arXiv:2304.11334v1 [math.AG] 22 Apr 2023

K-STABLE FANO 3-FOLDS IN THE FAMILIES Ne2.18 AND Ne3.4
IVAN CHELTSOV, KENTO FUJITA, TAKASHI KISHIMOTO, JIHUN PARK

ABSTRACT. We prove that smooth Fano 3-folds in the families Ne2.18 and Ne3.4 are K-stable.
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Throughout this paper, all varieties are assumed to be projective and defined over C.

1. INTRODUCTION

Smooth Fano threefolds are classified into 105 families labeled as Nel1.1, Ne1.2, Ne1.3, ..., Ne10.1.
For the description of these families, see [18]. It has been proved in [3| [I4] [16] that the families
Ne2.23, Ne2.26, Ne2.28, Ne2.30, Ne2.31, Ne2.33, Ne2.35, Ne2.36, Ne3.14,
Ne3.16, Ne3.18, Ne3.21, Ne3.22, Ne3.23, Ne3.24, Ne3.26, Ne3.28, Ne3.29,
Ne3.30, Ne3.31, Ned.5, Ne4. .8, Ne4.9, Ned.10, Ne4.11, Ne4.12, Ne5.2
do not have smooth K-polystable members, and general members of other families are K-polystable.
For 56 families, K-polystable smooth Fano 3-folds are described in [2} 3], /4. [6l, 8, 111, [17], 20, 22, 24}, [7].
The remaining 21 deformation families are:
Ne1.9, Ne1.10, Ne2.5, Ne2.9, Ne2.10, Ne2.11, Ne2.12, Ne2.13, Ne2.14, Ne2.16,
Ne2.17, Ne2.18, Ne2.19, Ne2.20, Ne3.2, Ne3.4, Ne3.5, Ne3.6, Ne3.7, Ne3.8, Ne3.11.
The families Ne1.10, Ne2.20, Ne3.5, Ne3.8 contain both K-polystable and non-K-polystable members,
and all smooth Fano threefolds in the families
Ne1.9, Ne2.5, Ne2.9, Ne2.10, Ne2.11, Ne2.12, Ne2.13, Ne2.14,
Ne2.16, Ne2.17, Ne2.18, Ne2.19, Ne3.2, Ne3.4, Ne3.6, Ne3.7, Ne3.11
are conjectured to be K-stable [3]. In this paper, we verify this conjecture for two families:

Main Theorem. All smooth Fano 3-folds in the families Ne2.18 and Ne3.} are K-stable.

Hence, to find all smooth K-polystable Fano 3-folds, one have to deal with 19 families

Ne1.9, Ne1.10, Ne2.5, Ne2.9, Ne2.10, Ne2.11, Ne2.12, Ne2.13, Ne2.14,
Ne2.16, Ne2.17, Ne2.19, Ne2.20, Ne3.2, Ne3.5, Ne3.6, Ne3.7, Ne3.8, Ne3.11.
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To describe smooth Fano 3-folds in the families Ne2.18 and Ne3.4, let V' — P! x P? be a double
cover branched along a smooth surface of degree (2,2), let V' — P? be the composition of this
double cover and the projection P! x P2 — P2, and let X — V be the blow up of a smooth fiber
of this composition morphism. Then we have the following commutative diagram:

X V

l l

P! x F; ———— P! x P?

where Ty is the first Hirzebruch surface, the morphism X — P! x F; is a double cover ramified
over the proper transform on P! x F; of the ramification surface of the double cover V — P! x P2,
and P! x F; — P! x P? is a birational morphism induced by the blow up F; — P2. Then

e I is a smooth Fano 3-fold in the deformation family Ne2.18,
e X is a smooth Fano 3-fold in the deformation family Ne3.4.

Furthermore, all smooth Fano 3-folds in these deformation families can be obtained in this way:.
Let us say few words about the proof of Main Theorem. To prove that V' is K-stable, we recall
from [12], 15, 21, 25] that

the Fano 3-fold V is K-stable <= the log Fano pair (IP’l x P2, %R) is K-stable,

where R is the ramification surface of the double cover V' — P! x P2, In Section [2, we prove that
the log Fano pair (P! x P2 cR) is K-stable for every ¢ € (0,1) N Q using Abban—Zhuang theory
and the technique developed in [3| [16]. We refer the reader to |3, § 1.7] and |16, § 4] for details.
Similarly, to prove that X is K-stable, we prove that the log Fano pair (P! x Fy, %R) is K-stable,
where now R is the ramification surface of the double cover X — P! x [F;. The proof is much more
involved in this case, because we have to resolve two deadlocks arising when R is quite special.
To overcome these difficulties, we apply Abban—Zhuang theory to exceptional surfaces of toric
weighted blow ups of the 3-fold P! x IF;, and use toric geometry to compute Zariski decompositions.
This is a new approach, which can resolve deadlocks in similar problems.

The structure of this paper is simple: we prove Main Theorem for the family N¢2.18 in Section [2]
and we prove Main Theorem for the family Ne3.4 in Section[3l In Appendix[Al we put all the tables
necessary for the Zariski decompositions discussed in Section [3
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2. SMOOTH FANO 3-FOLDS IN THE FAMILY Ne2.18

Let Y = P! x P? let R be a smooth surface in Y of degree (2,2), and let V' — Y be the double
cover branched over R. Then Aut(V) is finite [9], so V' is K-stable if and only if V' is K-polystable.
On the other hand, it follows from [12| [15] 2], 25] that

V is K-polystable <= (Y, 1R) is K-polystable.
Let Ay = c¢R for ¢ € [0,1) N Q. Then (Y, Ay) is a log Fano pair for every ¢ € [0,1) N Q.

Theorem 2.1. The log Fano pair (Y, Ay) is K-stable for every c € (0,1) N Q.
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Let us prove Theorem 21l Set L = —Ky — Ay. Then L is a divisor of degree (2 —2¢, 3 —2c¢), so
L? =6(1—¢)(3 —2¢)%

Fix c € (0,1) € Q. Let P be a point in Y. Recall that
: Ay, (E)
5p(Y, Ay) = inf  SXari®)
P( ’ Y) ]}]1})/ SL(E) 7

PeCy (E)

where the infimum is taken over all prime divisors E over Y whose centers on Y contain P, and

oo

1
SL(E) = 3 /VOI(L — uE)du.
0
By [19, [14], to prove that (Y, Ay) is K-stable, it is enough to show that 0p(Y, Ay ) > 1

Lemma 2.2. Suppose that P ¢ R. Then ép(Y, Ay) > 1.

Proof. Let S be the surface in Y of degree (1,0) that contains P, let Rg = R|g, and let Ag = cRg.
Take u € R>g. Then L —uS is pseudoeffective <= L —uS is nef <= w € [0,2 —2¢|. This gives

2—2c 2—2c
1 1
Sp(9) = 0 / (L— uS)gdu =73 33—20)*(2—2c—u)du=1—c<1.
0 0

Note that S = P2, Let £ be a general line in S that passes through P, and let v be a non-negative
real number. Then (L — uS)|s — v/ is a divisor of degree 3 — 2¢ — v. Thus, we have

(L —uS)|s — vl is pseudoeffective <= (L —uS)|s — vl is nef <= v €[0,3 — 2.

Now, following [1I, 3] [16], we set
3 2—2c 3—2c¢
2
Sp(Woel) = 7 / / (L - uS)‘S — vl) dvdu
0 0

and
2—2¢ 3—2c

SLWELP) = / / L—usS)| —vf)-€>2dvdu.

Integrating, we get Sp(W2,; () = SL(WSZ  P) = % Thus, it follows from [, [3 [16] that

e 0.0 0)

1 —ordp(As|,) 1 1 3
op(Y, A min o = > 1,
¥ &) > { S (Wt P) " SL(WE;0)" SL(S) 3—2c
since ordp(Ag|e) = 0, because P ¢ R by assumption. O

Thus, to prove Theorem 2.1, we may assume that P € R.

Lemma 2.3. Let f be the fiber of the projection Y — P? such that P € f. Suppose that f ¢ R.
Then 6P(Y, Ay) > 1.

Proof. Let S be a general surface in Y of degree (0, 1) that contains f, let Rg = R|g, let Ag = cRg.
Then S =2 P! x P!, and Ry is a smooth curve such that Rg ~ 2s + 2f, where s is the smooth curve

in the surface S such that s? =0, s-f =1 and P € s. Note that L|s ~r (2 — 2¢)s + (3 — 2¢)f.
3



Take u € Ryg. Then L — uS is pseudoeffective <= L — uS is nef <= u € [0,3 — 2¢], so

3—2c 3—2c
SL(S):% / (L —uS) du—% 6(1—0)(3—20—u)2du:3_32C<1.
0 0

Note that (L — uS)|s ~r (2 = 2¢)s + (3 — 2c — u)f.

Now, let a: S — S be the blow up of the point P, let e be the exceptional curve of the blow up a,
let s, f and Rz be the proper transforms on S of the curves s, f and Rg, respectlvely Set Az = cRz.
Then S is the smooth del Pezzo surface of degree 7, 8N f= Z, and s, f e are (—1)-curves in S.
Let v be a non-negative real number. Then

o (L —uS)|) —ve ~z 2208+ (3—2c—w)f + (5— 4c—u —v)e,

and it is pseudoeffective <= v < 5—4c—u. For v € [0,5 —4c—ul, we let ﬁ(u, v) be the positive
part of the Zariski decomposition of a*((L — uS) ‘s) — ve, and we let N(u,v) be its negative part.
As in the proof of Lemma 2.2] we set

3—2c b—4c—u
SL(Woee) = % / / (ﬁ(u,v))zdvdu.
0 0
Similarly, for every point O € e, we set
3—2c5—4c—u
S(Wosoeﬂ O) 53 / / (ﬁ(u, ’U) . e)zdvdu + FO (W.S;f.),
0 0
where
3—2c5—4c—u
Fo (W,S.e,) = % / / (ﬁ(u, v) - e) -ordp (N(u,v)‘e)dvdu.
0 0

Then it follows from [1I, 13 [16] that

. 1—ordo( ~} Asagle) 1
(21) 5 (Y AY) mln{%lég SL(W.S.e.’Z) SL(W.,, )7‘S'L(‘SY)}7

where Aga (e) =2 — c. On the other hand, if 0 < u < 1, then
(2-208+ (B3 —2c—u)f+(5—4c—u—v)e if0<v<
f)(u,U)NR (2—20)§+(5—4c—u—v)(¥+e) if2—-2c<v<3—-2¢c—u,
(5—4c—u—v)(§+?+e) if3—2c—u<v<5—4c—u,

and
0 if0<v<2—2c

N(u,v) = (0+2c—2)f if2—2c<v<3—2—u,
(V4+2c—2)f+ (v+u—3+20)8 if3—2c—u<v<5—4c—u,

which gives

82 + deu — v —20c —du+ 12 if 0 < v <2 — 2¢,
(ﬁ(u,v))2: 41—-c)4d—=3c—u—w) if2—2c<v <3 —2¢c—u,
(5—dc—u—v)? if3—-2c—u<v<5—4c—u,
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and
v if 0 <o <2 —2¢

