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K-STABLE DIVISORS IN P! x P! x P2 OF DEGREE (1,1,2)

IVAN CHELTSOV, KENTO FUJITA, TAKASHI KISHIMOTO, TAKUZO OKADA

ABSTRACT. We prove that every smooth divisor in P! x P! x P? of degree (1,1,2) is K-stable.

1. INTRODUCTION

The goal of this paper is to prove the following result:
Main Theorem. Let X be a smooth divisor in P x P x P? of degree (1,1,2). Then X is K-stable.
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2. SMOOTH FANO THREEFOLDS IN THE DEFORMATION FAMILY N¢3.3

Let X be a divisor in P}, x P}, , x P2 of tridegree (1,1,2), where ([s : ], [u : v], [z, y, 2]) are

x,Y,z
coordinates on P}, x P, , x P2 . Then X is given by the following equation:

[5 t} @11 a2 (% —0
Q21 Q22 v|

where each a;; = a;;(x,y, 2) is a homogeneous polynomials of degree 2. We can also define X by

bii bz big x
[ZU ) Z} ba1 baa ba3 y | =0,
bsi b3z bss z

where each b;; = b;;(s,t;u,v) is a bi-homogeneous polynomial of degree (1,1).
Suppose that X is smooth. Then we have the following commutative diagram:

1 1
]P)s,t X ]P)u,v

e

P!, w Pl

) U,V
\ /
/ N
P, , x P2 73 P, ., x P2

]P)2

w7y7z

Throughout this paper, all varieties are assumed to be projective and defined over C.
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where all maps are induced by natural projections. Note that w is a (standard) conic bundle whose
discriminant curve Api,p1 C Py, X P, , is a curve of degree (3,3), which is given by

bll bl2 613
det b21 622 623 =0.
b31 b32 b33

Similarly, the map 73 is a conic bundle whose discriminant curve Ap> C P% _ is a smooth plane

quartic curve, which is given by aqi1a22 = aj2a2;. Both maps ¢; and ¢, are birational morphisms
that blow up the following smooth genus 3 curves:

2
"L.7y7z’

{San + tasy = sajo + tasy = O} C Pi,t x P

1 2
{uall + Va1s = UG + Va9 = O} C ]P)uﬂ) X ]P)x,y,z'

Finally, both morphisms m; and s are fibrations into quintic del Pezzo surfaces.
Let Hy = 7 (Op1(1)), let Hy = 73 (Op1(1)), let Hy = 75(Op2(1)), let Ey and Es be the exceptional
divisors of the morphisms ¢; and ¢, respectively. Then
—Kx ~ Hy+ Hy + Hj,
E1 ~ H1 + 2H3 - HQ,
Ey ~ Hy+2H3; — H;y.

This gives Fy + FEy ~ 4H3, which also follows from F; + Ey = 75(Ap2). We have

—Kx ~q ng + % 2+ %Ez ~Q %Hl + 2H2 + %El-
In particular, we see that a(X) < 2. Note that Ey = Ey = Apz x P'.
The Mori cone NE(X) is simplicial and is generated by the curves contracted by w, ¢; and ¢,.
The cone of effective divisors Eff(X) is generated by the classes of the divisors Ey, Es, Hy, Hs.

Lemma 1. Let S be a surface in the pencil |Hy|. Then S is a normal quintic del Pezzo surface
that has at most Du Val singularities, the restriction ms|s: S — IP’;W s a birational morphism,
and the restriction m|s: S — P, is a conic bundle. Moreover, one of the following cases hold:
e the surface S is smooth,
(A1) the surface S has one singular point of type A4,
(2A1) the surface S has two singular points of type A4,
(Ag) the surface S has one singular point of type As,

(A3) the surface S has one singular point of type As.
Furthermore, in each of these five case, the del Pezzo surface S is unique up to an isomorphism.

Proof. This is well-known [3] [4]. O

Remark 2. In the notations and assumptions of Lemma [I} suppose that the surface S is singular,
and let w: S — S be its minimal resolution of singularities. Then the dual graph of the (—1)-curves
and (—2)-curves on the surface S can be described as follows:

(A1) if S has one singular point of type Ay, then the dual graph is



(2A1) if S has two singular points of type A;, then the dual graph is

O [ ] O

(As) if S has one singular point of type Ay, then the dual graph is

[ ] [ J (@] (e) /
\ .
(Ag) if S has one singular point of type As, then the dual graph is

(0] o O [ ]

Here, as in the papers [4, 3], we denote a (—1)-curve by e, and we denote a (—2)-curve by o.

Lemma 3. Let S be a surface in |H,|, let Sy be a surface in |Hs|, and let P be a point in Sy N Ss.
Then at least one of the surfaces S; or Sy is smooth at P.

Proof. Local computations. O

Corollary 4. In the notations and assumptions of Lemmal3, suppose the conic Sy - Sy is reduced.
Then at least one of the surfaces Si or Sy is smooth along S1 M Ss.

Lemma 5. Let P be a point in X, let C be the scheme fiber of the conic bundle w that contains P,
and let Z be the scheme fiber of the conic bundle w3 that contains P. Then C' or Z is smooth at P.

Proof. Local computations. O

Lemma 6. Let C be a fiber of the morphism w3, let S be a general surface in |Hs| that contains C'.
Then S is smooth, K% = 4 and —Kg ~ (Hy + Hs)|s, which implies that —Kg is nef and big.
Moreover, one of the following three cases holds:

(1) the conic C is smooth, —Kg is ample, and the restriction w|g: S — Py, x P, is a double
cover branched over a smooth curve of degree (2,2),

(2) the conic C is smooth, the divisor —Kg is not ample, the conic w(C') is an irreducible
component of the discriminant curve Api yp1, the conic C' is contained in Sing(w ™ (Apiyp1)),
and the restriction map w|s: S — Py, x P, fits the following commutative diagram:

S
S P!, x PL,

B

where « is a birational morphism that contracts two disjoint (—2)-curves, and B is a double
cover branched over a singular curve of degree (2,2), which is a union of the curve w(C') and
another smooth curve of degree (1, 1), which intersect transversally at two distinct points,

(3) the conic C'is singular, —Kg is ample, and the restriction w|s: S — P}, x P, , is a double
cover branched over a smooth curve of degree (2,2).

Proof. The smoothness of the surface S easily follows from local computations. If —Kg is ample,

the remaining assertions are obvious. So, to complete the proof, we assume that — K¢ is not ample.
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Then the restriction w|s: S — P}, x P, , fits the commutative diagram

/\

1 1
IP)st X ]P)u,v

where « is a birational morphism that contracts all (—2)-curves in S, and 8 is a double cover
branched over a singular curve of degree (2,2). Let ¢ be a (—2)-curve in S. Then

(H1+H2)€:—KS£:0
so that w(l) is a point in P}, x P, . But m3(¢) is a line in P% that contains the point 75(C').

This shows that the curve ¢ is an 1rreducible component of a s11$gular fiber of the conic bundle w.
Therefore, we see that w(f) € Apiypi. This implies that the conic bundle w maps an irreducible
component of the conic C' to an irreducible component of the curve Api,p1, because S is a general
surface in the linear system |Hs| that contains the curve C.

If C is singular, an irreducible component of the curve Api,p1 is a curve of degree (1,0) or (0, 1),
which is impossible [8, § 3.8]. Therefore, we see that the conic C' is smooth and irreducible, and
the curve w(C') = C'is an irreducible component of the discriminant curve Ap:,p1. Since the conic
bundle w is standard [§], the surface w™!(w(C)) is irreducible and non-normal, which easily implies
that the conic C'is contained in its singular locus.

