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K-STABLE SMOOTH FANO THREEFOLDS OF PICARD RANK TWO

IVAN CHELTSOV, ELENA DENISOVA, KENTO FUJITA

ABSTRACT. We prove that all smooth Fano threefolds in the families Ne2.1, Ne2.2 Ne2.3,
Ne2.4, Ne2.6 and Ne2.7 are K-stable, and we also prove that smooth Fano threefolds in
the family Ne2.5 that satisfy one very explicit generality condition are K-stable.

1. INTRODUCTION

Let X be a smooth Fano threefold. Then X belongs to one of the 105 families, which
are labeled as Nel.1, Ne1.2, ... Ne9.1, Ne10.1. See [3], for the description of these families.
In 76 families, K-polystable smooth Fano threefolds are classified [2], [3] 14, [7, 8, 12, 15l [17].
The remaining 29 deformation families are

Ne1.9, Ne1.10, Ne2.1, ..., Ne2.7, Ne2.9, ..., Ne2.21, Ne3.2, Ne3.4, ... Ne3.8, Ne3.11.
General members of these 29 families are K-polystable [3]. In this paper, we prove

Main Theorem. Let X be a smooth Fano threefold contained in one of the following
deformation families: Ne2.1, Ne2.2, Ne2.3, Ne2./, Ne2.6, Ne2.7. Then X is K-stable.

and

Auxiliary Theorem. Let X be a smooth Fano threefold in the deformation family Ne2.5.
Recall that there exists the following Sarkisov link:

X
N
1% P!

where V' is a smooth cubic threefold in P*, the morphism m is a blow up of a smooth plane
cubic curve, and ¢ is a morphism whose fibers are normal cubic surfaces. Suppose that

(%) no fiber of the morphism ¢ has a Du Val singular point of type D5 or Eg.
Then X 1s K-stable.

Let us describe the structure of this paper. In Section 2], we prove Auxiliary Theorem,
and we prove that all smooth Fano threefolds in the families Ne2.1 and Ne2.3 are K-stable.
In Sections Bl 4 Bl [6] we prove that all smooth Fano threefolds in the families Ne2.2, Ne2 .4,
Ne2.6, Ne2.7 are K-stable, respectively. Note that Section [0l is very technical and long.

In this paper, we use two applications of the Abban-Zhuang theory [I] which have been
discovered in [3, [I5]. For the background material, we refer the reader to [3] [I5] [19].
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Throughout this paper, all varieties are assumed to be projective and defined over C.
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2. FAMILIES Ne2.1, Ne2.3, Ne2.5
Fix d € {1,2,3}. Let V be one of the following smooth Fano threefolds:

d = 1| a smooth sextic hypersurface in P(1,1, 1,2, 3);

d = 2| a smooth quartic hypersurface in P(1,1,1, 1, 2);
d = 3| a smooth cubic threefold in P*.

Then —Ky ~ 2H for an ample divisor H € Pic(V) such that H* = d and Pic(V') = Z[H].
Let S; and Sy be two distinct surfaces in the linear system |H|, and let C = S; N S.
Suppose that the curve C is smooth. Then C is an elliptic curve by the adjunction formula.
Let m: X — V be the blow up of the curve C, and let E be the m-exceptional surface.

e If d =1, then X is a smooth Fano threefold in the deformation family Ne2.1.
e If d =2, then X is a smooth Fano threefold in the deformation family Ne2.3.
e If d =3, then X is a smooth Fano threefold in the deformation family Ne2.5.

Moreover, all smooth Fano threefolds in these families can be obtained in this way.
Note that (—Ky)? = 4d. Moreover, we have the following commutative diagram:

/\

______ > P!

where V --» P! is the rational map given by the pencil that is generated by S; and Ss,
and ¢ is a morphism whose general fiber is a smooth del Pezzo surface of degree d.

The goal of this section is to show that X is K-stable in the case when d =1 or d = 2,
and to show that X is K-stable in the case when d = 3 and X satisfies the condition (¥].
To show that X is K-stable, it is enough to show that do(X) > 1 for every point O € X.
This follows from the valuative criterion for K-stability [14 [16].

Lemma 2.1. Let O be a point in X, let A be the fiber of the morphism ¢ such that O € A.
Suppose that A has at most Du Val singularities at the point O. Then

min{% 1—250( )} if O ¢ E,
0o (X) =
0 : {E 1650(A)

" 11’5O(A)+15} fOEE.

Proof. Let u be a non-negative real number. Then —Kx — uA ~g (2 — u)A + E, which
implies that divisor —Kx —uA is pseudoeffective if and only if u < 2. For every u € [0, 2],
let us denote by P(u) the positive part of Zariski decomposition of the divisor —Kx —uA,
and let us denote by N(u) its negative part. Then

(2—u)A+ Eif0<
P(u) =
{(Q—U)Hlfl <u<

u <1,
2,

and



Integrating, we get Sx(A) = {z. Using [I, Theorem 3.3] and [3, Corollary 1.7.30], we get

) ' AA(F) . )16 . Aa(F)

2.1) do(X SrA SWAF) [~ 11 S(WisF)

(2.1)  do(X) = min Sx(A)’ }:(/lff; S(WA;F) MY B S(WAF)
OeCa(F) 0€eCA(F)

where the infimum is taken by all prime divisors F' over the surface A with O € Cy(F),
and S(W,,; F) can be computed using [3, Corollary 1.7.24] as follows:

. 0)

3 2
S(foﬂF) = 4_d/ (P(u)‘A) (u—1)ordp E‘ Jdu + — / / vol(P — vF)dvdu.
1
Now, let F' be any prime divisor over the surface A such that O € C4(F). Since
- KA if 0 < u < 1,
P(u)‘A = v ,
(2—u)(—K,)if 1 <u<2

we have
3 2
S(W,A,; F) = Q/ d(2 —u)*(u — 1)0rdF(E‘ )du+
/ / vol( — K4 — vF)dvdu + — / / vol((2 — u)(—Ka) — vF)dvdu =
ordF E}A 3 [
S S V: VAN I (= K, — 2 _ _
16 +4d/0 vol(— K4 vF)dv+4d (2 u)? /0 vol( — K4 — vF)dvdu =
OrdF (E‘A) > 3 [
- _ 1 —_— —_— —_— _— =
16 +4d/0 vo( K4 vF)dv+16d vol( K4 vF)dv
ordp (E}A) 15 [
= _ 1 —_ —_ et
16 +16d/0 vo( K4 vF)dv
ordp(E[,) 15 ordp (E|,) | 1544(F)
S S Vi SOV G 2 I A .
TR TR 16 ' 1600(A)
Therefore, if O ¢ E, then ordp(FE|4) = 0, which implies that
15A4(F)
SWiGF) < ——+.
(Weet ) < 165,00
Similarly, if O € E, then ordp(E|4) < As(F'), because (A, E|4) is log canonical, so that
ordp(E|,) 15 AA(F)  15A4(F)  6p(A) + 15
(Weei F) TR TR T: 160p(A) — 166p(A) a(F)
Now, using (2.1), we obtain the required inequality. O

Suppose X is not K-stable. Let us seek for a contradiction. Using the valuative criterion
for K-stability [14], [16], we see that there exists a prime divisor F over X such that

B(F) = Ax(F) — Sx(F) <0,
where Ay (F) is a log discrepancy of the divisor F, and Sx (F) is defined in [14] or 3], § 1.2].

Let Z be the center of the divisor F on X. Then Z is not a surface [3, Theorem 3.7.1].

We see that Z is an irreducible curve or a point. Let P be a point in Z. Then dp(X) < 1.
3
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Lemma 2.2. One has P ¢ E.

Proof. Let us compute Sx (F). Note that Sx(E) < 1 by [3| Theorem 3.7.1]. Fix u € R.o.
Then the divisor —Kx —uF is pseudoeffective <= it is nef <= u < 1. Thus, we have
I I 3
— — Kx —uE)'du=— [ d(2u® - 6u+ 4)du = .
4d/0( Xu)u4d (2u u—l—)u8
Suppose that P € E. Let us seek for a contradlctlon.
Note that £ = C x PL. Let s be a fiber of the projection ¢|g: E — P! that contains P,
and let f be a fiber of the projection 7|g: F — C. Fix u € [0, 1] and take v € Rg. Then

—Kx —uB|, —vs=(1+u—v)s+d(l—uf.

SX(E) =

Thus, the divisor —Kx — uE}E — vs is pseudoeffective <= it is nef <— v < 1+ 0.
Therefore, using [3, Corollary 1.7.26], we get
11

3 1+u
E N — . —_
S(WS:s 4d/0 /0 2d(1 —u)(1 +u —v)dvdu 6

Similarly, using [3, Theorem 1.7.30], we get
1+u
5d
-3 [ [ e
S (VV,,,7 =1 u dvdu
Therefore, it follows from [3, Theorem 1.7.30] that

Ax(F) > min ! ! 1 :min{—,—,—}/—>1,
Sx (F) Sx(E)" S (WE,s)’ S(Wf-’,s-; P) 3711 5d 15

which is a contradiction. O

Let A be the fiber of the del Pezzo fibration ¢ such that A passes through the point P.
Then A is a del Pezzo surface of degree d € {1,2, 3} that has at most isolated singularities.
In particular, we see that A is normal. Applying Lemmas 2.1 and 2.2 we obtain

Corollary 2.3. One has 6p(A) < 1.

Proof. Since 1 > AX(F > 0p(X) , we get 0p(A) < 2 by Lemmas 2.1 and O
Corollary 2.4. The surface A is singular.
Proof. If Ais smooth, then 6p(A) > 6(A) > 2 [3] § 2], which contradicts Corollary 23 [

Let S be a general surface in |H| that passes through 7(P), and let S be the proper

transform on X of the surface S. Then

e the surface S is a smooth del Pezzo surface of degree d,

e the surface S intersects the curve C transversally at d points,

e the induced morphism 7|g: S — S is a blow up of the points S N C.
Observe that ¢|s: S — P! is an elliptic fibration given by the pencil | — Kg|. Set C' = A‘S.
Then C'is a reduced curve of arithmetic genus 1 in | — Kg| that has at most d components.
In particular, if d = 1, then C' is irreducible. Therefore, the following cases may happen:

(1) the curve C is irreducible, and C'is smooth at P,

(2) the curve C is irreducible, and C' has an ordinary node at P,
4



(3) the curve C' is irreducible, and C' has an ordinary cusp at P,
(4) the curve C is reducible.

Fix u € Ryg. Then — Ky —uS is nef < u <1 <= —Kx — uS is pseudoeffective.
Using this, we see that

1 1
Sx(S) = ﬁ/o (—Kx — uS)Pdu = 4id d(4 — u)(1 — u)2du — % <1,

which also follows from [3, Theorem 3.7.1]. Moreover, if u € [0, 1], then
d
(—Kx —uS)|s ~ (1 —u)(n]s) (—Kg) — Ks ~z (1 —u) Y _e; + (2 — u)(—Ks),
i=1
where ey, ..., ey are exceptional curves of the blow up 7|s: S — S.
Lemma 2.5. Suppose that C' is irreducible. Then C is singular at the point P.
Proof. As in the proof of Lemma 2.2 it follows from [3| Theorem 1.7.30] that

Ax(F) > min{ L 1 1 }
~ Sx(F) ~ Sx(8) S(W&; C) s(was, Py S’
where S(W5,; C) and S(WJ5,; P) are defined in 3, § 1.7]. Since we know that Sx(S) < 1,

we see that S(WS C)=1or SWEE; P) > 1. Let us compute these numbers.

e.0) e 0.0’

Let P(u,v) be the positive part of the Zariski decomposition of (—Kx —uS)|s —vC,
and let N(u,v) be its negative part, where u € [0,1] and v € Rs. Since

d
(—Kx —uS)|s —vC ~a (L—u)> e;+(2—u—1v)C,

i=1

we see that (—Kx — uS)\g — v(C' is pseudoeffective <= v < 2 — u. Moreover, we have

(1—wu) Zel 2—u—v)Cif0<v<],

Plu,v) = 4 )

(2—u—v)<0—|—2ei> ifl<v<2—u,

. i=1

and
0if0<v <1,

N = d
(w,0) (U—I)Zeiif1<v<2—u.

Thus, it follows from [3, Corollary 1.7.26] that

2—u
)2
S( on 4d// U'U dvdu =
3 1 1 11
:—//d(l—u) —u—2vdvdu+—// 2—u—v)dvdu—1—6<1

Thus, we conclude that S(WSS,; P) > 1.

e.0.0)



Since P ¢ e; U - -- U ey by Lemma 2.2] it follows from [3| Theorem 1.7.30] that

s,C _
S(W,,”P 4d/ / )dvdu

//dzu—lzdvdu+—// —u—v)2dvdu:?—gl<1,

which is a contradiction. 0
Now, let us show that C' is reducible for d € {1, 2}.
Lemma 2.6. Suppose that C' is irreducible. Then d =3 and C' has a cusp at P.

Proof. By Lemma 2.5 the curve C is singular at the point P.
Now, let o: S — S be the blow up of the point P, let f be the o-exceptional curve, and

let ey,..., ey, C be the proper transforms on S of the curves el,...,eq C, respectively.
Then the curve C' is smooth, and it follows from [3, Remark 1.7.32] that
Ax(F) .. 1 2 1
1> > f—— ,
Sx(F) = M {géf sWit,.0) SV f) Sx (5)}

where S(W,S,f,, 0) and S(V3,;f) are defined in [3, § 1.7]. Since we know that SX(S) <1,
we see that S(V,2,;f) > 2 or there exists a point O € f such that S(WSf 0) >

0. 0.0)

Let us compute S(V,5,;f). Fix u € [0,1] and v € Rxg. Since 0*(C) ~ ~ C + 2f, we get
N d
o*((—Kx —uS)[s) —vf ~g (2—u)C+ (4 —2u—v)f + 1—uz

Then o*((—Kx — uS)|s) — vf is pseudoeffective <= v <4 — 2u.
Let P(u,v) be the positive part of the Zariski decomposition of o*((—Kyx —uS)|s) —
and let N(u,v) be its negative part. Then

’ d
~ d— du
92— 4—2u—o)f +(1-u)) &if0<v< ,
(2—u)C +( u—v)f + ( u)i:1e10 v 5
d
8+d—4u —du—2v ~ - 1—wu 44+d—du
P = — — — i <vg ————
(u,v) 1 C+A4—-2u—v)f+(1—-u) ;:1 e; if 5 v 5
4 — 2u — 4+d—du
=" - e 7 <4
14 <QC’+(4 df+2;1el>1 5 <v<4—2u,
and
( —
Oifogvngdu,
20+du—d~ . . d—du 4+d—du
N(u,v) = ;i svs———

d
+du—2d~ 2v+du—4—4d . . 4+d—du
g Ot L&

6
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Thus, using [3], Corollary 1.7.26], we get

S W,S,, f 4d du2 — 4du — v + 3d) dvdu+
d(l —u)(12 — —4u —4
u)( du +d — 4u — 4v) dodus
4—2u _ _
/ d(4 2u v)? dvdu:44+5d<2.
4+d du 32
Therefore, there exists a point O € f such that S (W,S,f.; 0) > 1.
Let us compute S (T/V.S,f.7 O). Observe that
( J—
vifogvgd 2du7
d—du ., d—du 4+d—du
P = i SV ———,
(u,v) 5 if 5 v 5
d4—-2u—v) 4+d—du
f <ov<4—2u.
\ T4 i 5 v u
Thus, it follows from [3, Remark 1.7.32] that
Sf 4— 2u 2
-f
SIS 0) = = / / )) dvdut
4—2u
—/ / (P(u,v) - f)ordo (N(u,v)‘f)dvdu =
0

02 2 d—d _/ / 4 —2u —v)
/ / dvdu—i—ﬁ o ( 2 dvdu+ s 1 d ) dvdu+
4—2u
+—/ / (P(u,v) - f)ordo (N (u,v)|,)dvdu =
3 1 a2
5 / / (P(u,v) - f)ordo (N(u,v)‘f)dvdu.
o Jo

Therefore, if O € C, we obtain S (WS f.,0) = 24 which contradicts to S (W,S.f,, 0) >

[N N 3 327

Similarly, if O € C and C intersects the curve f transversally at the point O, then

S(W;q,fﬂO) ——l——/ / ' P(u,v) - f)ordo (N (u, v)| )dvdu-44;15d 1.

which again contradicts S (WS £:0) > 1. Therefore, the curves C and f are tangent at O,

which implies that C' has a cusp at the point P.
Thus, to proceed, we may assume that d =1 or d = 2.
7



Now, let us consider the following commutative diagram:
S S
d |
S 5
where p is the blow up of the point N f, the morphism 7 is the blow up of the point
in the p-exceptional curve that is contained in the the proper transform of the curve C,
the map 1) is the contraction of the proper transforms of both (o o p)-exceptional curves,
and v is the birational contraction of the proper transform of the n-exceptional curve.
Let .# be the v-exceptional curve, let € be the proper transform on . of the curve C.
Then .# and ¢ are smooth, €2 = —6, 2= —1,%-F =1, and v*(C) =€ + 6.7.
Observe that % contains two singular points of the surfaces ., which are quotient
singular points of type 5 1(1,1) and %(1, 1). Denote these points by @2 and Q3, respectively.