P(u,v)-e=¢2—2c if2—2c<v<3—-2—u,
5—4c—u—v if3—-2c—u<v<b—4c—u.
Similarly, if 1 < u < 3 — 2¢, then
(2-2084+B-2c—uw)f+(B—4c—u—v)e if0<v<3—2—u,
P(u,v) ~g (5—4c—u—v)(§+e)+(3—2c—u)? if3—2c—u<v<2— 2
(5-4dc—u—v)E+f+e) if2—2c<v<5—4dc—u,

and
0 if0<v<3—2c—u,

N(u,v)={ (v+u—=3+2)s if3-2c—u<v<2- 2
(W42 —2)f+ (v+u—3+2c)5 if2—2c<v<5—4c—u,
which gives
8¢ + deu — v? — 20c — du + 12 if0<v<3—2c—u,
(P(u,v))* = (3—2c—u)(T—6c—u—2v) if3—2c—u<v<2— 2
(5—dc—u—v)? if2—2c<v<5—4dc—u,

and
v f0<v<3—2¢c—u,
P(u,v)-e={3—2c—u if3—-2c—u<v<2-2c,
5—4dec—u—v 2—-2c<v<b—4c—u
Thus, integrating, we get Sy (W5,;e) = 8¢ and
2(5—3c)(1 —c)? . <
l—c— fOogfu
i T T 3@Boggz  1O#IUS
St(W2e;0)=41—-c ifO €5,
9 ~
; Citoef.

Therefore, if sN Rz Ne = @ and fn RzNe =@, then (1) gives dp(Y, Ay) > 1.

Thus, to complete the proof, we may assume that either s N RgNe # @ or fn RzNe # @.
Then exactly one of the following two (mutually excluding) cases holds:

(V) the curve s contains the point Rz Ne, i.e. the curves s and Rg are tangent at P,

($) the curve f contains the point Rz Ne,ie. the curves f and Rg are tangent at P.
In both cases, we consider the following commutative diagram:

[

] z

S

where 3 is the blow up of the intersection point Rz Ne, the map v is the contraction of the proper
transform of the curve e to an ordinary double point of the surface S, and p is the contraction of

the proper transform of the S-exceptional curve. Then S is a singular del Pezzo surface of degree 6,

and p is a weighted blow up of the point P with weights (1,2).
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Let ?, s and Rg be the proper transforms on the surface S of the curves f , s and Rg, respectively,
and let z be the p-exceptional curve. In the case (©), we have

p (L —uS)|s) —vz ~g (2 —2¢)S + (3—2c—u)/f+ (7T—6c—u—v)z,

and the intersections of the curves z, f and § are given in the following table:

z fls
1 1
Z -3 ) ]_
A 1 1
fl 2 -] 0
s 1 0 | -2

Similarly, in the case (), we have
p*((L —uS)|s) — vz ~r (2—2¢)S+ (3 — 2c — w)f + (8 — 6¢ — 2u — v)z,

and the intersections of the curves z, f and § are given in the following table:

z | T
V/ —% 1 %
fll1]-2]0
s| 510 |—3

In both cases, let t(u) be the largest v € R such that p* (P(u)}s) — vz is pseudoeffective. Then
~ 7 —6¢—u in the case (©),
t(u) = :
8 — 6¢ — 2u in the case ().
For each v € [0, {(u)], let P(u,v) be the positive part of the Zariski decomposition of this divisor,
and let N(u,v) be its negative part. Set

3—2¢ t(u)

SL(Weeiz) = % / / (ﬁ(u,v)fdvdu.
0 0
Similarly, for every point O € z, we set
3—2¢ t(u)
S(W.S.Zn 0) / / dvdu + o (W.S.z.)
0
where
3—2¢ t(u)
(W.S,Z. = / / ]3 (u,v) -ordp (N(u,v)}z)dvdu.
0

Let @ be the singular point of the surface S. Then Q) ¢ Rg, since

{?ﬂ z in the case (©),

SNz in the case ().
6
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Let Ag = cRg and A, = 2Q + Agl,. Then it follows from [I1 [3, 16] that

A, (0)  Asag(z)  Aya, ()
(2.2) op(Y,Ay) > mln{rggl SL(Wff.;O)’SL(WFuZ)’ 5.(9) }7

where Ay A, (S) =1, Asay(z) =3 —2c and A, a,(O) =1 —ordp(A,) for every point O € z.
Let us compute S;(W,:z) and SL(WSZ ; O) for every point O € z.

0.0 0)

First, we deal with the case (©). In this case, if ¢ < % or if ¢ > % and 2c — 1 < u < 3 — 2¢, then

2-2008+B—2c—uw)f+(T—6c—u—v)z if0<v<3—2—u,

~ 7T—6c—u—uv ..
P(u,v) ~g 02u 2}(54—2z)+(3—2c—u)f it 3—2c—u<v<4—4e,
7—6c—u—
c2u U(s+2z+2/> if4d—4c<v<7—06¢c—u,
and
0 if0<v<3—2c—u,
2c— 3.
N(uv): v—i—uj;c s f3—-2c—u<v<4—A4c
2c — 3. —~
v—l—u; ¢ S+ (v—4+4c)f if4—4e<v<T7—6c—u,
which gives
( 2

802+4cu+12—200—4u—% if0<v<3—2 —u,

s 3—2c— 11— 10c —u — 2
(P(u,v))2= ( ¢ — u)( 5 c—u v) if3—2c—u<v<4—4c,
T PO
(=be—u=v) 4 ge<cv<T—6e—u,
\ 2
and
(v
§1f0 <v<3—2c—u,
~ 3—u—2
P(u,v) -z = #ﬁi’) 2c—u<v<4—A4c,
7—602—u—v if4d—4e<v<7—06c—u.
\

Similarly, in the case (©), if ¢ > 1 and 0 < u < 2¢ — 1, then

4 — 4c,

(2-2¢8+B—2c—u)f+(T—6c—u—v)z if 0< v <
<3—2¢c—u,

Plu,v) ~p 4 2= 208+ (T—6c—u—v)(f+2) if4—dc<v
7T—6c—u—v
2

(8+2z+2f) if3—2c—u<v<7—6c—u,
and
0 if 0 <v<4—4e,
N(u,v): (U—4+40)? if4—4c<v<3—2—u,
U+U+20—3§
2

+(v—4+40)f if3—2c—u<v<T7T—6c—u,
7



which gives
2
8¢2 4 deu + 12 — 20 — du — % if0<v<4—4de,
3

(ﬁ(u,v))2: 41—-c)b—4dc—u—v) if4d—4e<v <
(7—6c—u—v)?

if3—2c—u<v<7—06¢c—u,

2
and "
5 1f0<1}<4—40,
ﬁ(u’v).zz 2—2c if4—4e<v<3—-2c—u,
7_662_“_” if 32 —u<v<7—6c—u
Now, integrating, we get Sp(WJ,;2) =3 — 53¢ <3 —2c = Agay(z) and
( 68c? — 124c¢ + 57 S 1
1—c— if O ¢fU de<
c 56(1— o) ifOgfUsandc 5
~ 8(2—c)(1—c)* . a0 1
SL(W,‘?;Z,,;O): 1l—c— 303 — 20 1fO¢standc>§,
1—c ifO €5,
1 ¢ ~
——= ifO€ef.
\2 3 <

Hence, using (2.2)), we obtain dp(Y, Ay ) > 1.
Now, we deal with the case (). If 0 < u < 2 — ¢, then

(2—20)8+(3—2c—u)f+(8—6c—2u—v)z if0<v<2—2

~ . 8—6c—2u— ]
Pu, v) g { (2= 208+ —————(F+22) #f2-2<v<6—dc—2u,
— 6 — 2 — It
5 602 U284+ F422) i 6—dc—2u<v<8—6c—2u,
and
0if0<v<2— 2
N v — 2+ 2cH £
N(u,v) = ff if 2—2c<v<6—4c—2u,
v— 24 2c4

5 f+(v+2u—6+4c)s if 6 —4c—2u < v < 8 —6¢ — 2u,

which gives
2
8c2+4cu+12—200—4u—% if0<v<2— 2,
(ﬁ(u,v))Qz 21— ¢)(7T—5¢c—2u—v) if 2—2c < v <6—4dc—2u,
(8 — 6c — 2u —v)?
2

if 6 — 4c — 2u < v < 8 — 6¢c — 2u,
and .
5 f0<v<2-2c
Pu,v)-z={1—c if2—2c<v<6—4c—2u,
8§ —6c—2u—wv
2

if6—4c—2u<v<8~06¢c—2u.
8



Similarly, if 2 — ¢ < u < 3 — 2¢, then

(2—-20)8+(3—2c—u)f+ (8 — 6c— 2u—v)z if 0 < v < 6—4c — 2u,
Plu,v) ~u (8 —6c—2u—v)(E+2z)+(3—2c—uwf if 6 —4c—2u<v<2— 2
8 — 6c — 2u — -
———— (8 +F+22) #2-2 <v<8—6e—2u,
and
0 if 0 <v<6—4c—2u,
N, v) = (v+2u—6+4c)s if6—4c—2u<v<2— 2,

— 24 2¢~ ~ .
%Hf+(v+2u—6+4c)s if 2—2c<v<8—06¢c—2u,

which gives

2
8c2+4cu+12—200—4u—% if0<v<6—4dc—2u,

(P(u,v))? = {23 —2c—u)(5—4c—u—v) if 6—dc—2u<v<2- 2
(8 — 6c — 2u —v)?

if 2—2c<v<8—6¢—2u,

2
and
g if 0 <v<6—4c—2u,
ﬁ(u’v).zz 3—2c—wu if6—4c—2u<v<2—2c
8_6052”_“ if 2 - 2c < v < 8—6c— 2u.
Now, integrating, we get Sp(Wo,;2) =3 — ¢ <3 —2c = Agay(2z) and
( (1—1¢)(31c¢® — 90c + 65) . 2 A
1—c— f f
¢ 12(3 — 20)2 O gLUs,
Se(Wiz;0) =41 peq
2 2
2 ~
1- gc ifOef.
Hence, using (2.2)), we get dp(Y, Ay ) > 1. This completes the proof of the lemma. O

Finally, we prove

Lemma 2.4. Let f be the fiber of the projection Y — P? such that P € f. Suppose that f C R.
Then 6P(Y, Ay) > 1.