Choosing appropriate coordinates on P!, x IP’1 X IP’2 , we may assume that 73(C) =1[0:0: 1],
the conic C' is glven by z =y =sv—tu= O ([O 1] [O 1]) is a smooth point of the curve Apip1,
and the fiber w™!([0: 1],[0: 1]) is given by s = u = xy = 0. Then X is given by

(aysu + bysv + citu)x? + (agsu + bysv + cotu + tv)zy+
+ by(sv — tu)zz + (assu + bzsv + cstu)y® + bs(sv — tu)yz + (sv — tu)z* = 0
for some numbers aq, as, as, by, by, bs, by, bs, ¢1, co, c3. One can check that Apiyp1 indeed splits
as a union of the curve w(C) and the curve in P}, x P}, of degree (2,2) that is given by
albgstuz — albgszuv + asbybss*uv — agbybsstu® — agbiszuv + a3bZStU2 - blb§s2vz+
+ blbgstuv + bobybss*v? — bobybsstuv — bsbis*v? + bsbistuv — bicsstuv + bicst*u® + bybscystuv—
— bybseot®u® — bQClstuv + b2clt2u2 + 4dajazs*u® + daibss*uv + dajcsstu® agszuz 2a9by 82 uv—
— 2a9costu® + dasby s*uv + dascy stu?® + 4bybys*v? + 4bycgstuv — b 202 — 2bycostuv + 4bscy stuv+
+ bybsstv® — bybst?uv + deqest?u® — 02t2u2 — 2asstuv — 2bystv? — 2cqt?uv — t20? = 0.
The surface S is cut out on X by the equation y = Az, where A is a general complex number.
Then the double cover §: S — P}, x P,  is branched over a singular curve of degree (2,2), which
splits as a union of the curve w(C) and the curve in P}, x P, , of degree (1,1) that is given by
)\ngtu — )\ngsv + 4X%agsu + AN*b3sv — 204 \bs s + 2\bybstu+
+ AX2cstu + Ahassu + 4 bysv — bisv + bitu + dAcatu + 4agsu + 4bysv + degtu + 4 tv = 0.

Since A is general and X is smooth, these two curves intersect transversally by two points, which
implies the remaining assertions of the lemma. U

Note that the case (2) in Lemma [0 indeed can happen. For instance, if X is given by

(sv + tu)z? + (su — sv + tv)zy + (5sv — 5tu)zx + 3suy® + (sv — tu)zy + (sv — tu)z* = 0,
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then X is smooth, and general surface in |Hs| that contains the curve 73 ([0 : 0 : 1]) is a smooth
weak del Pezzo surface, which is not a quartic del Pezzo surface.

Lemma 7. Let C be a smooth fiber of the morphism w, and let S be a general surface in |Hy + Ho|
that contains the curve C. Then S is a smooth del Pezzo surface of degree 2, and —Kg ~ Hj|s.

Proof. Left to the reader. O

Observe that —K% = 18, and X is a smooth Fano threefold in the deformation family Ne3.3.
Moreover, every smooth Fano threefold in this deformation family can be obtained in this way.

3. APPLICATIONS OF ABBAN—ZHUANG THEORY

Let us use notations and assumptions of Section 2 Let f: X — X be a birational map such
that X is a normal threefold, and let F' be a prime divisor in X. Then, to prove that X is K-stable,
it is enough to show that B( ) = Ax(F) — Sx(F) > 0, where Ax(F) =1+ ordp(K3/Kx) and

1 o0
— / vol(f*(—Kx) — uF)du.
—Kx Jo
This follows from the valuative criterion for K-stability [5, [7].
Let € be the center of the divisor F on the threefold X. By [6 Theorem 10.1], we have
1
- K g’(
for every surface S C X. Hence, if € is a surface, then S(F) > 0. Thus, to show that X is K-stable,
we may assume that € is either a curve or a point. If € is a curve, then [2, Corollary 1.7.26] gives

Sx(F) =

Sx(S) = / vol( — Kx — uS)du < 1
0

Corollary 8. Suppose that f(F) < 0 and € is a curve. Let S be an irreducible normal surface in
the threefold X that contains €. Set

S(W2,: @) = = ;;X) / ' (P(u)*-S) - orde (N (u)|g)du+

+ ﬁ /OT /000 vol(P(u)‘S - v@)dvdu,

where T is the largest rational number u such that —Kx —uS is pseudo-effective, P(u) is the positive
part of the Zariski decomposition of —K x —uS, and N(u) is its negative part. Then S(WS ¢) > 1.

Let P be a point in €. Then

Ax(F
>0 X) = i SX<(E>)’
PeCx(F)

where the infimum is taken over all prime divisors E over X whose centers on X that contain P.
Therefore, to prove that the Fano threefold X is K-stable, it is enough to show that dp(X) > 1.
On the other hand, we can estimate dp(X) by using [I, Theorem 3.3] and [2, Corollary 1.7.30].
Namely, let S be an irreducible surface in X with Du Val singularities such that P € S. Set

T = sup{u € Q=0 ‘ the divisor —Kx — uS is pseudo—effective}.

For u € [0, 7], let P(u) be the positive part of the Zariski decomposition of the divisor —Kx — uS,
and let N(u) be its negative part. Then [I, Theorem 3.3] and [2, Corollary 1.7.30] give

(3.1) 5p(X) > min{#s),ap(& ij.)}

5



for

. Ag(F)

7S ) S

6P (S7 Wo,o) - 1{}/1;, S(W.S., F)’
PCCs(F) ’

where

S(W.S:.;F) = —i[(g’(/; (P(u)?- S) -ordF(N(u)‘S)alujL —i[(j;’(/(: /000 vol(P(u)‘S — vF)dvdu,

and now the infimum is taken over all prime divisors F' over S whose centers on S that contain P.
Let us show how to apply (B.I]) in some cases. Recall that Sx(S) < 1 by [0, Theorem 10.1].

Lemma 9. Let C be the fiber of the conic bundle 73 that contains P, and let S be a general

surface in |Hs| that contains C'. Suppose S is a smooth del Pezzo of degree 4, and C' is smooth.
Then 6p(X) > 1.

Proof. One has 7 = 1. Moreover, for u € [0, 1], we have N(u) =0 and P(u)|s = —Kg+ (1 —u)C.
Let L = —Kgs+ (1 —u)C. Using Lemma 23 and arguing as in the proof of Lemma 20, we get

1
S(W2sF) = %/ 41+ (1 —u)SL(F)du <
0
1y 19+ 8(1 —u) + (1 — u)? 143
< = — _
<as(p) [ G+ - du = T A5(F)
for any prime divisor F' over S such that P € Cg(F'). Then (8.1]) gives dp(X) > 1. O

Similarly, we obtain the following result:

Lemma 10. Let S be the surface in |H,| that contain P. Then

1 25926p(S)
Sx(S)" 2560 + 6355 (S)

for 6p(S) = 6p(S, —Ks), where 6p(S, —Kg) is defined in Appendiz[Al

Ip(X) > min{

Proof. We have 7 = % Moreover, we have
(1—U)H1—|—H2—|—H3 1f0<u< 1,

P(u) = . 3
(2—u)H2+(3—2u)H31f1<u<§,

and
0if0<u<l,

N(u) =
() (u—l)EQifléugg.

Note also that Es|g is a smooth genus 3 curve contained in the smooth locus of the surface S.
Recall that S is a quintic del Pezzo surface with at most Du Val singularities, and the restriction

morphism 7|g: S — P, , is a conic bundle. Note that the morphism 73|s: S — P, _ is birational.

