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KUMMER QUARTIC DOUBLE SOLIDS
IVAN CHELTSOV

ABSTRACT. We study equivariant birational geometry of (rational) quartic double solids
ramified over (singular) Kummer surfaces.

A Kummer quartic surface is an irreducible normal surface in P? of degree 4 that has
the maximal possible number of 16 singular points, which are ordinary double singularities.
Any such surface is the Kummer variety of the Jacobian surface of a smooth genus 2 curve.
Vice versa, the Jacobian surface of a smooth genus 2 curve admits a natural involution
such that the quotient surface is a Kummer quartic surface in P3.
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FiGUuRrRE 1. A Kummer surface by Patrice Jeener.

Let . be a Kummer surface in P2, and let ¢ be the smooth genus 2 curve such that
(1) 7 = (%) /(7).

where 7 is the involution of the Jacobian J(%) that sends a point P to the point —P.
Recall from [22] 28, 20, [17] that the quartic surface . can be given by the equation

(2) alzg+ a7 + x5+ a3) + 2b(agat + w3a5)+

+ 2c(zixy + wiy) + 2d(v5as + 2373) + deworiT073 = 0
for some [a:b:c:d:e] € P* such that
(3) a(a® + e* — b* — 2 — d*) + 2bed = 0.

Throughout this paper, all varieties are assumed to be projective and defined over C.
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2 IVAN CHELTSOV

Note that the curve % is hyperelliptic, and equation defines a cubic threefold in P,
which is projectively equivalent to the Segre cubic threefold [28, [17].

Using a formula from the book [7] implemented in Magma [27], we can easily extract
an equation of the surface . from the curve ¥. However, the resulting equation may
differ from (2)). For instance, if ¢ is the unique genus 2 curve such that Aut(¢) = p,.Sy,
then % is isomorphic to the curve

{z* = zy(z* —y"} CP(1,1,3)
where z, y, z are homogeneous coordinates on P(1,1,3) of weights 1, 1, 2, respectively.
In this case, Magma produces the following Kummer quartic surface:

{xé + 203 w913 — 20075 + 4T3y — AT0ToTs + 1375 — 2T9x373 + 15 = 0} C P?
which is projectively equivalent to the surface given by ({2 . with parameters a = b = 1,
¢ =d= —1, e = —4 that do not satisfy . But this surface is projectively equivalent to
(4) {Ig + lel + I;L + l’g - 4i1’0$11}2$3 = 0} C Pg,
which is given by with parameters a = 1, b = c = d = 0, e = —i that do satisfy .
Here, we use the following Magma code provided to us by Michela Artebani:

R<x>:=PolynomialRing(Rationals());

C:=HyperellipticCurve(x~5-x);

GroupName (GeometricAutomorphismGroup(C)) ;

KummerSurfaceScheme (C) ;

It is not very difficult to recover the hyperelliptic curve € from the quartic surface .#.
Indeed, P? contains exactly 16 planes IIy, . .., IT;5 such that .|, = 2C; for each of them,
where C; is a smooth conic, called trope. One can show that

e cach plane II; contains exactly six singular points of the surface .%,
e cach singular point of the surface .% is contained in six planes among 11, ..., Il;.

Moreover, for every trope C;, there exists a double cover € — C; which is ramified over
the six points C; N Sing(.¥”). This gives us an algorithm how to recover € from .7.

Example 5. Suppose that the surface . is given by the equation with

(a =2,

b=—t*—1,
c=—t*—1,
d=—t*—1,
le =3+ 3t,

where ¢t € C \ {£1,++/3i}. Then the surface . is given by the following equation:
(6) xp+x]+a5+a5+2(83 43 o1 2073 = (£ +1) (232 + 2505 +aias +airs +agrs+aias).
Its singular locus Sing(.#’) consists of the following 16 points:

1118, [=1:1:=1:¢),[-1:—1:1:¢,[1:—1:—1:1¢,
[L:1:t:1),[1:—1:t:—1],[-1:—1:¢:1],[=1:1:¢:—1],
[Eo1:1:1) b —1:1:=1),[t:1:=1:—1],[t: —1:—1:1],
Met:1:1],[=1:t:—1:1,[1ct:—1:—1],[=1:¢:1: 1]



Moreover, the planes IIy, ..
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., 1116 are listed in the following table:

H1:{$0+I1+$2+tl‘3:0}

HQZ{IO—ZE1+I2—t$3:0}

H3:{$C0+.T1—$2—t$320}

H4I{I0—$1—$2+t373:0}

5 = {wo + 21 + twy + 23 = 0}

HﬁZ{JZO—ZEl—I—tI‘Q—Ig:O}

H7I{l’0—t$2+l‘1—$320}

ng{xo—xl—tl'g—i‘l'g:(]}

Iy = {wo + tay + 22 + 23 = 0}

H10={$0—t$1—$2+$3=0}

Hn:{xo—tl’l—l-fﬂg—xg:()}

H12:{xo+tx1—x2—x3:0}

H13:{t$0+1’1+$2+1’3:0}

H14:{tI0—ZL’1—CL’2+[E3:0}

H15:{tl’0—l‘1+$2—$320}

H16:{txo+$1—x2—:c3:0}

Then the trope C; is the smooth conic
{@o + x1 + 33 + twy = txy23 + twows + 2] + 1122 + x5 — 25 = 0} C P°.

This conic contains the following six singular points of our surface:
[1:—=1:t:=1], [-1:1:¢t:=1], [t:=1:1:-1],
t:1:—=1:=1],[1:¢t:—=1:=1],[-1:¢:1:—1].

Projecting from [t : 1 : —1 : —1], we get an isomorphism C; = P! that maps these points to

[t+1:=2], [1:0],[-1:1,[1—¢t:14¢,[0:1],[t—1:2].
Therefore, the hyperelliptic curve % is isomorphic to the curve
{22 =ay(z —y)((t = Do+ 2y) (20 — ¢+ Dy) ((t + D — (= )y) } < P(1,1,3).

In particular, it follows from [6] or Magma computations that

o6y if t € {0, 40,1+ 20, —1 + 23},

py.Dyg if t € {0, £3},

Uo X G3 if t is general.

Aut (%”) =

For instance, to identify Aut(%’) in the case when ¢ = i, one can use the following script:
K:=CyclotomicField(4);
R<x>:=PolynomialRing(K) ;
i:=Roots(x"2+1,K) [1,1];
t:=1;
fo=xx(x-1)*((t-1)*x+2) * (2%x-(t+1) ) x ((t+1) *x-(t-1));
C:=HyperellipticCurve(f);
GroupName (GeometricAutomorphismGroup(C)) ;

In this example, we assume that ¢ ¢ {1, ++/3i}, because

e if t =41 or t = 0o, then the equation @ defines a union of 4 planes,
o if t = £1/3i, the equation (6)) defines a double quadric.

These are semistable degenerations with minimal PGL,(C)-orbits [32, Theorem 2.4].
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Let Aut(P3,.¥) be the subgroup in PGL4(C) consisting of projective transformations
that leave . invariant. Then Aut(P3,.¥) contains a subgroup H 2 uj generated by

-10 0 0 -1 0 00 0100 0001
0 1 0 0 0 —1 0 0 1 000 0010
A= 0 0—10”42— 0 0 10’A3—0001’A4—0100
0 0 0 1 0 0 01 0010 1000

The action of this subgroup on . is induced by the translations of J(%) by two-torsion
points, so Sing(.) is an H-orbit. Similarly, we see that H acts transitively on the set

(7) {Hb H27 H37 H4a H57 H67 H77 H87 H97 H107 Hlla Hl?a H137 Hl47 1_Ilfn Hlﬁ}'

If .7 is general, then Aut(P?,.#) = H, and Aut(%) is generated by the hyperelliptic
involution [23]. However, if . is special, then Aut(P?,.%) can be larger than H.