Note that € does not contaln Q2 and Q3. Write Az = %Q2+§Q3. Then, since Ag(%#) =5,
it follows from [3, Remark 1.7.32] that

Ax(F) . 1—01"dQ(A ) 5 1
L2 5 F) 2““{@22 SWi:Q) SVE:F) SX<S>}'

But we already proved that Sx(95) < 1 Hence, we conclude that S(V,5,;.%) > 5 or there
exists a point @ € .F such that S(W.,;7;Q) > 1 — ordg(Ax).
Let us compute S(V,5,;.%). Take v € Rsg. Then

e.0)

p a U
S

v

d
U (P(u)|s) = v.F ~p 2= w)E + (1—u) Y &+ (12— 6u—v).7,
i=1
where &; is the proper transform on . of the (—1)-curve e;. Using this, we conclude that
the divisor v*(P(u)|s) — v is pseudoeffective <= v < 12 — 6u.
Let Z(u,v) be the positive part of the Zariski decomposition of v*(P(u)|s) —v.#, and
let A (u,v) be its negative part. Then

( d
2-w)E+(1—u)d &+ (12-6u—v)F if0< v <d(l—u),
=1

124d—(6+du—v d

P(u,v) = 5 ‘5+(1—u)2£’—|—(12—6u—v)f1fd(1—u) v <
i=1
12 —6u—wv d
e . _NDNZF) i Cdu<o <19 —
— (%+;£+(6 d)J)1f6+d du < v <12 — 6u,
and
(0if 0 < v <d(l—u),
v+d(u—1)
—— 2% ifd(l—u) <v<6+d—du,
N (u,v) = 6
v+ du—2d v+du—6-d
< — Ou.
Tt —— Zéalf6+d du < v <12 = 6u

8
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This gives

( 6du® — 24du — v* + 18d 0 < v <d(l— )
6 X X - )

d(1—u)(18 — (d+6)u+d — 2v)

P(u,v)* = 5 ifd(1—u) <v<6+d-—du,
d(12 — 6u —v)? .
f d—du<v<12—6u.
\ 606 — d) it 6 + u<v 6u
Thus, using [3, Remark 1.7.30] and integrating, we get
2= 6“ 66 +5d _ 19
)2 _
SWZ 7 4d// (w0 dvdu = 20 < 2 < 5= Ag(F),

since d = 1 ord = 2. Thus, there is a point Q € % such that S(W;7,;7; Q) = 1—ordg(Az).
Now, using [3, Remark 1.7.32] again, we see that

S(WY/ / /12 6u ) y))2dvdu+
e, 0.0 ) 4d
12—6u
+ Q/o /0 (P(U, v) - ﬁ)ordQ (W(U,U)‘Pg)dvdu.

On the other hand, we have

(VU
gifogvéd(l—u),
d(1

P(u,v) - F = (6 )1fd(1—u) <v<6+d—du,
d(12 — 6u —v) .

f6+d—du<v<12~6u,
T 66_a) UTeTasy u
and

0if0<ov<d(l—u),
v—d(1

Sy 5= LN a0 ) <0< 6+ d—an
Wiffﬁl—d—dugvgm—(ﬁu,

In particular, we have
_ 5d 6 1 12—6u
S(VV,Y;{7 )= 9% + Q/o /0 (P(u,v) . ?)ordQ (,/V(u,v)‘ﬂ)dvdu.

Hence, if Q ¢ €, then i < ordQ(A/) < SW77:Q) = 2 < L which is absurd.
Thus, we conclude that Q %” N % . Then

(...,Q——+—// " (P(uv) - F)ordg(N (u,v)], )dvdu <
_/ /12 " (P(u,v)-?)(,/V(u,v)uﬁ)dvdu:%<1,

which is a contradiction, since S(W;37:Q) > 1 —ordg(Az) = 1. O

e.00 )

In particular, we conclude that either d =2 or d = 3.
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Corollary 2.7. All smooth Fano threefolds in the family Ne2.1 are K-stable.

Recall that A is the fiber of the del Pezzo fibration ¢: X — P! that passes through P.
Note also that we have the following possibilities:

e d =2, and A is a double cover of P? branched over a reduced quartic curve;
e d =3, and A is a normal cubic surface in P3.

Observe that C' = SN A, where S is a general surface in |7*(H )| that contains the point P.
Since C'is singular at P, the surface A must be singular at P, which confirms Corollary 2.4l
Now, using classifications of reduced singular plane quartic curves and singular normal
cubic surfaces [0], we see that P = Sing(A), and one of the following three cases holds:

e d =2, and A is a double cover of P? branched over 4 lines intersecting in a point;
e d =3, and A is a cone in IP? over a smooth plane cubic curve;
e d =3, and A has Du Val singular point of type Dy, D5, or Eg.

Let us show that the first case is impossible.
Lemma 2.8. One has d = 3.

Proof. Suppose that d = 2. Then P = Sing(A), and A is a double cover of P? branched
over a reduced reducible plane quartic curve that is a union of 4 distinct lines passing
through one point. Let us seek for a contradiction.

Let a: X — X be the blow up of the point P, let Ep be the a-exceptional divisor, and
let A be the proper transform on X of the surface A. Then . ANEpisaline L C Ep & P2,
and the surface A is singular along this line. Let 8: X — X be the blow up of the line L,
let E; be the f-exceptional divisor, let A be the proper transform on X of the surface A
and let Ep be the proper transforms on X of the surface Ep. Then
Ep =y,
the intersection Ep N Ey, is the (—2)-curve in Ej,
the surface A is smooth, and the exists a P'-bundle A — C,

AN Ey is a smooth elliptic curve that is a section of the P'-bundle A — C,

the surfaces A | and Ep are disjoint,
EP = ]P)z and EP|EP = Opz(—Q)

There is a birational contraction v: X — X of the surface Ep such that Xisa projective
threefold that has one singular point O = 7(FEp), which is a terminal cyclic quotient
singularities of type (1 1,1). Thus, there exists the following commutative diagram

ﬁ ~

X X
y -
X X

where o is a birational morphlsm that contracts the surface v(FEp) to the point P.

Let G = y(Ey), let A =~(A), and let E be the proper transform on X of the surface E.
Then Ax(G) =4, o*(—Kx) ~2A+ E+8G and o *(A) ~ ~ A +4G.

Note that A = 4 and G = P(1,1,2), so we can identify G with a quadric cone in P3.
Note also that O is the vertex of the cone GG. Moreover, by construction, we have O ¢ A,

Furthermore, the exists a P!-bundle A — C such that G | 7 is its section.
10



Let g be a ruling of the quadric cone G, let 1 be a fiber of the Pl-bundle g — C, and
let f be a fiber of the P!-bundle 7 o o|z: £ — C. Then G|g ~g —g and A|g ~q 48.

Moreover, the intersections of the surfaces G, E, E with the curves g, I, f are given here:

G|A|E
g —% 210
1 1 | -4 1
fi o 1 |-1

Fix a non-negative real number u. We have 0*(—Ky) —uG ~g 24+ E+ (8 —u)G, which
implies that o*(—Kx) —uG is pseudo-effective <= wu € [0, 8]. Furthermore, if u € [0, 8],
then the Zariski decomposition of the divisor o*(—Kx) — uG can be described as follows:

2A+E+ B8 -uw)Gif0<u<],

9—u~ =~
Plu) = 4“A+E+@—@Gﬁ1<u<a
8—u,~ = )
(A+E+3G)if5 <u<s,
and
0if0<u<l,
1
N = | A 1<u<s,
“;22+“;5Eﬁ5<u<&
where P(u) and N(u) are the positive and the negative parts of the decomposition. Then
( 3
8—%ﬁ0<u<L
vol(o*(—Kx) — uG) = P(u)’ = 18 ; su if 1 <u<b,
8—u).
f5<u<s
T Ho<u<sy

Integrating, we get Sx(G) = % <4 = Ax(G). But [15, Corollary 4.18] gives
Ax(F) . [ Ax(G) . ¢ 32, G
> > — -
~ Sx(F) ” i { Sx(G) ’érélg% (Vi) i 27’@1222662 GV
where dg(G,VS,) is defined in [15]. Moreover, if @ is a point in G and Z is a smooth
curve in G that passes through @, then it follows from [I5, Corollary 4.18] that

. 1 1 — ord (Az)
00 (G. V%) > min , > ,
oG V2 {S(V.?‘.;Z) S(We2% Q) }
where S(V%; Z) and S(WS7%; Q) are defined in [15], and
0ifO ¢ Z,

A, —
i %OHOEZ

11



Let us show that ¢ (G, V,G,) > 1 for every () € G, which would imply a contradiction.

Let € = A\‘G, and let ¢ be a curve in |f| that passes through ). Then O ¢ ¢ and O € /,
so that Ay =0 and A, = %O. Take v € R.g. Then

(u—v)gif 0 <u<l,
O | P
“ 8 —u—3v

Now, using [15, Theorem 4.8], we get

Wity =2 [ [Tvoptlg - vavtu=2 [ /“(u—
12// i +12// )dvdU—l%

Similarly, if @ ¢ €, then it follows from [I5, Theorem 4.17] that

S(WEL; Q) / / L —vl)- dvdu+ / / —w)-ﬁ)dedw
// . —vl) e) dvdu+FQ:—//
// — 9y + 2 // _“_3”) dvdu:%.

which implies that (G, V.G,) > %. Likewise, if Q) € €, then

)2
dvdu-+

)2
dvdu+

so that S(WSf; Q) =

32’

S(W&;€) = 2/08 (P(u)*-G) -ord({;J(N(u)‘G alu—l—§ /8 /OO Vol(P(u)‘G—v%)dvdu =

3 [Pu—1 3 (u—2)(8 —u)? i u—4v
_§/1 g du+ < / 1 du + - // ———dvdu+
// 1_4” S du+ 2 // —u—12v) dvdu—%

S(WET ):%/01/% (P(u)\ —v%)~‘5>2dvdu+

300 € ¢ %2
+§/1/0 ((P(u)‘G—v )€ dvdu+ // o —vE) - >dvdu:
3 [ (4
:—/ / (2u—8v)2dvdu+—/ / (2 — 8v)2dvdu+
8Jo Jo 8J1 Jo
8 piov T Y 2
5// ((16 2u 2v) 5
5 Jo 8

This implies that do(G,VS,) > min {18, 2} = 2%, which is a contradiction. O
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Corollary 2.9. All smooth Fano threefolds in the family Ne2.3 are K-stable.

We see that d = 3, so that A is a singular cubic surface in P? such that P = Sing(A).
Let 0: X — X be the blow up of the point P, and let G be the o-exceptional surface.
Denote by A and E the proper transforms on X of the surfaces A and F, respectively.

Lemma 2.10. The surface A has Du Val singularities.
Proof. Suppose that A is a cone in P? with vertex P. Take u € R5y. Then
o*(=Kx) —vG ~p 2A+ E + (6 — u)G.

Thus, the divisor 0*(— Kx )—vG is pseudo-effective <= u € [0, 6]. Moreover, if u € [0, 6],
then the Zariski decomposition of the divisor o*(—Kx) — vG can be described as follows:

2A+E+(6—uGif0<u<l,

T—t~ =~
P(u) = 3“ (6—u)Gif 1 <u<4,
6_(A+E+m9ﬁ4 <u <6,
and
0if 0<u<l,

u—1~

N(u) = 3 Aif1<u <4,
u—2 4

2A+ 2E1f4 u < 6,

where P(u) and N (u) are the positive and the negative parts of the Zariski decomposition,

respectively. Using this, we compute
S 3 [ 3 (% u(6—u)? 43
- = du + — du+— [ 22—~ qu =
5x(G) ]zu/ YT TR, T 16

Let us apply [15, Theorem 4.8], [15, Corollary 4.17], [15, Corollary 4.18] using notations
introduced in [15], § 4]. To start with, we apply [15, Corollary 4.18] to get

AX( ) . AX(G) . G . 48 . G

> LXAT) — -2
sig 2 min { G E it do(e v b= min L it do(cv5) b,
where 6o (G, V.G.) is defined in [15, § 4]. Let @ be an arbitrary point in the surface G, and
let ¢ is a general line in G = P? that contains Q. Then [I5, Corollary 4.18] gives

1 1
5 VE) > mi
o(G, V) mm{g@gwyswﬁﬁmw}’

where S(V,; ) and S(WE,; Q) are defined in [15, § 4]. Take v € Rxq. Then

(u—v)lif 0 <u<l,
(1—v)lif 1 <u <4,

22) 1>

P(u)‘G — vl ~g



Let € = fA1|G Then % is a smooth cubic curve in G = P2, Let
0if0<u<l,

N/ _N — u_l i <u<47
(u) = N(u)|,=q "3

<u<6.

Now, using [15, Theorem 4.8], we get

S W,G,, 12/ / Vol —U£ dvdu——/ / u — v)*dvdu+
9 6—u—-2 D
1—1) dvdu+— dvdu:—.
16

Similarly, it follows from [I5, Theorem 4.17] that

2
S(I/I/'.C'Yf.7 12/ / —U€ dvdu—i——/ / —Uﬁ) 5) dvdu+
/ / |l —v0) - E) dvdu+FQ:—/ / (u — v)*dvdu+
/‘/ L—v%ww+~—/1/ ( _“_mv mwu+F@—f;+F@

%/14 /l (P(U) —vﬁ) '£>OrdQ(N,(U>‘Z)dUdU—|—
/ / —vl) - g)OYdQ(N/(U)\ )dvdu <

6 —v)(u — —u—2v)( 2) 7
< — -
< 12/1 /0 3 dvdu—l— 12/ / dvdu 15

So, we have S(WE5: Q) < 22. Then 0o(G, VE) > 1, which contradicts (22). O

where

Thus, we see that P is a Du Val singular point of the surface A of type Dy, D5, Eq.
Now, arguing as in the proof of [19, Lemma 9.11], we see that 5(F) > 0 if

(1) the inequality S(G) > 0 holds,
(2) and for every prime divisor E over X such that C'x(E) is a curve containing P,
the following inequality holds:

Ax(E) _ 4

Sx(E) ~ 3

Since 5(F) < 0 by our assumption, we see that at least one of these conditions must fail.

Lemma 2.11. One has f(G) > 525%.
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Proof. Let A and F be the proper transforms on X of the surfaces A and E , respectively.
Take u € R,,. Then

o (=Kx) —uG ~ *(2H — E) —uG ~ 6*(2A + E) —uG ~ 24 + E + (4 — u)G,

which easily implies that the divisor —K ¢ — G is pseudoeffective <= u < 4, because
we can contract the surfaces A and E simultaneously after flops. Then
4

B(G) = Ax(G) — Sx(G) = 3 — 11—2 vol (0" (~Kx) — uG)du.

Note that o*(—Kx) — uG is nef for u € [0, 1], because the divisor —Kx is very ample.
Thus, if u € [0, 1], then

vol(o*(—Kx) —uG) = (6" (-Kx) — uG)3 =12 —u’.
Similarly, if 1 < u < %, then
vol(o*(—Kx) —uG) << vol(o*(—Kx) — G) = (0" (—Kx) — G)" = 11.

Finally, let us estimate vol(c*(—Kx) — uG) in the case when 4 > u > 3.

Let Z be a general hyperplane section of the cublc surface A that passes through P,
and let Z be its proper t transform on the threefold X. Then Z is an 1rredu(:1ble cuspldal
cubic curve, and Z C A. Observe that (0" (=Kx) —uG)-Z =3 —2u and A-Z =4,
so A is contained in the asymptotic base locus of the divisor o*(—Kx) — u@ for u > 3.
Moreover, if 0*(—Kx) — uG ~g D+ A for \ € R, and an effective R-divisor D whose
support does not contain 21, then 7 ¢ lA), which implies that

ogf).?:<a*(—KX)—uG—AE>-2:3—2u—4A,

so that \ > 3=2v 2“ . Thus, if 4 > u > 2. then

2u — 3 <
vol(o*(—Kx) — uG) < Vol< *(2H — FE) —uG — 1 A).

Moreover, if 4 > u > %, then

2u — 3 ~ 11 — 2u I 7T —2u 3

0*(2H — FE) —uG — 1 A ~p 1 o*(H) —

Therefore, if 4 > u > %, then

11— 2u 7-2u
*H_
T -

Furthermore, if 7 >u > 2, then %H — %E is nef, so that

vol(0* (=K x ) —uG) gvol( 1= 2u 7_2UE).

a*(E))zvol( 1 H— 5

11—2u 7 —2u 11 — 2u 7T—2u N3 25 —06u
VOI( ;7 1= E)“( ;1= E)_ 16

Similarly, if 4 > u > %, then

—2u, T—2u_y (11—2u_\3 (11— 2u)?
VOI( I E);( 4 H)_ 256




Now, we can estimate 3(G) as follows

4 1 %
B(G)=3— 1 vol(0*(—Kx) — uG)du > 3 — i/ (12 — u®)du — %/ 11du—
0 1

12 J, 12
1 %25—6udu_i P20t 5679 465
12 Js 16 12 J; 256 N 2048 2048

as claimed. ]

Therefore, there exists a prime divisor E over X such that Cx(E) is a curve, P € Cx(E),
and Ay (E) < 3Sx(E). Set Z = Cx(E). Then 6o(X) < 3 for every point O € Z.

Lemma 2.12. One has Z C A, and Z is a line in the cubic surface A.

Proof. Let O be a general point in Z, and let Ap be the fiber of ¢ that passes through O.
If Z ¢ A, then Ao is smooth, so that do(Ao) > 2 by [3, Lemma 2.13], which gives

4  Ax(E) . |16 1680(Ao) 16 16 %32 16 4
Zs > 6o(X) = = > el B QU
3 o(X) mm{ll 1660(Ao) +15 [~ )1 E+15 [ 1173

by Lemma 21l This shows that Z C A and Ap = A.

To complete the proof of the lemma, we have to show that Z is a line in the surface A.
Suppose that Z is not a line. Then the point O is not contained in a line in the surface A,
because A contains finitely many lines [6]. Now, arguing as in the proof of [3, Lemma 2.13],
we get dp(A) > % So, applying Lemma [2.1] again, we get a contradiction as above. [

Now, our Auxiliary Theorem follows from the following lemma:
Lemma 2.13. The surface A does not have a singular point of type Dy.