Let C be a fiber of the conic bundle ms|g, and let L be the preimage in S of a general line in IP’;W.

Then —Kg ~ C + L and
C+Lif0<u<l,

P Y
(u)|g ~r 2—u)C+ B -20)Lifl<u<s,

N W

Since 2L —C' is pseudoeffective, the divisor 5™ (—Kg)—(2—u)C —(3—2u)L is also pseudoeffective.
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Let F' be a divisor over S such that P € Cg(F). Then it follows from Lemma 20 that

Njw

S(WSF) < 2 As(F) / (1= 1) (P(w)] ) + /0 i /0 T vol(P(w)| — vF)dvdu =

1

1 1 00 1 % 00
:LAS )+6/ / vol(—KS—vF)dvdu+—/ / vol((2—u)C+ (3—2u)L —vF)dvdu <
o Jo

288
7 1 [t Ag(F 7T — 4u
@As( )+6/ 5 ) d + - / / ( Ks)—vF>dvdU—
3
7 ) 1 [2([7T—4u >
= —Ag(F)+ ——Ags(F) + = I(— Kg—vF <
583 s( )+65P(S) s( )+6/1 ( 3 ) /0 vol( s — vF)dvdu

T 5 1 (14 As(F)

7 ) 25 80 7
= —Ag(F)+ ——=As(F)+ ———=As(F) = | ———= A
2ssAsF) + 665(S) s(F) + 16265(9) s(F) (816P(S) 288) s(F),
Then 0p(S; W2,) > — — = 252%?23?5?85) and the required assertion follows from (B.1]). O
’ ST5p(5) T 288

Keeping in mind that Sx(S) < 1 by [6, Theorem 10.1] and the é-invariant of the smooth quintic
del Pezzo surface is 12 by [2, Lemma 2.11], we obtain

Corollary 11. Let S be the surface in |Hy| that contain P. If S is smooth, then dp(X) > 1.
Similarly, using Lemmas 24] and 23] from Appendix [A]l we obtain

Corollary 12. Let S be the surface in |Hy| that contain P. Suppose that S has at most singular

points of type A1, and P is not contained in any line in S that passes through a singular point.
Then 6p(X) > 1.

Alternatively, we can estimate dp(X) using [2, Theorem 1.7.30]. Namely, let C' be an irreducible
smooth curve in S that contains P. Suppose S is smooth at P. Since S ¢ Supp(N(u)), we write

u)‘s =d(u)C + Ng(u),

where N§(u) is an effective R-divisor on S such that C' ¢ Supp(Ng(u)), and d(u) = orde (N (u)|s).
Now, for every u € [0, 7|, we define the pseudo-effective threshold ¢(u) € Rsq as follows:

t(u) = inf {v € Rog } the divisor P(u ‘S

—vC'is pseudo—effective}.

For v € [0, t(u)], we let P(u,v) be the positive part of the Zariski decomposition of P(u)|s — vC,
and we let N(u,v) be its negative part. As in Corollary B we let

S(Vi0) = = ;;X) / (P(u)? - S) - oxde (N ()] ) dut

n ﬁ /0 /OOO vol(P(u)], — vC)dvdu.

Note that C' ¢ Supp(N(u, )) for every w € [0,7) and v € (0,%(u)). Thus, we can let

t(u
Fp(WEE) = KX // - C) - ordp(Ng( )}C—I-N(u,v)‘c)dvdu.



Finally, we let

3

S(Wa P) = (—Kx)?

000’

T pt(u)

/ / (P(u,v) - C)2dvdu + Fp(WJ5).
o Jo

Then [2, Theorem 1.7.30] gives

Corollary 13. One has

Ax (F) _ 1 1 1
) ) > 000 > min S S o S )

Moreover, if both inequalities in (¥kl) are equalities and € = P, then 0p(X) =

Sx(8)
Let us show how to compute S(W7,;C) and S(WSS; P) in some cases.

000’

Lemma 14. Suppose that w(P) & Apiypi. Let S be a general surface in |Hy+ Hs| that contains P,
and let C be the fiber of the morphism w containing P. Then S(W2,; C) = 3L and S(WosyP)=1.

Proof. We have 7 = 1. Moreover, for u € [0, 1], we have N(u) = 0 and P(u)|s = —Kgs+2(1—u)C.
On the other hand, it follows from Lemma [7] that S is a smooth del Pezzo surface of degree 2, and
the restriction map m3|g: S — Pi,w is a double cover that is ramified over a smooth quartic curve.

Therefore, applying the Galois involution of this double cover to C', we obtain another smooth
irreducible curve Z C S such that C' 4+ Z ~ —2Kg, C? = Z?> =0 and C - Z = 4, which gives

b} 1
P(u)|s — vC ~g (5 —2u — U)C + §Z‘
Then P(u)|s — vC is pseudoeffective <= P(u)|s — vC is nef <= v < 2 — 2u. Thus, we have
vol(P(u)|s —vC) = (— Kg+2(1 — u)C)2 =10 — 8u —4v
and P(u,v) - C' = 2. Now, integrating, we get S(W2,;C) = 3t and S(WSS,; P) = 1. O

(XY 36 000’

Lemma 15. Suppose that P ¢ Ey U Es. Let S be a general surface in |Hs| that contains P, and
let C be the fiber of the morphism w3 containing P. Suppose that S is a smooth del Pezzo surface.
Then S(WS,:C) =T and SWSE,; P) = 1.

(XY 9 .00’

Proof. We have 7 = 1. Moreover, for u € [0, 1], we have N(u) =0 and P(u)|s = —Kgs+ (1 —u)C.
Since S is a smooth del Pezzo surface, the restriction map wl|s: S — P, x P,  is a double cover

ramified over a smooth elliptic curve. Therefore, using the Galois involution of this double cover,
we get an irreducible curve Z C S such that C + Z ~ —Kg, C? = Z? =0, C' - Z = 2, which gives

P(u)ls —vC ~g (2—u—0v)C+ Z.
Then P(u)|s — vC is pseudoeffective <= P(u)|s — vC is nef <= v < 2 — u. Thus, we have
vol(P(u)|s —vC) = (— Kg+ (1 — u)C)2 =8 —4u—4v
and P(u,v) - C = 2. Now, integrating, we obtain S(W>,;C) = & and S(WJS,; P) = 1. O

L 3 0,00’

Lemma 16. Suppose that P ¢ Ey U Es. Let S be a general surface in |Hs| that contains P, and
let C be the fiber of the morphism w3 containing P. Suppose S is not a smooth del Pezzo surface.
Then S(WE,;C) =% and SWJ5,; P) = 1.