Example 8. Let us use assumptions and notations of Example . Fort € C\{=£1, +V/3i},
the group Aut(PP?,.#) contains the subgroup isomorphic to p3 x &3 generated by

0 001 0100
10 00 1 000
A17A27A3aA47 O1o0o0l1’loo0o 10
0010 0001
In fact, this is the whole group Aut(P3,.7) if ¢ is general. On the other hand, if ¢t = 0,
then it follows from [§] that Aut(P?,.%) = uj x Do, and this group is generated by

1 0 0 O 00 01 01 00
01 0 O 1 0 00 1 0 00
A Az A At g o 21 oo 10 0l oo 10
00 0 1 0010 00 01
If ¢ = =i, then . is the surface (), and Aut(P?,.%) = p3 x S, is generated by
00 01 01 0 0 : 0 0 O
1 0 0O 1 000 0O« 0 O
A Az As AL g 0 ol loo 1 ol oo =10
0010 00 01 00 0 1

Example 9. Suppose that .% is given by the equation with
(@ =205 +2¢5 +6¢; — 1,

b= 4¢3 +4¢2 — 10¢ + 9,

¢ =—6¢ —6¢ +4¢ + 3,

d=11,
le = —20¢ + 24¢3 — 16¢5 + 10.
Then Aut(€) = py X py and Aut(P?, ) = u3 x s, which is generated by

— 0 0 =2
0O 1 10
A17A27A37A47 1 0 0 1
0 —2 2 O
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Looking at Examples [f] [§ and [} one can spot a relation between Aut(.#’) and Aut(%).
In fact, this relation holds for all Kummer surfaces in P? by the following well-known result,
about which we learned from Igor Dolgachev.

Lemma 10. Let « € Aut(%) be the hyperelliptic involution of the curve €. Then
Aut(P?,.) = s x (Aut(€)/(1)).

Proof. Let us identify € with the theta divisor in J(%') via the Abel-Jacobi map whose
base point is one of the fixed points of the involution ¢ (one of the six Weierstrass points).
Then the linear system |2%| gives a morphism J(%) — P* whose image is the surface .&.
Taking the Stein factorization of the morphism J(%) — .7, we get the isomorphism .

On the other hand, elements in Aut(%) give automorphisms in Aut(J(%)) that leave
the linear system |2%| invariant. This gives us a homomorphism Aut(%) — Aut(P?,.%),
whose kernel is the hyperelliptic involution ¢, since ¢ induces the involution 7 € Aut(J(%)).

The image of the group Aut(%¢) in Aut(P3,.#) normalizes the subgroup H, because
elements in H are induced by the translations of the Jacobian J(%’) by two-torsion points.
This gives a monomorphism 9: p3 x (Aut(%)/(1)) — Aut(P?,.7).

We claim that 9 is an epimorphism. Indeed, the action of an element g € Aut(P?,.#) on
the surface .7 lifts to its its action on the Jacobian J(%) that leaves [2%] invariant,
so composing ¢g with some h € H, we obtain an element g o h that preserves the class [%].
Thus, since [#] is a principal polarization, the composition g o h preserves €, and it acts
faithfully on %, since ¢ generates J(%). This gives g o h € im(¥), so ¥ is surjective. [

Since Aut (%) is isomorphic to a group among gy, p3, Dg, Do, 5. Dia, phe.Sy, pg X s,
we conclude that Aut(P3,.7) is isomorphic to one of the following groups:
Wa, 3 X g, p X 3, py X Sy, s 3 Dig, a3 x Sy, py X pas.
Note that the group Aut(.¥) is always larger that Aut(P?,.%) [23].
Remark 11 ([4,128,20]). Let DM be the normalizer of the subgroup H in the group PGL4(C).

Then Aut(%) C N, and there is a non-split exact sequence 1 — H — N — G5 — 1,
which can be described as follows. Let

i 000 —i 0 0 i
0i 00 0 1 1 0
Bi=1g g1 o|ladB=|1 4 (¢
000 1 0 —i i 0

Then (By, By) € M. Since B} € H, B = (B1B)® = [By, Ba)?> = Idps, [By, BoB1Bs]? € H,
the images of By and B, in the quotient 9t/H generate the whole group M/H = G¢. Set

{xo + 1z} + 25 + 75 — 6(m0x1 + a:2x3) 6(%:102 + xlxg) 6(%373 + zias

2

) =

= {zg + =] + 25 + 25 — 6(xfa] + 2323) + 6(xf 3) +6(zgas + afa3) =

{xo + ml + :172 + m3 + 6<IE01‘1 + x2x3) (x0x2 + x1x3) + (a:ox3 + xlxg) =

= {@o +af + 25 + a5+ 6(2g7 + 3a3) + 6( 3) —6(xg 173) =
Sy = {xé + 3:‘11 + xé‘ + x§ — 1220212923 = 0},
= {xé + 2] + 25 + 25 + 1230711025 = O}.

)
550332 + $15’33 )
b
b

xixs + 17 T3



6 IVAN CHELTSOV

Then Sy, Sy, Sz, Sy, S5, Sg are H-invariant surfaces, and the quotient 91/H permutes them.
For instance, the transformation B; acts on the set {57, So, S5, S4, S5, 56} as (12)(34)(56),
and B, acts as the permutation (126 35). This gives an explicit isomorphism 9t/H = Sg.

Remark 12. The quotient Aut(.’)/H naturally linearly acts on the threefold fixing
the point [a : b: ¢ : d : e] that corresponds to .. Projecting the threefold from this point,
we obtain a (rational) double cover of P? that is branched along the surface ..

Let m: X — 3 be the double cover branched along the surface .. Set H = 7*(Ops(1)).
Then Pic(X) = Z[H], H*> =2 and —Kx ~ 2H, so X is a del Pezzo threefold of degree 2,
which has 16 ordinary double points. We say that X is a Kummer quartic double solid [33].

The threefold X is a hypersurface in P(1, 1,1, 1,2) given by

(13) w? = a(x) + o] + 25 + x3) + 2b(xia? + x323)+

+ 2c(zias + wirs) + 2d(vpas + 2ia5) + deworiT0m3 = 0,
where we consider g, 1, 2, 3 as homogeneous coordinates on P(1, 1,1, 1, 2) of weight 1,
and w is a homogeneous coordinate on P(1,1,1,1,2) of weight 2.

It is well-known that the threefold X is rational [31, 33, 29, [I1], see also Remark [12]
Moreover, it follows from [29] that there exists the following commutative diagram:

(14) X—2 - x

where 7 is a blow up of six distinct points that are contained in a twisted cubic C3 C P3,
the morphism ¢ is a contraction of the proper transform of the curve C3 and proper
transforms of 15 lines in P3 that pass through two blown up points, and y is a rational
map given by the linear system of quadric surfaces that pass through six blown up points.

Corollary 15 ([15, 19]). One has Cl(X) = Z7.

Remark 16. The vertices of the quadric cones in P? that pass through six blown up points
in the diagram span a quartic surface & which is known as the Weddle surface [22,[33].
This surface has nodes at the six blown points, and y induces a birational map & --» .¥.
On the other hand, the double cover of P* branched along & is irrational [33] [11].

Let 0 € Aut(X) be the Galois involution of the double cover 7. Then ¢ is contained
in the center of the group Aut(X). Moreover, since 7 is Aut(X)-equivariant, it induces
a homomorphism v: Aut(X) — Aut(P3,.%) with ker(v) = (), so we have exact sequence

1.

1 (o) Aut(X) — Aut(P3, )
The main result of this paper is the following theorem (cf. [2} 3], 10]).

Theorem 17. Let G be any subgroup in Aut(X) such that C1°(X) = Z and H C v(G).
Then the Fano threefold X is G-birationally super-rigid.

Corollary 18. Let G be any subgroup in Aut(X) such that G contains o and H C v(G).
Then X is G-birationally super-rigid.
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The condition C19(X) 2 Z in Theorem [17|simply means that X is a G-Mori fibre space,
which is required by the definition of G-birational super-rigidity (see [13, Definition 3.1.1]).
The condition H C v(G) does not imply that C19(X) 2 Z, see Examples and below.
The following example shows that we cannot remove the condition H C v(G).