Proof. Suppose A has singularity of type Dy. Then, it follows from [6] that, for a suitable
choice of coordinates z, y, z, t on the projective space P?, one of the following cases hold:

(A) A= {ta? =9* - 23} C P3,
(B) A= {tz® = y3 — 23 + xyz} C P
Note that P =1[0:0:0: 1], and A contains 6 lines [6]. In case (A), these lines are

Li={r=y—2=0}

Ly ={r =y — w3z =0},

Ly = {z = y +wiz = 0},

Ly={t=y—2=0},

Ls = {t =y +wsz = 0},

Lg = {t =y +wiz =0},
16



where w3 is a primitive cube root of unity. In case (B), these lines are
={z=y—-2z=0},
={z =y —wsz =0},
Ly ={r =y —wjz =0},
Ly={z+3y—2)=y—2—9t =0},
= {2+ 3w3(y — w32) = w3y — wiz — 9t = 0},
L = {z + 3w3(y — w32) = wiy — w3z — 9t = 0}.
Note that P = LiNLsNLs, P ¢ LyUL;ULgand —K 4 ~ 201+ Ly ~ 2Ly+ L5 ~ 2L3+ Lg.

By Lemma 2.12] we may assume that Z = L;.
Recall that Sx(A) = 16, see the proof of Lemma 2.1l Using [3, Theorem 1.7.30], we get

4 Ax(B) L f 1 1 L [16 1
— 2 Il = mil QAT (0
Sx(E) Sx(A)" S(We; L) 117 S(Weks L)
where S(W.,; L1) is defined in [3, § 1.7]. Therefore, we conclude that S(W;L1) < 3.
Let us compute S (W, .; L1) using [3, Corollary 1.7.26].

To do this, we use notations introduced in the proof of Lemma 2.1] applied to O = P.
Then, using [3, Corollary 1.7.26] and computations from the proof of Lemma 2.1 we get

S( oo L // Vol — K4 — le dvdu+ - // Vol 2—u)(—Ka)— le)dvdu

since Ly ¢ Supp(N(u)), since Ly ¢ E. Let us compute S(W/%; Ly). Take v € Rxq. Then
—KA - ’ULl ~R (2 - ’U)Ll + L4.

Thus, the divisor —K 4 —vL; is pseudoeffective <= v < 2, since L7 = —1. Fixv € [0, 2].
Let P(u,v) be the positive part of the Zariski decomposition of the divisor —K 4 — v L,
and let N(u,v) be its negative part. Then

Plu,v) = {(2 —0)(Ly+ Ly) if 1

Y

<1
v < 2,

v
<
and

Dif0<v <1,

N(“’”):{(v—l)L4 if1<v<2.

Thus, if 0 < v < 1, then vol(— KA —wvlL) = 3 — 2v, because L? = 0 and L, - Ly = 0.
Slmllarly, 1f 1 < v < 2, then vol(—K 4 —vL;) = (v — 2) This gives

// vol KA—’ULl dvdu = — // 3 — 2v)dvdu + — // v—22dvdu—l

1

1/z/mwﬂ(( 2~ u)(— K1) — vLy)dvdu = * // 2~ u)vol((—Kx) — vly)dvdu =

// (2 —u)3(3 — 2v)dvdu + = // —u) v—2)dvdu—l

Combining, we get S (W,A,, L) == < 2, This is a contradiction. O
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3. FAMILY Ne2.2.

Let R be a smooth surface of degree (2,4) in P* x P? let 7: X — P! x P? be a double
cover ramified over surface R. Then X is a Fano threefold in the deformation family Ne 2.2.
Moreover, all smooth Fano threefolds in this family can be obtained this way.

Let pry: P! x P2 — P! and pry: P! x P2 — P? be the projections to the first and
the second factors, respectively. Set p; = pry o7 and py = pry, o . We have the following
commutative diagram:

X
P1 J/r P2
P! x P?
pry pro
P! P2

where p; is a fibration into del Pezzo surfaces of degree 2, and ps is a conic bundle.
Lemma 3.1. Let S be a fiber of the morphism p,. Then S s irreducible and normal.
Proof. Left to the reader. O

Lemma 3.2. Let S be a fiber of the morphism pq, let C' be a fiber of the morphism ps,
and let P be a point in SN C'. Then S or C is smooth at P.

Proof. Local computations. O

Now, we are ready to prove that X is K-stable. Recall from [9] that Aut(X) is finite.
Thus, the threefold X is K-stable if and only if it is K-polystable [19].

Let 7 be the Galois involution of the double cover m: X — P! x P2 and let G = (7).
Suppose that X is not K-polystable. Then it follows from [20, Corollary 4.14] that there
exists a G-invariant prime divisor F over X such that

B(F) = Ax(F) — Sx(F) <0.

Let Z be the center of this divisor on X. Then Z is not a surface by [3, Theorem 3.7.1].
Hence, we see that either Z is a G-invariant irreducible curve, or Z is a G-fixed point.
Let us seek for a contradiction.

Let P be a general point in Z, and let S be the fiber of p; that passes through P.

Lemma 3.3. The surface S is singular at P.

Proof. Suppose that S is smooth at P. Let C' be a general curve in |— K| that contains P.
Then C is smooth. Applying [3, Theorem 1.7.30] to the flag P € C' C S, we get

Ax(F) > min{ 1 ! }
~ Sx(F) ~ Sx(8) S(W&; C) swass, Py S
Since Sx(S) < 1 by [3, Theorem 3.7.1], we see that S(W2,;C) > 1 or S(WS5; P) > 1.

LN 3 (X X 3

We refer the reader to [3, § 1.7] for definitions of Sx(S), S(W2,;C), S(WZL,; P).

Note that [3, Theorem 1.7.30] requires S to have Du Val sinéularities, but S may have
non-Du Val singularities. Nevertheless, we still can apply [3, Theorem 1.7.30] here, since
the proof of [3, Theorem 1.7.30] remains valid in our case, because S is smooth along C'.

Let us compute S(W2,; C) and S(W2SL,; P). Take u € Ryy and v € R5y. Then

(X 3] 000’

18



—Kx —uS is nef < —Kx — uS is pseudoeffective <— u < 1,
Similarly, if v € [0, 1], then (=K x — uS)|s —vC ~g (1 —v)(—Kg), so
(—Kx —uS)|s —vCis nef < (—Kx —uS)|s —vC is pseudoeffective <— v < 1.

Now, applying [3, Corollary 1.7.26], we get

S(W, ,,7 // l—v KS *dvdu = = // 1—1)2dv—3<1

Similarly, using [3, Theorem 1.7.30], we get

S(W,S,C,,P / / (1-v)(—=Ks)-O) dvdu:§<1.

But we already know that S(W>,;C) > 1 or S(W.S,; P) > 1. This is a contradiction. [

e.0) [N N B

If Z is a curve, then S is smooth at P by Lemma [3.1], because P is a general point in Z.
Hence, we conclude that Z = P, because S is singular at the point P by Lemma [B.3]
Recall that Z is G-invariant. This implies that 7(P) € R.

Let C be the fiber of py that passes through P. Then C is smooth at P by Lemma [3.2]
because S is singular at P. Since 7(P) € R, we see that C' is irreducible and smooth.

Let T be a sufficiently general surface in linear system |75(Op2(1))| that contains C.
Since C'is smooth, it follows from Bertini’s theorem that the surface 7' is smooth.

As in the proof of Lemma B3] it follows from [3], Theorem 1.7.30] that

AX(>>min{ : : : }

~ Sx(F) T Sx(T)’ S(W,T,,C)’S(Wfﬁ;p)

Moreover, it follows from [3, Theorem 3.7.1] that Sx(7") < 1. Thus, we conclude that
max {5( ,,,C) S(VVTC P)} > 1.

0.0 0)

In fact, since P is the center of the divisor F' on X, [3, Theorem 3.7.1] gives
(3.1) max {5( ,,70) S(W,T,(’:,P )} > 1
Now, let us compute S(W/[,; C) and S(W[]S; P) using the results obtained in [3, § 1.7].

e.0) 0. 0.0’

Take u € Ryy and v € Ry(. Then
—Kx —uT is nef <= —Kx — uT is pseudoeffective <— u < 1,
Similarly, if u € [0, 1], then
(—Kx —uT)|r —vC is nef <= (—Kx —uT)|p —vC is pseudoeffective <= v < 1—u,
because (—Kx —uT")|r —vC ~g S|r+(1—u—v)C. So, using [3, Corollary 1.7.26], we get

1—u 1—u
S(w, ,.7 // S|T+1 u—uv) dvdu- // 4(1—u— vdvdU—g

Hence, it follows from (3. that S(W,,,, P) > 1. Now, using [3, Theorem 1.7.30], we get

[N N

1-u 2 1-u
S(W,T,(’:,P / / (Slr+(1—u—0)C) - ) dvduZB/ / 4 dvdu = 1,
o Jo

which is a contradiction. This shows that X is K-stable.

Corollary 3.4. All smooth Fano threefolds in the family Ne2.2 are K-stable.
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4. FAMILY Ne2.4.

Let . and .¥” be smooth cubic surfaces in P? such that their intersection is a smooth
curve of genus 10. Set ¥ = . N.¥’, and let m: X — P? be the blow up of the curve €.
Then X is a smooth Fano threefold in the family Ne2.4, and every smooth Fano threefold
in this family can be obtained in this way. Moreover, there exists a commutative diagram

X
N
R - P!

where P? --» P! is a map that is given by the pencil generated by the surfaces . and .7,
and ¢ is a fibration into cubic surfaces. Note that —K% = 10 and Aut(X) is finite [9].
Let H = 7*(Ops(1)), and let E be the m-exceptional surface. Then —Ky ~ 4H — E,
the morphism ¢ is given by the linear system [3H — E|, and E = .7 x P!,
The goal of this section is to prove that X is K-stable. Suppose that X is not K-stable.
Let us seek for a contradiction. First, using the valuative criterion for K-stability [14] [16],
we see that there exists a prime divisor F over X such that

B(F) = Ax(F) - Sx(F) <0.

Let Z be the center of the divisor F on X. Then Z is not a surface by [3, Theorem 3.7.1].
Therefore, either Z is an irreducible curve or Z is a point. Fix a point P € Z.

Let A be the surface in |[3H — E| that contains P. Fix u € Ry,. Let &2 (u) be the positive
part of the Zariski decomposition of —Kx —uA, and let .4 (u) be its negative part. Then

4 1
Ky —uA ~g (4—30)H — (1 —u)E ~g <§ —u>A+ ZE.

This implies that —Kx — uA is pseudoeffective <= u < %. Moreover, we have

4—3u)H—-(1-uwFEif0<u<1l,

P(u) =
() (4—3u)Hif1<v<§,

and
0if 0 <u<l,

t/V pr—
(u) (u—l)EifléuS%

Integrating, we obtain Sy (A) = £& < 1, which also follows from [3, Theorem 3.7.1].
Note that m(A) is a normal cubic surface in P?, and 7(A) is smooth along the curve €.

In particular, we see that A = m(A), and A is smooth along the intersection F N A.
Lemma 4.1. The surface A is singular at the point P.

Proof. Suppose that A is smooth at P. Let C' be a general curve in | — K 4| that passes
through the point P. Then C' is a smooth irreducible elliptic curve. Take v € R5g. Then

(I1—-v)Cif0<u<l,

P(u)|s — vC ~
(w)ls = w0~z (4—3u—v)Cif1<u<§.
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Therefore, using [3, Corollary 1.7.26], we obtain

4—3u 13
A — )2 2 _ e
S(VV,,7 10/ / 3(1 — v)*dvdu + / / 3(4 — 3u — v)*dvdu = 0
Similarly, using [3, Theorem 1.7.30], we obtain
4— 3u
S(WSESP) < 10/ / 3(1 —v) dvdu+ —/ / 3(4 — 3u—v)) dvdu+

4—3u 59
3(4 — 3u —v)(u—1 AL
/ / 3u—v)(u—1)dvdu = —I— 120 = 60

if PEE

Therefore, it follows from |3, Theorem 1.7.30] that

AX(>>min ! L ! = min @@@ > 1
~ Sx(F) ~ Sx(A) SWA:C) swai, Py~ 67 ' 13’59 ’
which is absurd. 0
Corollary 4.2. The point P is not contained in the surface E.

Since A = 7(A), we may consider A as a cubic surface in P3. Then

e cither multp(A) = 2 and A has Du Val singularities.
e or multp(A) =3 and A is a cone over a plane smooth cubic curve with vertex P.

Lemma 4.3. One has multp(A) # 3.

Proof. Let o: X — X be a blow up of the point P, and let G be the o-exceptional surface.

Denote by A and E the proper transforms on X of the surfaces A and E respectively.
Suppose that multp(A) = 3. Take u € Ryy. Then

1~ 4~
0" (—Kx) —vG ~pg §E+ §A+ (4 —u)G.

Thus, the divisor 0*(—Kx)—vG is pseudo-effective <= u € [0, 4]. Moreover, if u € [0, 4],
then the Zariski decomposition of the divisor 0*(—Kx) — vG can be described as follows:

1~ 4~
—E+§A—|—(4—u)GifO<u<1,

P(u) = :1))A 5—u
3 (4 —u)Gif 1 < u < 4,
and
0if0<u<l,
N(u) = —
() 4 1Alfl <u <4,

where P(u) and N (u) are the positive and the negative parts of the Zariski decomposition,
respectively. Using this, we compute

10 10 40
2

1 4
SX<G>:3/ & dut | udu= 2 < 3= A4(q).



As in the proof of Lemma 210, let us use results obtained in [15 § 4] to get a contra-
diction. Namely, applying [15] Corollary 4.18], we get

Ax(F) _ . [Ax(G) o (40 .
> > pu— —_—
Z S (F) /mm{SX(G)’é%E‘SQ(G’V"') min | 57 4t 00 (G VL) 1

where 0o(G, V) is defined in [15, § 4]. So, there is Q € G such that 6o(G,V.S) < 3
Let ¢ is a general line in G = P? that contains ). Then [I5, Corollary 4.18] gives

G 1 1
5o(G. V) = mm{S(V,F,?E) W) }
;0) and S(WES,; Q). Take v € Rxp. Then
(u—v)lif0<u<l,
(1—-v)lif1 <u<4.
Let ¢ = A\\G Then % is a smooth cubic curve in G = P2, Let
0if0<u<1

Let us compute S(VE

e, 0)

P(u)|, — vl ~r {

Y

u < 4.

Now, using [15, Theorem 4.8], we get

o u 10 / / VOl - vf)dvdu =
// u—vzdvdu+—// (1—0v) 2dvdu = 13
40

Similarly, it follows from [I5, Theorem 4.17] that S(WS,; Q) can be computes as follows:

e 00’

3 2
—// ((P(u)‘ —ol) -l dvdu+—// —vﬁ)-ﬁ) dvdu + F =
0Jo Jo

// u—vzdvdu+—// (1—-wv) dvdu%—FQ—ig%—FQ,

where Fp =01if Q & A|G, and

(1—v)(u—1) 9
Fp=— dvdu —
N // 3 20

otherwise. This gives S(WS5; Q) < 3. Combining the estimates, we get 6o (G, V,%) >

e 00’ /317

which is a contradiction. This completes the proof of the lemma. O

S(w,

Hence, we see that the surface A has Du Val singularities. Let S be a general surface in
the linear system |H| that contains P. Then S is smooth, and —Kx —uS NR (4—u)H—-E.
Thus, the divisor —Ky — uS is pseudoeffective <= it is nef <= u < 1. Then

10 10 40

Let C'= A|g. Then C'is a reduced curve in |—Ks| that is singular at P, and C' = 7(C).

Moreover, the curve (C') is a general hyperplane section of the cubic surface m(A) C P?
22
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that passes through the point 7w(P). Therefore, since 7(A) is not a cone by Lemma [4.3]
we conclude that the curve C' is irreducible. Hence, one of the following two cases holds:

(1) the curve C has an ordinary node at P,
(2) the curve C has an ordinary cusp at P.

Let IT = 7(S). Then IT is a plane in P? such that 7(P) € Il and TN 7 (A) = 7(C), and
the morphism 7|g: S — II is a composition of blow ups of 9 intersection points I1 N %,
which we denote by Oy, ..., Oy. Note that 7(C') is a reduced plane cubic curve that passes
through these nine points, and 7(C') is smooth away from m(P).

Lemma 4.4. The curve C' cannot have an ordinary double point at the point P.
Proof. For each i € {1,...,9}, let L; be the proper transform on S of the line in II that
passes through P and O;. Then L; # L; for ¢ # j, since 7T(C) is irreducible. We have

( KX—US

Let o: S — S be the blow up of 5 at the point P, let f be the o-exceptional curve,
let C, L, .. Lg be the proper transforms on S of the curves C, Ly, ..., Ly, respectively.
Then Ly, .. Lg are disjoint. On the surface S we have f2 = —1 and

C?=-4C-Li==C-Ly=0C-f=21=--.=12=—-1,L,-f=---=Ly-f=1.

Fix u € [0,1]. Let v be a non-negative real number. Then

(4.1) a*((—KX—US)}S)—Uf~R5+“ ZL 197Lf”’f.