(XY 9 e.0.0’

Proof. We have 7 = 1. Moreover, for u € [0, 1], we have N(u) =0 and P(u)|s = —Kgs+ (1 —u)C.
It follows from Lemma [0 that S contains two (—2)-curves e; and ey such that —Kg ~ 2C' +e; +e.
On the surface S, we have C? =0, C-e; =C-e; =1, €3 =e3 = —2, and

P(u)ls —vC ~g (3 —u—v)C + e + es.
8



Then P(u)|s —vC is pseudoeffective <= v < 3 — u. Moreover, we have
(3—U—U)C—|—€1—|—62 1f0<1}< l—u,
Plu,v) =93 —u—wv

5 (20+e1+e2)if1—u<v<3—u,
0if0<v<1l—u,
Nlu,v) = %H(el—l—eg ifl—u<v<3—u,
8—du—4vif0<v <1 —u,
VOl(P(u)|S_UC):{(u+U—3)2 ifl-u<v<3—u

Now, integrating vol(P(u)|s — vC'), we obtain S(W5,;C) = 8.

o) 9

To compute S(W2E,; P), observe that Fp(W2SE,) = 0, because P ¢ e, U ey, since S is a general

000’ [ X X}

surface in |H3| that contains C. On the other hand, we have
2if0 <v <1 —u,
P(u,v)-C'= {3—u—vif1—u<v<3—u.
Hence, integrating (P(u,v) - C)2, we get S(WZC: P) = g as required. O

LN 3

Lemma 17. Suppose P € (E1UFE)\ (E1NEy). Let S be a general surface in |Hs| that contains P,
let C' be the irreducible component of the fiber of the conic bundle w3 containing P such that P € C.
Then S(W2,;C) =1 and SWIE: P) < 3.

0 e,0,0)

Proof. We have 7 = 1. For u € [0, 1], we have N(u) = 0 and P(u)|s ~g —Kg+ (1 —u)(C + "),
where C’ is the irreducible curve in S such that C' + C’ is the fiber of the conic bundle 75 that
passes through the point P. Since P & E; N E5, we see that P & C’.

By Lemma [0l the surface S is a smooth del Pezzo surface of degree 4, so we can identify it with
a complete intersection of two quadrics in P4. Then C and C” are lines in S, and S contains four
additional lines that intersect C. Denote them by Ly, Lo, L3, Ly, and let Z = Ly + Lo + L3 + Ly.
Then the intersections of the curves C, C" and Z on the surface S are given in the table below.

el z]
cl-1]1]4
o1 =1] 0

Z|410|-4

Observe that —Kg ~g 3C'+1C"+1Z. This gives P(u)|s —vC ~p (2 —u—v)C+ (2 —u)C'+17,
which implies that P(u)|s — vC is pseudoeffective <= v < 2 — u.

2
Moreover, we have

((5 3 ;o1
- —u— — — - <v<
(2 U U>C+<2 U>C+2ZIfO\U\1,
P(u,v) = (g—u—vyo+cﬁ+%Zﬁ1<v<2—%
o ) . 5
- —Uu— — < < - —
k(21LUyC+C+ZNm EACAE S

0if0<v<1,

Nww%:(v—ndﬁlgygg_%

)
(v—l)C"+(v+u—2)Zif2—u<v<§—u,
9



1+vif0<v <1,

P(u,v)-C = 2if 1 <v<2—u, :
10—4u—4vif2—u<v<§—u,
8 —v? —4u —2vif 0 <1,

<w
VOI(P(U)|S—UC): 9 —4u —4v lfl <2

(5 —2u — 20v)? if2—u<v<g—u.
Now, integrating vol(P(u)|s —vC) and (P(u,v) - C)?, we get S(WE,;C) =1 and

e.0)

S(W.S.C., P) 2 (W.S,C. / / ) ordp (N(u,v)‘c) dvdu <
1
<§+—/ /2 (10—4u—4v)(v+u—2)dvdu:3—,
3Jo Jo 36
because P ¢ (', and the curves Z and C intersect each other transversally. OJ

4. THE PROOF OF MAIN THEOREM

Let us use notations and assumptions of Sections [2] and Bl Recall that F is a prime divisor over
the threefold X, and € is its center in X. To prove Main Theorem, we must show that 3(F) > 0

Lemma 18. Suppose that € is a curve. Then B(F) >0

Proof. Suppose S(F) < 0. Then dp(X) < 1 for every point P € €. Let us seek for a contradiction.

Let S; be a general surface in the linear system |H;|. Then S; is smooth. Hence, if S;NE€ # &,
then dp(X) < 1 for every point P € S;NE, which contradicts Corollary [[1l We see that S; - € =
Similarly, we see that S - € = 0. Therefore, we see that w(€) is a point.

Let C be the scheme fiber of the conic bundle w over the point w(€). Then € is an irreducible
component of the curve C'. If the fiber C' is smooth, then we € = C.

Suppose that C' is smooth. If S is a general surface in the linear system |H;+ H,| that contains €,

then S(WJ,; €) = 31 <1 by Lemma[I4] which contradicts Corollary Bl So, the curve C is singular.
Note that m3(€) i 1s a line in P2 .-~ On the other hand, the discriminant curve Aps: is an irreducible

smooth quartic curve in P? e Therefore, in particular, the line 73(€) is not contained in Aps.
Now, let P be a general point in €, let Z be the fiber of the conic bundle 73 that passes through P,
and let S be a general surface in |H;| that contains the curve Z. Then Z and S are both smooth,
and it follows from Lemma[@l that S is a del Pezzo of degree 4, so that §p(X) > 1 by Lemma@ O

Hence, to complete the proof of Main Theorem, we may assume that € is a point. Set P = €.
Let & be the fiber of the conic bundle w that contains P.

Lemma 19. Suppose that P ¢ Ey N Ey. Then (F) >0
Proof. Apply Lemmas [I5], 16, 17 and Corollary O

Thus, to complete the proof of Main Theorem, we may assume, in addition, that P € F; N Fs.
Then the conic € is smooth at P by Lemma Bl In particular, we see that € is reduced.

Lemma 20. Suppose that € is smooth. Then 5(F) >0

Proof. Apply Lemma [I4] and Corollary [13] O
10



To complete the proof of Main Theorem, we may assume that & is singular. Write € = {1 + (5,
where ¢ and {5 are irreducible components of the conic . Then P # ¢, N {5, since P ¢ Sing(¥).

Let Sy and Sy be general surfaces in |H;| and |H,| that passes through the point P, respectively.
Then € = S; NSy, and it follows from Corollary M that S; or S5 is smooth along the conic %.
Without loss of generality, we may assume that S; is smooth along €. We let S = 5.

If S is smooth, then §p(X) > 1 by Corollary M1l Thus, we may assume that S is singular.

Recall that S'is a quintic del Pezzo surface, and ¢; and /5 are lines in its anticanonical embedding.
The preimages of the lines ¢; and f» on the minimal resolution of the surface S are (—1)-curves,
which do not intersect (—2)-curves. By Lemma [Il and Remark [2] one of the following cases holds:

(A1) the surface S has one singular point of type A,
(2A1) the surface S has two singular points of type A;.

In both cases, the restriction morphism 7s|s: S — P% , _ is birational. In (A;)-case, this morphism
contracts three disjoint irreducible smooth rational curves ey, es, e3 such that F|s = 2e; + e; + e3,
the curves ej, es, es are sections of the conic bundle ms|s: S — IP’}W, the curve e; passes through
the singular point of the surface S, but e; and ez are contained in the smooth locus of the surface S.
In (2A;)-case, the morphism 3|5 contracts two disjoint curves e; and e, such that F; ‘s = 2e;+2ey,
the curves e; and ey are sections of the conic bundle 7s|g, and each curve among e; and e, contains
one singular point of the surface S. In both cases, we may assume that ¢, Ne; # .

Let us identify the surface S with its image in P® via the anticanonical embedding S — P5.
Then ¢; and {5 and the curves contracted by ms|gs are lines. In (A;)-case, the surface S contains
two additional lines /3 and ¢4 such that /3 4+ {4 ~ {1 4+ {5, the intersection ¢35 N {4 is the singular

point of the surface S, and the intersection graph of the lines ¢1, {5, {3, {4, €1, €5, €3 is shown here:

ly

€1

€3

0
€2

ls

In this picture, we denoted by e the singular point of the surface S. Moreover, on the surface S,
the intersections of the lines /1, (5, {3, {4, €1, €3, e are given in the table below.