Example 19. Observe that C1)(X) 2 Z. Let S; and S, be two general surfaces in |H|,
and let C'= S; N Sy. Then C is a smooth irreducible (o)-invariant curve, 7(C) is a line,
and there exists (o)-commutative diagram

/\

______ > P!

where « is the blow up of the curve C, the dashed arrow --+ is given by the pencil
generated by the surfaces S; and Sy, and [ is a fibration into del Pezzo surfaces of degree 2.
Therefore, the threefold X is not (o)-birationally rigid.

Let G be a subgroup in Aut(X') such that v(G) contains H. Before proving Theorem |17}
let us explain how to check the condition C1%(X) 2 Z. For a homomorphism p: H — p,,
consider the action of the group H on the threefold X given by

Ay [mo:xy izt g w] = [—xg w0 —x9 231 p(Ar)w),
Ag:[mo:xy ity w] = [—xo 121 0 —x9 231 p(Ag)w],
Ag: [xo:xy i wy i x3 i w] = (21129t 31 29 1 p(Az)w],
Ay o :ixy iz iy i w] = |23 1 @ txo : p(Ag)w].

This gives a lift of the subgroup H to Aut(X). Let H” be the resulting subgroup in Aut(X).
Since H C v(G), we may assume that HP C G. If p is trivial, we let H = H” for simplicity.
For every plane II;, one has 7*(II;) = II; + II; , where H+ and II; are two irreducible

7 )
surfaces such that IT; # II; and o(IT}") = HZ Note that we do not have a canonical way

to distinguish between the surfaces IT; and II; . Namely, if 7*(II;) is given by
hi(xo, x1, w2, 23) = 0,
w? = g; (x0, 71, T2, 73),

where h; is a linear polynomial such that IT; = {h; = 0}, and g; is a quadratic polynomial
such that the trope C; is given by h; = g; = 0, then

Hi {w + gz<l’0,$1,x2,x3> - h <x07'r17x27x3 } C IED 17 17 17 172)

But the choice of 4 here is not uniquely defined, because we can always swap ¢; with —g;.
On the other hand, since H acts transitively on the set , the set

{HT’ H;’ H2+’ H;’ H?T? Hg Tt 7Hir4? HI47 1_[1+57 HI5> Hfﬁ? Hfﬁ}

splits into two HP-orbits consisting of 16 surfaces such that each of them contains exactly
one surface among T} and II; for every i. Hence, we may assume that these HP-orbits are

+ + + + + + + + + + + + + + + +
{Hl 7H2 7H3 >H4 7H5 7H6 7H7 7H8 7H9 7H107 Hll? H127 H137 H14? H157 HIG}

and
{07, 113, 105, 117, 105, 10, 105 1 15, T, 107, T, D, Ty, T, T .
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Note that the surfaces I, 11, .. ., IIf, I} are not Q-Cartier divisors on X, and their
strict transforms on the threefold X in ([14]) can be described as follows:

(a) six of them are n-exceptional surfaces;

(b) another six of them are strict transforms of quadric cones in P? that contain all
blown up points and are singular at one of them;

(c) the remaining twenty of them are proper transforms of the planes in P? that pass
through three blown up points.

Note also that o acts birationally on X asa composition of flops of yp-contracted curves.
Moreover, it is not difficult to see that o swaps six surfaces in (a) with six surfaces in (b),
and o maps the strict transform of the plane in P? that passes through three blown up
points to the strict transform of the plane that passes through other blown up points.

Corollary 20. The surfaces 1] 117, ... I, I} generate the group Cl(X).
Corollary 21. Either C1""(X) = 7 or CI" (X)) = 72.

Now, we are ready to state a criterion for C19(X) = Z. To do this, we set

16
T =) I}
i=1
Then II™ and I~ are HP-invariant divisors, o(II") = II~ and IIT 4+ 11~ ~ 16H.

Lemma 22. One has CIG(X) = 7 s at least one of the following conditions is satisfied:
(i) the group G swaps IIT and 11~ ;

(ii) the divisor IIT is Cartier;

(iii) the divisor 11~ is Cartier;

(iv) the surfaces 1], ... I}, generate the group C1(X);

(v) the surfaces 117, ... 114 generate the group C1(X).

Proof. The assertion follows from Corollary [2I] since we assume that H” C G. O

This lemma is easy to apply if we fix . and the group G C Aut(X) such that H C v(G).
For instance, to check whether the surfaces I}, . .., II{; generate the group C1(X) or not,
we can use the fact that C1(X) = Z is naturally equipped with an intersection form [29].
Namely, fix a smooth del Pezzo surface S € |H|, and let

Dye Dy =D Dyl €Z
for any two Weil divisors D; and Dy in Cl(X). Then
0if i # j and H;t N Hjc does not contain curves,
1if i # j and ITF N Hjc contains a curve,
—1ifi=jand I =117,
2if i = j and II;" # 11,

II; e 11 =

where two + in Hii and Hf are independent.

Remark 23. Let A be the sublattice in C1(X) consisting of divisors D such that De H = 0.
Then A is isomorphic to a root lattice of type Dg by [29, Theorem 1.7], and the natural
homomorphism Aut(X) — Aut(A) is injective by [29], where Aut(A) = (u x Sg) X p,.
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Applying Lemma [22] we get
Corollary 24. If rank(II] ¢ II}) = 7 or rank(II; e II;) = 7, then CI""(X) = Z.

(2

Let us show how to apply Corollary 24 in the case when .# is the surface ().

Example 25. Let us use assumptions and notations of Example 5] Suppose, in addition,
that p: H — p, is the trivial homomorphism. Therefore, we have H? = H. Set t = -2

T os241
Observe that 7*(I1;) is given in P(1, 1,1, 1,2) by the following equations: "
25
$0+l’1+$2+m1’3 :0,
2 (s* = 1)? 2 2 2 2 2 2 2) 2
w® = m((s + D)af 4 (s + Dzyzg + 2smi23 + (57 + 1)a3 + 2swaxs — (57 + 1)23) "
Thus, without loss of generality, we may assume that the surface II] is given by
2s
9130+5U1+332+82+1$3: ;
2
= ﬁ((ﬁ + D)z + (8% 4+ Dzyas + 252123 + (5° + 1)a3 + 2503 — (s° + 1)a3).
Then the defining equations of the remaining surfaces II3, . .. ,HTG are listed in Figure .
Now, the intersection matrix (II; e Hj) can be computed as follows:
-1 1 1 1 o0 1 O 1 O 1T O 1 1 0 O
1 =11 1 o0 1 o 1 1 0o 1 0 0 0 1 1
1 1 -1 1 1 0 1 0 0 1 0 1 0 0 1 1
1 1 1 -1 0 1 0 1 0 1 0 1 1 1 0 0
1 0 1 0o -1 1 1 1 1 1 0 0 1 0 1 0
0 1 0 1 1 -1 1 1 0 0 1 1 1 0 1 0
1 0 1 0 1 1 -1 1 0 0 1 1 0 1 0 1
0 1 0 1 1 1 1 -1 1 1 0 0 0 1 0 1
1 1 0 0 1 0 0 1 -1 1 1 1 1 0 0 1
o o 1 1 1 o0 O 1 1 -1 1 1 O 1 1 O
1 1 0 0 0 1 1 0 1 1 -1 1 0 1 1 0
0 0 1 1 0 1 1 0 1 1 1 -1 1 0 0 1
1 0 0 1 1 1 0 0 1 0 0 1 -1 1 1 1
1 0 0 1 0 0 1 1 0 1 1 0 1 -1 1 1
0 1 1 0 1 1 0 0 0 1 1 0 1 1 -1 1
0 1 1 0 0 0 1 1 1 0 0 1 1 1 1 -1
The rank of this matrix is 7. Therefore, we conclude that CIH(X ) =2 Z by Corollary .