Proof. Let v: % — Y be the blow up of the smooth curve f, let £ be the v-exceptional surface.
Take u € Ryg. Then v*(L) — uFE is pseudoeffective <= v*(L) — uFE is nef <= u < 3 — 2¢, so

3—2c¢ 3—2c
1 . 3 1 4
Sp(E) = B / (V' (L)—uE) du = 61— 03 207 / 6(1—c)(3—2c—u)(3—2c+u)du = 2—§c,
0 0
which gives
dp(Y,Ay) < 7AY’AY(E) =1+ ¢

Sp(E) 7 2(3-2¢)
9



Now, let Ry be the proper transform on % of the surface R, let Rp = Ry|g, let Ap = cRp,
and let 1 be the fiber of the projection £ — f such that v(1) = P. Then Rg is a smooth curve,
which implies that (F, Ag) has Kawamata log terminal singularities. For every point & € 1, set

. Ap.ag(F)
0p(E, A W.,) = f ——=
(B 8eWed) = Bl SwiaFy
2eCg(F)
where the infimum is taken over all prime divisors F' over E whose centers on E contain &, and

3—2c oo

S( oo I =13 //vol —uE)‘E—vF>dvdu.

Then it follows from [1I, 3| [16] that

op(Y,Ay) > mln{ inf 5](E A WE), Agijé)E)} = min{ inf 5/(E Ag; WE), 1 72(3 i 20) }

Thus, to complete the proof, it is enough to show that d4(E, Ag; W.E,) > 1 for every point & € 1.
Fix a point & € 1. Let s be the smooth curve in E = P! x P! such that s> =0,s-1=1, & € s.
Then E|g ~ —s, Rg ~ 21+ s, and (v*(L) — uk) ‘E ~r (2 —2¢)1 4 us.

Let a: E — E Dbe the blow up of the point &, let e be the exceptional curve of the blow up a,
and let s, l Rz be the proper transforms on E of the curves s, |, Rg, respectlvely Set Az = cRg.

Then E is a smooth del Pezzo surface of degree 7, §N1= @, and §, 1, e are all (—1)-curves in E
Let v be a non-negative real number. Then

a*((]/*(L) — uE)}E> —ve~p (2 — 20)T+ us + (2 —2c+u—v)e,

and it is pseudoeffective <= v < 2 —2¢+u. For v € [0,2 — 2¢ + u], let ]B(u,v) be the positive
part of the Zariski decomposition of this divisor, and let N (u,v) be its negative part. Set

3—2¢c2—-2c+u
S (Whe) = % / / (ﬁ(u,v)fdvdu.
0 0
Likewise, for every point O € e, we set
3—2¢c2—-2c+u
S(WES0) = = / / (Plu,v) - €)dvdu + Fo(WES,).
0 0
where
3—2¢c2—-2c+u
(WF,’E’,) = % / / (ﬁ(u,v) -e) - ordp (N(u,v)‘e)dvdu.
0 0

Then it follows from [1I, 3, [16] that

) > min { min 1= Ordq(AE} Ap.as(e)
Oce SL(W.E’.’?., O) SL(W. o ) ’

(2.3) 60 (B, Ap; W,

where

2—c if ¥ € Rg,

Apag(e) = {2 if 2 ¢ Rp.
10



On the other hand, if 0 < u < 2 — 2¢, then
(2—201+uS+ (2—2c+u—v)e if 0 <v<u,

2c,

2

2—2c—|—u—v)(e+l)—|—u§ fu<v<2—

2—-2c+u—v)(e+1+8) if2-2c<v <22+,
and

0 if 0 <v<u,

N(u,v) = (v—u)l ifu<v<2—2c
(

v—u)l+(v—2+42c)8 if2—2c<v<2—2+u,
which gives
(4—4c)u—v* if0<v<u
(]B(u,v)y: w4 —4dc+u—2v) ifu<ov<2-2c,
(2—2c+u—wv)? if2—2c

7

<v<2—2c+u,

and
v if 0 <v<u,
p <

Plu,v)-e=<u ifu<v<2-2c
2—2c+u—v f2—2¢c<v<2—2c+u.
Similarly, if 2 — 2¢ < u < 3 — 2¢, then

(2—-201+us+ (2—2c+u—v)e if 0 <v<2—2c
P(u,v) ~z  (2—=20)1+ (2= 2c+u—v)(e+3) if2—-2c<v<uy,
(2—2c+u—v)(e+T+§) ifu<ov<2—2c+u,

and
0 ifo<y<2—2c,

N(u,v) = (v—2—|—2c) if 2—2c <v < u,
(v—u)l+(v—2+20)§ ifu<v<2—2c+u,
which gives
(4 —4c)u—v* if 0 < v <2—2c,
(ﬁ(u,v))Qz 41-c)1—c+u—w) if2—-2c< v < u,
(2—2c+u—v)? ifu<v<2—2c+u,

and
v if 0<v<2—2¢

P(u,v)-e=¢2—2c if2—-2c< v <u,
2—2c+u—v fu<v<2—-2c+u.
Thus, integrating, we get Sp(WF,;e) =2—2¢c <2—cand

( 26391 =9 . 5T s
l—c— 3(3 — 2¢)? Hogtos
Ee.
S (Wooo70) 1—%0 lf06§7
(1 —c if O el

11



Therefore, if & ¢ R, then ([2.3) gives 65 (E, Ag; WF,) > 1. Similarly, if # € Rp, thenTﬂRE =,
the set SN Rz Ne consists of at most 1 point, and (2.3)) gives cb(E Ap;WE) >1ifSNRzNe =@

To complete the proof, we may assume that the intersection s N Rz M e consists of one point,
which means that the curves s and Rg are tangent at the point P. As in the proof of Lemma 2.3]

let us consider the following commutative diagram:

E—" E
E E

where 3 is the blow up of the point s N Rz N e, the morphism + is the contraction of the proper

transform of the curve e to an ordinary double point of the surface E , and p is the contraction of
the proper transform of the [-exceptional curve.
Let s, l Rz be the proper transforms on E of the curves s, 1, Rg, respectively. Then RzNs =

and the curves s, l R are smooth. Let z be the p-exceptional curve. Then R NNz = g, 7= IP’1
and the intersections of the curves z, s and 1 are given in the following table:

z | s |1

1 1

Z —5 1 3
s 1 -2 0
T 1 1
1| Lo |-4

Furthermore, we have
p*((u*(L) —uFE) ‘E> — vz ~p (2= 2014 U8 + (2 — 2¢ 4 2u — v)z,

and it is pseudoeffective <= v <2 —2c+2u. For v € [0,2—2c + 2u], let P(u,v) be the positive
part of the Zariski decomposition of this divisor, and let N (u,v) be its negative part. Set

3—2¢2—2c+2u
St(Whz) = % / / (}A’(u,v))zdvdu.
0 0
Similarly, for every point O € z, we set
3 3—2c 2—2c+2u
S(WEz:0) = s (P(u,v) - z) dvdu + Fo(WE?),
0 0
where
3—2¢c 2—2c+2u
Fo(WrEz) = % / / (ﬁ(u,v) -z) - ordo (N(u,v)‘z)dvdu.
0 0

Let @ be the singular point of the surface E. Then Q =1Nz. Let Az =cRgand A, = %Q+Aﬁ|z-
Then it follows from [II, 3 [16] that

(2.4) 0 (B, AE,W..)>mm{%lé2 S, (WEL O ) L (WE,; )}’

12



where Aga,(z) =3 —2cand A, 5,(0) =1—ordp(A,). On the other hand, if 0 < u < 1 —¢, then
(2=201+uS+ (2—2c+2u—v)z if 0 < v < 2u,
P(u,v) ~g (2—2c—|—2u—v)(z+/l> +us if 2u <v<2—2¢
(2—2c+2u—v)(z+1+8) if2—2c<v<2— 2+ 2u,
and

~

ﬁ(u,v): (v—"2u)l if 2u <v<2-—2c
)/l\ v—24 2.

(v—2u +fs if2—2c<v<2—2¢c+ 2u,

0 if 0 < v < 2u,

which gives
2

(4—40)u—% if 0 < v < 2u,

(P(u,v))* = { 2u(2—2c+u—v) if 2u<v <22

(2—2c+2u—v
2

2
) if2—2c<v<2—2c+ 2u,

and
v

5 if 0 < v < 2u,
ﬁ(u,v)-z: u if 2u <v<2—2¢
2—=2c+2u—vw

2

f2—-2ce<v<l+u.
Similarly, if 1 — ¢ < u < 3 — 2¢, then

~

(2—2c)1+us+(2—2c+2u—v)z if0<v<2— 2,

~ 2—2c+2u—v R ~
P(u,v) ~g 5 (2z2+38) + (2—2¢0)1 if 2 —2c < v < 2u,
2—2c+2u—vw

5 (22 + 21 +3) if 2u < v <2 —2¢+ 2u,

and
0 if0<v<2—2c,

R v—24+2c. .
N(u,v) fs if 2 —2¢ < v < 2u,

~ — 24 2c_.
(v—2u)l—l—%+cs if 2u < v <2 —2c+ 2u,

which gives
(4—4c)u—%2 if 0 <ov<2—2c
(ﬁ(u,v))2: 20 =) (1 —c+2u—w) if 2 —2c < v < 2u,
(2 —2c+2u —v)?
2

if 2u <v <1+ 2u,

and v
3 if 0 <v<2—2c
Plu,v)-z=<1-¢ if 2 —2c < v < 2u,
2—2c+2u—v

2
13

f2u<v<1l+u.



Now, integrating, we get SL(Wk;z) =3 — ¢ <3 —2c= Apa,(z) and

( 2
(1 —¢)(31¢* — 90c + 65) | ~
1l—c— f 1
¢ 12(3 — 2¢)2 O ZIUs,
St (WEA0)=3L_ ¢ oel
2 2
2
(1-5 ifoes,
Hence, using (24)), we get 05 (E, Ag; WF,) > 1, which gives dp(Y, Ay) > 1. O

Now, combining Lemmas 2.2, 2.3] and 2.4], we obtain Theorem [2.1]

3. SMOOTH FANO 3-FOLDS IN THE FAMILY N¢3.4
Let Y = P! x Fy. Identify Y = (A%?\ 0)3/G3, for the G3 -action

((930,151), (¥, 1), (20, 2’1)) = (()\930, >\IL"1), <(My0a M?/l), 7, VZl),>

where (\, i, v) € G2, and ((zo, z1), (Yo, ¥1), (20, 21)) are coordinates on (A?)3. We will use

o ([ : x1],[yo: y1;20 : 21]) as coordinates on P! x Fy,

e [7( : 7] as coordinates on the first factor of Y = P! x Fy,

® [yo: y1;20 : 21] as coordinates on the second factor of Y = P! x Ty,

e [yo : y1] as coordinates on the base of the natural projection F; — P*.