Thus, the divisor o*((—Kx —uS)|s) —of is pseudoeffective <= it is nef <= v < B,

Let P(u,v)and N(u,v) be the positive and the negative parts of its Zariski decomposition.
Then, using (4.1]), we compute

'B—guéjL1guifi+19—7§—60fif0<1)<3—23u’
Plu,v) = WA 19 7u_6vf1f323u<v<3—u,
\—19 Ig_&] C+22L+2f)1f3—u v < 1967u’
'Oifogvg_T?’“,
N ) = _3+iu+2véif3_23u<v<3—u,
Wéjt(v%—u—@iziifi%—uévg19g7u,
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(
-3
(1—u)(7—u)—vzif0<v<3 5 u,
. (1 —u)(37 —13u—12v) .. 3 —3u
Vol(a ((—Kx—uS)‘S)—Uf): 1 if 5 <ov<3—u,
— — 2 —
(19 — Tu — 6v) if3—u<v<19 7u7
. 4 6
(vif0<v<3_23u,
P(u,v) - f = 3(12_u)if3_23u<v<3—u,
3(19 — Tu — 6v) if3—u<v<19_7u.
\ 2 6
Now, using [3, Corollary 1.7.26], we get
19— 7u
S W,S,,f 10/ / Vol Kx—uS)‘S)—Uf>dudU:
S — 13u — 12
// (1 =u)(7T—u) — dv+—// 374 Su U)dzH—
3 (19 — Tu — 60)? 767
= dvdu = — < 2 = Ag(f
4‘10]§ - 4 Y180 s(f).

Moreover, if @) is a point in f, then [3, Remark 1.7.32] gives

19— 7u 1 3—3u
SMWJ =Fo+ 45 // ﬂmm_%+0//20%+
0 0
2
3-u — — Ty — 14
L () e // ( ) s
3—u

2 320’
where 1o,
Fo = / / v) - f)ordg (N(u,v)“) dvdu,

which implies the followmg assertions:
olngz/CuLlu .U Ly, then Fy = 0;
o1fQ€L1U ULg, then

3(19 — Tu — 6v)(v +u — 3) 1
5 alvalu—%o7

3—u
o if ) € C and C intersects f transversally at P, then

1 3—u _ _
:E// 3(1 u)(2;}+3u 3)dvdu—|—

/(/MWLIW—7U—6MQU+3U—$ 643
- 8 1920

o if ) € C and C is tangent to f at the point P, then Iy = .
24



)

Thus, if C' has a node at P, then S(Wf,f,; Q) <3 50 [3, Remark 1.7.32] gives

X 384"
1>AX(F)>min inf ! 2 ! > min 384 960 20 —@>1
~ Sx(F) ~ et gwEs,. ) SV ) Sx(8) [~ 3057767713 ) 767 ~
which is a contradiction. This shows that C' has a cusp at P. O

Lemma 4.5. The curve C cannot have an ordinary cusp at the point P.

Proof. Suppose C has a cusp. Let L be an irreducible curve in S such that 7(L) is a line
and 7(L) N7(C) = 7(P). Then (—Kx —uS)|s ~r (1 —u)L+ C.
Now, we consider the following commutative diagram:

g2 g3

S S S5
o l lA
S ” S

where o7 is the blow up of P, o5 is the blow up of the point in the oj-exceptional curve
contained in the proper transform of C', o3 is the blow up of the point in the os-exceptional
curve contained in the proper transform of C, v is the birational contraction of the proper
transforms of oq o o9-exceptional curves, and o is the birational contraction of the proper
transform of the o3-exceptional curve. Then S has two singular points:

(1) a cyclic quotient singularity of type %(1, 1), which we denote by Qs;
(2) a cyclic quotient singularity of type %(1, 1), which we denote by Q5.

Let f be the o-exceptional curve, let C be the proper transform on S of the curve C,
and let L be the proper transform of the curve L. Then the curves f, 6, L are smooth.
Moreover, it is not very difficult to check that Qs € £ 3 Q3, Q2 & C FQs, Qs € L 3 Q.
Further, we have Ag(f) =5, 0*(C) ~ C + 6f, 0*(L) ~ L + 3f. On the surface S, we have

'C:O?é'f:%762:_6,6'f:1,f2:—é.

Note that @ =f N Z, and C intersects f transversally by one point.
Fix u € [0,1]. Let v be a non-negative real number. Then

(4.2) o*((—Kx —uS)|y) — vf ~z (1 —w)L + C + (9 — 3u — v)f.

Thus, the divisor o*((—Kx —uS)|s) —of is pseudoeffective <= it is nef <= v < 9—3u.
Let P(u,v)and N(u,v) be the positive and the negative parts of its Zariski decomposition.
Then using (4.2]), we compute

(1—wL+C+(9—3u—v)fif0<v<3—3u,

~ 9—3u—v~
P(u,v) = (1—u)L—l—#C’—I—(Q—?)u—v)fif?)—?)u<v<8—2u,

9—-3u—wv

: (6L + C + 6f) if 8 — 2u < v < 9 — 3u,

25



and
0if 0 <v<3—3u,

v+3u—3 4.
N(u,v) = T01f3—3u<v<8—2u,
v+ 3u—3 A

- C+ w+2u—8)Lif 8—2u<v<9—3u

This gives

( 2

(1—u)(7—u)—%if0<v<3—3u,

2
a2
Wif8—2ugvg9—3u,
and
(v
61f0<v<3—3u,
1—u .
P(u,v)-f = 5 if 3 —3u < v<8—2u,
9—3u—
#if8—2u<0<9—3u.

Now, we use [3, Corollary 1.7.26] to get

3 3—3u
SW,,,f 10// l—u —u)——)dv—l—

8— 2u 17 Su — 9—-3u _
/ / u 221 / / (9 — 3u v)? dvdu:%.

Similarly, if @ is a point in f, then [3] Remark 1.7.32] gives

9— 3u
S(WEL: Q) = Fo+ 15 / / P(u,v) - f)*dvdu =

3— 3u 8— 2u
=Fop+ — / / dvdu + —/ / dvdu—i—
3

9—3u
9 3u 5
dvdu = Fg + —=
/ /8 ) vau Q+ 39’
where Fy can be computes as follows:

o if Q£ CNfand Q+# LNE, then Fy = 0;
o if ) =LNf, then

973 (9 — 3u — v) (v + 2u — 8) 1
dvdu = —;
//8 2 YR



e if Q=CNf, then

8— 2u o
/ / (v+3u=3),
3 12

9734 (9 — 3u — v) (v + 3u — 3) 193
dudv = ~—.
//8 12 80

Therefore, we conclude that
( 5

— 1f Q¢CUL,
S(WiLiQ) = 8— if Q=LNf,
67
— if f.
(120 19~ cn
Let A = %Qg + %Qg. Then, using [3, Remark 1.7.32] and our computations, we get
1 —ordgp(A
1> Ax(E) > min ¢ inf OIAQ( t) > ! > min 4—0, @, 1201 _ 200
Sx(F) Qef S(W.S;f.; Q) TS(VE:E) Sx(S) 137173 67 J 173
which is a contradiction. U

Combining Lemmas [4.4] and 4.5 we obtain a contradiction.

Corollary 4.6. All smooth Fano threefolds in the family N2.4 are K-stable.

5. FAMILY Ne2.6 (VERRA THREEFOLDS)

Smooth Fano threefolds in the family Ne2.6 can be described as follows:

(a) smooth divisors of degree (2,2) in P? x P2, which are known as Verra threefolds,
(b) double covers of the (unique) smooth divisor in P? x P? of degree (1, 1) branched
over smooth anticanonical K3 surfaces.

Note that every double cover of the smooth divisor in P? x P? of degree (1,1) branched
over a smooth anticanonical surface is K-stable [13, Example 4.4]. In fact, this also implies
that general Verra threefold is K-stable [3, Example 3.5.8].

The goal of this section is to prove that all smooth Verra threefolds are K-stable.

Let X be a smooth divisor of degree (2,2) in P2 x P?, let 7;: X — P? be the projection
to the first factor of P2 x P2, and let my: X — IP? be the projection to the second factor.
Then m; and 7y are conic bundles [18]. Set Hy = 7} (Op2(1)) and Hy = 75(Op2(1)). Then

—Kx ~ Hy + Ho,

and the group Pic(X) is generated by H; and H,. Note that the group Aut(X) is finite [9].
Thus, the threefold X is K-stable <= it is K-polystable. See [19] for details.

Lemma 5.1. Fix a point P € X. Let Cy be the fiber of the conic bundle my that contains P,
and let Cy be the fiber of the conic bundle mo contains P. Then Cy or Cy is smooth at P.

Proof. Local computations. O
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Let A; and A, be the discriminant curves of the conic bundles 7 and 7, respectively.
Then A; and A, are reduced curves of degree 6 that have at most ordinary double points
as singularities. For basic properties of the discriminant curves A; and As, see [18] § 3.8].
In particular, we know that no line in P? can be an irreducible component of these curves.

Lemma 5.2. Fix a point P € X. Let Cy be the fiber of the conic bundle mo that contains P,
let S be a general surface in |Hs| that contains Cy. Then one of the following cases holds:

(1) Cy is smooth, S is smooth, the divisor —Kg is ample;

(2) Cy is smooth, S is smooth, the divisor — Ky is nef, the surface S has exactly four
irreducible curves that have trivial intersection with the divisor —Kg, these curves
are disjoint and none of them passes through P, and Cy C Sing(m;*(A1));

(3) Cy is singular and reduced, S is smooth, the divisor —Kg is ample;

(4) Cy is not reduced, P ¢ Sing(S) C Supp(Cs), and Sing(S) consists of two points,
which are ordinary double points of the surface S, and —Kg is ample.

Proof. The assertion about the singularities of the surface S are local and well-known.
We have —Kg ~ Hi|s and K% = 2, so S is a weak del Pezzo surface of degree 2, and
the restriction m|g: S — P? is the anticanonical morphism. Let ¢ be an irreducible curve
in the surface S such that
—Kg-0=0.

Then ¢ is an irreducible component of the fiber ;' (7 (£)). But m(¢) is the line my(S),
which implies that the scheme fiber ; *(7; (¢)) is singular, which implies that m;(£) € A;.
Since ¢; N Cy # & and 75(9) is a general line in P? that passes through the point my(P),
we see that m1(Cy) C Ay. This implies that Cy is irreducible and reduced.

Let R = 7' (71(C3)). Then the surface R is singular along a curve that is s isomorphic
to the conic m1(Cs) = Cy. Let f: R — R be the blow up of this curve. Then R is smooth,
and the composition morphism m; o f induces a P'-bundle R — Cg, where Cg is double
cover of the conic 7 (Cy) that is branched over the eight points m;(C2) N (A; — w1 (Cy)).
In particular, we see that 6’2 is an irrational curve, which implies that Cy = Sing(ﬁ).

Vice versa, if the fiber Cy is a smooth conic, and the conic m(Cs) is an irreducible
component of the discriminant curve Aq, then it follows from the Bertini theorem that

S (m(C)) =20 + by + by + -+ + 4y

where (1,05, ..., 0, are k distinct irreducible reduced curves in X that are irreducible
components of the fibers of the natural projection 7, *(m(Cs)) — 71 (Cy). Since

k
A= 2H3Hy = Hyo S (m(Co)) = Hy- (202 +306) =
i=1
we see that S contains exactly 4 irreducible curves that intersects trivially with —Kg.

Now, the generality in the choice of S implies that none of these curves contains P. [

Example 5.3. Actually, the case (2) in Lemmal5.2]can happen. Indeed, in the assumption
and notations of Lemmal[5.2] let P = ([0:0:1],[0:0: 1]), and suppose that X is given by
(u® 4 2uw + v* + 2w?)z® + (uwv — w?)zy + (vw — 2uv + 3v* + W)y + (vw + v*)2* =0,

where ([u: v :w],[x:y: z]) are coordinates on P? x P2. Then the threefold X is smooth.

For instance, this can be checked using the following Magma script:
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Q:=RationalField();
PxP<x,y,z,u,v,w>:=ProductProjectiveSpace(Q, [2,2]);
X:=Scheme (PxP, [(u™2+2*xu*xw+v " 2+2%w"2) *x "2+ (uxv-w"2) *x*y+
((=2%v+w) ¥u+3*v~2+w"2) *y "2+ (uxw+v~2) ¥z~ 2] ) ;
IsNonsingular (X);
Observe that the fiber (] is a singular reduced curve given by u = v = 22? — 2y + 9% = 0,
the fiber C5 is a smooth curve that is given by z = y = uw +v? = 0, and the discriminant
curve A; is a union of the conic m1(C5) and the irreducible quartic plane curve given by

8utv — duPw — 11uv? + 16uvw — 120w? + Suv®—
— 28uwv*w + lduvw? — 16uw® — 120" — 28v*w? — Tw? = 0.
As in case (2) in Lemma 5.2, we have Cy = Sing(n; (7 (C5))).

Let us prove that X is K-stable. Suppose it is not. Using the valuative criterion [14, 16],
we see that there exists a prime divisor F over X such that

B(F) = Ax(F) — Sx(F) <0.

Let Z be the center of the divisor F on X. Then Z is not a surface by [3, Theorem 3.7.1].
Let P be any point in Z, let C} be the fiber of the conic bundle 7; that contains P,
and let Cy be the fiber of the conic bundle m, that contains P. By Lemma [5.1] at least
one curve among C4 or Cy is smooth at P. We may assume that 5 is smooth at P.
Let S be a general surface in |Hs| that contains Cy. Then S is smooth by Lemma [5.2]
Moreover, one of the following three cases holds:
(1) Cy is smooth, the divisor —Kg is ample;
(2) Cy is smooth, m(Cy) C Ay, the divisor —K is nef, the surface S has exactly four
irreducible curves that have trivial intersection with the divisor — K, these curves
are disjoint and none of them passes through P;
(3) Oy is singular and reduced, the divisor — Ky is ample.
Let C be the curve in X that is defined as follows:
e if (5 is smooth and irreducible, we let C' = Cj.
e if (5 is reducible, we let C' be its irreducible component that contains P.
Note that —Kg ~ Hy|s and K2 = 2. Let n: S — P? be the restriction morphism |s.
Then 7 is an anticanonical morphism of the surface S, which is generically two-to-one.
Hence, the morphism 7 induces an involution 7 € Aut(S). We let C' = 7(C).
Now, let u be a non-negative real number. Then we have —Kx —uS ~g Hy+ (1 —u)Hs,
so the divisor —Ky —uS is nef <= it is pseudoeffective <= u < 1. Then Sx(S5) =
Now, let us use notations introduced in [3, § 1.7]. Using [3, Theorem 1.7.30], we get

U Ax(®) { 1 1 1 }

= = 1 b Y Y

Sx(F) Sx(8)" S(W&,; ) S(Wess; P)

where S(W5,; C) and S(WJ,; P) are defined in [3, § 1.7]. Hence, since Sx(S) < 1, we get

LN 3

5
12"

(5.1) max { S(W2,; C), SWES, P)} > 1.
Moreover, if Z = P, then it also follows from [3, Theorem 1.7.30] that
(5.2) max{S(Wf,;C’),S(Wf’,(j:;P)} > 1.
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Let us estimate S(W.,; C) and S(WJZS; P) using results obtained in [3, § 1.7].

0,00’

Let P(u) = —Kx —uS. Then [3| Corollary 1.7. 26] gives

SVV,S,7 // Vol —vC’)dvdu,

Let P(u,v) be the positive part of the Zariski decomposition of the divisor P(u)|s — vC,
and let N(u,v) be its negative part, where u € [0,1] and v € Ry,. Then

S(W,S,CNP =Fp+ - // dvdu

by [3, Theorem 1.7.30], where

/ / C)ordp (N(u, v) \0) dvdu.

Lemma 5.4. Suppose that Cy is smooth, and —Kg is ample. Then

13
”rS _
S( ouC) - 24
SWossP)=1.

Proof. We have C'-C" =4 and (C")? = C? =0. Fix u € [0,1] and v € R5q. Then
3 1
P(u)|s —vC ~q (5 —u—v)C—i— 56’.

which implies that P(u)|s—vC is pseudoeffective <= P(u)|s—vC isnef <= v < 3—u.
IfO<u<land 0 <v <3 —u, then P(u,v) = (2 —u—v)C+ 3C" and N(u,v) =0, so
13
S(w, ,.7 / / ( ——u—0v)C+= C') dvdu = — / / 6—4u— 4UdUdU—ﬂ.
Similarly, we see that Fp = 0 and P(u,v) - C = 2, which gives S(WJ5; P) = 1. O
Lemma 5.5. Suppose that Cy is smooth, —Kg is not ample. Then
7
S
S(Wo,ﬂ C) - 127
5

Proof. In this case, we have the following commutative diagram:

S
7N
S il P?

where ¢ is a birational map that contracts four disjoint (—2)-curves, and S is a del Pezzo
surface of degree 2 that has 4 isolated ordinary double points, and 7 is a double cover
that is ramified in a reducible quartic curve that is a union of two irreducible conics such
that n(C) is one of these two conics. In particular, we have C' = 7(C).