Note that we can also prove this using Lemma 22[(ii). To do this, it is enough to show that
the divisor II* is a Cartier divisor, which can be done locally at any point in Sing(X).
For instance, let P =[¢t:1:1:1:0] € Sing(X). Among II7, ..., IIj;, only
H5r7 H{J%rv H;r’ H;7 HfO’ HTl

pass through P. Choosing a generator of the local class group Clp(X) = Z, we see that
the classes of the surfaces I3, [T, 11, TIg, I}, I}, are 1, —1, 1, —1, 1, —1, respectively.
Hence, we see that IT" is locally Cartier at P, which implies that II" is globally Cartier,
because the group H acts transitively on the set Sing(X).
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Example 26. Let us use assumptions and notations of Example[5] Then Aut(X) contains
a unique subgroup G such that G = v(G) = pj X p,, and v(G) is generated by

0010
1000
0100
0001

Al) A27 A37 A47

One can check that G contains the subgroup H = H”, where p is a trivial homomorphism.
Therefore, it follows from Example [25/ that C1°(X) = Z.

If C19(X) = Z2, then exists a uniquely determined G-Sarkisov link

(27) Ve R -V
/ Lw U Wj \
Z X X Z

where w is a G-equivariant small resolution, ¢ flops w-contracted curves, and
e cither ¢ is a G-extremal birational contraction, and Z is a Fano threefold,
e or ¢ is a conic bundle, and Z is a surface,
e or ¢ is a del Pezzo fibration, and Z = P!

Note that C19(X) = Z? is indeed possible. Let us give two (related) examples.

Example 28. Let us use all assumptions and notations of Example 25 and let G = H”,
where the homomorphism p is defined by p(A;) = —1, p(As) =1, p(A3) = —1, p(Ay) = 1.
Then, arguing as in Example , we compute CIG(X ) = Z2. What is in this case?

Example 29. Let us use all assumptions and notations of Example [9] Then
Aut(X) = py x Aut(P?,.7) = py x (5 % ps),

and the group Aut(X) contains a unique subgroup isomorphic to Aut(P?, ) = u3 X .
Suppose that G is this subgroup. It follows from Remark [23[ that CI(X) ® Q is a faithful
seven-dimensional G-representation. Using this, it is easy to see that Cl(X) ® Q splits as
a sum of an irreducible five-dimensional representation and two trivial one-dimensional
representations. Hence, we conclude that CIG(X ) = Z2. What is in this case?

Before proving Theorem , let us prove its two baby cases, which follow from [14] [12].

Proposition 30. Suppose G = Aut(X), and . is the quartic surface from Ezample @
Then C19(X) = Z and X is G-birationally super-rigid.

Proof. Since 0 € G, we get C19(X) 2 Z. Let us show that X is G-birationally super-rigid.
Note that the v(G)-equivariant birational geometry of the projective space P* has been
studied in [I4]. In particular, we know from [14, Corollary 4.7] and [14, Theorem 4.16] that
e P does not contain v(G)-orbits of length less that 16,
e P2 does not contain v(G)-invariant curves of degree less than 8.

Let M be a G-invariant linear system on X such that M has no fixed components.
Choose a positive integer n such that M C |nH|. Then, by [I3 Corollary 3.3.3], to prove
that the threefold X is G-birationally super-rigid it is enough to show that (X, %/\/l) has
canonical singularities. Suppose that the singularities of this log pair are not canonical.
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Let Z be a center of non-canonical singularities of the pair (X %/\/l) that has the largest
dimension. Since the linear system M does not have fixed components, we conclude that
either Z is an irreducible curve, or Z is a point. In both cases, we have

mult (M) > g

by [24, Theorem 4.5].
Let M; and M, be general surfaces in M. If Z is a curve, then

Ml'MQI(Ml'MQ)Zg—f—A

where % is the G-irreducible curve in X whose irreducible component is the curve Z,
and A is an effective one-cycle whose support does not contain 2, which gives

2n® =n*H>=H-M, - My = (M- M), Z + A=

> mult%(M)(H-ﬁp) > %Q(Hg) > %Qdeg(ﬂ(g))7

so m(Z) is a v(G)-invariant curve of degree < 7, which contradicts [14], Theorem 4.16].
We see that Z is a point, and (X, 2M) is canonical away from finitely many points.
We claim that Z ¢ Sing(X). Indeed, suppose Z is a singular point of the threefold X.

Let h: X — X be the blow up of the locus Sing(X), let i, ..., Eis be the h-exceptional

surfaces, let M, and M; be the proper transforms on X of the surfaces M; and Mo,

respectively. Write E' = Fj + - - - 4+ Ejg. Since Sing(X) is a G-orbit, we have

Ml NMQ ~ h*(H) — el
for some integer € > 0. Using [16, Theorem 3.10] or [9, Theorem 1.7.20], we get ¢ > .
On the other hand, the linear system |h*(3H) — FE| is not empty and does not have base

curves away from the locus Fy U Ey U --- U Ejg, because Sing(.¥) is cut out by cubic
surfaces in P3. In particular, the divisor h*(3H) — E is nef, so

0< (R*(3H) — E)- M- M, = (h*(3H) — E) - (h*(3nH) — eE)2 = 6n* — 32¢,
which is impossible, since € > 7. So, we see that Z is a smooth point of the threefold X.

Then the pair (X, %./\/l) is not log canonical at Z. Let p be the largest rational number
such that the log pair (X, uM) is log canonical. Then u < % and

Orbe(Z) C NKIt(X, pM).

Observe that Nklt(X, uM) is at most one-dimensional, since M has no fixed components.
Moreover, this locus is G-invariant, because M is G-invariant.

We claim that Nklt(X, uM) does not contain curves. Indeed, suppose this is not true.
Then NKklt(X, uM) contains a G-irreducible curve C. We write M; - My = mC + Q,
where m is a non-negative integer, and {2 is an effective one-cycle whose support does not
contain the curve C. Then it follows from [16, Theorem 3.1] that

Therefore, we have

4n?

2n2:n2H3:H-Ml~M2:m(H-C)+H~Q>m(H-C)>T(H-C’),
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which implies that H - C' < 4. Then 7(C) is a v(G)-invariant curve in P? of degree < 4,

which contradicts [14, Theorem 4.16]. Thus, the locus Nklt(X, uM) contains no curves.
Let Z be the multiplier ideal sheaf of the pair (X, uM), and let £ be the corresponding

subscheme in X. Then L is a zero-dimensional (reduced) subscheme such that

Orbg (Z) - Supp(L’) = NKklt (X, u/\/l).
Applying Nadel’s vanishing [26], Theorem 9.4.8], we get
(X, T® Ox(H)) = 0.
This gives
4=h"(X,0x(H)) 2 h" (0, ® Ox(H)) = h*(O,) = |Orbg(Z)].

In particular, we conclude that the length of the v(G)-orbit of the point 7(Z) is at most 4,
which is impossible by [14), Corollary 4.7]. O

Proposition 31. Suppose that . is the surface from Example[d, and G is the subgroup
described in Example |20, Then C19(X) 2 Z and X is G-birationally super-rigid.

Proof. Recall from Example 26| that G' 2 p3 x g, and C19(X) = Z.