To distinguish the first factor of Y = P! x F; and the base of the natural projection F; — P!,
we will use notations P, . and P, = for them, respectively. Then Y =P} . x Fy, and we have
the following commutative diagram:

2

Y F,

B

Pl ~—P  xPl P!

Z0,T1 0,71 Y0,Y1 Y0,Y1
where m; and 7, are projections to the first and the second factors, respectively, ¢ is the P'-bundle

([360 21, [yo s Y5 20 Zl]) = ([zo = 1], [yo = 1),

the morphism 1 is the P! x P-bundle ([xo : z1], [yo : ¥1; 20 : 21]) = [yo : ¥1], and all other morphisms
are natural projections. Let F' be a fiber of the morphism 7y, let S be a fiber of the morphism 1,

let E be the exceptional surface of the birational contraction Y — P, . x P? given by

([1'0 cx1, [Yo s 20 Zl]) = ([Io s 21]; [Yo2o : Y120 21])>

let R be a smooth surface in [2F +2E +2S|, and let : X — P} . xTF; be a double cover ramified
in the surface R. Then X is a smooth Fano threefold in the family Ne3.4.
Recall that X is K-stable <= X is K-polystable, because Aut(X) is finite [9]. Let Ay = 1 R.

Then it follows from [12| [15 2], 25] that
X is K-polystable <= (Y, Ay) is K-polystable.

The goal of this section is to prove the following result.

Theorem 3.1. The log Fano pair (Y, Ay) is K-stable.
14



Before proving Theorem B, observe that E = {2 =0} C Y, and R is given in Y by
(31) x%((aoyg + boy0y1 + Coy%) Zg + (doyo + €0y1)2021 + foZ%) +
+ X1y ((alyé + biyoyr + clyf)zg + (dlyo + 61?/1)2021 + flzf>+

+ 7] ((a2y§ + bayoyr + @yf) z+ (dzyo + €2y1)2021 + f2z%) =0,
where ag, by, co, do, €o, fo, a1, b1, c1, dy, €1, fi, az, by, ¢z, da, €3, fo are some numbers.

Lemma 3.2. Set Rp = R|g, Rs = R|s, Rr = R|r. Then
(i) Rg is a disjoint union of two fibers of the projection m|p: E =P} .,
(ii) the curve Rg is reduced,
(iii) if Rp is reduced, then it has one or two ordinary double points,
(iv) if R is not reduced, then Sing(Rp) = F N E.
Let P be a point in FN.S such that P ¢ E and P € R, let Z be the fiber of ¢ that contains P, and
let C be the fiber of mo that contains P. Then
(v) if Z C R, then Rr and Rs are singular at some points in Z,
(vi) if C C R, then Rg is singular at some point in C'.
(vii) at least one of the surfaces Rp and Rgs is smooth at P,
(viii) if Rg is singular at P, and Z ¢ R, then Rp is smooth.

Proof. First, let us choose appropriate coordinates on Y such that F' = {x; = 0} and S = {y; = 0}.
To prove (i), observe that

Rg = {Zo =0, fol’g + flil?(]l’l + fo% = 0} cY.
Moreover, if fox3 + fizox; + fox? is a square, then R is singular. This proves (i).
Let us prove (ii). Using (B.1]), we see that Rg = {f =0} C S for
f = x%(aozg + doZoZl + fOZ%) + Tox1 (alzg + d1z0z1 + flz%) + SL’%(CLQZS + d2ZOZI + f2Z%),

where we consider ([zg : 1], [20 : 21]) as coordinates on S = P! x P'. Hence, if Rg is not reduced,
then f = gh? for a non-constant polynomial i and a polynomial g. Then we can rewrite (3.I)) as

m (:cg ((boyo+coyr)zy+€0z021) +xox1 ((blyo+cly1)z§+elzozl)+:c%((b2y0+02y1)z§+e2zozl))—l—gh2 =0,
which implies that the surface R is singular at every point of the non-empty subset
{y1 =0, ¢ (boyozg + eozozl) + zox (blyozg + elzozl) + 22 (bgyozg + 622021), h = 0} cy,
which is impossible by assumption. Hence, we see that Rg is reduced. This proves (ii).
Let us prove (iii) and (iv). Identify F' = F; with coordinates [y : y1; 20 : 21]). Then
Rp = {(aoyg + boyoyr + coyi)zs + (doyo + €oyr) 2021 + fori = 0} C F.

Let v: Fy — P2 be the blow up [yo : ¥1; 20 : 21] = [Yo020 : Y120 : 21], and let e be its exceptional curve.
Then v(Rp) is a reduced conic. Furthermore, if fy # 0, then RpNe = &, and either Rr is smooth,
or the curve Rp is a union of two smooth irreducible curves intersecting transversally at one point.
Thus, we may assume that fy = 0. Then v(Rp) contains v(e), and Rp = e + R}, where

R = {(aoys + boyoyr + coyt)zo + (doyo + €oyr)z1 = 0} C F.

If dy # 0 or eg # 0, then R, is the proper transform of the conic v(Rp), which is smooth at v(e).
In this case, if v(Rp) is irreducible, then the curve R/ is smooth, and Ry has one ordinary double
point — the intersection point e N RY.. Similarly, if v(Rg) is reducible, then Rr has two ordinary

double points — the intersection point e N Ry, and the unique singular point of the curve Rj.
15



Finally, if dy = 0 and ey = 0, then Rp = 2e +1+1, where 141 = {agy? + boyoy: + coyi = 0} C F,
so that 1 and 1 are distinct fibers of the projection Fy — P, . This proves (iii) and (iv).

Now, choosing appropriate coordinates on Y, we may assume that P = ([1 : 0],[1 : 0;1 : 0]).
Then ag = 0, since P € R. Note also that Z = {x1 = 0,y; =0} and C = {y; = 0,2, = 0}.

Both assertions (v) and (vi) are obvious. Now, let us prove (vii). In the affine chart xgyozo # 0,
the surface R is given by

a1 + byy + dpz + higher order terms = 0,
where z = I,y = Z—;, z = Z. which implies that (ay, bg, dy) # (0,0,0), because R is smooth at P.

If Rp is singular at P, ther(l) bp = 0 and dy = 0. If Rg is singular at P, then a; = 0 and dy = 0.
Hence, if both Rr and Rg are singular at P, then (aq, by, dy) = (0,0,0). This proves (vii).

Let’s prove (viii). Suppose that Rg is singular at P, and Z ¢ R. Then a; = dy = 0 and by fy # 0.
Observe that RpNe = &, since fy # 0. Now, computing the defining equation of the conic v(Rp),

we see that this conic is smooth, because by fo # 0. Then Rp is also smooth. This proves (viii). O

3.1. The proof. Set L = —(Ky+Ay). Then L ~q F+E+2S and L? = 9. To prove Theorem 3.1}
we must show that By a, (E) = Ay, (E) — SL(E) > 0 for every prime divisor E over Y, where

SL(E) = % /VOI(L — uE)du.
0

Fix a prime divisor F over Y. Let us show that Sy a, (F) > 0. Set € = Cy(F). Then

(1) either € is a point,
(2) or € is an irreducible curve,
(3) or € is an irreducible surface.

In each case, let P be some point in €. If Sy A, (F) <0, then dp(Y, Ay) < 1, where

. Ay ay (E)
op(Y. Ayv) = f =Yy
P( ) Y) ]:‘,I/IY SL(E) )
PeCy(E)
where the infimum is taken over all prime divisors E over Y whose centers on Y contain P.
Changing coordinates on Y, we may assume that P = ([1: 0],[1: 0;a : b]) for some [a : b] € P!
such that ab = 0. Thus, we have the following two possibilities:

(&%) P=([1:0],[1:0;0:1]) € E,

(#) P=([1:0],[1:0;1:0)) ¢ E.
Moreover, we can choose S to be the fiber of the morphism ¢: ¥ — IP’?lJO,y1 that contains the point P,
and we can choose F to be the fiber of the morphism 7;: Y — P! that contains P. Then

Z0,T1
E={%=0 2P xP!,
S={y =0} =P x P!,
F:{I‘l :O}gFl
Lemma 3.3. Suppose that € is a surface. Then Py, (F) > 0.

Proof. Since € ~ npF+ngFE+ngS for some non-negative integers ng, ng, ng that are not all zero,
we have

By.ay (F) = By,ay (€) = min {By.a, (F), Byay (E), By,ay (S) ],
16



but By,ay (F) =3, Bray (E) = 5. Bya, (S) = 2. Indeed, let us compute Sy, (E). Take u € Rx.
Then L — uFE is pseudoeffective <= L — uFE is nef <= u € [0, 1]. Using this, we compute

1

1
1 1 4
0 0
Similarly, we compute fya, (F) = 3 and fya, (5) = 2. u

Let Rp = R|g and Ap = —RE Then, by Lemma [3.2] the curve Rg is a union of two distinct
fibers of the morphisms 7|g: E — P!

T0,T1°

Lemma 3.4. Suppose that P € E. Then 6p(Y,Ay) > 1. Moreover, if € C E, then By, (F) > 0.
Proof. Take u € R.g. From the proof of Lemma B3] we know that
L — uFE is pseudoeffective <= L —uF is nef <= wu € [0, 1].

Let 1 and s be some fibers of the morphisms 7|z: £ — PL oo and Vlp: B — IP’;O 41> Tespectively.

Choose 1 and s such that P € INs. Take v € Ry. Then (L —uFE)|g — vl ~g (1 —v)l+ (1 +u)s,
and this divisor is pseudoeffective <= it is nef <= v € [0,1]. Now, following [I], B [16], we set

St( .,7 L3// —uE —Ul) dvdu

SL(WELP) = = / / L—ub)| —vl)-l>2dvdu.

Integrating, we get SL(WE 1) =3 and SL(WEI ,P) =%

o0 0.0 0) 9

If 1 is not an irreducible component of the curve Rp, then it follows from [I], 3, [16] that

Ayay (F) 1 1 1 9
Sy 2 OrAv) = mm{saw..n Py S WEAD) sL<E>} 7
(R

because we computed Sy (E) = 2 in the proof of Lemma B3l Similarly, if 1 C Supp

AY,AY (F) 1 1-— ordl(AE) 1 .
Sy 2 orAy) > ml“{sL<wf;}.;p>’ SLWE) ’SL<E>}‘1

Moreover, if € = P, then it follows from [1], 3 [16] that By a, (F) > 0.

Thus, we see that p(Y, Ay) > 1. In particular, we have Sy, (F) > 0.

To complete the proof, we may assume that € is a curve in E. Let us show that Sy a, (F) > 0.
Suppose that By, (F) = 0. Let us seek for a contradiction. As above, we let

S (W, oo € Lg//vol Ll — v€)dvdu.