(e blb]bb]e]e]e)]

G)—-1) 100 1]0]0
G| 1 (-1 0| 0]1]1
b O[O0 |—=3|4 |4 |1]0
o) 0o 2|2 3]0]1
es| 10|21 |-210]0
e 0| 1|1 ]0|0]|—-1|0
es|| 0| 1|01 )0]0|-1

11



Likewise, in (2A;)-case, the surface S contains one additional lines ¢3 such that 203 ~ {1 + £,
the line /3 passes through both singular points of the del Pezzo surface S, and the intersection
graph of the lines on the surface S is shown in the following picture:

ls

€1 €9

@ l

As above, singular points of the surface S are denote by e. The intersections of the lines /1, (5, /3,
e1, e on the surface S are given in the table below.

o || Uy | Uy |l3]| e | €
Gf-111 (0] 1]0
b 1 |=1]0] 0|1
G 0[0]0] 5| 3
e 110333
o 0|1 ]3] [

Remark 21. By [3, Lemma 2.9], the lines in S generate the group CI(S) and the cone of effective
divisors Eff(.5), and every extremal ray of the Mori cone NE(S) is generated by the class of a line.

In (Aq)-case, the point P is one of the points e; N ¢y, €3 N {5 or e3 N ly, because P € E; N Ej.
On the other hand, if P = ey N ¥y or P = ez N {5, it follows from Corollary 2] that dp(X) > 1.
In (2A;)-case, either P = e;N{; or P = esN{y. Therefore, to complete the proof of Main Theorem,
we may assume that P = e; N ¢ in both cases.

Now, we will apply Corollary [13] to the surface S with C' = e; at the point P. We have 7 = %
As in the proof of Corollary [I0, we see that

P(u) = . 3
(2—u)Hy+ (3—2u)H3z if 1 <u< 2
and
0if0<u<l,

N(u) =
(u—1)Eyif 1 <u <

N W

Since Hi|g ~ 0, Hy|lg ~ {1 + {5, H3|s ~ {1 + 2e1, we have
(2—v)e1+2€1+€2 if 0 <U< ].,
Pu)|, —ve; ~ 3
()] = ver ~ (6~ 4u—v)ey + (5 - 3wl + 2~ Wk f 1 <u <3,
Thus, since the intersection form of the curves ¢ and /5 is semi-negative definite, we get
2if0<u<l,

t(u) =

3
6—4uif1<u<§.
12



Similarly, if 0 < u < 1, then

Y

(2—1})61—}—2€1—|—€2 1f0<'U<].
1<v <2,

P(u,v) = {(2 —v)ey + (3 —v)ly + by if

N 0if0<v <1,
<%w_{@—w&ﬁ1<v<2

”gQﬁogng

P(,UU,U)'el: 4— v
if1<v<2,

2

10 — 40 — o2

0 221 Y if0<v<l,

vol(P(u)}S —vey) =
9 _ _
( U)2(6 U>1f1<v<2

Likewise, if 1 < u < %, then

s (6—4du—wv)er+ (5 —3u)l; + (2—u)ly it 0 < v <3 —2u,
(u’v)_{(6—4u—v)e1+(8—5u—v)€1+(2—u)£2 if 3 —2u < v <6—4u,
N 0if 0 <v<3—2u,
v {@+2u—$&ﬁ3—2u<v<6—4m

A4+v—2
;U%—ﬁﬁ0<v<3—%,
P(u>v)'el ==

10 — 6u —
Wm0umY s oy << 6—4u,

66 + 24u® + duv — v* — 80u — 8v
2
(6 —4u —v)(14 — 8u — v)
2
Integrating, we get S(WJ,;e;) = 13 and S(Woe P) = ¥+ Fp(W2es). To compute Fp(W2eL),
we let Z = Es|g. Then Z is a smooth curve of genus 3 such that (%) is a smooth quartic in P% .
Moreover, the curve Z is contained in the smooth locus of the surface S, and

if 0 <v<3—2u,
vol(P(u)}S —vel) =

if3—2u<v<6—4u.

dey + U3 + £y + 201 in (Aq)-case,
~ 201 + 20y + 2e; + 2e5 in (2A1)-case.

In particular, we have Z - e; = 1. Since e; ¢ Z, we have

0if0<u<l,

No(u) =
s() (u—1)Zif1<u<

13

N W



Note that P € Z, because P € F1 N Ey. Thus, since e; - Z =1 and e; - {1 = 1, we have

6— 4u t(u
Fp(W2sh) = / / P(u,v)-e)(u—1)dvdu+ = / / P(u,v)-e) (N(u,v)-e)dvdu =

3—2u _ 6—4u _ _ —
+_/ / (44w 2u)(u dvdu+ / / (10 — 6u 21})(u )dvdu+
3

— ) v—l 644 (10 — 6u — v) (v + 2u — 3) 71
// ddu—l— //3 5 dvdu—@a

so that S(WJel; P) = 3. Now, applying Corollary I3, we get 6p(X) > 1, because Sx(S) < 1.

Therefore, we see that 5(F) > 0. By [5 [7], this completes the proof of Main Theorem.

Remark 22. Instead of using Corollary [I3, we can finish the proof of Main Theorem as follows.
Let F' be a divisor over S such that P € Cg(F'), and let C be a fiber of the conic bundle my|s.
Then, arguing as in the proof of Corollary [I0, we get

S(WEGF) < (2;8 + %)AS(F) + é /f /OOO vol((2 — u)C + (3 — 2u)H;| , — vF)dvdu.

But 0p(S) = 1 by Lemmas 24] and 25| since P = e; N ¥¢;. Thus, we have

288

247 1 > 2 —u
= Ag(F)+ = —2u)? 1| ———C+ Hs|,—vF =
583 s( )+6/1 (3 —2u) /0 VO (3_2UC+ 3}5, v )dvdu

3
247 1 [ > u—
= As(F)+= [ (3—2u) I - K
s+ g [ [ ( st3o

Set L = —Kg+tC for t € R>. Then L is ample and L? = 5+4¢. Define dp(S, L) as in Appendix [A]
Then, applying [2, Corollary 1.7.24] to the flag P € e; C S, we get

(Q) S(W,SﬂF) gAS )—I—é/E/ Vol((2—u)C+(3—2u)H3‘S—vF)dvdu:
1 Jo

! C— vF) dvdu.
2u

1if0<t < _?’JFT@,
op(S,L) >
p(5:L) 15412t =3+
6t2 + 18t + 13 6
The proof of this inequality is very similar to our computations of S(WJ,;e1) and S(WSIL; P),
so that we omit the details. Now, we let ¢ = 3+\/ﬁ = u>3(1- T) SO

1/2(3—2u)3/ vol( — Kg +tC — vF)dvdu =
1 0

6
1 (3 1 (30—
=5 / (3 —2u)*(5 + 4t)S(F)du < G / (3 —2u)*(5 + 4t) As(F)du+
1 1
3
L[z 15+ 12¢ 247
= 3—2u)’(5+4t)—————Ag(F)du = ——Ag(F
- 6A1_1)( WO ) G gy g s UM = g s ().
RNVt
N0W7 U-Sing @7 we get S(Wosu ) X gg;AS( ) 2261176145( ) = %AS(F) Then 5})(5, Wf.) 2 %’

so that 0p(X) > 1 by (B.1), since Sx(S) < 1 by [6, Theorem 10.1].
14



APPENDIX A. J-INVARIANTS OF DEL PEZZO SURFACES

In this appendix, we present three rather sporadic results about d-invariants of del Pezzo surfaces
with at most du Val singularities, which are used in the proof of Main Theorem.