The v(G)-equivariant geometry of the projective space P? has been studied in [12].
In particular, we know from [12] that P® does not contain v(G)-orbits of length 1, 2 or 3,
and the only v(G)-orbits in P? of length 4 are

¥, ={[1:0:0:0,[0:1:0:0],[0:0:1:0],[0:0:0:1]},
Sy={[1:1:1:=1),[1:1:=1:1],[1:=1:1:1),[-1:1:1:1]},
Sy={l:1:1:1,[1:1:=1:—=1],[1:=1:—-1:1],[-1:—=1:1:1]}

We also know from [12] the classification of v(G)-invariant curves in P? of degree at most 7.
To present it, let L4, Ly, L4, L, L, Lt, L&, LY, Ly be v(G)-irreducible curves in P?
whose irreducible components are the lines

{220 + (1 + V3i)zs — (1 — V3i)as = 221 + (1 — V3i)ay +
{220 + (1 — V3i)zo — (14 V3i)as = 221 + (1 + V3i)zp +
{2% - (1= \/gl)l'g +(1+ \/§Z)$3 =21+ (1 + \/_z)xg +
{220 — (1 + V3i)za + (1 — V3i)zs = 221 + (1 — V3i)zo +

1+\/_z):c3 0},
—V3i)zs =0},
)
3i)

—V/3i x3—0},
1—1—\/_2 x3—0},
{zo =z, =0},
{$0+$1=$2—$3=0}7
{zo+ 21 = 22+ 25 =0},
{x0+m~2 :m1+ix3:0},
{zg + iz = 21 + izs = 0},

A,\,—\/_\

respectively. Then the curves L4, L), L], LY, Le, Lf, Lg, Lg', L¢" are unions of 4, 4, 4,
4,6, 6, 6, 6, 6 lines, respectively. Moreover, it follows from [12] that

/ " n / " n "
£47 ‘64) 'C47 'C4 ) ‘667 ‘667 ‘667 'C6 ) 'CG
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are the only v(G)-invariant curves in P? of degree at most 7.

Now, using the defining equation of the surface .#, one can check that any irreducible
component of any curve among Ly, L)), L), LY, Lq, Lg, Lg, L&', Lg" intersects the quartic
surface . transversally by 4 distinct points, so that its preimage in X via the double
cover 7 is a smooth elliptic curve. Thus, if C'is a G-invariant curve in X, then H -C > 8.

Suppose that X is not G-birationally super-rigid. It follows from [I3 Corollary 3.3.3]
that there are a positive integer n and a G-invariant linear subsystem M C |[nH| such
that M does not have fixed components, but the log pair (X, %M) is not canonical.

Arguing as in the proof of Proposition , we see that the log pair (X, 2M) is canonical
away from finitely many points. Let P be a point in X that is a center of non-canonical
singularities of the log pair (X, %M) Now, arguing as in the proof of Proposition again,
we see that P is a smooth point of the threefold X.

Then the log pair (X, %M) is not log canonical at P. Let p be the largest rational
number such that (X, uM) is log canonical. Then p < 2 and

Orbg(P) C NkIt (X, uM).

Observe that Nklt(X, uM) is at most one-dimensional, since M has no fixed components.
Moreover, this locus is G-invariant, because M is G-invariant. Furthermore, arguing as
in the proof of Proposition |30, we see that

dim (NKIt (X, pM) ) = 0.
Let Z be the multiplier ideal sheaf of the pair (X, uM), and let £ be the corresponding
subscheme in X. Then £ is a zero-dimensional (reduced) subscheme such that
Orbg (P) C Supp(ﬁ) = Nklt (X, ,u/\/l).
On the other hand, applying Nadel’s vanishing theorem [26, Theorem 9.4.8], we get
(X, Z® Ox(H)) =0.
This gives
4=h"(X,0x(H)) 2 h’ (0, ® Ox(H)) = h’(Or) = |Orbg(P)|.
Thus, we conclude that |Orbg(P)| = 4 and
7n(P) € Xy U, UXY.
Let M; and M, be two general surfaces in M. Using [30] or [16, Corollary 3.4], we get
(32) (M - My) , > n®.

Let S be a linear subsystem in [3H | that consists of all surfaces that are singular at every
point of the G-orbit Orbg(P). Then its base locus does not contain curves, which implies
that there is a surface S € S that does not contain components of the cycle M; - M.
Thus, using and multp(S) > 2, we get

6n° =S-My-My > Y 2(My-M,), = 2|Orb(P)|(M;-M,) , = 8(M;-My) , > 8n”,
O€0rbg(P)

which is absurd. This completes the proof of Proposition Il
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In the remaining part of the paper, we prove Theorem and consider one application.
Let us recall from [22, 28 20, (I8, [1] basic facts about the H-equivariant geometry of P3. Set

Qy = {af + 27 + 23 + x5 = 0},
Q, = {x% + 22 = 23 +x§},

Q3 = {:(:[2) —? =23 —x%},
Q= {9:3 — i =15 — :1:%},

Qs = {xoxz + 11x3 = 0};

Qs = {wows + x122 = 0},

Qr = {$0$1 + Tax3 = 0};

Qg = {930552 = 551953}7

Qy = {xoxzz = $1I2},
Qo = {xtﬂl = $2$3}-

Then Q;, Qy, Qs, Q4, Qs, Qi, Q7. Os, Qq, Qyp are all H-invariant quadric surfaces in P3.

These quadrics are smooth, and H = uj acts naturally on each quadric Q; = P! x PL.
For a non-trivial element g € H, the locus of its fixed points in P? consists of two skew

lines, which we will denote by L, and L;. For two non-trivial elements g # h in H, one has

{Lg, L} N {Ln, L)} = 2.

In total, this gives 30 lines /1, ..., {39, whose equations are listed in the following table:

61:{1'021'1:0}

62:{1'2:273:0}

Egz{l'o:l'gz()}

54:{%’1:1’3:0}

65:{1’0:1’3:0}

66:{1‘1:1‘2:0}

67:{ZE0+JI1:I2+ZE3:0}

ggz{xo—l‘lzxg—l’g,:()}

gg:{$0+$2:$1+x3:0}

610:{I0—$2:$1—I3:0}

611:{1’04‘1'3:1'14—1’2:0}

612:{1'0—.773:.1’1—%2:0}

613:{.’130‘{'.%'1:232—553:0}

614:{1’0—371:.%24—%'3:0}

€15:{[E0+ZL’2:1’1—I‘3:0}

€16={$0—$2:$1+5L‘3:O}

517:{$0+$3=!E1—$2=0}

ls = {xo— 23 =11+ 25 =0}

lig = {x0+ix1 = T9 + i3 = O}

EQO = {I‘O —ixl = T2 —ixg == 0}

621 = {l’o—i‘il’g = X +i$3 = O}

622 = {ZL’O —’iilfg = X —’iilfg = 0}

623 = {l’o"i‘il'g =2 +1T9 = O}

624 = {QJU —il'g =T —il'g = O}

625 = {.I'O —’él'l = T2 +ZZ’5 = 0}

626 = {$0+i$1 = X9 —i.’Eg = O}

627 = {ZL’U —I—ZZL’Q =T —’é!L’g = 0}

€28 = {$0 —i$2 =T —|—Z{I)3 = O}

629 = {l‘o +Z[L‘3 =T —iZEQ = 0}

630 = {ZEO —iZE3 = —f-Zl’Q = 0}
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Note that ¢4, ..., f30 are irreducible components of the curves Lg, Ly, L¢, L', Lg" which
have been introduced in the proof of Proposition One can check that
o for every k € {1,...,15}, the curve fo_1 + {9 is H-irreducible,
e cach line among /4, ..., 3y is contained in 4 quadrics among Q;, ..., O,
e cach quadric among Qy, ..., Qo contains 12 lines among /1, ..., {3,
e every two quadrics among Q1, ..., Qg intersect by 4 lines among /1, ..., (3.