Then it follows from [II, 3 6] that

and

£), then

AY,Ay (F) 1— Ol"d@(AE)

SL(F) SL(WoEw €> '
17
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If € is an irreducible component of the curve R, then € =1, so SL(V[/',E.7 1) == and ordi(Ag) = %,
which gives us a contradiction. Thus, we have orde(Ag) = 0, which gives S L(Wf,; ¢) > 1. But

S1(WE;€) <min{ S, (WE:1), 5, (WEis) |,

because |€ — 1| # @ or |€ —s| # &. Hence, we conclude that S (W[,;s) > 1.
Let us compute Sp(W/[,;s). For v € Rxo, we have (L — uE)|g —vs ~g 14+ (1 +u —v)s, and this
divisor is pseudoeffective <= it is nef <= v € [0, 1 + u]. Hence, we have
—u 1 14u

11—
1<5L( 00 S Z%//(l+(1+u—v) dvdu-—// 1+u—vdvdu—z
0 0

which is a contradiction. ]
Let Rp = R|p and Ap = 1Rp. Set Z=8-F. Then Z ={z; =0,y; =0} C Y.
Lemma 3.5. Suppose that Ry is smooth. Then 6p(Y,Ay) > 1. If € = P, then Py, (F) > 0.

Proof. We recall that F' = {z; = 0} C Y. Let us identify F' = F; with coordinates [yo : y1; 20 : 21]-
Let v: F' — P2 be the blow up [yo : y1; 20 : 21] = [yo20 : 120 : 21], and let e be its exceptional curve.
Then RrNe = @, and v(Rr) is a smooth conic in P2. Moreover, we have

RF ~ 2(Z+e),

and Z is the fiber of the natural projection F' — Py . over the point [0 : 1].
Take u € Ryy. Then L — uF is pseudoeffective <:> L —uF isnef < u < 1. Set

5p(F,Ap; W) = ;}lff m
PeCk(f) o5’

where
St (W,F,,f Li//VOI —uF} — of ) dvdu,

and the infimum is taken over all prime d1v1sors f over the surface F' whose centers on F' contain P.
Then it follows from [1I, 13 [16] that

%Y}jf;?) > 6p(Y, Ay) > min {6P(F ApWE), %} .
Further, if both these inequalities are equalities and € = P, then [11, 3| [16] gives dp(Y, Ay ) = #(F)
Moreover, we know from the proof of Lemma B3] that Si(F') = % Hence, to complete the proof,
it is enough to show that 6p(F, Ap; W[,) > 1. Let us do this.

Note that (F, Ar) is a log Fano pair. Recall from [3] that its d-invariant is the number
Ar AR (f>

0(F,Ar) = inf
(F.Ar) = inf Span(f)’
where .
1
SF,AF(f) = m/VOI(— (KF+AF)—Uf)dU,

0
and the infimum is taken over all prime divisors f over the surface F'. We claim that §(F, Agr) > 1.
Indeed, either one can check this explicitly similar to what is done in [3], § 2], or one can use the fact

that the double cover of the surface F' branched over the curve Rp is a smooth del Pezzo of degree 6,
18



which is known to be K-polystable, so (F, Ar) is also K-polystable [15], which gives §(F, Ar) > 1
Then, using the idea of the proof of |7, Nemuro Lemmal, we get

1 oo 1 oo
3 3
S (Wl f) = ﬁ//vol((L —uF)|, — of)dvdu = e //vol(L\F — of )dvdu =
00 00
3 1 Ji
L3 VOI(L‘F—Uf)d m VOI(— (KF‘I—AF) —'Uf)d'l}dugAF’AF(f)
0 0
for every divisor f over the surface F'. This exactly means that dp(F, Ap; W.F .) = L OJ

Let Rg = R|s and Ag = %RS. Recall that S = {y; =0} and Z = {z; = 0,y; =0} C S. Set
C={y1=0,az; =bz} CY.
Then Z and C' are rulings of the surface S = P! x P! such that P = ZNC.

Lemma 3.6. Suppose that P ¢ E. Then

(1) if € C S and € is a curve, then Py, (F) >0,

( ) ZfP g R, then 5P(Y, Ay) > 1,

(3) if P € R and Rg is smooth at P, then ép(Y,Ay) > 1

(4) if P € R, Rg is smooth at P, and € = P, then Py a, (F) >0,
(5)

if P € R, Rg is smooth at P, and Z ¢ Supp(Rg), then dp(Y,Ay) > 1.
Proof. Let u be a non-negative real number. Then L — uS is pseudoeffective if and only if u < 2.
For u € [0, 2], let P(u) be the positive part of the Zariski decomposition of the divisor L — .S, and
let N(u) be the negative part of the Zariski decomposition of the divisor L — wS. Then
F+E+(2—-u)S for 0 <u<l,
P(u
{F—l—(Q—u)(E—l—S) for 1 <u <2,

and

N 0 for 0 <u <1,
(u)_{(u—l)E for 1 <u<2.

Observe that Rg ~ 2(Z + C') and
Z+C for0<u<l,
P(u)‘s TR {Z—l— (2—u)C for 1 <u<2.
Let G be an irreducible curve in S that passes though P. Take v € Ry,. Set

t(u) = inf {v € Ro | the divisor P(u ‘s

— oG s pseudoeffective}.

Since S = P! x P!, the divisor P(u)|s — vG is nef <= v <t(u). Set

5 2
S( om _ﬁ/
0

t(u)

2
St (W.S.G:,P %// S—UG) G>2dvdu.
0

t

—~

u

— ’UG) dvdu

o\

and



If G =¢Cisacurve in S, it follows from [I, [3, 16] that

AY,AY (F) . 1-— Ol"d@(AS) 1
TS.F) © mm{ St (W3 G) SL<S>}

Moreover, if this inequality is an equality, it further follows from [1I, [3, [16] that
Ay a, (F) _ 1
Si(F) Si(8)
On the other hand, we know from the proof of Lemma B3] that Sp(S) = Z. Moreover, we have
S(Wee:G) < min {S,(W2,; Z), SL(W,S,, )}
Z) <

Therefore, to prove assertion (1), it is enough to check that Sz (W2, ;
This is not difficult. Indeed, if G = Z, then t(u) = 1 for every u € [0, 2], and

1
Sr( .,, 3//21—vdudu+ // (1 —o)( 2—u)dudu-—
0 0

Similarly, if G = C, then
1 for0<u<l,
t(u) = { l<u

2—u forl

4
//21—vdudu+ /2 —u—vdudu—§
0
This proves (1).

Let G be one of the curves Z or C. If G ¢ Supp(Rg), then it follows from [II, B, 16] that

5 and S (W2,;C) <

. 0)

N[

<2

Y

and

SL(

OJ|'—‘

..7

Wl
,_.\

AYA (F) { 1— Ol"dp(As‘G) 1 1 }
3.2 —— 2 > p(Y, A min , ,
(3:2) S SL(F) Y. 8v) > S (W&, P) " SL(WE; G)” SL(S)
On the other hand, we compute
1 if G =27,
SLWEG Py =1 Y

If P ¢ R, then Z ¢ Supp(Rg) and C' ¢ Supp(Rs), so [B2) gives dp(Y, Ay) > 2. This proves (2).

Now, we suppose that P € R and Rg is smooth at P. Then Z ¢ Supp(Rs) or C ¢ Supp(Rs).
Moreover, if Z ¢ Supp(Rs) and Rg intersects Z transversally at P, then (3.2) gives 6p(Y, Ay) > 3.
Therefore, to prove (3), (4) and (5) we may assume that

e cither Z is an irreducible component of the curve Rg,
e or the curve Rg is tangent to Z at the point P.

Then C' is not an irreducible component of the curve Rg, and Rg intersects C' transversally at P.
Hence, using (3.2]), we obtain dp(Y, Ay ) > 1. This proves (3).

We have Sy a, (F) > 0. If € = P and fya, (F) =0, then both inequalities in ([B.2]) are equalities.
In this case, it follows from [I, B, 16] that 6p(Y, Ay) = o (S) = 2, which contradicts Sy,a, (F) < 0.
Therefore, if € = P, then Sy a, (F) > 0. This proves (4).

Finally, let us prove (5). We suppose that Z is not an irreducible component of the curve Rg.

Then Rg is tangent to the curve Z at the point P. Let «: S — S be the blow up of the point P,
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and let : S — S be the blow up of the intersection point of the a-exceptional curve and the proper
transform of the curve Z. Then there exists the following commutative diagram:

where -y is the contraction of the proper transform of the a-exceptional curve to an ordinary double
point of the surface S, and p is the contraction of the proper transform of the S-exceptional curve.
Then S is a singular del Pezzo surface of degree 6, and p is a weighted blow up with weights (1, 2).

Denote by 7 , 5, Rg the proper transforms on S via p of the curves Z, C', Rg, respectively.
Let e be the p-exceptional curve, and let

t(u) = inf {v € Ryo ‘ the divisor p* (P(u)‘s) —ve is pseudoeffective}.

Observe that

Z+C+(B—v)eforuel0,1],

P*(P(u)‘s) — ve~R {2+ (2_u)6+(4—u—v)e for u € [1,2].

Thus, we conclude that
~ 3 for u € [0, 1],
t(u) =
4 —wu for u e [1,2].

Now, for every u € [0,2] and every v € [O,tA(u)], we let ﬁ(u, v) be the positive part of the Zariski
decomposition of the divisor p*(P(u)|s) — ve, and let N(u,v) be its negative part. Let

2

S. (W) = 75 [

0

(}A’(u, v))dedu.

o

For every point O € e, let

ce)’dvdu + Fo(WES,),

o\§>

2
o 3
S(W.S..7O E/
0

where

)

~+
—~

u

2

6 ~

Fo W.S.e. —ﬁ/ ‘e - ordO(N(u,v)}e)dvdu.
0

Let @ be the singular point of the surface S. Then Q= Cne. Let Ag =
Then it follows from [1I, 3, [16] that

o\

Rs\ and Ag = %Q—FAg‘e.