Let Fy, Ey, F3, E4 be the ¢-exceptional curves. Fix u € [0, 1] and v € R-g. Then

1
P(u)|5—UCNQ (Q—U—U)C+§(E1+E2+E3+E4)
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so the divisor P(u)|s — vC' is pseudoeffective <= v < 2 — u. Moreover, we have

1
(2—u—v)0+§(E1+E2+E3+E4) fo<v<1l—u,
Plu,v) = )
(2—U—U)<C+§(E1+E2+E3—|—E4)) ifl—u<v<2—u,

0if0<v <1 —u,

N(u,v) = -1
(4, 0) %(EﬁEﬁEﬁE@if1—u<v<2—u,
(6 —4u)—4if0< v

<1—u,
22 —u—v)?ifl—u<v<2—u

vol(P(u)|s — vC) = {

Now, integrating vol(P(u)|s —vC), we obtain S(W7,; C) = 5.
To compute S(Wfﬁ; P), we first observe that F'p = 0, because P ¢ F1 U Ey U E3U Ey,
since S is a general surface in |Hsy| that contains Cy. On the other hand, we have

P o 2if0<v <1l —u,
(o) C= U 2u—2ifl —u<v<2—u
Hence, integrating (P(u,v) - C)?, we get S(WJS,; P) = 2 as required. O

Lemma 5.6. Suppose that Cy is singular. Then

Y

11
S7C . <
SWESP) < 15

S(W2,; C) =

e~ w

000’

Proof. The curve Cy consists of two irreducible components: the curve C' and another

curve, which we denote by L. The curves C' and L are smooth and intersects transversally

at one point. Note that P £ C'N L, since C5 is smooth at the point P by assumption.
The intersections of the curves C', L and C' = 7(C') on S are given in the table below.

o | C | L |C
c|-1]1/|2
L|1]-1]0
'l 210 |-1

Fix u € [0,1] and v € Rsg. Since C' 4+ C' ~ —Kg, we have
P(u)ls = vC ~g (2—u—v)C+ (1 —u)L+ ",
so P(u)|s — vC' is pseudoeffective <= v < 2 — u. Moreover, if 0 < u < %, then

2—u—v)C+(1—-u)Ll+C"if0<v<,

_u’

N W

Pluv) =4 2—u—0)(C+L)+C"if 1<v <

3
2—u—v)(C+L+C" if§—u<v<2—u,
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0ifo<v <1

Y

N(u,v) = (v—1Lif1<v <

N W

) e 3
(v—=1)L+ (2v+2u —3)C 1f§—u<v<2—u,

6—v?—4du—20if0<v<1

Y

w

VOI(P(U)|S—UC): 7T—4u—4dvifl1 <v < <57
4(u+v—2)2if§ u<v<2—u.
Similarly, if % < u < 1, then
2—u—v)C+(1—u)L+C"if0<v < g—,
P(u,v) = (2—u—v)(C’—|—2C")+(1—u)Lifg—u<v<1,
2-—u—v)(C+L+C")ifl<v<2—u,
Oif0<v<g—u,
N(u,v) =

(21}+2u—3)0/ifg—u v <1,
(v—1)L+(2v+2u—3)C"if 1 <

<v <2 —u,
2 - 3
6 —v°—4du—2vif0<v < §—u,
_ — 3
vol(P(u)]s — vC) = (5—2u—3v)(3— 2u—v)1f§ u<v<l,
4utv—2)7if 1 < — u.

e.0)

Now, let us compute S(WSC P). Ifo<u < , then

0. 0.0)

<2
Hence, integrating vol(P(u)|s — vC'), we get, S(WS C) 3

1+vif0 <o <1,
¢ 3
P(u,v)~C— 2if 1 v < §—u,
8—4u—4vlfg—u<1)<2—u

Similarly, if % < u < 1, then

—4u—4vif1 <w

Then, integrating, we get S(W2E,; P) = 1554 Fp. To compute Fp, let us recall that P & L.
Hence, if P & C’, then Fp = 0, which implies that S(WJ5,; P) = 122 < 11 as required.
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We may assume that P € C' N C’. If C’ intersects C' transversally at P, then
3

0if 0 < 1)5 —u,

ordp (N(u, v)}c> = 5

2u+2v—3if§—u<v<2—u,

which gives

1
1 5 2—u
Fp = 3 /2 / (8 — 4du — 4v)(2u + 2v — 3)dvdu+
0 %—u

L 1 i 1 [l 2o 31
+—/ /2 (7—4u—3v)(2u+2v—3)dvdu—l——/ / (8—4u—4v)(2u+2v—3)dvdu = —,
2 1 2 1S3y 384
so S(WJE, P) = 152 + 25 = 19T < 5. If C” is tangent to C at the point P, then
3
0if 0 < vy T %
ordp<N(u,v)‘C> = 5

2(2u + 2v — 3) if§—u<v<2—u,

which gives Fp = 5, 50 S(WJY P) =12 + 15 = 13- O

Now, using (5.2) and Lemmas [5.4] 5.5 5.6, we see that Z is a curve.
Lemma 5.7. One has Hy - Z > 1 and Hy - Z > 1.

Proof. 1f Hy - Z = 0, then Z = C', which is impossible by (5.1]) and Lemmas [5.4] [£.5]
Hence, we see that Hy - Z > 1 and m9(Z) is a curve. Let us show that H; - Z > 1.

Suppose that H; - Z = 0. Then Z must be an irreducible component of the curve C4.
If C is reduced, then arguing exactly as in the proofs of Lemmas [5.4] 5.5, 5.6] we obtain
a contradiction with [3, Corollary 1.7.26]. Thus, we see that C; is not reduced.

So far, the point P was a point in Z. Let us choose P € Z such that my(P) € mo(Z)NA,.
Then Cj is singular. But it is smooth at P by Lemma/[5.1], which fits our assumption above.
Then S(W2,;C) = 2 and S(WI5,; P) < 13 by Lemma[B.6, which contradicts (5.1). O

Both m1(Z) and m2(Z) are curves. Similar to what we did in the proof of Lemma [5.7]
let us choose the point P € Z such that m1(P) € A;. Then (] is singular at P, which
implies that Cs is smooth at P by Lemma 5.1l Now, using (5.1]) and Lemmas [5.5 and [5.6]
we see that C' = (Cj, the curve (s is smooth, the divisor —Kg is ample.

We see that S is a del Pezzo surface, and n: S — P? is a double cover ramified in
a smooth quartic curve, so we are almost in the same position as in the proof of Lemma[5.4l
But now, we have one small advantage: the point n(P) is contained in the ramification
divisor of the double cover 7, because C| is singular at P. Then | — Kg| contains a unique
curve that is singular at P. Denote this curve by R. We have the following possibilities:

(a) R is an irreducible curve that has a nodal singularity at P;

(b) R is an irreducible curve that has a cuspidal singularity at P;

(¢) R= Ry + R, for two (—1)-curves in S that intersect transversally at P;
d)

(d) R = Ry + R, for two (—1)-curves in S that are tangent at P.
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Let f: S = S be the blow up of the point P. Denote by R and C the proper transforms

on the surface S of the curves R and C| respectively. Fix u € [0,1] and v € R5(. Then
F(Pw)s) —vE ~g R+ (1 —u)C + (3 —u—v)E.

Let ﬁ(u,j)) be the positive part of the Zariski decomposition of R+ (1 —u)5'+ (3—u—v)E,
and let N(u,v) its negative part. Then it follows from [3, Remark 1.7.32] that
A

x(F) > min L , 2~ , inf ~1 ,
Sx (F) Sx(8)" S(W&,; E) 08 g(WwSE: 0)
where S(VV,S,7 FE) and S(VV,S,E,7 O) are defined in [3] similar to S(W2,; C) and S(WJZ5; P).
These two numbers can be computed using [3, Remark 1.7.32]. Namely, we have

S W,S,, / / dvdu

S(V[/.S.E.7 0) / / )>2dvdu + Fp,

where O is a point in £ and

/ / ordo< (,v)\E)dvdu.

Let us use these formulas to estimate S (W,S,, E) and S (VV,S,E,7 O)

If the curve R is irreducible, the intersections of the curves C R E can be computed
as follows: C’2 ~1,C-R=0,C-E=1,R*=-2, R-E =2, E> = —1. If R is reducible,
then R = R1 + R2 for two smooth irreducible curves R1 + Rz such that the intersection
form of the curves C , Rl, Ry and E is given in the following table:

® C Rl Rl 1)

(5.3) 1>

and

1
Rl o|—2]11]1
R 1

El1]1]1]|-1

Then R+ (1 —u)C + (3 —u—v)E is pseudoeffective <= v < 3 —u. Moreover, we have
R+(1-uw)C+B-u—v)Eif0<v<2—u,
Pu,v)={ 1-u)C+B-u—-v)(E+R) if2—u<v<2,
B-—u—v)(E+R+C)if2<v<3—u,
0if0<v<2—u,
N(u,v) = (v+u—2)Rif2—u<v<2,

(W+u—2)R+w-2)Cif2<v<3—u,
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6 —v>—4uif0<v<2—u,
(P(u,v))” = { 14 4 20 + duv + 0* — 12u — 80 if 2 —u < v < 2,
23 —u—v)?if2<v <3 —u,

Now, integrating, we obtain S(WE,; E)=1.

Fix a point O € E. To estimate S (W,g.E,, 0), first we observe that
vif0<v<2—u,
Plu,v) - E={4-2u—vif2—u<v<2,

6 —2u—20if2<v<3—u.

Therefore, integrating (P(u,v) - E)?, we obtain S(WY’§ ;0) =B+ Fo.

ftogCcu ﬁ, then Fp = 0. Similarly, if O € 6’, then O ¢ ﬁ, which gives
1 1 3—u 1
F0:§/0 /2 (6—2u—20)(v—2)dvdu:ﬂ.
Finally, if O € R, then O ¢ C, which gives
1 1 2 1 1 3—u 7
Fo < —/ / 2(4—2u—v)(v+u—2)dvdu—l——/ / 2(6—2u—2v)(v+u—2)dvdu = —.
2Jo Jau 2J)o Ja 24

Summarizing, we get S (Wfﬂ;O) < % for every point O € E, which contradicts (5.3)),
because Sx(S) = 2 and S(W2,; E) = 15 < 2. This shows that X is K-stable.

12 o0
Corollary 5.8. All smooth Fano threefolds in the family N2.6 are K-stable.

6. FAMILY Ne2.7

Now, let us fix three smooth quadric hypersurfaces 2, 2’ and 2" in P* such that
their intersection is a smooth curve of degree 8 and genus 5. We set 4 = 2N 2' N 2".
Let m: X — 2 be the blow up of the smooth curve . Then X is a smooth Fano threefold,
which is contained in the family Ne2.7. Moreover, all smooth Fano threefolds in this family
can be obtained in this way. Note that —K% = 14 and Aut(X) is finite [9].

The pencil generated by the surfaces 2|9 and 2"|5 gives a rational map 2 --» P!,
which fits the following commutative diagram:

X
N
QD------ ~ P!
where ¢ is a fibration into quartic del Pezzo surfaces. Let E be the m-exceptional surface,

and let H = 7%(Op4(1)|2). Then —Kx ~ 3H — E, the morphism ¢ is given by the linear
system [2H — E|, and E 2 % x P

Lemma 6.1. Let S be a fiber of the morphism ¢. Then S has at most Du Val singularities.

Proof. Since E|g is a smooth curve, the surface S is smooth along E|g, which implies that
it has at most isolated singularities. Hence, we conclude that S is normal and irreducible.
Note that S = 7(S). Suppose that the singularities of the surface () are not Du Val.

Then it follows from [5, Theorem 1] that 7(S) is a cone in P* over a quartic elliptic curve.
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Let P be the vertex of the cone 7(S), and let T be the hyperplane section of the quadric
hypersurface 2 that is singular at P. Then Tp contains all lines in .2 that pass through P,
which implies that Tp contains 7(S). This is impossible, since Tp is a quadric cone. [

The goal of this section is to prove that X is K-stable. To do this, we fix a point P € X.
By [14, [16], to prove that X is K-stable, it is enough to show that dp(X) > 1.

Let S be the fiber of the morphism ¢ containing P. Then S'is a quartic del Pezzo surface,
and S has at most Du Val singularity at P by Lemma[6.1l Moreover, if S is singular at P,
then P is a singular point of the surface S of type Ay, A, As, Ay, Dy or Dy, see [11].

Lemma 6.2. If 6p(S) > 2 or P € Sing(S) and 6p(S) > then dp(X) > 1.

5
Proof. Take u € R5. Since S ~ 2H — E, we have

1
Ky —uS ~g (3—2u)H — (u— 1)E ~g (% —u)S—l— 5B

Using this, we conclude that the divisor —Kx —u.S is pseudoeffective if and only if u < %
For u < %, let P(u) be the positive part of Zariski decomposition of the divisor —Kx —u.S,

and let N(u) be the negative part of Zariski decomposition of the divisor —Ky —uS. Then
—Kx—uSif0o<u<l,

Plu) = . 3
(3—2u)H1f1<u<§,
and
0if0<u<l,
N(u) =
() (u—l)Eif1<u<g.
This gives
1 [3 5 1! 1 [2 ., 33
Sx(S) =— P du=— 14 — 12u)d — 2(3 —2u)’du = — < 1.
x(8) = 17 [T (P)au =7 [C0a=120dus g [T26 - 20000 = 35 <

Now, using [1l, Theorem 3.3] and [3, Corollary 1.7.30], we get

N Ag(F)
Sx(S)" F)s S(WSF) [

PeCs(F)

(6.1) dp(X) = min

where the infimum is taken by all prime divisors F' over the surface S such that P € Cg(F),
and S(WS,; F) can be computed using [3, Corollary 1.7.24] as follows:

e.0)

S(Wo F) = % /O (P(u)] 4) *ordp (N (u) g)du+ / / vol(P(u)| , — vF)dvdu.

Let Es = F|s. Then Eg € | — 2Kg| and Eg = €. Moreover, the surface S is smooth
in a neighborhood of the curve Es. Furthermore, we have

—Kslfogugl,

[SI[oY

Plols = (3—2u)(—Ks)if 1 <u<
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and
0if0<u<l,
N(u)|, =
)5 (u—l)Esiﬂgugg.
Let F' be any prime divisor over S such that P € Cg(F'). Then
3 [3
S(WSuF)=— / 4(u—1)(3 = 2u)®ordp (Es)du+

14 J,
3 1 o)
+—// Vol(—Ks—vF)dvdu+
14 /o Jo

2 roo
—i-i/ / vol((3 — 2u)(—Kg) — vF)dvdu =
14/, Jo
3 o

_ordF(Es) 3 [ 3 [z 3 _
_T_I_ﬁ/o vol(—KS—vF)dv—l—ﬁ 1 (3 —2u) /0 vol( — Kg —vF)dvdu =
_ordF(Es) 3 [ 3 > _
- ﬁ/(] Vol(—Ks—vF)dijE i VOI(—Ks—UF)dU—
_ordp(Es) 27 [ _ordp(Es) 27 Ag(F) 27Ag(F)
- 756 ‘l'm/(; VOl(—KS—UF)dU = 756 +2—853(F) < 56 + 285]3(5) s

because log pair (S, Eg) is log canonical. Thus, if 6p(S) > 22, then (6.)) gives 6p(X) > 1.

Similarly, if P € Sing(S), then P ¢ Eg, so that ordr(Fg) = 0, which implies that

27 27 Ag(F)
ZlSg(Fy g 257
25 s (F) 2865 (9)

Hence, in this case, it follows from (1)) that 6p(X) > 1 provided that 6p(S) > 2L. O

S(WS F) =

o0

Corollary 6.3. If S is smooth, then 6p(X) > 1.
Proof. If S is smooth, then §(S) = 3 by [3, Lemma 2.12]. Now apply Lemma 6.2 O
Corollary 6.4. If P is not contained in a line in S, then dp(X) > 1.

Proof. If P is not contained in a line in S, then P is a smooth point of the surface S,
and the blow up of the surface S at this point is a (possibly singular) cubic surface in P3.
Thus, arguing exactly as in the end of the proof of [3, Lemma 2.12], we obtain §p(S) > 2,
which implies that 0p(X) > 1 by Lemma O

Now, let T" be a surface in the linear system |H| such that P € T, and let Q = «n(T).
Then Q is a hyperplane section of the hypersurface 2, so both @ and T are irreducible.
In the following, we will choose T such that the surface Q is smooth, so that Q = P! x P!

Lemma 6.5. Suppose that T is a general surface in the linear system |H| such that P € T
Then the (scheme) intersection S N'T is an irreducible reduced curve.

Proof. Let p: S = S be a blow up of the quartic del Pezzo surface S at the point P, and

let Z be the proper transform of the curve T'|g on the surface S. Then |Z| has no base
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points and gives the morphism 7: S — P3 that fits the following commutative diagram:

S
VN
(SRS - P3

where S --» P3 is a projection from P. Moreover, if P is a smooth point of the surface S,
then Z? = 3, and the image of the morphism 7 is an irreducible cubic surface in P3.
Similarly, if P is a singular point of the surface S, then we have Z% = 4 — multp(S) = 2,
and the image of the morphism 7 is an irreducible quadric surface. Therefore, we conclude
that the curve Z must be irreducible and reduced (by Bertini theorem), which implies
that the intersection S NT is also irreducible and reduced. U

Remark 6.6. Suppose that S is singular at P, and T is a general surface in |H| that passes
through the point P. Then, choosing appropriate coordinates [z : y : z : ¢ : w] on P4,
we may assume that 7(P)=1[0:0:0:0: 1], and the surface 7(S) is given in P* by

at® + btz + fo(z,y,z) =0,
wt = 92(x7y72)7

where a and b are complex numbers, fo(z,y,2) and g¢a2(x,y, z) are non-zero quadratic
homogeneous polynomials. In the chart w # 0, the surface 7(S) is given by

at’ + btz + fo(z,y,2) =0,
t= 92($7y7 Z)v

where now we consider x, y, z, t as affine coordinates on C*. Then 7(S) N Q is cut out
on the surface 7w(S) by c1x + coy + 32 + ¢4t = 0, where ¢, ¢s, c3, ¢4 are general numbers.
The affine part of the surface 7(S) is isomorphic to the hypersurface in C? given by

ag%(:c, Y, Z) + bl’gg(l’, Y, Z) + fg(l’, Y, Z) = 07
and the affine part of the curve 7(S) N Q is cut out by c1x + coy + c32 + c492(x, y,2) = 0.
If P is a singular point of the surface S of type D4 or D5, then SNT has an ordinary cusp
at the point P, which easily implies that the intersection SN7T is reduced and irreducible.
Similarly, if P is a Du Val singular point of the surface S of type Ay, Ay, Az or Ay, then
the intersection S NT has an isolated ordinary double singularity at P.

Observe that the morphism 7: X — 2 induces a birational morphism w: T — Q,
and the morphism ¢: X — P! induces a fibration ¢: 7' — P! that both fit the following

commutative diagram:
T
7N

Q- - - P!

where Q --» P! is a map given by the pencil generated by the curves 2'|g and 2"|o.
In the following, we will always choose T' € |H| such that the quadric surface Q is smooth,
and T is either smooth or has one isolated ordinary singularity, which would imply that
a general fiber of the induced fibration ¢: T'— P! is a smooth elliptic curve. Let C = S|7.