The incidence relation between (4, ..., ¢35 and Qi, ..., Qg is presented in Figure [3]
Now, let us describe the intersection points of the lines /1, ..., 3. To do this, we set

2411:{1:0:0:0],0:1:0:0],[0:0:1:0],[0:0:0:1]},

[ [
Si={1:1:1:=1),[1:1:=1:1],[1:=1:1:1],[-1:1:1:1]},
Si={[1:1:1:1,[-1:=1:1:1],[1: —1:—1:1],[-1:1:—-1:1]},
$;={[0:0:1:1,1:1:0:0],[0:0:=1:1],[1: =1:0:0]},
Sy ={[1:0:1:0,(0:1:0:1],[-1:0:1:0},[0: =1:0:1]},
$={[0:1:1:0,1:0:0:1],[0:=1:1:0],[-1:0:0:1]},

S ={[t:0:0:1],[0:d:1:0],[—i:0:0:1],[0: —i:1:0]},
S ={[t:0:1:0],[0:4:0:1],[0: =7:0:1],[—i:0:1:0]},
S ={[i:1:0:0,[0:0:¢:1],[-i:1:0:0],[0:0:—i:1]},
SO ={lici: 1) [—ic—ic 11 [ir—i:—1: 1], [—i:d: —1: 1]},
Syl ={licic 1)1 =i =iz 1) =1 =iz 1) [=1 i —i: 1]},
S ={lri—i:1],[-1:dis 1), [l —i—i: 1), [1: —i i 1]},
S ={lic i 1), [l =i 1) (=i =i 1], [i: —1: —i: 1]},
St =l =iz fic =1 1), (=i =1 —i: 1], [—i: 14z 1]},
S ={lici: =11 =i —i:—1:1) i —i: 1), [—izi: 1 1]},

Then the subsets X1, ..., X1 are H-orbits of length 4. Moreover, one has
So, for every ¢; and ¢; such that ¢; # ¢; and (;N¢; # @, one has (;N{; € ZjUXTU---UZ.
Furthermore, one can also check that

e every line among /4, . .., {3y contains 6 points in L} U3 U--- U X,
e every point in X U X3 U--- U XL is contained in 3 lines among ¢4, . . ., 3.

As in Remark let 91 be the normalizer of the subgroup H in the group PGL,4(C).
Then Aut(¢) C M and N = H.Sg, see Remark [L1] Moreover, one can show that

e the group N acts transitively on the set {Qy,..., Q1o},
e the group N acts transitively on the set {/1,..., 30},
e the group N acts transitively on the set {3},..., 2%}

Now, we are ready to describe H-orbits in P2. They can be described as follows:
(1) X},..., 3L are H-orbits of length 4;
(2) H-orbit of every point in (£; Uly U---Ulg) \ (U2 U---U X)) has length 8;
(3) H-orbit of every point in P2\ (¢; Uy U--- U f30) has length 16.
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Lemma 33. The surface . does not contain H-orbits of length 4.

Proof. The assertion follows from [34, Theorem 3], since the H-action on the minimal res-
olution of the quartic surface .¥ is symplectic. Alternatively, we can check this explicitly.
Indeed, it is enough to check that .# does not contain X}, since the group 9 transitively
permutes the orbits X},..., X, If ¥} C &, then .¥ is given by with a = bed = 0,
which implies that . has non-isolated singularities. O

Corollary 34. FEvery line among (1, ..., U3 intersects . transversally by 4 points.

Proof. Fix k € {1,...,15}. If |lo,_1 N .| < 4, then the subset (fo_1 U o) N .7 contains
an H-orbit of length 4, which contradicts Lemma [33] Therefore, we have (o1 N.7| = 4.
Similarly, we see that |lo, N.7| = 4. O

Now, let us prove one result that plays a crucial role in the proof of Theorem [17]

Lemma 35. Let C be a possibly reducible H-irreducible curve in P* such that deg(C') < 8.
Then one of the following two possibilities hold:

(a) either C' = lo_1 + Loy, for some k € {1,...,15};

(b) or C' is a union of 4 disjoint lines and C' C Q; for some i € {1,...,10}.

Proof. Intersecting C' with quadric surfaces Qy, ..., Qjp, we conclude that deg(C') is even.
This gives deg(C') € {2,4,6}.
Suppose that C' is reducible. Since |H| = 16, we have the following possibilities:
(i) C is a union of 2 lines,
ii) C is a union of 4 lines,
(iii) C is a union of 2 irreducible conics,
(iv) C'is a union of 3 irreducible conics.
(v) C'is a union of 2 irreducible plane cubics,

(vi) C is a union of 2 twisted cubics,

Since P? does not have H-orbits of length 2 and 3, cases (iii), (iv) and (v) are impossible.
Similarly, case (vi) is also impossible, because u3 cannot faithfully act on a rational curve.
Thus, either C' is a union of 2 lines, or C' is a union of 4 lines.

Suppose that C' = Ly + Ly, where L; and Ly are lines. Then Staby (L) = p3, and this
group cannot act faithfully on L; = P!. Therefore, there exists a non-trivial g € Stabg(L1)
such that g pointwise fixes the line L;. But this means that L; is one of the lines /1, . . . , /3,
so we have C' = lo;_1 + o for some k € {1,...,15} as required.

Suppose C' = Ly + Ly + L3 + Ly, where Ly, Ly, L3, Ly are lines. Then Stabg(L1) = p3.
Note that Staby(L;) must act faithfully on L, because L; is not one of the lines ¢1, . . ., £30.
This implies that L; does not have Staby(L;)-fixed points, which implies that P3 also does
not have Staby (L, )-fixed points. All subgroups in H isomorphic to pu? with these property
are conjugated by the action of the group 1. Thus, we may assume that

StabH(Ll) = <A1A2,A3>.

This subgroup leaves invariant rulings of the quadric surface Qg = P! x P'. To be precise,
for every [\ : u] € P!, the group (A;As, A3) leaves invariant the line

{Azg + pas = Awy 4 pay = 0} C Qs,

and these are all (A; Ay, Az)-invariant lines in P3. So, the lines Ly, Ly, L3, Ly are disjoint,
and all of them are contained in the quadric Qg. Thus, we are done in this case.
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Therefore, to complete the proof of the lemma, we may assume that C' is irreducible.
Observe that the curve C' is not planar, because P? does not contain H-invariant planes.
Moreover, the curve C' is singular: otherwise its genus is < 4 by the Castelnuovo bound,
but H cannot faithfully act on a smooth curve of genus less than 5 by [12, Lemma 3.2].
Therefore, we conclude that deg(C') = 6, since otherwise the curve C' would be planar.

We claim that the curve C' does not contain H-orbits of length 4. Suppose that it does.
Since 9 transitively permutes the orbits ¥}, ..., XI5 we may assume that ¥} € C. Then

Y5 C Sing(0),

because the stabilizer in H of a smooth point in C' must be a cyclic group [35, Lemma 2.7].
Let ¢: P3 --» P be the standard Cremona involution, which is given by

[370 DY 1 T 1% T 1'3] — [$1$2$3 L XT3 - TpoX1T3 - $03§'1£C2].

Then ¢ centralizes H. On the other hand, the curve +(C') is a conic, because deg(C') = 6,
and C'is singular at every point of the H-orbit X1. But P3 contains no H-invariant conics,
because it contains no H-invariant planes. Thus, C' contains no H-orbits of length 4.
Note that Q1 N Oy N ---N Q19 = F. So, at least one quadric among Oy, ..., Q19 does
not contain the curve C'. Without loss of generality, we may assume that C' ¢ Q;. Then

which implies that the intersection Q; N C' is an H-orbit of length 8, because we already
proved that C' does not contain H-orbits of length 4. For a point P € Q; N C, we have

12=Q,-C = |Orbg(P)[(Q1-C), =8(21-C),,
which is impossible, since 12 is not divisible by 8. U
Corollary 36. Let Q be any quadric among Q, ..., Qo, and let C = #|g. Then

(i) either C' is a smooth curve of degree 8 and genus 9,
(ii) or C = L4+ L] for H-irreducible curves L4 and L) consisting of 4 disjoint lines
such that the intersection L4 N L) is an H-orbit of length 16.

Proof. 1f C' is reducible or non-reduced, Lemma |35/ and Corollary [33[imply the assertion.
Thus, we may assume that C' is irreducible and reduced. Then its arithmetic genus is 9.
If C' is smooth, we are done. If C' is singular, then the genus of it normalization is < 1,
because C' does not contain H-orbits of length 4 by Corollary [33] But H cannot faithfully
act on a smooth curve of genus less than 5 by [12 Lemma 3.2]. U

Now, we are ready to prove Theorem
Proof of Theorem [T7. Let G be a subgroup in Aut(X) such that C1°(X) = Z and
H C v(G),

so G contains a subgroup H? for some homomorphism p: H — p,. We must prove that
the threefold X is G-birationally super-rigid. Suppose it is not G-birationally super-rigid.
Then there are a positive integer n and a G-invariant linear subsystem M C |nH| such
that the linear system M does not have fixed components, but (X, %/\/l) is not canonical.