Let S be a del Pezzo surface that has at most du Val singularities, let L be an ample R-divisor
on the surface S, and let P be a point in S. Set

. As(F)
) L) = f
P(Sv ) %FI}S SL(F>7
PeCgs(F)

where infimum is taken over all prime divisors F' over S such that P € Cg(F'), and

SL(F) = é/o vol(L — uF)du.

It would be nice to find an explicit formula for 0, (.S, L). But this problem seems to be very difficult.
So, we will only estimate dp(S, L) in thee very special cases when Kz € {4,5}.
Suppose that 4 < K2 < 5. Let us identify S with its image in the anticanionical embedding.

Lemma 23. Suppose that K% = 4. Let C' be a possibly reducible conic in S that passes through P,
and let L = —Kg+tC fort € Ryy. If the conic C' is smooth, then

24

————— if 0 <t <,
. s
sreirse 1121
Similarly, if C' is a reducible conic, then
24(1+t)

19 + 30t + 12¢2

Proof. The proof of this lemma is similar to the proof of [2, Lemma 2.12]. Namely, as in that proof,
we will apply [2, Theorem 1.7.1], [2 Corollary 1.7.12], [2 Corollary 1.7.25] to get and ().
Let us use notations introduced in [2], § 1] applied to S polarized by the ample divisor L.

First, we suppose that P is not contained in any line in S. In particular, the conic C' is smooth.
Let o S — S be the blowup of the point P, let £ be the exceptional curve of the blow up o, and
let C be the proper transform on S of the conic C. Then S is a smooth cubic surface in P3, and
there exists a unique line 1 € S such that Kz~ C + E +1. Take u € Rsy. Then

o (L) —ul ~p (14+8)C+ 2+t —u)E +1,
which implies that o*(L) — uFE is pseudoeffective <= u < 2 + t. Similarly, we see that
1+C+Q2+t—uwE+1if0<u<?2,
P(u) ~

B+t—u)C+Q2+t—wE+1if2<u<2+¢,
0if0<u<2,

A () = .
(u—2)Cif 2 <u<2+t,

{u1f0\u<2,

Plu)- B = 2if2< u< 2+t

\(o"(L) — uE) A4t —u?if0<u<2,
vORe T4t —w if2<u<2 4t
15



where we denote by &2 (u) the positive part of the Zariski decomposition of the divisor o*(L) —uFE,
and we denote by .4 (u) its negative part. This gives

8+ 12t 4 3¢
 6(1+1)
Moreover, applying [2, Corollary 1.7.25], we obtain

4 4 6t + 3t2
( ""Q) 6(1+t)

for every point ) € E. Note that Ag(E) = 2. Thus, it follows from [2, Corollary 1.7.12] that

6(1+1) 24

WS L2 s T o st

To complete the proof of the lemma, we may assume that S contains a line ¢ such that P € /.
Then ¢-C =0or¢-C=1.If /- C =0, then £ must be an irreducible component of the conic C'.
Let us apply [2, Theorem 1.7.1] and [2, Corollary 1.7.25] to the flag P € ¢ to estimate dp(S, L).
Take u € R5g. Let P(u) be the positive part of the Zariski decomposition of the divisor L — u/,
and let N(u) be its negative part. We must compute P(u), N(u), P(u) - ¢ and vol(L — uf),

There exists a birational morphism 7: S — P2 that blows up five points Oy, ..., 05 € P? such
that no three of them are collinear. For every i € {1,...,5}, let e; be the m-exceptional curve such
that m(e;) = O;. Similarly, let 1;; be the strict transform of the line in P2 that contains O; and 0j,
where 1 < i < j < 5. Finally, let B be the strict transform of the conic on P? that passes through
the points Oq,...,05. Then ey, ..., e5,1lis,..., 145, B are all lines in S, and each extremal ray of
the Mori cone NE(S) is generated by a class of one of these 16 lines.

Suppose that the conic C' is irreducible. Then C'- ¢ = 1. In this case, without loss of generality,
we may assume that / =e; and C' ~ 115 +e5. If 0 <t < 1, then

L—ulif0<u<l,
L—uﬁ—(u—l)(112+113+114+115) 1f1<u<1+t,

Si(E)

Pl = 341
L—uf—(u—l)(112—|—113—|—114—|—115)—(u—t—l)Bif1+t<u<T,
0if0<u<l,
N(u) _ (U_1>(112+113+114+115) if 1 <u< 1—|—t, ;
t
(U—1)(112‘1‘113—1-114—i-115)—i—(u—t—1)Bif1—|—i§<ug%7

14+t +uif0<u<l,
S+t—3uifl <u<1+4t,

P(u)- ¢ =
. 3+t
64—215—4u1f1—l—i§<u<T7
A0 41) —2u(l+1t) —u?if 0 < u < 1,
vol(L —uf) = { @= w4 +2t =3u) if 1 <u <1+,
t
(3+t—2m2ﬁ1+t<u<_%%w

and L — ul is not pseudoeffective for u > % Similarly, if ¢ > 1, then
L—ulif0<u<l,

P =
(u) {L—uf—(u—l)(112—|—113—|—114—|—115) if 1 <u<2,
16



N 0if0<u<l,
() = {(u—l)(112—|—113—|-114_|_115) if 1 <u<?2,

P / 1+t4+uwif 0 <u<l,
() =5t 3uif1<u<2
414t —2u(l+t) —u?if0<u<l,
vol(L — ue) = § 1) = 2ull+0)
(2—u)(4+2t—3u)if 1 <u<2,
and L — ul is not pseudoeffective for u > 2. Then
17 + 4t — t2
r+4t - if0<t<l,
L 243t
itt>1.
3(1+1)
Observe that P ¢ 1;; for every 1 < ¢ < j < 5. Thus, if ¢ < 1, then [2, Corollary 1.7.25] gives
2
19+8t—|—t ifpeB,
Wf.? 2 | 43
9+15t+3t +t i P¢B.
12(1+¢)
Similarly, if £ > 1, then [2, Corollary 1.7.25] gives
5+ 6t + 3t°
S(Wt:P) = ——=——
( o0 ) 6(1+t>

Now, using [2, Theorem 1.7.1], we get ().

To complete the proof of the lemma, we may assume that the conic C' is reducible. In this case,
we let ¢ be an irreducible component of the conic C' that contains P. Without loss of generality,
we may assume that / = e; and C' = e; + B. Then
L—ulif 0 <u<l,

L—uwl—(u—1)Bifl <u<1+t,

Plu) = 342t
L—uﬁ—(u—t—l)(112+113+114+115) (u—l)Blf1+t u 9 y
0if0<u<l,
. + 2
(u—t—1)(112—|—113—|—114—|—115)—l—(u—l)B1f1—|—t<u< 5 s
1+uif0<u <1,
Plu)- £ = 2if 1 <u<<1+t, .
6+4t—4duifl+t<u< J; ,

A1+t —2u—u?if 0 < u <,
Vol(L—uﬁ): 544t —4uif 1 <u <1+t

2t
(3+%—2m2ﬁ1+t<u<32 :

17




342t
2
17 + 30t + 12¢2
/) —
Su(0) 24(1 +t)
Moreover, using [2, Corollary 1.7.25], we compute

(19 + 30t + 12¢°
24(1+ 1)

19 + 24t
24(1+1)
3+ 4t
L 4(1+ 1)
Now, using [2, Theorem 1.7.1], we get (] as claimed. O

and the divisor L — uf is not pseudoeffective for u > . This gives

if P € B,

S(Wﬁ.;P) = if PelipUlizUlyUls,

otherwise.