Then C is the fiber of the (elliptic) fibration ¢ that contains the point P.
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Let u be a non-negative real number. Then —Kx—uT ~g (3—u)H—FE ~g (1—u)H+S,
which implies that —Ky — uT is nef <= —Kx —uT is pseudoeffective <= u € [0, 1].
Integrating, we get Sx(7T) = % < 1. For simplicity, we let P(u) = —Kx — uT.

Lemma 6.7. Suppose that S is singular at P. Then 6p(X) > 1.

Proof. Now, let us choose T' € |H| such that T is a general surface in |H| that contains P.
Then T and Q are smooth, and w is a blow up of the eight intersection points ¢ N Q.
Moreover, by Lemmal6.5] the curve C is an irreducible singular curve of arithmetic genus 1.
Thus, we have P = Sing(C). Furthermore, using Remark [6.0] we see that

e cither C has an isolated ordinary double singularity at P,
e or the curve C has an ordinary cusp at the point P.

Recall that Q is a smooth quadric surface, so that it contains exactly two lines that
pass though 7(P). Since T is chosen to be general, these lines are disjoint from ¢ N Q.
Denote by L, and Ls the proper transforms of these lines on T'. Then

u)|, ~r (L —u)H +8)|, ~r (1 —u)(Ly + Ly) +C.

Now, we let o: Yj — T be the blow up of the point P, we let e be the o-exceptional curve,
and we denote by C, Ly, Lo the proper transforms on 7" of the curves C, Ly, Lo, respectively.
Take a non-negative real number v. Then

(6.2) o (P(u)|,) — ve ~g C+ (1 —u) (L + L) + (4 — 2u — v)e.

T

Note that the curves C, Ly, Ly are disjoint. Moreover, we have L2 = L2 = —1 and C% = —
Thus, using ([6.2)), we see that o*(P(u)|r) — ve is pseudoeffective <= v < 4 — 2u.

Let P(u,v) be the positive part of Zariski decomposition of the divisor o*(P(u)|7) — ve
and let N(u,v) be its negative part. Then it follows from [3, Remark 1.7.32] that

(6.3) 5p(X) > min { ot ’
Sx(T) S(WI;e) 0ce gwls,; 0)

Y

where S (W.T,, e) and S (VVTe ; O) are defined in 3, § 1.7], and these two numbers can be

0. 0.0’

computed using formulas described in [3, Remark 1.7.32]. Namely, we have

5 ..7 14/ /4 B ~uv 2 dvdu
and
S(W.T.e.,O 14/ /4 " )) dvdu+= / /4 " P(u,v)- )ord()( (u,v)|, )dvdu

where O is a point in e. Moreover, using (6.2), we compute P(u, v) and N (u,v) as follows:

C+(1—u)(Li+Ly)+(@A—2u—v)eif0<v<2—2u,

. 4—2u—v~
Pu,v) = #Cjt(l—u)(Ll+L2)+(4—2u—v)eif2—2u<v<3—u,
4—2u—vw

(C+2(L1+L2)+2e) if3—u<v<4—2u,
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and
0if 0 <v<2—2u,

_ v—242u 5,
N(u, ) fCﬁQ—QuévéS—u,

91y~ -~
1—?iﬁc+@—3+WUA+LQﬁS—u<U<4—%.

Thus, we have
21 —uw)(5—u) —v*if0 < v <2—2u

(ﬁ(u,v))zz 2(1—u)(7—3u—2v)1f2— u<v<3—u,
24 —2u —v)?if 3—u < v <4 2u,

and

vif 0 <o <2 —2u,

P(u,v)-e=<2(1 —u)if 2 - 2u <v <3~

<o

2(4 —2u —wv) if 3 — <4 2u.

Now, integrating, we get S(W,T,, e) = g—é < 2.
Let O be an arbitrary point in e. If O & L; UL, UC, then we compute S(Wls:0) =
Similarly, if O € Ly U Lo, then S(WTe ;0) = é—g. Finally, if O € C, then

e 0.0’

e

1 3—u . _
S(W.T.enO) = —l—§/ / 2(1 —u)#ordo(qe)dvdu—l—

4% v—2+2u ~ 4 17
4 —2u —v)————ordp(C| )dvdu = = + —ordp(C| ).
//3 u—v) 5 or 0( ‘e)vu - 56or 0( ‘e)

Hence, if C intersects e transversally, then S (ng’f’,; 0) < 1, so that 6p(X) > 1 by (6.3).

Therefore, to complete the proof of the lemma, we may assume that C is tangent to e.
This means that C has a cusp at P, and the intersection C N e consists of a single point.
Now, as in the proof of Lemma [4.5] we consider the following commutative diagram:

T i T
T i T

where v is a composition of the blow up of the point CNe with the blow up of the unique
intersection point of the proper transforms of the curves C and e, v is the birational
contraction of all (o o)-exceptional curves that are not (—1)-curve, and ¢ is the birational
contraction of the proper transform of the unique 7-exceptional curve that is (—1)-curve.
Then 7 has two singular points:

(1) a cyclic quotient singularity of type ( , 1), which we denote by Ox;
(2) a cyclic quotient singularity of type 5(1,1), which we denote by Oj.

Let f be the ¢-exceptional curve, let C be the proper transform on T of the curve C ,

and let El and Zg be the proper transforms on T of the curves L, and L,, respectively.
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Then the curves f, a Zl, Zg are smooth, and the curve f contains both points O, and Os,
which are not contained in C. Moreover, we have

Zlmigzilmfzigmf:Og.

Furthermore, we have Az (f) =5, ¢*(C) ~ C +6f, ¢*(L1) ~ Ly +2f, ¢*(Ly) ~ Ly +2f, and
the intersection form of the curves f, C, L; and Ly is given in the following table:

£f|C|L | L
1 1 | 1
Fl-sl 135|353
Cl1]-6/0]0
AR
ANNE

For a non-negative real number v, we have
< (P(w)|,) — vf ~p C+ (1 —u)(Ly + Lz) + (10 — du — v)f,
which implies that the divisor ¢*(P(u)|r) —vf is pseudoeffective if and only if v < 10— 4,
because the intersection form of the curves C Ll, L2 is negative definite.

Let ﬁ(u, v) be the positive part of Zariski decomposition of the divisor ¢*(P(u)|r) —of,
and let N (u, v) be its negative part. Set A¢ = 30, + 203. By [3, Remark 1.7.32], we get

1 5 - 1 — ordo (Ag)
Y =] Y 1 =]

Sx(T)" S(WZ,;£) 0ct g(wlIf,. 0)

where S(W,T,, f) and S(VVTf O) are defined as S(VV,T,7 e) and S(VV,T,'E’,7 O) used earlier.

0.0 0)

Moreover, it follows from [3 Remark 1.7.32] that

10-4u
S o, 07 14 / / P dvdu
and

swli;0) == / / . 4u P f)) dvdu+= / / o (Pu, v)-F)ordo (N (u,v)] ) dvdu.

Moreover, we compute P(u, v) and N (u,v) as follows:

C+ (1—u)(Ly+ Ly) + (10 — du — 0)f if 0 < v < 4 — 4,

(6.4) op(X) = min{

- 10 -4 .

P(u,v) = +C+(1—u)(L1+L2) (10 —4u—v)f if 4 —4u <v <9 —3u,
0—du—v,~ ~ =~
————(C+6(Ly + La) + 6f) if 9~ Bu < v < 10— du,

and

0if0<v<4—du,

R 4+4u

N(u,v) = Tleél du <v<9—3u,
v—4+4u 5

C+ (v—943u)(Ly + Ly) if 9 — 3u < v < 10 — 4u.
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This gives
( 2

2(1—u)(5—u)—%if0<v<4—4u,
= 2(1 — w)(19 — Tu — 2
(P(u,v))2: (1—u)( 93 Tu = 2v) if 4 —4u <v<9—3u,
2010 — 4u — v)?
(10 3“ O 9 3u << 10— 4u,
and y
’gif0<v<4—4u,
~ 2(1 —
P(u,v)-f = %if4—4u<v<9—3u,
2(10_;‘“_”)if9—3u<v<10—4u.
\

Now, integrating, we get S(Wf,; f) =12 < Ap(f) = 5.
Let O be a point in f. If O ¢ El U L2 U C, then

PN 3 1 4—4u 9—3u 2
SWEEL;0) == / / — dvdu+ — / / ( ) dvdu+
® 14 J/, .,
10-4u /9(10 — 4u —v)\” 13
/ /9 ( ) dvdu = 63

Similarly, if O = £ N C, then

9731 9(1 U—4+4u
Tf
S(W,ee;0) = 63 / /4 = dvdu+
/ /10 H2(10 — 4u—v) (U—Atdu, o 13193 33
9 6 63 504 56
Likewise, if O = O3, we compute S(VV,T,f,7 O) = +3. So, using (6.4]), we get 6p(X) > 1. O

Thus, to prove that 0p(X) > 1, we may assume that S is singular, but P ¢ Sing(.5).
Lemma 6.8. Suppose that P & E. Then 6p(X) > 1.

Proof. By Corollary [6.4] we may assume that S contains a line L that passes through P.
Then 7(L) is a line in 2. Note that m(L) N ¢ # @, and one of the following cases holds:

Case 1: the line 7(L) intersects the curve ¢ transversally at 2 points,
Case 2: the line 7(L) is tangent to the curve € at their single intersection point.

Now, let us choose T' to be a sufficiently general surface in |H| that passes through L.
If the intersection 7(L) N'% consists of two points, then w: T — Q is a blow up of eight
distinct points of the transversal intersection Q N %, which implies that T is smooth.
On the other hand, if L N % consists of one point, then T has one ordinary double point,
which is not contained in the curve L. We have C = S|r = L + Z, where Z is a smooth
rational irreducible curve such that 7(7) is a smooth twisted cubic in 2 that intersects the

curve ¢ transversally by six distinct points, which we denote by @3, Q4, @5, Qs, @7, Qs.
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Moreover, if 7(L)N% consists of two distinct points, we denote these points by ()1 and Q5.
Likewise, if w(L) N % consists of one point, we let Q1 = Q2 = 7(Z) N €. Then

Case 1: the morphism w: T"— Q is the blow up of the points @1, Qs, ..., Qs,
Case 2: the morphism w: T" — Q is a composition of the blow up of the points Qs, ..., Qs
with a weighted blow up with weights (1,2) of the point Q1 = Q5.

Since T' is a general surface in |H| that contains the line L, we may assume that P ¢ Z.
Likewise, we may assume further that Z is contained in the smooth locus of the surface 7.
Moreover, we may also assume that the quadric surface Q does not contain lines that pass
through one point in the set {Q, @2, 7(P)} and one point in {Qs, Q4, Qs, Qs, @7, Qs }-
Indeed, let @', Q”, Q" be the hyperplane sections of the quadric 2 that are singular at
the points @1, Q2, T(P), respectively. Then @', Q" Q" are cones, 7(L) C @' N Q" NQ",
and every line in 2 containing a point in {Q1, Qa, 7(P)} is a ruling of one of these cones.
On the other hand, we have € ¢ Q' UQ"UQ", because € is not contained in a hyperplane.
This implies that the quadric threefold 2 contains at most finitely many lines that pass
through a point in {Q1, Q2, 7(P)} and a point in €\ {Q1, Q2}. Therefore, we can choose
the surface T' € |H| such that L C T, but Q@ = w(T") does not contain any of these lines.

Let us identify @ = P! x P! such that the line (L) is a curve in Q of degree (0, 1).
Denote by eq,...,es the w-exceptional curves such that w(e;) = @Q1,...,w(es) = Qs.
Let g3, ..., gs be the strict transforms on T' of the curves in Q of degree (1,0) that pass
through the points @Qs, ..., Qs, respectively. Then L, Z ey, ..., es,g3,...,8s are smooth
irreducible rational curves. In Case 1, their intersections are given in the following table:

L|Z |e |e |e | e |€ |€ | € | e |83 |84 |85 |8 |87 |8s
L|—-2]| 2 r{0(o0j0jO0[O0O|O0O] 1T 1T 1 ]1]1/|1
Z\|2(-20}0} 1|11 {11170 0]0]0}]0]O0
el 1 ]0|-10]O0O]O0O]O0OJO}]O]O0O]OJO]O0O]O0]O0]O
e|l1]0]0|-1]0]0]O0[O0O]O0O]O0]O0OJO]O0]O0]O0]O0
es| O] 1|00 }|-1]0]O0O|O}]O0O]O0O]21T|0]0]O0]O01]O0
el O0O 1000|100} O0O]0O]O0O1T]0]0]01]O0
es| O] 100} 0]O0]|-1fO0O}O0]0]O0O|O0}]1]0]01]O0
e O] 100} 0]0]O0-1]0]0]0|0]0]1T]01]O0
ez O 100} O0O]O0]O0|O}|=1]0]O0|O0]O0]O0]|1]0O0
es| O] 10,00} 0]O0}O0|O0]|=1]0|0]0]0]O0]1
gl 1000} 1|00 0]0]0]|=120]0]0]01]0O0
g/l 10000120} 0]0]0]0|-1]0]0]01]0O0
gl 1|00 O]O0O]O0O|1T]0]0]0]0|0]=1]0]01]0O0
gl 100 O]O0O]O|O0O}1T]0]0]O0|0]0]|-1]01]0
gzl 1|o0jo0ofojojo0oy0;0}1{0]010]0]0]|-110
gl 1] 00O} O]O]O0O}O]O]O0O]1T0]0]0]O0]|O0]-1

In Case 2, we have e; = e,, and e; contains the singular point of T, so that e = —%.

The remaining intersection numbers are exactly the same as in Case 1.
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Observe that P ¢ ZUgsUgysUgsUgsUgrUgsUe; Ues, since P ¢ E by assumption.
Recall that P(u) = —Kx — uT is nef <= P(u) is pseudoeffective <= u € [0,1].
Let v be a non-negative real number. Then, in both Cases 1 and 2, we have

8
9 —5u—4v 3+ u 5 — bdu 1—u
(6.5)  P(u)|, — vl ~p ——— L+ 7+ (1 +e2) +——> 8

4 4 4

which implies that the divisor P(u)|r — vL is pseudoeffective <= v < 2224,

Let P(u,v) be the positive part of Zariski decomposition of the divisor P(u)|7 — vL,
and let N(u,v) be its negative part. Then it follows from [3, Theorem 1.7.30] that

00 )= i ey S s )
where
S( oei L 14// dvdu
and
2 3 [
S(Wlk:pP) = 14 L)) dedu |- (P(u,v)-L)ordP(N(u,v)\L)dvdu.

Let us compute S(WJ; L) and S(W]L: P). If 0 < u < 3, then, using (6.5), we get

0.0 0)

(0 —5u—4v_ 3+u_. 5-5u 1—u .
y L+~ —Z+— (q+eg+—z—zggﬁ0<v<L
8
9 — b5u —4v 3+u 1—u . 3—3u
— (L+e+e)+ 1 Z + 1 ;gilflgvé 5
P(u,v) = . =
9 —H5u —4v 1—u 3 —-3u
—— L+ Z+ei+e)+— Z:gﬁ S—<v<2-u
8
9— 5u—4 9-5
———%—J%L+Z+erﬂh+zgg)ﬁ2—u<v< 4%

(0if 0 < v <1,
3 —3u
2 )

(v—l)(e1+eg) 1f1<1}<

20+3u—3,_ . 3-3
N o) =\ o= 1)(er +e) + =27 2 <o <2,
8
20 + 3u — 3 95
ﬁhﬂxq+eﬁ+ld%#——z+@—2+w§ giif 2—u<v<——,

\ =3
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(2u? + (20 — 12)u — 20* — 20+ 10if 0 < v < 1,

3-3
2u2 + (20— 12)u — 6v+12if 1 <v < =0
2
(P(u,v))” = 13u2 + 16uv + 40> — 42u — 240+ 33 3 — 3u
if <v<2—u,
2 2
_ _ 2 _
(9 — 5u — 4v) if2—u<v<9 5u7
( 2 4
and
(1 —u+20if0<v <1,
3—uif1<v<3_23u,
P(u,v)- L = _
() 6—du—2if - <y,
9-5
20— 5u—4v) if 2 —u < v < ——,
\

Similarly, if % <u<

1, then, using (6.0]), we get

( 8
9 —b5u—4v 3+u 5 —5u 1—u 3—3u
4 L‘l‘ 4 Z‘l‘ 4 (el+e2)‘|‘ 4 ;gzlfo\v\ 9
8
9 —bu—4v 5 —bu 1—u 3 —3u
f([A—Z)—l— (e1+e2)+ 1 Z;gilf 5 <wv <,
P(u,v) = . =
9 —bu—4v 1—u .
(Lt Ztete)r——> gifl<v<2-u,
i=3
8
9 —bu—4v . 9 —bu
f(LjLZjLel—l—egjLZ;gi)lfQ—uévé 1
( —
0if 0 < v oY
2U+2U_32if3_23u<v<1,
N , = 2 _
(v v) (v—l)(e1+e2)+%2ifl<v<2—u,
8
204+ 3u—3 i 9 —bu
(v—l)(el+e2)+f2+(v—2+u);gi1f2—u<v< Y
( 3—3
2u + (20— 12)u — 20> — 20+ 10 i 0 < v < 2“,
1— 29 —13u —1 —
(1 —u)(29 — 13u — 160) if3 3u<v<1,
(Plu,v)” = 13u2+16uv2+4v2—42u—243+33
5 if 1 <v<2—u,
— — 4p)2 —
(9 51; v) if2—u<v<945u,
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and

( _

1—u+2mfo<v<323“,

3 —3u
4 — du if <v<l,
P(u,v)-L = YR !
6 —4du—2vifl <v<2—u,
. 9 —-5u

29—-5u—4v)if2—u<v< T

\

Therefore, we have P ¢ Supp(N(u,v)), because P ¢ ZUgsUg UgsUgsUgrUgsUe U62
So, integrating (P(u,v))? and (P(u,v)-L)?, we get S(W[,; L) = 222 and S(WIL: P) = D,
which implies that dp(X) > 1 by (6.6]). O

By Lemma [6.8, to show that dp(X) > 1, we may assume that P € E. Then 7(P) € €.
Now, let us choose T to be a sufficiently general surface in |H| that contains the point P,
so that @ is a sufficiently general hyperplane section of the quadric 2 that contains 7 (P).
Then T is smooth, and w: T — Q is a blow up of eight points of the intersection Q N ¥ .