Starting from this moment, we are going to forget about the group G. In the following,
we will work only with its subgroup HP. Note that v(H?) = H.
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Let Z be the center of non-canonical singularities of the log pair (X, %M) that has
maximal dimension. We claim that Z must be a point. Indeed, suppose that Z is a curve.
Let M be sufficiently general surface in the linear system M. Then

n
(37) mult (M) > 5
by [24, Theorem 4.5]. Let us seek for a contradiction.

Let & be an HP-irreducible curve in X whose irreducible components is the curve Z,
Then, arguing as in the proof of Proposition [30 we see that

H-Z<T.

In particular, we conclude that 7(%) is a H-invariant curve of degree < 7. By Lemma ,
the curve m(Z) is a line, and one of the following two possibilities hold:

(a) either m(2°) = lop_1 + Loy, for some k € {1,...,15};

(b) or (%) is a union of 4 disjoint lines and 7(%) C Q; for some i € {1,...,10}.
Let us deal with these two cases separately.

Suppose we are in case (a). Without loss of generality, we may assume 7(2) = {1 + (5.
Let 7 and C5 be the preimages on the threefold X of the lines ¢; and /5, respectively.
Then it follows from Corollary [34] that C and Cy are smooth irreducible elliptic curves.
In particular, the curves C} and Cy are disjoint and

QFZCl‘i‘CQ.

Let f: X — X be the blow up of the curves C and Cj, let ,EJ and Es be the f-exceptional
surfaces such that f(E;) = C; and f(Ey) = Cy, and let M be the proper transform on
the threefold X of the surface M. Then |f*(2H) — F1 — Es| is base point free, so

0< (f*(QH)—El—Ez)Q-M:
= (f*(2H) — b — E2)2 : (f*(nH) - mlﬂtz(M)(El + Eg)) =4n — 8mu1tZ(M),

which contradicts (37). This shows that case (a) is impossible.

Suppose we are in case (b). Without loss of generality, we may assume that 7(Z2) C Q;.
Let S be the preimage of the quadric surface Q; via the double cover 7. Then it follows
from Corollary |36| that S is an irreducible normal surface such that

(i) either S is a smooth K3 surface,

(ii) or S is a singular K3 surface that has 16 ordinary double points.
Note that 2 C S by construction. Let C be the preimage in X of a sufficiently general
line in the quadric Q; that intersect the line 7(Z). Then C is a smooth irreducible elliptic
curve, which is contained in the smooth locus of the K3 surface S. Observe that H-C = 2.
Moreover, we also have |C N Z| > 4. Thus, since C ¢ Supp(M ), we get

2n=nH-C=M-C> Z multo(M) > multy (M)|CN 2| > 4multy (M),
oecnz

which contradicts (37). This shows that case (b) is also impossible.
Hence, we see that Z is a point. In particular, the pair (X, %M) is canonical away from
finitely many points. Now, arguing as in the proof of Proposition we get Z & Sing(X).
Let M; and M, be two general surfaces in M. Using [30] or [16, Corollary 3.4], we get

(38) (My - M), > n?.
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Let P = m(Z). Then, arguing as in the proof of Proposition 31} we get |Orby(P)| # 4.
We claim that |Orbg(P)| # 8. Indeed, suppose |Orbg(P)| = 8. Then
PeliulyU---Uls.

Without loss of generality, we may assume that P € ¢;. Let C; and C5 be the preimages
on the threefold X of the lines ¢; and /¢, respectively. Recall that C; and Cy are smooth
irreducible elliptic curves, and the curve C; + Cs5 is HP-irreducible. Write

My - My =m(Cy 4+ Cy) + A,
where m is a non-negative integer, and A is an effective one-cycle whose support does not
contain the curves C; and Cy. Then m < "72, because
2n* =H-M;-My=mH - (C;+Co) + H-A<mH - (Cy + Cy) = 4m.
On the other hand, since C; and Cy are smooth curves, it follows from that
(39) multo (A) > n* —m

for every point O € Orby,(Z). Note also that Z € Cy and |Orby.(Z)| > 8.

Let D be the linear subsystem in |2H | that consists of surfaces passing through C; UCs.
Then, as we already implicitly mentioned, the linear system D does not have base curves
except for €'y and Cy. Therefore, if D is a general surface in D, then D does not contain
irreducible components of the one-cycle A, so gives

i’ —8m=D-A> > multp(A) =
O€Orbyy (2)
= |Orbg, (Z)mult; (A) > |Orby, (Z2)|(n* — m) > 8(n* — m),
which is absurd. This shows that |Orby(P)| # 8.
In particular, we see that |Orbye(Z)| = |Orbg(P)| = 16 and P & {; Ul U --- U 5.
We claim that P ¢ Q1 U Qo U---U Qyq. Indeed, suppose that P € Q1 U Qs U---U Qyp.
Without loss of generality, we may assume that

As above, denote by S the preimage of the quadric surface Q; via the double cover 7.
Then S is a K3 surface with at most ordinary double singularities, and it follows from
the inversion of adjunction [24, Theorem 5.50] that (S, 2M|s) is not log canonical at Z.
Let A be the largest rational number such that (S, AM|g) is log canonical at Z. Then

Ol"pr(Z) g Nklt (S, /\M|5)

Note that the locus Nklt(S, AM|g) is Hf-invariant, because M and S are HP-invariant.
Suppose NKklIt(S, AM|g) contains an HP-irreducible curve C' that passes through Z.
This means that AM|s = C' + Q, where 2 is an effective Q-linear system on S. Then

H-C<H-(C+Q)=4n)\ <8,

hence 7(C') is a union of 4 disjoint lines in Q; by Lemma , since P & (1 UlyU--- U Ls.
Let C be the preimage in X of a general line in Q; that intersect 7(C'). Then

4<C-C<C-(C’+Q):)\n(H~C) =2Xn < 4,
which is absurd. So, the locus Nklt(S, AM|s) contains no curves that pass through Z.
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Let Zs be the multiplier ideal sheaf of the pair (S, AM|g), let Lg be the corresponding
subscheme in S. Then

Supp(ﬁg) = Nklt (S, /\/\/l|g).
Now, applying Nadel’s vanishing theorem [26, Theorem 9.4.8], we get
h'(S,Zs ® Os(2H|s)) = 0.
Now, using the Riemann—Roch theorem and Serre’s vanishing, we obtain
10 = h°(S,05(2H|s)) = h°(Ory ® Os(2H|s)) = |Orbue(Z)|.

because Lg has at least |Orbye (Z)| disjoint zero-dimensional components, whose supports
are points in Orby,(Z), because Orbye (Z) C Nklt(S, AM|s), and Nklt(S, AM|g) does not
contain curves that are not disjoint from Orbg,(Z). Hence, we see that |Orbg,(Z)| < 10,
which is impossible, since |Orby,(Z)| = 16. This shows that

T(Z)=P ¢ Q1UQyU---UQ.

Let us summarize what we proved so far. Recall that M is a mobile HP-invariant linear
subsystem in |[nH|, the log pair (X, 2M) is canonical away from finitely many points, but
the singularities of the pair (X, %M) are not canonical at the point Z € X such that

o 7 & Sing(X),

® 7T(Z) ¢51 UKQU"‘UK?,O,

o T(Z) & Q1 UQyU---U Qyy,

e |Orby,(Z)| = |Orby(n(Z))| = 16.
By Lemma , m(Z) is not contained in any H-invariant curve whose degree is at most 7.
Let us use this and Nadel’s vanishing [26, Theorem 9.4.8] to derive a contradiction.

