationally equivalent
to the sum of two fibers of the projection F — P'. Hence, the restriction —Ky |z is nef.
Thus, we must prove that — Ky | 7, 8 nef. To do this, recall that Fj; is a preimage via

the conic bundle 7; of a G-invariant conic in P2, which we denoted earlier by Cs. Using ex-
plicit equation of the surface I3 ;, one can check that this conic intersects the discriminant
curve A; by four points that form a G-orbit of length 4, so that Cs has simple tangency
with A, at every intersection point. Denote the points in C3 N A; by P, P, P3 and Pj.
For each k € {1,2,3,4}, we have n; ' (P) = ¢ + ¢}, where £} and ¢, are smooth rational
curve that intersect transversally at one point. Thus, in total we obtain eight smooth
rational curves {1, £}, ly, £y, U3, {5, £y, £;. Denote their images in Vj by ¢y, le, 0, 72, 03,
63, 0y, 621, respectively. Then these eight curves are hnes Wthh we will describe later.

Similarly, denote their strict transforms on V' by El, Eg, Eg, €4, Eﬁl, respectively.
Then, by construction, we have

—Kyly = —Ky-l, = —Kyly = =Kyl = —Ky-ly = —Ky-ly = —Ky-ly = —Ky-l, = 0.

Fmally, let us denote the strict transforms on Y of these eight curves by 61, 61, 62, 6’2,
Eg, 64, EQ, respectlvely For every k € {1,2,3,4}, we have —Ky Uy = —R - {), and
—Ky /= -R. E’ Therefore, if 7 intersects a curve Ek or ﬁk, then —Ky is not nef,
because in these case we have —Ky - Ek < 0or —Ky f’ < 0, respectively.

First, let us show that the curves 61, 61, 62, 63, 64, € are the only curves in F’3Z
that a priori may have negative intersections Wlth the d1v1sor —Ky. After thus, we will
explicitly check that 7 does not intersects any of the curves 61, 61, 62, 62, 63, eg, 64, 621,
which would imply that — Ky is indeed nef.

By construction, the curves ¢y, 0, o, 05, U, U5, £y, 0} form two G-irreducible curves
each consisting of four irreducible components. Without loss of generality, we may assume
that €1 + 05 + {5 + £, is one of these curves, and ¢ + ¢, + ¢5 + ¢} is another curve.

Observe that ﬁ37i|F ~ sp+4fr and the intersection I3 ;N F contains the curve sp. This
implies that ﬁg’i‘F = Sp + e1 + es + e3 + e4, where ¢, is a fiber of the projection F' — Z
such that v(e,) = €, N ¢},. Since FgZ‘E = sp, we see that F’3Z is smooth. Moreover, we
have (sp - sp)p = —2, because E2 Fg’l = —2. Now, using this and F? - Fgl = -2, we
conclude that (61 61)F3 = (ey- eg)F&i = (e3- 63)F3 = (e4-¢e5)f, , = —2. Thus, we conclude
that F3; has an ordinary double point at each point ¢, N ¢}, and the birational morphism
v induces the minimal resolution of singularities fgﬂ- — Fg’i, which contracts the curve ey
to the point ¢, N €.

The composition n; o v induces a conic bundle 1:;3, — C3. The curve sp is its section,
and its (scheme) fibers over the points Py, P,, P;, P, are e, +£1 +€1, eg—|—€1 +€2, 63—|—€1 +€3,
eq+ 0y +€4, respectively. Thus, for every k € {1,2,3,4}, the curves (), and E are disjoint

(—1)-curves on the surface Fg’l, which both do not intersect the section sg, because sg
intersects the (—2)-curve e;. Moreover, we have

4
_Kv‘ﬁg,i ~ Sp + Z (ek +27k +Z€),
k=1

because —Ky ~ v*(F3;) + E; and E@‘Fgl = sp.
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The curve Z intersects the surface 133, transversally by a G-orbit of length 4, because
it intersects the (redu(:lble) curve sg + ey + es + ez + e4 transversally by the points As e,
ZnN €9, ZnN €3, 2 Zn e4, which form one G-orbit. Thus, the morphism p induces a birational
morphism o: Fg’l — F&Z that is a a blow up of this G-orbit. Using this, we see that

4
—KY ﬁs,i NQ*<SF+Z(€]§+€]§+€;€)> — 71 —To—T3—T4
k=1

where 7y, is the exceptional curve of ¢ that is contracted to the point A er. Observe that
these four points ZnN e, ZnN €, ZnN es, ZnN e4 are not contained in the curve sp, because
the curves Z and sp are disjoint. Moreover, we have three mutually excluding options:

(1) the G-orbit 7N F3Z is contained in the curve €1 + €2 + 63 + 647
(2) the G-orbit Z N F3Z is contained in the curve ¢, + 0, + 0, + 0};
(3) the G-orbit ZﬁFg, is contained in the curves £; + fy + 03 + 0y and E’ +€’ —I—E’ +€’

As we already mentioned, the divisor — Ky is not nef in the first two cases. In the third
case, we have

4
_Ky\ﬁgyi ~Sr+ Y @t b+ ),
k=1
where 5 and €, are strict transforms of the curves sy and ej, on the surface E 3.;. Moreover,
in this case, we have /S\ng = —2, ?Fé\k = 1, /ék =1 /€\k = —1, /ék /ék = —3, /ék Zk = 1,
e - @k = 1 on the surface F\g’i, and all other intersections are zero. This immediately
implies that the divisor —Ky} Py is nef in the third case, so that — Ky is also nef.

Therefore, we proved that the divisor —Ky is nef if and only if the curve Z does not
intersect the curves El + fg + 53 + €4, and El + €2 + fg + €4 Observe that these curves
intersects the v-exceptional surface F' by two (distinct) G-orbits of length 4, respectively.
Denote these G-orbits by © and ©’, respectively. Hence, to complete the proof, it is
enough to check that neither © nor ©’ is contained in the curve Z.

We have h°(Oy (—Ky)) = 9 by the Riemann-Roch formula and the Kawamata—Viehweg
vanishing, since — Ky is big and nef by Remark[B.ITl Moreover, we have — Ky | ~ sp+4 fF
and h°(Op(sp+4fr)) = 8. Furthermore, we have h°(Oy (—Ky — F)) = 1, since the linear
system | — Ky — F| contains unique effective divisor: ﬁg,i + E;. This gives the following
exact sequence of G-representations:

(3817) 0 — H*(Ov (Fy + B) ) — H'(Ov (= Kv) ) — H(Op(sr +4fr) ) — 0.

Here, the kernel of the third map is the one-dimensional G-representation generated by
the section vanishing on the divisor F3 it E + F.

Note that sp = P! and (sp + 4fF) - s = 2. Thus, the Riemann—Roch formula and
the Kawamata—Viehweg vanishing give the following exact sequence of G-representations:

0 — HY(Op(4fr)) — H*(Op(sp +4fr)) — H°(Om(2)) — 0.

Since sr does not have G-orbits of length 2, we have H°(Opi(2)) = Us, where Us is

the unique irreducible three-dimensional representation of the group G. Similarly, since
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Z has exactly two G-orbits of length 4, we have H*(Or(4fr)) = U, ¢ U} & Us, where U,
and U] are different one-dimensional representations of the group G. Thus, one has

We may assume that U; is generated by a section that vanishes at sgp + e + €3 + €3 + ¢4.
Let V and V' be sub-representations in H°(Op(sp + 4fr)) that consist of all sections
vanishing at the G-orbits © and ©’, respectively. Then dim (V) = dim(V’) = 4, so that

V=V =0, eUs,

since both ~G—0rbits O and ©' are contained in sy + e; + ey + e3 + e4 by construction.
Let V and V' be the the preimages in H°(Oy(—Ky)) via the restriction map in (8.17) of
the sub-representations V and V', respectively. Then, as G-representations, we have

VeV U, 0 U ¢ Us,

where U is a one-dimensional representation of the group G. Since V and V' contain
unique three-dimensional subrepresentation of the group G, these (two) three-dimensional
subrepresentations define two G-invariant linear subsystems My and M;, of the linear
system | — Ky |, respectively. They can be characterized as (unique) three-dimensional
G-invariant linear subsystems in | — Ky/| that contains G-orbits © and ©’, respectively.
Then My |r and M{, | are (unique) three-dimensional G-invariant linear subsystems of

the linear system |sg + 4fr| that contain © and ©', respectively. Thus, if © C Z, then
Myl =7+ 2fxl,

so that Z C Bs(My). Similarly, if © C Z, then M}, |p = Z+|2f|, so that Z C Bs(M},).

Let M and M’ be strict transforms on V, of the linear systems My and M}, respec-
tively. Then M and M’ are linear subsystems in |2H|, so that they do not have fixed
components, because |H| does not have G-invariant divisors. Let M; and M, be two

distinct surfaces in M. If © C Z , then

3.18 M - M. > 3.
(3.18) (M- 0)
Similarly, if © C Z, then

(3.19) (M{ : M;)Ci > 3,

where M| and M) are two surfaces in M’. Both conditions (8.I8) and ([B3.19]) are easy to
check provided that we know generators of the linear system M and M.