Let Q1 = m(P), let Qa, ..., Qs be the remaining seven points of the intersection QNE,
and let eq,...,es be the w-exceptional curves such that w(e;) = @Q1,...,w(es) = Qs.
For every u € [0, 1], we set

t(u) = inf {v € Rog } the divisor P(u)‘T —vey is pseudo—effective}.

Then t(u) is not very easy to compute explicitly in terms of v € [0, 1]. Fix v € [0, t(u)].
Let P(u,v) be the positive part of the Zariski decomposition of the divisor P(u)|r — ve,
and let N(u,v) be its negative part. Then it follows from [3| Theorem 1.7.30] that

. 1 1 1
(6.7) 5P<X>>mm{sx< T) S(Wl,ie) S<WI:?:;P>}’

t(u
S( ee € 14// P(u,v) dvdu

S(WIP) = / 1 / " (P(u,v)~e1))2dvdu+
/ / el)ordp<N(u,v)}el>dvdu.

Let us compute S(W/[,; ;) and S(W/[; P). This will take a while.

e.00)

Recall that ¢: T — P! is an elliptic fibration, which is given by the linear system |—K7|.
As in the proof of Lemma [6.8] let us identify Q = P! x P!

where

and

Lemma 6.9. Let F' be a curve in | — Kr|. Then F' is irreducible and reduced.

Proof. Suppose that F' is reducible or non-reduced. Then the curve 7(F') is also reducible
or non-reduced, and every irreducible component of the curve F is a smooth (—2)-curve.
But 7(F) is a curve in Q of degree (2,2) that passes through the points @1, @, ..., Qs.
Therefore, we have one of the following possibilities:

(1) Q contains a line that passes through @); and one point among @, . .., Qs,
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(2) Q contains a line that passes through two points among @, . .., Qs,
(3) Q contains a conic that passes through ); and three points among Qs, . . ., Qs.

Recall that Q is a general hyperplane section of the quadric 2 that contains Q1 = 7(P).
As we already mentioned in the proof of Lemma[6.8] the quadric 2 contains finitely many
lines that pass through @1 and a point in "\ @);. Thus, since Q is assumed to be general,
the quadric @ does not contain any of these lines, so that Q does not contain a line that
passes through )1 and a point among Q)s, . .., Qs.

Similarly, a parameter count implies that @ does not contain secant lines of the curve &,
so that Q does not contain a line that passes through two points among @)s, . . ., Qs,

Finally, we suppose that Q contains an irreducible conic C' that passes through (1 and
three points among Q. ..., Qs. Let p: 2 ——» P3 be a linear projection from the point Q.
Then p(%) is a curve of degree 7, and the induced map € --+ p(%) is an isomorphism,
because € is an intersection of quadrics. Similarly, all points p(Qs), . . ., p(Qs) are distinct.
Then p(C) is a three-secant line of the curve p(%’). Note that p(%¢’) contains one-parameter
family of three-secants [10, Appendix A]. But p(Q) is a general plane in P2, which implies
that p(Q) does not contain three-secant lines of the curve p(€) — a contradiction. [

Corollary 6.10. Let ~y be a class in the group Pic(T) such that —Kp-y =1 and v* = —1.
Then the linear system |7y| consists of a unique (—1)-curve.

Proof. Apply the Riemann—Roch theorem, Serre duality and Lemma [6.9. O

Let us use Corollary 610, to describe infinitely many (—1)-curves in the surface T
Namely, let ¢, and £, be any curves in @ = P! x P! of degrees (1,0) and (0, 1), respectively.
Forn € Z>o and i € {2,3,4,5,6,7,8}, let By, 11, Bui.2, Bn2i, Bngs, Bnai be the classes

8
ol (alfl + agﬁg) — Z be; € Pic(T),
i=1

where ay, as, by, ..., bs are non-negative integers given in the following table:
ai asz b ba, b3, by, bs, bg, b7, bg
Buii|| 14n?+Tn+1 14n% + Tn T2+ Tn+1 Vj bj =Tn*+ 3n
Bio 14n2 + Tn 14n2 +Tn+1 %+ Tn+1 Vi b = n? 4 3n

b, = Tn? + 6n + 2
Brpoi | 14n? +13n+3 | 14n®> +13n+3 | Tn> +10n +3 Vj #£ib; =Tn?+6n+ 1

Bus | 14n*4+2In+7 | 14n*+2In+7 | Tn* +14n+6 | Vjb; =Tn*+10n+ 3

b, =Tn?+14n +6
Bugi | 14n? +29n + 15 | 142 +29n + 15 | 70 + 180+ 11| vij 24 b — 702 4+ 140+ 7

By Corollary 610, each linear system |B,11|, |Bni2l, |Bn2ils |Bnsl, |Bnai| contains
a unique (—1)-curve. Hence, we can identify the classes By, 11, Bni12, Bn2i, Bns, Bnai
with (—1)-curves in |By, 11|, [Bni2ls |Bn2il, |Bnsl, |Bnail, respectively. Set
Bni = Bni1+ B,
Bno= Bno2+ Bros+ Broa+ Byos+ Byog+ Bpar+ Bpas,
Bpy = Bnao+ Bpaz+ Buaa+ Bnas+ Bnag+ Buar+ Bhag.
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Note that irreducible components of each curve B, 1, B, 2, B, 4 are disjoint (—1)-curves,
and Bn,l N Bmg = @, Bn,2 N Bmg = @, Bmg N Bn,4 = @, Bn,4 N Bn-‘rl,l = & for each n 2 0.

Now, we let If; = [0, 3] and If/, = [3, 3]. For every n € Zs, we also let

o {—1+4n+14n2 1+13n+21n2}

L 6n414n2 73+ 16n 4 21n2)

s [1+13n421n* 3+ 35n 4 490
[3 + 16n + 21n2’ 8 + 42n + 49n2]

n,l —

For every n € Zxg, we let

o [3 + 35n + 49n” 3+22n+28n2]
™2 | 84 42n + 49n2’ 6 + 26n + 28n2 |
o [3 + 22n + 28n? 2+7n]
™2 64260 +28n2" 3+ Tn |’

o [2+7n 21+ 50n + 28n?
m3 134 Tn’ 26 4 54n + 28n2 |’

o [21 + 50n + 28n? 39 + 91n + 49n?]
™3| 26 + 5dn + 28n2” 48 + 98n + 49n? |

o [39 4+ 91n +49n? 19 + 41n + 21n?]
w448 4+ 98n + 4902’ 23 + ddn + 21n2 |’

oo (19 4+ 41n + 21n* 17 + 32n + 14n?]
w423 4 4dn + 21027 20 + 34n + 14n2 |

Set [n’l - [7/1,1 U ]7/1/’1, [n’2 - [7272 U ]7/1/’2, In73 - 17{7/73 U [//

n,37

In74 - 17{7/74 U ]7/1/’4. Then

0,) = |J (faUlaUlis U L),

nEZ;o

the intervals I, 1, I,, 2, I, 3, 15,4 have positive volumes, and all their interiors are disjoint.
Let us analyze P(u,v) and N(u,v) when u is contained in one of these intervals.

2__ 2
First, we deal with u € I,,;. If u € I}, ; and v € [O, 2+14n+28f+7nu4517:;4n+28n )], then

194 70n 4 84n® — u (16 + 70n + 84n?) — v (8 4 28n + 21n?)

P
() 8+ 28n + 21n? ert
3+ 35n + 49n% — u (8 + 42n + 49n?) 1 —4n — 14n* + u (6n + 14n?)
+ Bn,l + Bn,2
8 + 28n + 21n? 8 + 28n + 21n?

and N(u,v) = 0. The same holds if u € I}, and v € [O, 7+26"+2§fl_02§r6; 226"+28"2)]. Then

(P(u,0))* = 10 — 12u + 2u? — 20 — 02,
P(u,v)-e; =1+w.
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2+14n+28n2 —u(1+14n+28n2) 7+26n-+28n2 —u(6+26n+28n2)

Similarly, if u € I}, ; and v € T , R , then
19 + 70n + 84n? — u(16 + 70n + 84n?) — v(8 + 28n + 21n?)
P(u,v) = e
8 + 28n + 21n?
(19 + 70n + 84n* — u(16 + 70n + 84n?%) — v(8 + 28n + 21n?)) (1 + Tn + Tn?)
+ Bn,l_l_
8 + 28n + 21n?
1 —4n — 14n* + u(6n + 14n2)B
8 + 28n + 21n? m?
and

N(u,v) = (u (14 14n +28n%) + v (1 4+ Tn+ Tn®) — 2 — 14n — 28n®) B,,1.
Then
(P(u,0))* =10 — 12u + 2u® — 20 — v*+
+2 (u (14 14n +280%) + v (1 + Tn + 7n?) — 2 — 14n — 28n%)”
and

P(u,v)-e; =5+ 56n + 280n? + 588n° + 392n*—
—2u(1 4 Tn + Tn?) (1 + 14n + 28n?) — v(1 + 28n + 126n* + 196n> + 98n?).

7+26n+28n2—u(6+26n+28n2) 2+14n+28n2—u(1+14n+28n2)

Likewise, if u € I}/, and v € RN , TR , then
(19 + 70n + 84n* — u(16 + 70n + 84n?) — v(8 + 28n + 21n?)
P(u,v) = e
8 4+ 28n + 21n?
(19 + 70n + 84n* — u(16 + 70n + 84n?%) — v(8 + 28n + 21n?)) (1 + n)(3 + Tn)
8 4 28n + 21n? ’
3+ 35n + 49n? — u (8 + 42n + 49n2)B
8 + 28n + 21n? !
and

N(u,v) = (u (6 4 26n + 28n) + v (3 + 10n + Tn*) — 7 — 26n — 28n°) B,,».
Then
(P(u,v))? = 10 — 12u + 2u® — 20 — v*+
+7 (u (6 + 260+ 28n7) + v (3 + 100 + 7n?) — 7 — 26 — 28n°)
and

P(u,v) - e, = 148 + 1036n + 2751n? + 3234n® + 1372n* —

— 14u(1 +n)(1 + 2n)(3 4 Tn)* — v (62 + 420n + 994n” + 980n° + 343n?) .
49



7+26n-+28n2 —u(6+26n+28n2) 19-+70n-+84n2 —u(16+70n+84n2)

371004712 g 8+ 28n+21n2 ; then

lfuel,andve

19 + 70n + 84n? — u (16 + 70n + 84n?) — v (8 + 28n + 21n?)

P(u,v) = e
8 + 28n + 21n?
(19 4 70n + 84n* — u (16 + 70n + 84n?) — v (8 + 28n + 21n?) ) (1 + Tn + Tn?)
+ B, 1+
8 + 28n + 21n? ’
(19 + 70n + 84n% — u (16 + 70n + 84n%) — v (8 4 28n + 21n?) ) (1 +n)(3 + Tn)
—+ Bn2
8 + 28n + 21n? ’
and

N(u,v) = (u (14 14n+ 28n°) + v (1 4+ Tn+ 7n*) — 2 — 14n — 28n°) B, 1+
+ (u (6 +26n +28n%) + v (3 + 10n + 7Tn*) — 7 — 26n — 28n”) B, ».

2+14n+28n2 —u(1+14n+28n2) 19-+70n-+84n2 —u(16+70n+84n2)

. "
The same holds if u € I}, and v € T ; ST 98 n?

In both cases, we have

(P(u,0))* = (19 + 700 + 84n2 — u (16 + 70n + 84n%) — v (8 + 28n + 21n?))?,
P(u,v) - e; = (8 +28n + 21n?) (19 4 70n + 84n> — u (16 + 70n + 84n*) — v (8 + 28n + 21n?)).
Hence, if v € I, 1, then

) = 19 + 70n + 84n% — u (16 + 70n + 84n?)

8+ 28n + 21n?
n n2—u n n2
Now, we deal with u € I,5. Ifu € I, and v € {0, T 262800+ 2m425 >] , then
Plu.v) 17 + 56n + 5612 — u (15 + 56n + 56n2) — 7v(1+ n)(1 + 2n) ot

7(1+n)(1 4 2n)
(1+n)(2+7n) —u(l+n)(3+ Tn) u (8 4 42n + 49n?) — 3 — 35n — 49n?
7(1+n)(1+ 2n) 7(1+n)(1+ 2n)

Bn,2 + Bn,3

n nz—u n 77/2
and N(u,v) = 0. The same holds if u € I}/, and v € [0, Sk +286+14n€rl:;42 R )} . Then
(P(u,0))” = 10 — 12u + 2u? — 20 — 0?,
P(u,v)-e; =v+ 1.
n n2—u n n2 n nz—u n 77/2
Ifuel,,andve 7+26 +283+10n€r6;;226 +28 )7 15+42 +2z+14n$j;42 +28 )}’ then
P, ) = 174 56n + 56n% — u(15 + 56n + 56n?) — To(1 + n)(1 + 2n>e1+

7(1+n)(1+2n)
(14 n)(3+ 7n)(17 4 56n + 56n? — u(15 4 56n + 56n?) — Tv(1 4+ n)(1 + 2n))
+
7(1+n)(1+ 2n)
u (8 4 42n + 49n?) — 3 — 35n — 49n?

7(1+n)(1+ 2n)
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N(u,v) = (u (64 26n + 28n°) + v (34 10n + Tn*) — 7 — 26n — 28n°) B, »,

(P(u,v))* =10 — 12u + 2u® — 20 — v*+
+7 (u (6 + 260+ 28n%) + v (3 + 100 + 7n?) — 7 — 26n — 28n%)°

P(u,v) - e; = 148 + 10361 + 2751n* + 3234n° + 1372n*—
— L4u(1 +n)(1 + 2n)(3 + Tn)*—
— v (62 + 420n + 994n” 4 980n° + 343n") .

15+42n-+28n2 —u(14+42n+28n2) 7+26n+28n3 —u(6+26n+28n2)

Similarly, if u € I}, and v € ST , S TT0n e , then
1 2wl 2 —Tv(1 1+2
Plu,v) 7+ 56 + 56n* — u (15 4 56n + 56n°) — Tv(1 4+ n)(1 + n)e1+
7(1+n)(1+2n)
N (6 + 14n 4+ 7n?) (17 + 56 + 56n* — u (15 + 561 + 56n?) — Tv(1 + n)(1 + 2n)) Boi
n,3

7(1+n)(1+ 2n)
(I+n)2+7Tn) —u(l+n)(3+7n)
7(1+n)(1+ 2n)

Bn,2>
N(u,v) = (u (14 + 42n + 28n) + v (6 4 14n + Tn*) — 15 — 42n — 28n?) B,, 3,

(P(u,v))* =10 — 12u + 2u® — 20 — v*+
+ (u (14 4 42n + 28n%) + v (6 + 14n + Tn?) — 15 — 42n — 28n%)°

P(u,v)-e; = 7(1+n)(13 + 53n + 70n* + 28n°)—
— 1u(l 4+ n)(1 +2n) (6 4 14n + Tn*) — Tv(1 4+ n)* (5 + 14n + ™n?) .