As in the proofs of Propositions|30/and , we observe that (X, %M) is not log canonical
at the point Z, because X is smooth at Z. Let u be the largest rational number such that
the log pair (X, uM) is log canonical at Z. Then p < % and

Orbg, (Z) € Nt (X, uM).

Moreover, if the locus Nklt(X, uM) contains an HP-irreducible curve C, then arguing as
in the proof of Proposition |30, we see that

deg(7(C)) < H-C < 4,

which implies that the curve C' does not pass through Z. Hence, we conclude that every
point of the orbit Orbye (Z) is an isolated irreducible component of the locus Nklt(X, uM).

Let Z be the multiplier ideal sheaf of the pair (X, uM), and let £ be the corresponding
subscheme in X. Then

Supp (E) = Nklt (X, ,u./\/l) ,

so the subscheme £ contains at least |Orbg, (Z)| = 16 zero-dimensional components whose
supports are points in the orbit Orbg,(Z). On the other hand, we have

hl(X,I® (’)X(H)) =0
by Nadel’s vanishing theorem [26, Theorem 9.4.8]. This gives
4=h"(X,0x(H)) = h° (O ® Ox(H)) > |Orby,(Z)| = 16,
which is absurd. The obtained contradiction completes the proof of Theorem [17] O
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Let us conclude this paper with one application of Theorem [I7, which was the initial
motivation for this paper — we were looking for various embeddings pj x p; — Bir(P?).

Example 40 (cf. Examples , , . Let Gys 50 be the subgroup in PGL4(C) generated by

10 0 0 -1 0 00
0 1 0 0 0 —1 0 0
Ai=1o o1 0l*=0o 0o 10|
0 0 0 1 0 0 01
0100 0001 0010
1000 0010 1000
AB=lgoo1["M={o1o00["*= |01 00
0010 1000 0001

Then one can check that Gygs0 = py X g and the GAP ID of the group Gag 50 is [48,50].
For every t € C\{%1, £/3i}, let S, be the quartic surface in P* given by the equation (),
i.e. the surface S; is the quartic surface in P? given by the following equation:

Ty -+ + 3y +xy— (P + 1) (vga] +a3al + aias +atw) + xgas +aias) +2(t° + 3t wor vy = 0.

Then S; is Gyg so-invariant, and S; has 16 ordinary double singularities (see Example [5)).
Now, let X; be the hypersurface in P(1,1, 1,1, 2) that is given by

w? = xy+a]+ay+rs— (1) (x5t Fasas Fairs Faies Fasrs +airy) +2(8 +3) vor waxs,

where we consider g, 1, T2, 3 as homogeneous coordinates on P(1, 1,1, 1, 2) of weight 1,
and w is a coordinate of weight 2. Consider the faithful action Gugso ™~ X; given by

Ay [mo:xy i gty w] = [—x0 21 0 —x 2 23 1 W),

Ay [wo iy i xot gt w] = [—xo 21 1 —xg & X3 1 W),
Ag: [xo:my iz a3t w] = [11 1 29 1 3 1o W,
Ay [mo:xy i gty s w] = 2329 21 2 20 1 W),
As: [xo:xy izt wg i w] = [y 1 w9 xg 2 23 1 w).

Since the threefold X, is Gygso-invariant, this gives an embedding Gugso — Aut(X;).
Then it follows from Theorem (17| that the threefold X; is G4s s0-birationally super-rigid.
In particular, for any ¢, # t, in C \ {#1,4+/3i}, the following conditions are equivalent:
o the threefolds X;, and X, are Gy s0-birational;
e the surfaces Sy, and S;, are projectively equivalent.
Recall that X, is rational. For t € C\ {£1,++/3i}, fix a birational map x;: P? --» X,
and consider the monomorphism 7;: Gug 50 < Bir(IP?) that is given by g + x; ' 0 g o xs.
Then, for any t; # t, in C\ {#£1,4++/3i}, we have the following assertion:

Ne, (Gag.50) and 1, (Gus 50) are conjugate in Bir(P?) <= X;, and X;, are Gyg so-birational.

Thus, if ¢; # ty are general, then 1, (Guss50) and 1, (Gug50) are not conjugate in Bir(P?).
Similarly, we see that 7;(G4s 50) is not conjugate in Bir(IP?) to the group Gus 50 C PGL4(C),
which also follows from [12]. Can we show this using other obstructions [5 25| 21]?
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FIGURE 2. Defining equations of the surfaces II7,. ..
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,IT}; in Example .

2
$0+$1+$2+ﬁI3:0

Iy w = (S;T)Z’((s + D)t + (5% + D)zyas + 2smixs + (82 + 1)23 + 2sm013 — (52 + 1)23)
Tog—T1+ X2+ 2+1x3 =0
] w= e (52 4+ 1)t — (8% + Danws + 2sm1a5 + (57 + 1)73 — 2swpw5 — (57 + 1)23) = 0
- 2 To+ 11 — To — 82+1x3—0
3l w= (5824:11)2 ((s* 4+ 1)a? — (s* + Dzyay — 252123 + (5% + 1)ad + 2sz0m3 — (s + 1)a3) =0
. Lo — Ty — Ty + Foqw3 =0
1 w= (;22%1)2((52 + 1)a? + (82 + 1)w1xe — 257103 + (8% + 1)22 — 257913 — (8% + 1)m§) =0
:l?o+:)31+522—j_1932+x3 =0
15 w = (;’22—’11)2((52 + 1)ad + 2smam0 + (8* + 1)aszo — (52 + 1)x3 + 252015 + (s + 1)) =0
- 2 To — T + 2+1x2—x3—0
6 || w= (:2;11)2 ((s* 4+ 1)ad + 2smamg — (8% + V)agmg — (5% + 1)a3 — 2sz0w3 + (s + 1)a3) =0
N STy — 41 — To + 23 =0
I w= (5522J:11)2 ((s* + 1)ad — 2swazo — (5% + V)zywo — (82 4 1)x3 4 250923 + (s 4+ 1)23) =0
- 2 To—T1 — 82+1$2+$3_0
8 | w= (532;11)2 ((s* + 1)af — 2swamo + (8% + V)agmg — (s* + 1)ad — 2sz0w3 + (s + 1)a}) =0
x0+322ﬁx1+x2+x320
g w = (;22%1)2((52 + 1)ad + 253120 + (82 + D)zzzo — (s + 1)a? + 2swy25 + (s + 1)23) =0
To — 2+1£L‘1—IB2+$3—0
T, w = (5822;11)2 ((s* 4+ 1)af — 2sw120 + (8% + V)asmg — (s° + 1)a? — 2szy23 + (s + 1)ad) =0
Ty — 32+1x1—|—x2—x3—0
I | = (58224:11)2 ((s* + 1)af — 2sw120 — (8* 4+ Daswo — (s° + 1)af + 252123+ (s + 1)a3) =0
Zo + 2+1 — Ty —x3 =0
Iy, w = (55224:11)2 ((s* + 1)ad + 2smy20 — (s* + 1)x3x0 — (s> + )2 — 2smyx3 + (s> + 1)) =0
52+1930+.”B1+932+.’B3 =0
I w = (522%1)2((32 + 1)af — 2sw120 — 25T9w0 — (8% + 1)a? — (s + D)zyay — (s> + 1)23) =0
322+1x0 1 — 22 +x3=0
e [P (;22%1)2((32 + 1)ad + 253120 + 253920 — (52 + 1)af — (s + 1)a12s — (s> + 1)) =0
" 2 S0 — 1+ Ty — 3 =0
B w = 5y (87 + 1)ag + 2sz120 — 2sw0m0 — (87 + 1)af + (8° + Dzias — (s° + 1)a3) =0
s2+1m0+x1—x2—x3—0
Il w = (532’1 ((s* + 1)af — 2sw120 + 253920 — (8% + 1)a? + (8% + D)ayzs — (s* + 1)23) =0
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FIGURE 3. Ten H-invariant quadrics in P and thirty lines in them.
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