Observe that the curve ¢; + ¢5 4+ ¢35 + {4 is contained in the base locus of the linear
system My . Indeed, one has My C | — Ky| and —Ky - ; = 0 for every i € {1,2,3,4},
while © C Bs(My ) by construction, and © is contained in Z1 + Zz + Z3 + Z4 by definition.
Likewise, we see that Z’l +Z’2 +Z§, +@ is contained in the base locus of the linear system Mj,.
Hence, the G-irreducible curves ¢1 + 5 + {5 + £, and le + Z; + Zg + Z; are contained in
the base loci of the linear systems M and M’; respectively. Moreover, the base loci of
these linear systems also contain the conic C;. Using these linear conditions, we can find

the generators of these linear systems, and check the conditions (BI8)) and (3:19).
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Since X7 = X, and X3 = Xy, it is enough to consider only the cases i = 1 and 7 = 3.
First, we deal with the case i = 1. In this case, the curves 1+ + /3404 and Z’l +Z;+Z;+Z;
can be described as follows: up to a swap and a reshuffle, we may assume that

e /1 is the line [N : wA: —(w+ DA — (W+2)A: g+ (w—1)A],

e /yis the line [A: —wA: —(w+ DA : —p— (w+2)A: gt —p+ (w—1)A],
e /3is the line [A:wA: (wW+ DA p— (w+2)X:p: —p+ (—w+ 1),

o ;s the line [A: —wA: (wW+ DA —p— (W+2)A:p:p+ (—w+ 1),
and

Z’l istheline A :wA: —(w+ DA p+ Qw+ DA p:p+ (w+2)A,
7, is the line [A 1 —wA: —(w+ DAt —p+ Qw+ DAt —p+ (w+ 2)A],
Z;, isthe line A :wA: (w+ DA p+ 2w+ DA p: —p— (w4 2)A],
o 7, is the line [A: —wX: W+ DAz —p+ (2w + DX : s — (w+ 2)N],
where [X : p] € P!. Therefore, the linear subsystem in |2H| that consists of all surfaces
containing the conic ' and the curve ¢; + {5 + {3 + ¢4 is five-dimensional. Moreover, it is

generated by the G-invariant surfaces Fl,l, Fg,l, F2,3, and the G-invariant two-dimensional
linear subsystem (net) that is cut out on Vj by

(3.20) )\((1 — w)xors — (2w + 1)zox3 + 3930:172)+
+ u((w + Dzyxs + (2w + 1)zoxy + x4x0>+
+ 7((w + 2)x1x9 — WT1TH + x2$4> =0,

where [A : p : y] € P2 Therefore, we conclude that ([3.20) defines the linear system M.
It follows from_(m) th_at the base locus of this linear system consists of the conic Cf,
the curve 1 + ly + {3 + {4, and the conic C3. Similarly, we see that M’ is given by

>\<(2w + Dxozs + (w + 2)xozs + 3x0x2)+
+ ,u((w + Dxixs + (1 — w)zory + x4:£0>+
+ 7((2w + Dzxe + w5 — x2z4> =0,

where [\ : p: ] € P2. We also see that the base locus of the linear system M’ consists
of the conic (', the curve le + Z; + Z;, + Z;, and the conic C;. Now one can check that
neither (3.18) nor (8.19) holds. Thus, if i =1 or © = 2, then — Ky is nef.

Finally, we consider the case ¢ = 3. Now, up to a swap, the linear system M is again
given by (B:20), and the linear system M’ is given by

)\((w + Dxyxs + x4m0 — (W — 1):E4x5)+
+ M(MSE(]SL’{) — 3T + (2w + 1)1’31’5)"‘

+ fy(cu:coxg) — r379 + (2w + 1)x3x5> =0,
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where [\ : p: 7] € P2, Note that the base locus of the net M’ consists of the conic Cs,

the curve Z/l + Z; + Z; + Z:l, and the conic Cy. As above, one can check that neither (3.I8])
nor (B.19) holds. Thus, the divisor —Ky is nef. O

Let D be the proper transform of the divisor D on the threefold Y. Then
D ~g~ (m0v 0 p)*(2H) — (v 0 p)*(E;) — mp*(F) — mR.
Since —Ky is nef, we see that —K2 - D > 0. To compute —K2 - D, observe that
H = 4,7 (H) - B2 = —2, (m; 0 )" (H) - F2 = —2,
(movop) (H) - R*= -2, E*= -2 F*= -2 R*= -2

Y

and other intersections involved in the computation —K% - D are all zero. This gives
~ 2 o
0<—-Ki D= ((m ovop)(2H) — (vop)'(E;) — p*(F) — R) -D =14 —6(m+m),

so that m +m < %, which is impossible by ([B.12). The obtained contradiction completes
the proof of Lemma [3.7, which completes the proof of Proposition 3.8 Thus, we see that
the threefolds X;, X5, X3 and X, are K-polystable.
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