15-+42n+28n2 —u(14+42n+28n2) 17+56n-+56n2 —u(15+56n+56n2)

Likewise, if u € I}, , and v € Iz , T , then
17+ 56n 4 56n* — u (15 + 56n + 56n2) — v(7(1 + n)(1 + 2n))
P =
(v, v) 7+ )1 +2n) et
(14 n)(3+ 7n) (17 + 56n + 56n* — u (15 4 56n + 56n?) — Tv(1 + n)(1 + 2n))
_I_ Bn,2+
7(1+n)(1+ 2n)
(6 + 14n 4 7n?) (17 + 56n + 56n? — u (15 4 56n + 56n?) — Tu(1 4 n)(1 + 2n))
+ n,3
7(1+n)(1+ 2n)

and

N(u,v) = (u(6+ 26n + 28n*) + v(3 4+ 10n + 7n*) — 7 — 26n — 28n%) B, o+
+ (u (14 4 42n 4 28n°) + v (6 + 14n + Tn*) — 15 — 42n — 28n%) B,, 3.
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7+26n-+28n2 —u(6+26n+28n2) 17+56n-+56n2 —u(15+56n+56n2)

: "
The same holds if u € I}, and v € S0 , AT (1520

Moreover, in both cases, we have
P(u,v)-e; = 14(14n)(1+2n) (17 + 56n + 56n* — u (15 4 56n + 56n°) — 7v(1 + n)(1 + 2n))
and
(P(u,0)) = 2 (17 + 56n + 560 — u (15 4 56n + 56n2) — To(1 +n)(1 + 2n))* .
Thus, if u € I, 2, then

17+ 56n 4 56n* — u (15 + 56n 4 56n?)
B 7(14n)(1 +2n) '

t(u)

n nz—u n n2
Now, we deal with u € I,,3. Ifu € I}, ; and v € [O, o +21+14n€r1j;42 i )} , then
Plu,v) = 59 + 112n + 56n2 — u (57 + 112n + 56n2) — 7v(1 + n)(3 + 2n) ot

7(1+n)(3+2n)
39 + 91n + 49n? — u (48 + 98n + 49n?) w(l+n)(3+7n)— (1+n)(2+ Tn)

B, B,
T+ )3 +2n) ca T+ )3 +2n) 4
n TLZ—U n TL2
and N(u,v) = 0. The same holds if u € I} ; and v € [0, s +2f1+18ﬁ(;:§8 i )} . Then
(P(u,v))* =10 — 12u + 2u® — 20 — v,
P(u,v)-e; =1+w.
15+42n+28n2 —u(14+42n+28n2) 31+58n+28n2—u(30+58n+28n2
[fuel,zandve 6+14n5—7n2 )’ 11+18n(+7n2 )} then
Plu.v) = 59 + 112n + 56n2 — u (57 + 112n + 56n2) — 7v(1 + n)(3 + 2n) ot
’ 7(1+n)(3 +2n)
N (6 + 14n + 7n?) (59 + 112n + 56n% — u (57 + 112n + 56n%) — Tv(1 + n)(3 + 2n)) B
n,3

71+ n)(3 + 2n)
w(l+1)(3+7n) — (1+n)(2+ 7n)
7L+ n)(3 + 2n)

Bn,4
N(u,v) = (u (14 + 42n + 28n) + v (6 4 14n + Tn*) — 15 — 42n — 28n?) B,, 3,

(P(u,v))* =10 — 12u + 2u® — 20 — v*+
+ (u (14 4 42n + 28n2) + v (6 + 14n + Tn?) — 15 — 42n — 28n%)°,

P(u,v)-e; = 7(1+n)(13 + 53n + 70n° + 28n*) —

— 1u(1+n)(1+2n) (6 + 14n + ™n*) — To(1 +n)* (5 + 14n + Tn?) .
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314+58n+28n2 —u(30+58n+28n2 ) 15-+42n+28n2 —u(14+42n+28n2)

Similarly, if u € I} 3 and v € TS m? , STz , then
Plu.v) = 59 + 112n + 56n? — u(57 + 112n + 56n?) — Tv(1 +n)(3 + 271)81+
7(1+n)(3+ 2n)
N (14 n)(11 + 7n) (59 + 112n + 56n* — u(57 + 112n 4 56n%) — 7v(1 + n)(3 + 2n)) 5o
n,4

7(1+n)(3+ 2n)
39 + 91n + 49n? — u (48 + 98n + 49n?)
7(1+n)(3 +2n)

N(u,v) = (u (30 + 58n + 28n?) + v (11 + 18n + 7n?) — 31 — 58n — 28n°) By, 4,

Bn,i’n

(P(u,v))* =10 — 12u + 2u® — 20 — v*+
+7 (u (30 + 58n + 28n%) + v (11 + 18n + 7n2) — 31 — 58n — 28n%)”,

P(u,v) - e; = 2388 + 8372n + 10983n? + 6370n> + 1372n*—
— 14u(1 + n)*(11 + 7n)(15 + 14n) — v (846 + 2772n + 3346n° + 1764n° + 343n*) .

31+58n+28n2—u(30+58n+28n2) 59+112n+56n2—u(57+112n+56n2)

/
Ifuelsandve 11+18n+7n? ’ 7(1+n)(3+2n)

, then

59 + 112n + 56n2 — u (57 + 112n + 56n2) — 7Tv(1 + n)(3 + 2n)
7(14n)(3 + 2n)
(6 + 14n + 7n?) (59 + 112n + 56n* — u (57 4+ 112n + 56n?) — Tv(1 4 n)(3 + 2n))
+
7(1+n)(3+ 2n)
(1+n) (11 + 7n) (59 + 112n + 56n* — u (57 + 112n + 56n?) — Tv(1 + n)(3 + 2n))
_'_
7(14n)(3 + 2n)

P(u,v) =

e+

Bn,3+

Bn,4

and
N(u,v) = (u (14 +42n 4 28n”) 4+ v (6 4 14n + 7n?) — 15 — 42n — 28n°) B, 3+
+ (u (30 + 58n + 28n?) + v (11 4 18n + Tn?) — 31 — 58n — 28n?) B4

15+42n+28n2 —u(14+42n+28n2) 59+112n+56n2 —u(57+112n+56n2 )
6+14n+7n2 ’ 7(14n)(3+2n) :

The same holds ifu € I jand v €
In both cases, we have
P(u,v)-e; = 14(14n)(3+2n) (59 + 112n + 56n° — u (57 + 112n 4 56n*) — Tv(1 4+ n)(3 + 2n)) .
and
2 2 2 2
(P(u,v))” =2 (59 + 112n + 56n° — u (57 + 112n + 56n%) — Tv(1 +n)(3 + 2n))".
Therefore, if u € I, 3, then

) = 59 + 112n + 56n* — u (57 + 112n + 56n?)
B 7(14n)(3 + 2n) '
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314+58n+28n2 —u(30+58n+28n2) h
11+ 18n+7n2 , then

Finally, we deal with u € I,4. lf u € I} ; and v € [O,

Plu,v) = 103 + 182n + 84n? — u (100 + 182n + 84n?) — v (36 + 56n + 21n?)
T 36 + 56n + 21n2
17 + 32n + 14n2 — 4 (20 4 34n + 14n?) u (48 4 98n + 49n?) — 39 — 91n — 49n?
+ B, 4+ By
36 + 56n + 21n? ’ 36 + 56n + 21n? ’

81‘|—

44470n+28n% —u(43+70n+28n2
and N(u,v) = 0. The same holds when u € I/, and v € [0, " 1;2;(””2 nreen )}

In both cases, we compute
(P(u,v))* = 10 — 12u + 2u? — 20 — 02,
P(u,v)-e; =1+w.

31+58n+28n2—u(30+58n+28n2) 44+70n+28n2—u(43+70n+28n2) th
TI+18n+7n2 ’ 15+ 21n+7n2 , then

lfuel, ,andve

P, v) 103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?)
u,v) =

36 + 561 + 2102 et
(1+n)(11 4 Tn)(103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?))
_'_ BTL,4+
36 + 56n + 21n?
u(48 4+ 98n + 49n?) — 39 — 91n — 49n?
+ Bn+1 1
36 + 56n + 21n? ’

N(u,v) = (u (30 + 58n + 28n?) + v (11 + 18n + 7n*) — 31 — 58n — 28n°) B, 4,

(P(u,0))? = 10 — 12u + 2u® — 20 — v*+
+7 (u (30 + 58n + 28n%) + v (11 + 18n + 7n2) — 31 — 58n — 28n%)”,

P(u,v) - e = 2388 + 8372n + 10983n” + 6370n> + 1372n"—
— 14u(1 4+ n)*(11 4 7n)(15 + 14n)—
— v (846 + 2772n + 3346n° 4 1764n” 4 343n*) .

44+70n+28n2—u(43+70n+28n2) 31+58n+28n2—u(30+58n+28n2) th
151 21n+7n2 ’ 11+ 18n+7n2 , then

lfuell,andve

P, v) 103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?)
u,v) =

36 + 56 + 2172 et
(15 + 21n + 7n?) (103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?)) B
- 36 + 561 + 2102 nt1,1+
17 + 32n + 14n? — v (20 + 34n + 14n?) B
* 36 + 56n + 21n? it

and

N(u,v) = (u (43 + 70n + 28n*) + v (15 + 21n + 7n?) — 44 — 70n — 28n°) Byi1,1.
54



Moreover, in this case, we have
(P(u,v))* =10 — 12u + 2u® — 20 — v*+
+2 (u (43 + 700 + 28n%) + v (15 + 21n + 7Tn?) — 44 — 70n — 28n2)’

and

P(u,v) - e; = 1321 + 3948n + 43961 + 2156n° + 392n*—
— 2u (15 + 21n + n?) (43 + 70n + 28n%) —
— v (449 + 1260n + 1302n* 4 588n> + 98n*) .

44+70n+28n2 —u(43+70n+28n2) 1034+182n+84n2 —u(100+182n+84n2)

[fuel,,andve 15+2Int7n? ; 36+56n+21n2 , then
103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?)
P(u,v) = e;
36 + 56n + 21n?
(14 n)(11 + 7n) (103 + 182n + 84n* — u(100 + 182n + 84n?) — v(36 + 56n + 21n?))
36 + 56n + 21n? ’
N (15 + 21n + 7n?) (103 + 182n + 84n? — u(100 + 182n + 84n?) — v(36 + 56n + 21n?))
36 + 56n + 21n? L
and

N(u,v) = (u(30 + 58n + 28n”) + v(11 + 18n + 7n®) — 31 — 58n — 28n%) B, 4+
+ (w(43 + 70n + 28n°) + v(15 + 21n + Tn®) — 44 — T0n — 28n*) Byy1,1.

31+58n+28n2—u(30+58n+28n2) 103+182n+84n2—u(100+182n+84n2)
11+18n+7n2 ) 361-56n421n2

The same holds when v € I/, and v €

Moreover, in both cases, we have
P(u,v)-e; = (36+56n+21n*)(103+182n+84n*—u(100+182n+84n*) —v(36+56n+21n%))
and

(P(u, v))2 = (103 + 182n + 84n”® — u(100 + 182n + 84n*) — v(36 + 56n + 21712))2
Thus, if u € I, 4, then

103 + 182n + 84n? — u (100 + 182n + 84n? )
36 + 56n + 21n?

1). Namely, for every i € {1,2,3,4}, we set

t(u) =

Now, we are ready to compute S (WT

..7

t(u
nz - / / U 'U dvdu

W.Tu i( n1+5n2+5n3+5n4)

n=0

Then
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On the other hand, integrating, we get

84365
114688

ifn=20,

(8 4+ 28n + 21n?)A,
448n*(1 4+ n)(2+ Tn)* (3 + Tn)* (4 + Tn)*(1 + Tn + Tn?)

Sn,l -

ifn>1,

where

A, = 1536 + 1093120 + 2935552n2 + 42681728n° + 386407488n" + 2335296292n°+
+ 978964809915 + 29038364761n" + 61312905318n% + 91454579804n°+
+ 940358372801 + 633177506081 + 25088413952n'2 + 4427367168n 3.

Similarly, we get

(]_ + 2’)7,)/1”72
41 +n)(2+ ™)*(3+ Tn)*(4 + Tn)*(6 + 14n + Tn?)’

Sn,2 =
where
Apo = 16186544-31459234n+271069253n+1362423916n°+-4419070194n" +9654348284n°+
+ 14368501182n° + 1436205209617 + 920932842218 + 3412762192n° + 55342089617

Likewise, we get

(3 + 271,)14”73
41 +n)(3+ )46 + Tn)4(8 + Tn)4(11 + Tn)(6 + 14n + Tn2)’

Sn,S =
where

Apz = 1167997914 + 15454923336n + 914928786450 + 3199341335750+
+ 734395997090n" 4+ 1162203105378n° + 1294197714054n8 + 1014406754242n"+
+ 548632346402n° + 195059453722n° + 4104538312000 + 3873946272n .

Finally, we get

(36 + 56n + 21n?%) A, 4
448(1 +n)4(6 + Tn)*(8 + Tn)*(10 4+ Tn)*(11 + Tn) (15 + 21n + Tn?)’

Sn,4 =

where

Apa = 365613573312 + 4021500121920n + 20341847967024n°+
+62650071283024n° 4+ 131072047236004n* + 196698030664492n° 4 217823761840153n5+
+ 180219167765455n" + 111395400841326n" + 50802960251820n° + 16615457209344n '+
+3690223711216n"" + 4988167009280 + 3099157017602

Then, adding, we get

S(Wh el i ( 1+ Sno + Sng + SnA) ~ 0976712233 ... < 1.

n=0
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Finally, let us compute S(VV,T,’E’,I7 P). For every i € {1,2,3,4}, we set

2
Mi=11 /I / 1)) dvdu,

2
M), = —/ / (P(u,v) . el)) dvdu.
W T Jo
Then

- " ;/1/1‘/(10 '
S(W,.sL P) ZZ( +Mn’2>+7 o (P(u,v) el)ordp(N(u,v)‘el)dvdu.

n=0 =1
On the other hand, integrating, we get
1403 .
22268
r_
M, = (1+n)A’
448n4(1 4+ 3n)*(3 + ™n)*(1 4 Tn + Tn?)

ifn>1,
where

Al y =1+ 81n+ 2535n% + 37209n° + 301046n" 4 14597360+
+ 442019005 + 84254101 4 9821448n® + 6392736n° + 1778112n'°.
Similarly, we get
(1+7n+Tn?) Al
28(1 +n)(1 +3n)* (24 )4 (3 + Tn)* (4 + Tn)*’

"o
.Mm1 =
where

Al | = 480574 + 12906866n + 157271760n” + 1149521334n® + 56122851450+
+ 19278934535n° + 47770884833n° 4+ 86016481159n" + 111679016743n5+
+ 1019395139071 + 6207773014800 + 22635902898n't + 3735591048n 2.

Likewise, we have
(6 + 14n + 7712)14%,2

!/
M2 = T )+ 20 @ % T3 + T A T Tn)t
and
g L1780+ 1111420 + 43095102 + 875637n? + 9786561 + 566832n° + 131712n°
™2 224(1 4 2n)3(3 + 7n)*(6 + 14n + Tn?) '
where

Al , = 1561176 + 35176776n + 356105548n” + 2137950448n°+
+ 8458603286n" + 23158717414n° + 44778314889n° 4 61151030584n"+
+ 57807289939n° + 360269473760 + 133216315680 + 2213683584n'".
Similarly, we have
(11+7n)Aj, 5

224(1 4+ n)3(3 4+ Tn)*(13 + 14n)*(6 + 14n + Tn2)’
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M, 3=




where

Al 4 = 13726028 + 164541190n + 859036123n° + 2564002455n° + 4823323519n"+
+ 5933644367n° + 4776917782n8 + 2428774768n" + 708314208n° + 90354432n°.

Likewise, we have

(6 4+ 14n + Tn*)Aj 5
224(1 4+ n)3(6 4+ Tn)*(8 + Tn)*(11 + 7n)(13 4 14n)*’

"o
.Mm3 =
where

Ay 5 = 67760261208 + 7037060846401 + 3313300067388n2 + 9335574166156n>+
+ 17489294547578n* + 22873117200584n° + 21308562209725n5 + 14139587568253n"+
+ 6548997703738n + 2016283621072n + 371345421216n° + 30991570176n .

Similarly, we see that

(15 +21n + Tn?) A,
28(1 4+ n)4(6 + Tn)*(8 + Tn)*(11 + 7n)(23 + 21n)*’

/ —
Mn, 4=
where

.4 = 88135013250 + 967134809574 + 4853884596732n +
+ 14732868828434n° + 30120687035243n + 43697011451345n° + 46124583653603n°+
+ 35692827118809n" 4 20096052100397n° + 8028312817917n°+
+ 2160120347280n'° + 3514568577660 + 26149137336n'2.

Finally, we have

(11 + 7n)A;;74
448(1 + n)4(10 + Tn)*(23 + 21n)*(15 + 21n + Tn?)’

"o
Mm 4=
where

" 4 = T582266167 + 59702225967 + 210973884925n" + 440580768679n°+
+ 602090743422n* + 562572998512n° + 363945674554n° + 1609551818700+
+ 46566357768n% + 7957643904n° + 6098924161 '°.

Now, adding terms together, we see that

1 rt(u)
(6.8) S(Wle; P) <0.974 + %/ / (P(u,v) - e)ordp (N(u,v)‘m)dvdu.
o Jo
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Now, for every i € {1,2, 3,4} and any irreducible component ¢ of the curve B, ;, we let

3 1 pt(u)

== / / (P(u, v) - el)ordg(]\f(u7 U)) (g . el)dvdu _

/ / v) - er)ordy(N(u,v)) (¢ - er)dvdu+
Ini

1 t(u)

-l—?/ / (P(u,v) -el)ordg(N(u7U)) (ﬁ'el)dvdu—i—

I Jo

t(u)
+ % / / (P(u,v) - er)orde(N(u,v)) (- er)dvdu,
In,iv1 Y0

where [y = @ and [,, 5 = I,,+11. Since irreducible components of B, ; are disjoint, we get

%/Olfot(w (P(u,v)-el)ordp< (u,v) >dvdu ZZF’”

n=0 i=1

On the other hand, each F},; is not difficult to compute. For instance, we have

Fop = % (v +u—2)(5— 2u — v)dvdu+

19— 16u
/ / 8(u~+ v —2)(19 — 16u — 8v)dvdu+

19—16u

281
—2)(19 — 16u — dvduy = ——.
/ /2u 8(u+v—2)(19 — 16u — 8v)dvdu 39956

Similarly, we see that
Fo— 3(1+ 7n + Tn?)?
" 2n2(143n)(=1+7Tn)(1 + ™) (24 Tn)(3 + ™)%(4 4+ Tn)(2 + 21n)
for n > 1. Likewise, we get

3
3584

if n=20,

Fop = 1+n

112n(1 4 2n)(1 4+ 3n)(2 + ™) (3 + Tn)?(4 + Tn)

Likewise, for every n > 0, we have

ifn>1.

15(6 + 14n + 7n?)?

s = M0+ P+ 20) @+ 703 + TR(A + Tn)(6 1 70)(8 + Tn) (13 + 14n)

and
(11 + 7n)?
112(1 4+ n)2(3+ 7n)(6 + 7n)(8 4+ ™n)(10 + Tn)(13 + 14n)(23 4 21n)

Now, one can easily check that the total sum of all F}, 1, F,, 2, [, 3, F}, 4 is at most 0.014.
This and ([6.8) give S(W[%; P) < 0.974+0.014 = 0.988. Using (6.7), we get dp(X) > 1.

Corollary 6.11. All smooth Fano threefolds in the family N2.7 are K-stable.
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