In the remaining part of this appendix, we suppose that K2 =5, L = —Kg, and S has isolated
ordinary double points, i.e. singular points of type A;. As usual, we set 0p(S) = Jp(S, —Kg) and

5(S) = int 6,(S).

Let : S — S be the minimal resolution of the quintic del Pezzo surface S. Since —K g~ (—Ksg),
we can estimate the number 6p(S) as follows. Let O be a point in the surface S such that n(0) = P,
and let C' be a smooth irreducible rational curve in S such that

e if P € Sing(5), then C' is the n-exceptional curve such that n(C) = P,

e if P ¢ Sing(5), then C is appropriately chosen curve that contains O.
As usual, we set

T = sup{u € Q- ‘ the divisor —Kz —uC' is pseudo—effective}.

For u € [0, 7], let P(u) be the positive part of the Zariski decomposition of the divisor —Kg — uC,
and let N(u) be its negative part. Let

Ss(C) = %/0 Vol(—Kg—uC)du:%/o P(u)*du
S S

and let
2

S(W,C,, O) = —2/ (P(u) . C')ordo (N(u)‘ )du + iz/ (P(u) - C)?du.
’ K5 Jo ¢ K5 Jo
If P ¢ Sing(S), then [2, Theorem 1.7.1] and [2, Corollary 1.7.25] give

1 . 1 1
@) S50 = 0r(®) > min { Ss(C)' S(WE,, 0) } '

Similarly, if P € Sing(S), then [2, Corollary 1.7.12] and [2, Corollary 1.7.25] give

1 1 1
> 6p(S)>mind ———, inf ———— 5.
(0) 5500 p(S) = min { Ss(C) oec S(WE,,0) }

Lemma 24. Suppose S has one singular point. Then §(S) = %, and the following assertions hold:
e If P is not contained in any line in S that contains the singular point of S, then 6p(S) > }—g
e [f P is not the singular point of the surface S, but P is contained in a line in S that passes

through the singular point of the surface S, then dp(S) = 1.
o If P is the singular point of the surface S, then dp(S) = %

18




Proof. We let P, be the singular point of the surface S, and let ¢, be the m-exceptional curve.
Then it follows from [4] that there exists a birational morphism 7: S — P2 such that 7(f) is a line,
the map 7 blows up three points Q1, @, Q3 contained in 7(¢y) and another point Qo € P?\ 7({y).

For i € {0,1,2,3}, let e; be the m-exceptional curve such that 7(e;) = Q;. For every i € {1,2, 3},
let ¢; be the strict transform of the line in P? that passes through Qo and Q;. Then ly, {1, lo, {3,
€o, €1, €9, ez are the only irreducible curves in the surface S that have negative self-intersections.
Moreover, the intersections of these curves are given in the following table:

Ll [t]t]te|e|e]es]
0 | =2 111
‘ —1 1)1
0 —1 1 1
ls 1] 1 1
e 11 ]1]=1
e | 1] 1 —1
e | 1 1 1
es | 1 1 1

Note that n(¢y), n(€2), n(ls), n(eo), n(e1), n(esz), n(es) are all lines contained in the surface S.
Among them, only the lines n(e;), n(es), n(es) pass through the singular point F,.
For (CLQ, a1, G2, a3, b(), bl, bg, bg) € RS, we write

3 3
[ao, ai, as, az, by, by, b, bg] = Z a;l; + Z bie; € PIC(§> R R.

i=0
If P = Py, then C' = {,, which implies that 7 = 2 and
[—u,1,1,1,2,0,0,0] if0<u<l,
P(u) =
[—u,1,1,1,2,1 — u, ul—u]lfl u< 2,

N 0if0<u<l,
<U)_{(u_1)(el+e2+83) if 1 <u<?2,

2if 0 <u <1, , [5-2u?if0<u<l,
P(u)-C:{ | () =
3—uifl <u<?2 Ad—u)2—u)if 1 <u<2,

which implies that Ss(C) = 1£ and S(WE,; O) = 1. Therefore, using (J]), we obtain dp,(S) = 12.

e.0)

To proceed, we may assume that P # Po If O € ey, we let C'=ey. Then 7 = 2, and
0,1,1,1,2 —u,0,0,0] if 0 < u < 1,
02 w2 — w2 — w2 — 1, 0,0,0] i 1< u < 2,

v 0if0<u<l,
(U)_{( — 1)l + b+ 03)if 1 <u <2,

14+uif0<u <1, ) 5—2u—u?if 0 <u<l,
P(u)-C:{ u)* =

4—2uﬁ1\u 2, 22—u)?if 1 <u<2,

which implies that Ss(C) = £ and S(WE,;0) < 2, so that 6p(S) = 12 by (4).
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If O € {1, we let C = {;. In this case, we have 7 = 2, and
0,1—u,1,1,2,0,0,0]if 0 < u < 1,
“'_{u—w1—mLL3—u@—2QOﬁ1<u<2,

N 0if0<u<l,
(u)_{(u—l)(€o+eo+2e1) if1<u<2,

14+uif 0 <u<l, 5—2u—u?if0<u <1,
P(u)-C = . 2
4—2uif1 <u<2, 2(2—u) if 1 <u<2,
so that Sg(C) = IfOeﬁl\(eOUel) then S(WE,;0) = 1. If O = {1Ney, then S(WE,;0) = 1.

Thus, using ([I]) we see that 6p(S) = 13 if O € {1\ ey, and 5P(S) 1if O=/¢1Ney.
Similarly, 0p(S) = 2 if O € 5\ ey or O € l3\e3 and 6p(S) > 1if O =0lNeg or O ={3Nes.
If O € eq, we let C’ = e;. In this case, we have 7 = 2, and

[_%,1,1,1,2,—U,0,0:| lf0<u< 1,

P(u) = y
[—gg—mLLz—maﬂﬁlgugz
%%ﬁogugL
N(u) =144
S+ -Dhil<u<2,
2 2
;”ﬁogugL 5-2u— S if0<u<l,
Plu)-C =3 2 Pu)? = © )@2 )
5 Yit1<u<?, “2 Yir1<u<?,

which implies that Ss(C) =1 and S(WS,;0) < 12 if O € ey \ ly, so that 6p(S) =1 by (@).
Likewise, we see that dp(S) = 1 in the case when O € e, or O € e3. Thus, to complete the proof,
we may assume that P is not contained in any line in S.
Now, we let C' be the unique curve in the pencil |¢; + e;| that contains P. By our assumption,
the curve C' is smooth and irreducible. Then 7 = 2, and

[~ 21w 11,2 0,00 if0<u<,

P(u) = u
[—?1—MLL3—M—%Qﬂﬁ1<u<z
%%ﬁogugL
N(u) = 1
§u€0+(u—1)e0 if1<u<2,
4 — 2
2uﬁ0<u<1, 5-@Hf%ﬁo<u<L
Plu)-C = P(u)? =
3(2— —u)?
(210ﬁ1<u<2, %3§@—ﬁ1<u<2
Then Ss(C) = 1 and S(WE,;0) = 2. Thus, it follows from (@) that 6p(5) > 38 > 2. O

Finally, let us estimate dp(S) in the case when the del Pezzo surface S has two singular points.