1
2

(33) 5p(Y, Ay) > mln{rgén Ae2.(0) ’SASMA/SS( ) 7AgAYS<S>}’
© SL(W.,;7.;O) L( owe) L( )
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where Ay a, (S) =1, Asag(€) =2 Acn (O) =1 —ordp(Ae). Moreover, if 0 < u < 1, then
(Z+C+(3—v)e if0<v <1,
Plu, v) ~g 6+i;%2+%)ﬁ1<v<z
3—w

(20 +Z +2e) if2<v<3,

\
and
(0 if 0 < v <,

1~
7 if1<v<e,

=)

(u,v) =
v—1~ ~

Z+(v—=2)C if 2 <v <3,

which gives

and

e

(u,v)-e=

Similarly, if 1 < u < 2, then
Z+2-u)lC+@A—-u—v)e if0<v<2—u,
4—u—v, ~ .
#(Z+2e)+(2—u)0 if2—u<v<2,
4—ty—v, ~ =~

———(20+Z+2) if2<v<d-u,

P(u> 'U) ~R

and
0 if0<v<2—u,
. vtu—25 .
N(u,v) = #Z if 2—u<v<2,
_9 R
Ei%——Z+@—QX7ﬁ2<v<4—w

which gives

( '1_}2
4—2u—5 if0<v<2—u,
(u,v))2: (u—2)(u2+2v—6) if 2—u<v<2,
(4 —u—wv)?
\ 2

>

if 2<v<4—u,
22



and
v

5 ifo0<v<2—u,
~ u .
P(u7v).e: 1—5 1f2—u<v<2,
4—y—
—— if2<v<d-u
Now, integrating, we get Sp(W7,;e) = 2 <2 = Aga,(e) and
( ~ ~
— if A
6 | O¢ZuUC,
. 9 R
SL(WSe:0) = 9 if O € C,
Litoez
— i .
\ 2
Hence, using (3.3]), we obtain dp(Y, Ay ) > 1 as required. O

Now, we are ready to prove
Lemma 3.7. Suppose that By, (F) < 0. Then € is a point.

Proof. Suppose € is not a point. By Lemma [3.3] the center € is not a surface. Then € is a curve.
We may assume that P is a general point in €. By Lemma B.4] we have € ¢ F, so P ¢ E either.

If (C) = IP’;MI, then S is a general fiber of the morphism v, which implies that Rg is smooth, so
that Z ¢ R by Lemma Then dp(Y, Ay) > 1 by Lemma B.6, which contradicts fy,a, (F) < 0.
Thus, we see that ¥(€) is point in P} This means that € C S.

Yo,y1°
Now, applying Lemma [3.6] we get By a, (F) > 0, which is a contradiction. O

Now, we suppose that Sy a, (F) < 0. Let us seek for a contradiction. First, applying Lemma [3.7]
we see that the center € = Cy (F) is a point. Using notations we introduced earlier, we have P = €.
Moreover, applying Lemmas [3.2] B.4] [3.5] B.6] we obtain the following assertions:

e P ¢ F by Lemma [3.4]

e Rp is singular by Lemma [3.5]

e P € R by Lemma [3.6,

e Rg is singular at P by Lemma [3.6]
e Ry is smooth at P by Lemma 3.2
e 7 C R by Lemma 3.6

In particular, the curve Rg is reducible. Namely, we have Rg = Z + T, where T is a possibly
reducible reduced curve in |Z 4 2C| such that P € T.

Lemma 3.8. The curve Rg does not have an ordinary double singularity at P.

Proof. Suppose that Rg has an ordinary double singularity at P. Let us seek for a contradiction.
Let us use notations introduced in the proof of Lemma Then we have

P C+7Z for0<u<l,
(u)}s ~R {(Q—u)C—I—Z for 1 <u <2

Let a: S — S be the blow up of the point P, let e be the a-exceptional curve. For u € [0, 2], let

t(u) = max {U € Ro | o (P(u)|s) — ve is pseudoeffective}.
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For v € [i),%v(u)], let P(u,v) be the positive part of the Zariski decomposition of a*(P(u)|s) — ve,
and let N(u,v) be the negative part of the Zariski decomposition of this divisor. Set

2
S( eei € —%//Puv%lvdu
00

2
S(W.S.e.,O i// (u,v) dvdu%—FO(W.S,e.)
0 0

where

Fof mﬁ-g%// )om{mwwgmw.

Let 5, Z, T be the proper transforms on S of the curves C, Z, T, respectively. Set Az = %Z—l— %TV

Then Z and T intersect e transversally at two distinct points, since T" and Z do not tangent at P.
Set Ae = Agle. Then it follows from [II 3|, [16] that

Ay, (F) min 9 min _eae(0)  Asas(e) Ayay(5)
sy 7oA { SVS2:0) 5]’ 8u(5) }

and not all inequalities here are equalities. Note that Ay A, (S) =1, Agas(e) =1, and

1>

%ﬁO:ZﬁQ
Aes,(0) =1 - ordo(Ae) = % ifO=Tne.
1ifO¢gZuUT.

Since SL(S) = §, we conclude that S(W2,;e) > 1 or there exists a point O € e such that

S(I/V.S,e.7 O) > 1—ordp (Ae).

Let us compute S(W7,;

e.0)

Let v be a non-negative real number. Then

o (P(u)|s) —ve ~g {

e), and let us compute S (WS L,; O) for every point O € e.

e 00’

C+Z+(2—v)e for 0<u<1,
2-u)C+Z+B—u—v)e for 1 <u<2.

Since Z and C are disjoint (—1)-curves in S, we have

~ 2 for0<u<
t(u)_{?)—u for 1 <

Y

1
u < 2.
Furthermore, if 0 < v < 1, then
~ {5+Z+(2—v)e for 0 <
1

P(u,v) ~g -~
(2-v)(C+Z+e) for
24

v<1
Sv <2,
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and

- 0 for 0 <wv <1,
N(u,v) = ~
() (v=1)(C+2Z) for 1 <v<2,

which gives

- 9 2 -0 for0<wv<l,
(P(u,v)) = )
(2—v)* for 1 <v<2,
and
5 v for 0 <wv <1,
(u,v) e = 2—wv forl <v <2

Similarly, if 1 < wu < 2, then
2-u)C+Z+B-u—nv)e for 0 <v<2—u,
P(u,v) ~g (2—u)5+(3—u—v)(2+e) for 2 —u < v <1,
(3—u—v)(5+2+e) for 1 <v<3—u,

and
0 for0<v<2—u,

(wW+u—2)Z for2—u<v<l,
(w+u—2)Z+@w—-1)C for 1 <v<3—u,
which gives

4—2u—0? for0<v<2—u,

(P(u,v))?={ 2= u)(4—u—2v) for2—u<v<1,
(B3—u—wv)? for 1 <v<3—u,

and
v for 0 <v<2—u,
ﬁ(u,v)-e: 2—u for2—u<v<l,
3—u—v forl<v<3—-u
Therefore, integrating, we get S (Wf,; e) = 1 <1 and
(11 ~ o~
— ifO¢gCUZ
36 10¢
Se 11 S,e 4 . =~
S(W.,;7.; O) - % + FO (Wo7;,.) - § lf O c C,
1. =
\5 lf O € Z,
which gives S (W,ij,; 0) <1 —ordp(Ae) for every point O € e. This is a contradiction. O

Now, using Lemma [3.8, we see that one of the following two remaining cases occurs:

(As) Rg = Z+ T, where T is a smooth curve in |Z + 2C/| that is tangent to Z at the point P,
(Dy) Rs=Z+4+T =27+ C+1T', where T' is a smooth curve in |Z + C| such that P € T".
This imposes certain constraints on the equation (3.1J), which can be listed as follows:
e ayp =0, since P=([1:0],[1:0;1:0]) € R,
e a; = 0 and dy = 0, since Rg is singular at P,
e fo=0and dy =0, since Z C R,

e d; =0, since Rg does not have ordinary double point at P.
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Changing coordinates on Y, we can simplified (B.I]) a bit more. First, we may assume that by = 1,
since R is smooth at P. Second, we have RNE = {29 = 0, x1(foxo+ fix1) = 0}, but RNE is smooth.
Hence, we can change the coordinate xg such that f, =0 and f; = 1. This simplifies (3.1]) as

(3.4) 23 ((coyt + your) 25 + €oyrzo21)+
+ zoz1 (Diyoys + c1yi)zg + e1yizoz1 + 27) +
+ 27 ((a2yg + bayoyn + c2y7) 25 + (dayo + €2y1)z021) = 0.
Recall that S = {y; =0} C Y, so we can identify S = P! x P! with coordinates ([zg : z1],[20 : 21]).
Using this identification, we see that Z = {z; =0} C 5, C = {2z =0} C S, and
T = {a2xlz§ + doz1 2021 + T2 = O} CS.

that T is irreducible <= ay # 0. Further, if a3 = 0, then T'= C + T" for T" = {dysx + ty = 0},
where dy # 0, since Rg is reduced. Thus, the cases (A3) and (D4) can be described as follows:
(A3) az # 0,
(]D4) a9 = 0 and d2 7é 0.
We will exclude the remaining cases (D) and (A3) in Sections B.2] and B3] respectively.

3.2. Exclusion of the case (D,). Let us continue the proof of Theorem [B.Ilstarted in Section [3.11
Now, we assume that the surface R is given by (8.4)) and we have as = 0, i.e. we are in the case (Dy).
In the chart A3, = {zoyozo # 0} with coordinates r = £ Nz =2 we have P = (0,0,0),

o Y= )
T,Y,z Zo Yo 20
and the surface R is given by the following equation:

Y+ x2% + dox?z + (blxy + egyz + b’y + e1xyz + eax’yz + oy + iy’ + czxzyz) =0,
where y + 2% + dyx?2 is the smallest degree term for the weights wt(z) = 1, wt(y) = 3, wt(z) = 1.
Let A\: Wy — Y be the corresponding weighted blow up of the point P with weights (1,3,1), and
let G be the A-exceptional surface. Then G = P(1,3,1).

Let Ryw,, Fw, and Sy, be the proper transforms on Y of the surfaces R, S and F', respectively.
Set RG = RW@‘G; AG = %RG and AWO = %RWO- Note that
(Kw, + A, + G) |, ~0 K + Ac.
Let us also consider (z, vy, z) as coordinates on G = P(1, 3, 1) with wt(z) = 1, wt(y) = 3, wt(z) = 1.
Then Fy,|¢ = {x =0}, Sw,lec = {y =0}, and
Rg = {y + 22+ dor’z = O} C R.
Recall from the end of Section Bl that dy # 0. Since ordg(R) = 3, we have Ay a, (G) = I. Then
Ay A, (G) _ 7
Sp(G) 251(G)’

dp(Y,Ay) <

where
o0

1 *
Sp(G) = T3 /vol()\ (L) — uG)du.
0
Let us compute Si(G). To do this, note that Y is toric, and the blow up A: Wy — Y is also toric
for the torus action on Y with an open orbit {xoyozox1y121 # 0} C Y, so the threefold W) is toric,
and G is a torus invariant divisor. Let us present toric data for the threefolds Y and Wj.
Let Xy be the simplicial fan in R? defined by the following data:

e the list of primitive generators of rays of Xy is

vy = (1,0,0),’112 = (Oa()? 1),1)3 = (07 1a0)>'U4 = (0a07 _1)>'U5 = (Oa —1, 1)>U6 = (_1a070)§
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e the list of maximal cones of Xy is
11,2,3],[1,3,4],[1,4,5],[1,2,5],[2, 3,6], 3,4, 6], [4,5, 6], [2, 5, 6],

where [i, j, k] is the cone generated by the rays v;, v;, and vy.
Then Y is defined by Xy. Let Yy, be the simplicial fan in R? defined by the following data:

e the list of primitive generators of rays in Xy, is

Vo = (1>3a _1)a V1 = (1a070)a Vg = (O>0a ]-)7 V3 = (Oa ]-70)a
Vg = (0707 _1)7 Us = (07 _17 1)7 Ve = (_17070)7

e the list of maximal cones in Xy, is
0,1,3],]0,1,4],[0,3,4],[1,2,3],[1,2,5],[1,4,5],[2,3,6],[2,5,6], 3, 4,6], [4, 5, 6].
Then the toric threefold Wj is given by the fan Xy, which can be diagramed as follows:

Let us compute S(G). Let Pp be the convex polytope in the dual space of R? associated to L.
Then, since L corresponds to the lattice point (1,2,1), we have

Pr=Aa1>-las3>-1a>-2—23 20,25+ 23 > 0,—21 > 0}.

Thus, since G corresponds to vy = (1,3, —1), it follows from [5, Corollary 7.7] that
59
SL(G) = _Uelg;rl']lz?)v ( ///PL Il,l’g,l’g 1 3 1)dl’1dl’2dl’3 18

Avay (G) _ 63

Sp(G) T B8

Now, let us exclude the case (ID4) using the results obtained in [Il B, [16]. To do this, we must
find the Zariski decomposition of the divisor A\*(L) — uG for every u € ]R>0. First, let us compute
intersections of torus invariant divisors in Wy. Let T; be the torus invariant divisor corresponding

to the ray v;. Then Ty = G, and it follows from [10, §6.4] that

1
(3.5) 1Ty, = 4 |, 5, K]l
0  otherwise,

where - is the standard inner product in R?. Consequently, we obtain

if [i, 7, k] belongs to the list of maximal cones in Xy,

where |[i, j, k]| stands for the absolute value of the determinant of the 3 x 3 matrix given by v;, v;, vy.
This gives TyTyTy = 5 and

To1hT5 = ToT3Ty = Th 1515 = TWILTs = Th15T5 = ToT5Ts = 131016 = Ty T5Ts = 151516 = 1,
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while all other T;T;T), = 0 with distinct indices ¢, j, k. The characters xi, x2, x3 corresponding
to the lattice points (1,0,0), (0,1,0), (0,0,1) in the dual lattice generate the following relations
among the torus invariant divisors:

0~ le(Xl) = TQ + Tl — TG,
(36) 0~ le(XQ) = 3T0 + T3 — T5,
0~ le(Xg) = —T() + T2 - T4 + T5.

Now, using these relations, we can determine the intersection numbers 72T for i # j. For instance,
we have TiTs = (Ts — 3To)T3Ts = 0 and T¢Ts = (Ty + Ty — Ts)ToTs = —1.

For all possible indices ¢ # 7, let us denote by 7;7}; the torus invariant curve that is given by
the intersection of the divisors 7; and 7} provided that T; N'T; # &. Note that

T;NT; # @ <= the 2-dimensional cone generated by v; and v; belongs to the fan My, .

If T; NT; # @, then T;T; is not necessarily reduced, but its support coincides with the torus
invariant curve that corresponds to the 2-dimensional cone generated by the rays v; and v;, which
we will denote by |37} .

Let u be a non-negative real number. For simplicity, set L, = A*(L) — uTy. Then

Lu = (7—U)T0 +T1 +T2 —|—2T3

Now, we can compute the intersection of the R-divisor L, with each torus invariant curve in Wj.
For instance we have
LTy = (7T—w) Ty + Ty + Ty + 2T3) Ty Ty = (7T — )Ty + ToTE + ToTh Ty + 2T, TV T = %,
L.ToTs = (7T —w)Ty +T1 + Ty + 2T3) Ty Ty = (7T — )T T + ToTy T3 + Ty Ty Ty + 2T, Ty = u,
L.ToTy = (7T—w) Ty + Ty + Ty + 2T3) ToTy = (7 — u)TTy + ToTh Ty + ToToTy + 2T T3Ty = %

Similarly, we compute

6
LTT =1 LITs=1-u, %ﬂﬂ:—gi LTTs=1, LTTy=1 L,TTs=1,
LTTs=1, LT =1—u LTTs=1, LTTs=1, L,T,Ts=2, L,TsTs=1.

Therefore, we see that L, is nef for 0 < u < 1.

To find Zariski decomposition of the divisor L, for small v > 1, we must perform a small
birational map W, --» W, along the two torus invariant curves |T173| and |757} ], because these
are the only curves that intersect L, negatively for small © > 1. The corresponding change of fans
can be diagramed as follows:

The toric 3-fold W is defined by the simplicial fan Xy, in R3 determined by the following data:
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o the list of primitive generators of rays of ¥y, is

Vo = (1737 _1)7 V1 = (17070)7 Vg = (0707 1)7 U3 = (07 170)7
Vg = (070a _1)a Vs = (Oa _1a ]-)7 Ve = (_1a070)7

o the list of maximal cones of Xy, is
0,1,2],]0,2,3],[0,3,6],0,4,6],[0,1,4],[1,4,5],[1,2,5],[2, 3, 6], [4, 5, 6], [2, 5, 6].
On the 3-fold W, we use the same notations for the transformed L,, the torus invariant divisors
and curves as on W. Since the formula (3.3]) is valid on W5, we get

1
TohTy = TohT, = ToTyTs = 3’

ToI5Ts =ToTsTs =TV 1015 =TT T = 15151 = T, T5T6 = 1o 151 = 1,

and all other T;T;T;, = 0 with distinct indices ¢, j, k. Since we have the same list of primitive
generators of rays as on Xy, the relations ([B.6]) are valid on W;. This gives

1 —1 1 —1
LT =5 LOG=-— LOLG=2-u LGT=3  LOT=-5
4 —wu 6—u
LW, = 3 L, Wy = 3 L, WTs = 1, L1513 =2 — u, L, 5Ts = L,
7
LuT2T6 == 1, LuT3T6 == 2 —u, LUT4T5 - 1, LUT4T6 == 3 u, LUT5T6 == 1

Therefore, the divisor L, is nef for 1 < u < 2.

The unique torus invariant surface T3 that contains |TyT3], |T2T3], |T537%] is of Picard rank 1.
Since (L, — aT3)ToT3 = 2 — u + 3a for any non-negative real number a, the Nakayama—Zariski
decomposition L, = P(u) + N(u) for u > 2 on the 3-fold W, must satisfy

u— 2
3

N(u) 2 Tg,

where P(u) is the positive part of the decomposition, and N(u) is the negative part. Set

-2 8 —
P;:Lu—“3 Ty=(T— Wy + T +Ts + — T,
Then
1 1 1 1 1 1 1 1 1
P, TyT = 3 P, TyI; = 3 P 1yIs =0, P, TyTy = 3 P, Tyl = 3
1 4—u 1 6—wu 1 1 1
PuTng == 3 y PuT1T4 = 3 y PuT1T5 - 1, PuT2T3 = U, PuT2T5 - 1,
1 S—u 1 1 1 T—u 1
PuTgTG - 3 y PuTgTG = O, PuT4T5 == 1, PuT4T6 - 3 y PuT5T6 - 1

Therefore, if 2 < u < 4, then P! is nef, and hence L, = P! + “T_zTg is the Zariski decomposition,
i.e. P!is the positive part, and “T_2T3 is the negative part.

For small enough u > 4, the curve |TyT5 ]| is the only curve in W, that intersects P! negatively.
Let Wy --» W5 be the small birational map of this curve. Then the change of fans can be diagramed

as follows:
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The toric 3-fold Wy is defined by the simplicial fan Xy, in R?® determined by the following data:

e the list of primitive generators of rays of ¥y, is
vo = (1,3,-1), v; = (1,0,0), vy = (0,0,1), vz = (0,1,0),
vy = (0,0, 1), vs = (0,—1,1), vg = (—1,0,0);
e the list of maximal cones of Xy, is
0,1,5],]0,2,5],[0,2,3],]0,3,6],[0,4,6],[0,1,4], [1,4, 5], 2, 3, 6], [4, 5, 6], [2, 5, 6].

As before, we keep the same notations for the transformed L, and P!, the torus invariant divisors
and curves on Wy. It follows from (B.5) that

1

ToTyTs = To'h Ty = 3
1
ToThVTs = 5

TOT2T5 == TOT2T3 - TOT3T6 == T1T4T5 - T2T3T6 == T4T5T6 - T2T5T6 == 1,
and all other T;T;T), = 0 with distinct ¢, j, k. We have

8 _
Ple(T—W)Ty+ T+ T + 3%5
and we compute

6— 5— 1 —4
P, =22 PT,T, = 3% PIT,T; = 0, PNV = . ﬁnn:”Q,

1 6— 6—
PV = . P\ T, = 3? Py =" P\ =0, P'TyTy =5 —u,
1 d—u 1 1 1 —u 1
P\, T, = ., P\TyTs =0, P\, Ty = 1, P, T, = ., P\TyTy =1.

Hence, if u € [4, 5], then P! is nef on W5, so L, = P!+ “T_2T 3 is the required Zariski decomposition.
Observe that T3 is the unique torus invariant surface that contains the curves TyTs, ToT5, 15T,
and TyTy is nef on Ty, since (Ty|r,)? = T¢T> = 0. For non-negative real numbers a and b, we have

5_
(P! — aTy — bT) Ty Ty =

+a—b,

(P} — aTy — bT3)TyTs = —a + 3b.
These intersections are non-negative for a > “7_5 and b > “7_5. Therefore, the Nakayama-Zariski

decomposition L, = P(u) + N(u) on W, satisfies

-2 -5 -5 -5 -3
N(u)>u3 T3+(u2 T2+u6 Tg)zu Ty+ = T3,
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where P(u) stands for the positive part, and N(u) stands for the negative part. Put

ﬁ:ﬁ%-(“‘@g+“_5%).