In this case, the surface S contains a line that passes through both its singular points [4].
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Lemma 25. Suppose S has two singular points. Let ¢ be the line in S that passes through both
singular points of the surface S. Then §(S) = }—g. Moreover, the following assertions hold:

e [f P is not contained in any line in S that contains a singular point of S, then dp(S) = %

e [f P is not contained in the line £, but P is contained in a line in S that passes through
a singular point of the surface S, then dp(S) = 1.
o If P €, then 6p(S) = 12.
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Proof. Let e; and e; be n-exceptional curves. Then S contains (—1)-curves ly, ly, U3, 4, U5 such
that the intersections of the curves ¢y, lo, U3, U4, U5, €1, €3 on S are given in the following table.

L Jalblblbblale]
] —1 1 1
Uy -1 1 1
3 1 1-111
ly 1 (—-1]1
s 1 ]-1 1
el 11 —9
ea || 1 1 -2
The curves n(¢1), n(¢2), n(ls), n(€y), n(ls) are the only lines in S. Moreover, we have ¢ = n({y),

and 7n(¢1), n(l2), n(¢5) are the only lines in S that contain a singular point of the surface S.
As in the proof of Lemma 24} for (ay, as, as, as, as, by, by) € R7, we write

5 2
a1, as, az, as, as, by, by] := Zai& + Z be; € Pic(S) ® R.

If O €ty (e;Uey), welet C' = {;. In this case, we have 7 = 3, and

2—u 2—u
1—u,1,1,1,1, , ]fo <2,
Pu) = [ o 2 2 JUUS

[1—u,3—u,3—u000if2<u<3,

u
— i <u<

N(u): {2(e1+eg) lfO\U\Q,
(u—=2)(lz+C5) + (u—1)(e1 +e2) if 2<u <3,

1if 0 <u<2, ) 5—2uif 0 <u <2,
P(u>'0_{3—uif2<u<3, W= (3—u)*if 2 <u <3,
which implies that Ss(C) = 12 and S(WE,; O) < 1, so that dp(S) = 12 by (@)

If O € e, then C =e;. In thls case, we have 7 = 2, and
1,1,1,1,1,1 —u, 1] if 0 S u < 1,
Plu) =

B—2u,2—u,1,1,1,1 —u,2 —u]if 1 <u <2,
0if 0 <u<l1,
jww:{(u—D&+@wJMrHu—D@ﬁ1<u<Z
PwyCEUFUﬁQ\u <1, () {5—mLﬁo<u <1
3—wuif 1 <u<2, 2—u)(4d—u)if l <u<?2,

which implies that Ss(C) = 1£ and S(WE,; 0) < 22, so that dp(5) > 12 by @])
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On the other hand, we already know that Sg(¢) = 12, which implies that 6p(5) = 12 if P = n(ey).
Similarly, we sce that 6p(S) = 12 if P = n(e;). Hence, we may assume that O & e; U ey U (.
If O €ty welet C =1/l In thls case, we have 7 = 2, and

[L1—MLLL%ZEJ}ﬁ0<u<L

2
P(u): 2—u
[Ll—m2—mLL———J]ﬁ1<u<Z
gqﬁOgugL
N(u) =144
561+(u—1)€31f1<u<2,
2 2
;”ﬁogugL 5-2u— S if0<u<l,
Plu)-C=1{ 7 P} =1 22
5 1f1 <u <2, (—u)2( _u)if1<u<2,

which implies that Sg(C') = 1 and S(W,; 0) < 12, so that §p(S) = 1 by (@).
Similarly, we see that 0p(S) = 1 if O € 5. Hence, if P is contained in a line in S that passes
through a singular point of the surface S, then dp(S) = 1. Thus, we may assume that O & ¢y U (5.
If P € /3, welet C = /{5. In this case, we have 7 = 2, and

1,1,1-w,1,1,1,1]if 0 <u <1,
(u) = 1,3 —2u,l —w,2—u, 1,2 —u, 1] if 1 <u <2

N 0if0<u<l,
(U)_{(U_l)(€4+2€2+61) ifl1<u<?2,

l1+uif0<u<l, ) 5—2u—u?if 0 <u<l,
P(u)-C:{ =

4—2uif 1 <u<2, %2—w2ﬁ1<u<2
which implies that Sg(C) = and S(WE,;0) < £, so that 6p(S) = 15 by (@).
Similarly, we see that o p(S ) == 1f O € 4. Therefore, we may also assume that O & (3 U {y.

Let C' be the curve in the pencﬂ |02 + €3] that contains O. Then C' is smooth and irreducible,
since O is not contained in the curves ¢y, {5, (3, {4, U5, €1, €3 by assumption. Then 7 = 2, and

2—u .
[Ll—ml—wLL—E—J]ﬁogugL

P(u) =
2—u .
[L1—w1—m2—mL—3—J}ﬁ1<u<z
Yo if0<u <1,
N(u) =4 2
§e1+(u—1)€4 if 1 <u<?2,
4 — 2
2uﬁ0<u<L 5—@+%4m<u<L
P(u)-C = P(u)? =
3(2 — )2
(210ﬁ1<u<2, %3§@—ﬁ1<u<2
This implies that Sg(C) = 1 and S(WE,; 0) = 22, so that dp(S) > 33 > 2 by (@). O
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APPENDIX B. NEMURO LEMMA

Now, let X be any smooth Fano threefold, let 7: X — P! be a fibration into del Pezzo surfaces,
let S be a fiber of the morphism 7 such that S is an irreducible reduced normal del Pezzo surface
that has at worst du Val singularities, and let P be a point in S. As in Section [3] set

T = sup{u € Q=0 } the divisor —Kx — uS is pseudo—effective}.

For u € [0, 7], let P(u) be the positive part of the Zariski decomposition of the divisor —Kx — uS,
and let N(u) be its negative part. Suppose, in addition, that

w) =Y fWE,

for some irreducible reduced surfaces Fj1, ..., E; on the Fano threefold X that are different from S,
where each f;: [0, 7] — Ry is some function. For every j € {1,...,1}, we set ¢; = lctp(S; Ej|s).
As in Appendix [A] we set 0p(S) = 0p(S, —Kg). Define S(W2,; F) and 0p(S; W,) as in [2, § 1],
or define these numbers using the formulas used in (B]).

Lemma 26. Let F' be any prime divisor over S such that P € Cs(F'). Then

2

(<>) S(WoSnF) X AS( du+

/ / Vol —vF)dvdu<

(u 2 (= Ks)?
< Ag(F) <m;/0 fjcj (P(u)‘s) du + (—fix)s (5P(S)> )

In particular, we have

) i 3 (Ko
(5 Wel) ( KX3Z/ Ol A R (s) ) |

Proof. Since the log pair (5, ¢;E;|g) is log canonical at P, we conclude that ordp(E;|s) < ASC—gF).
Thus, we get the first inequality in (J]). Moreover, since P(u)|s = —Kg — N(u)|s, we have

/ / vol(P(u)|s — vF)dvdu < /OT(—KS)ZSS(F)du = 1(—Ks)?Ss(F) < AS(F)%I;S‘)P.

Hence, the assertion follows. O]

Corollary 27. Suppose that N(u) =0 for every u € [0, 7], i.e. we havel=10. Then

(—Kx)*0p(S)
5P(S> W.s:.) > W

Corollary 28. Suppose that | = 1, E\|s is a smooth curve contained in S\ Sing(S), and
0 if u € [0,1t],
fi(u) = :
clu—t)ifueltr],

for some t € (0,7) and some ¢ € Ryg. Then

- L Tcu_ y 9 " 3 T(—KS)2 -1
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