2 6
Then
2 6—u 2 2 2 1 2 1
PXTyT = ., PXTyT, =0, P2TyT, = 0, PIVTy = 3. PTVTs = 5,
7— 6 — 6 —
P =" prr =" prry=""" Py =0, P2TyT = 0,
7— 7—
P2T,Ts = 0, P2T3Ty = 0, P2, Ty =1, PXTy = ~—2, PTTs = 29

Hence, the divisor P2 is nef for u € [5, 6], which implies that P(u) = P? and

uU—95 u—3
N(u) = T T5.
(u) 5 12 + 5 13
This gives the Zariski decomposition of the divisor L, on the 3-fold W5 for u € [5, 6].
The surface T3 is the unique torus invariant surface that contains the curves ToT7, 117y, T1T5,

it has Picard rank 1, and it is disjoint from 75 and 75. But

6—u a

6 * 6
Therefore, the Nakayama-Zariski decomposition L, = P(u) + N(u) on Wy for u > 6 satisfies

(Puz — CLTl)ToTl =

u—2> u—3

where P(u) is the positive part, and N(u) is the negative part. Set P2 = P2 — (u — 6)T}. Then
7— 7—
P3T,T, = 0, P3TyT, =0, P3TyT; =0, P3T,T, = ;ﬂ P3T, T = 2%
ﬁ%n:7gﬂ PYN\Ty =0, PXNT5=0, P¥TyT3 =0, PTyTs = 0,
3 3 3 3 T—u 3 T—u
PuTgTﬁ :O, PuTgTﬁ :O, PuT4T5 = 7—U, PUT4T6 = 3 y PUT5T6 == .

Then P(u) = P3? is the positive part of the Zariski decomposition of L, on W, for u € [6,7], and

the negative part is

u—5T2+u—3

N(u) = (u—6)T1 + 5 5

Ts.
If w> 7, then L, is not pseudoeffective.
Remark 3.9. The toric varieties Wy, Wy, Wy are projective. Indeed, the variety Wy is obtained by

taking a weighted blowup of a projective variety. On Wy, the transformed L 3 is an ample divisor.
On W,, we can obtain an ample divisor from Pa + %Tg by taking sufficiently large integer m.
2

To apply [1. B, 16], we must consider a common partial resolution of the 3-folds Wy, Wy, Ws.

Namely, let W be the toric 3-fold defined by the simplicial fan g in R? given by
e the list of primitive generators of rays of ¥ is
vo = (1,3,—-1), v; =(1,0,0), vy =(0,0,1), v3=(0,1,0), w4 =1(0,0,—1), v5=(0,—1,1),

Ve = (_1>0a0)> U7 = (0737 _1)a Vg = (1a3>0)a Vg = (1a2>0)a V1o = (170a2)7
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e the list of maximal cones of EW is

0,1,4], [0,1,9], [0,3,7], [0,3,8], [0,4,7], [0,8,9], [1,4,5, [1,5,10], [1,9,10],
2,3,6], [2,3,8], [2,5,6], [2,5,10], [2,8,10, [3,6,7], [4,5,6], [4,6,7), [8,9,10].

The fan ¥ can be diagramed as follows:

where (o, (1 and ¢ are toric birational morphisms.

Let us denote by T; the torus invariant divisor on w corresponding to the ray v; in the fan 3.
Then the formula (3.5) implies that

T\ TyTho =

Y

|

I e~ 1

ToThVTy = ToTyT7; = T5TRT g = ThTsT7 = 3
B |

ToThTy = T'T5Tho = TTyTho = 5

Tgfgf7 = Tofgj:‘g = Tgfgfg = leilfg, = Tgfgfﬁ =1,

j:2j:3f8 = T2T5j:6 = j:2T5T10 = f3T6T7 = Tllj:&')fﬁ = 1)
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and other ifjfk with distinct indices i, j, k are 0. Further, the characters x1, x2, x3 corresponding
to the lattice points (1,0,0), (0,1,0), (0,0, 1) in the dual lattice yield the following relations:

0 ~ le(Xl) = j:‘() —|— Tl — Tﬁ —|— fg —|— Tg —|— fl(),
(38) 0~ le(Xg) = 3%0 + fg - f5 + 3%7 + 3T8 + 27“:‘9,
0~ le(X3) = —j;(] + fQ — f4 + j;5 — j;7 + 2]’:10.

Moreover, we have

G (To) = To, G (Ty) = Ty + Ty + Ty + Tho,
C(Ty) = Ty + 2T, Ci(Ts) = Ty + 3T% + 3Ty + 2T,
Gi(To) =To+ Ty + Ts + 3T, ¢Gi(Th) = Ty + 3T + Tho,
G =T+ T+ 2Ty + 2T, CGH(Ty) =T,

G =To+ T+ Ts + T+ Tho, G(TY) =T,

G(Ty) = To + Ty, G(Ty) = Ts.

Let us briefly explain how we get these expressions. For instance, the divisor Ty on Wy does not
contain centers of (p-exceptional surfaces, so (j(Tp) = Tp. Similarly, the divisor T on Wy contains
centers of the following (s-exceptional divisors: T%, Ty, Ty, T1o, which implies that

G (To) = Ty + a7 Ty + agTy + agTy + ar9Tho
for some positive rational numbers ar, ag, ag, a1g. Then we obtain
0= (To + a?ﬁ + asfs + agfg + a10f10) T?j:? =1-ay,

0= (Tvo + a?ﬁ + asfg + &gfg + aloflo) TV?,TVS =1—ag,

~ ~ ~ ~ ~ \ ~ ~ 1 1 1
0= (T() + a7T7 + ang + CLng + a10T10> Tng() = —gag + 5&9 — 6&10,
- - - - N~ 1 1
0= (To + CL7T7 + CLng + CLng + aloTl(]) T1T10 = iag — Zaw,

which gives a7 = ag = ag = ajp = 1. Here, all intersections are derived from (3.17) and (B.8]).

For every u € [0,7], the Zariski decomposition of the divisor (j(L,) exists on the 3-fold w.
Let Pg;(u) and Nyz(u) be its positive and negative parts, respectively. Then their expressions as
linear combinations of the torus invariant divisors on W are given in Table [Il

We now consider the toric surface Tp. Its fan is the image of the fan Y5 under the quotient lattice
homomorphism Z? — Z3 /Zvy = 7Z*. We may assume that v; — w; = (1,0) and vz — wy = (0, 1),
which determines the quotient homomorphism. Then the list of primitive generators of the rays
in the fan consists of

wy = (1,0),wy = (1,2),w3 = (1,3),wy = (0,1),ws = (—=1,0),ws = (—1,—3).

Let ¢ be the restriction morphism §0|ﬁ): To — Ty. Then ¢ contracts the torus invariant curves

defined by ws, w3, ws, since {y contracts LTOﬂJ, Lfof sl Lf ()TQJ. This can be illustrated as follows.
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Let aq,...,as be the torus invariant curves in Ty defined by the rays wy, ..., wg, respectively.

Set @ = ((a1), @y = ((ay), @ = ((ag). Note that ay +as+as = as+ag and 2as+3az+ay = 3ag.
With these relations, [10, §6.4] yields the following intersection matrix:

11 1
—5 3z 0 0 0 3
s -2 1 0 0 0
0 1 -1 1 0 0
A = (OéiOéj) =
0o 0 1 -3 1 0
0o 0 o0 1 -11
1 1
L 9o 0 0 L o0
It follows from [I0, Lemma 12.5.2] that
Tl‘fo = O‘lafii‘fo = 0547T4‘f0 = 0567T7‘f0 = 045;@‘;;0 = 0437@‘:;0 = Q3.

Moreover, ([B.8) implies
To‘fo = —(ﬁ ~To+ Ty +To + Tlo)

Set P(u) = Py (u)|z and N(u) = Ni(u)|z,- Then we can express P(u) and N(u) as linear
combinations of the curves ay, s, a3, ay, as, ag. These expressions are presented in Table 2

We are ready to apply [II, B [16] to estimate dp(Y, Ay) from below. Let @ be a point in G = To,
let C' be a smooth curve in G such that Q@ € C' ¢ Ag, and let C be its proper transform on To.
Then ¢ induces an isomorphism C' 2 C. For every u € [0,7], let

5, = —(on 0+ a).

t(u) = inf {v € Ry | P(u) —vC is pseudoeffective}.

For every v € [0,(u)], let P(u,v) be the positive part of the Zariski decomposition of P(u) — vC,
and let N(u,v) be its negative part. Set

5 7 7 t(u)
S( e _ﬁ/ (u) ordc du—l——// (u,v) dvdu
0

Now, we write (*(C) = C + X for an effective R- divisor ¥ on the surface Ty. For every u € [0, 7,

write N(u) = d(u)C + N’(u), where d(u) = orde(N(u)), and N(u) is an effective R-divisor on Tp.
34



Now, as in [I5 Definition 4.16], we set

t

7 t(u)
Fo W,G,C, %/ P(u,v) ordQ(( "(u) + N(u,v) — (v+d(u)X) ‘5>dvdu,

where we consider () as a point in C using the isomorphism C = C induced by (. Finally, we set

7
3
G,C _
S(Woon ﬁ/
0 0

We have (K¢g + C + Ag)|e ~r Ko + Ac for an effective divisor Ag known as the different [23],
which can be computed locally near any point in C. Using [16, Corollary 4.18], we obtain

Ay ay (G) Acag(C)  Acas(Q)
(v, ) > min { S Qréfm“{smw.ff‘.,c) S(W.C,’;,C-;Q)}}’

where Ag a,(C) =1, because C' ¢ Ag by assumption. On the other hand, we assumed that there
exists a prime divisor F over Y such that Sy a, (F) < 0. Moreover, we proved that Cy (F) = P, so

t

(u)
P(u,v) ) dvdu+FQ(WGc)

Ay a, (F) . {AYA (G) . : { Aaas(C)  Acac(Q) }}
1> — 2 >0p(Y,Ay) > min{ ————*_ inf min = = )
S.(F) p(Y; Ay) S1(G) eec St(W&;C) SWEL Q)
Therefore, since A’;f(YG()G) = 38 it follows from [16, Corollary 4.18] and [I, Theorem 3.3] that
: - Acas(C)  Aca(Q)
f G 2 C 1
aee { SLWG0) sWeeQ) S ©

Therefore, to exclude the case (D), it is enough to show that for every point ) € G, there exists
a smooth irreducible curve C' C G such that Q € C' ¢ Ag and

Acac(Q)
. G <GB X)
(3.9) St(Wey;C) <1< SIVES0)
This is what we will do in the rest of this section.

Let @ be a point in G = Ty = P(1, 3, 1). Recall that @y, @y, ag are all torus invariant curves in G.
Let Q14 = a1 Nay, Qg = ap Nag, Que = iy Nag, where Q16 is the singular point of the surface G.
Recall that Rs meets the curve @y transversally at three distinct points including Q14 and Q4.
Let us denote by @4 the point in R N ay that is different from Q14 and Q4.

Now, let us choose the curve C. If ) € a; U@y U ag, we choose C' as follows:

o if Q €ay, Q# Qu, Q # Qi6, we let O =1y,
if Q@ € ay, Q # Qua, Q # Que, we let C' =y,
if @ € @, Q # Que, Q # Que, We let C' = Qg
ifQ:Q14, we let C:al 01'0254,
ifQ:Q16, we let C:al OI'CZEG,
ifQ:Q46, we let C’:@l OI'CZEG.
Similarly, if @ & a; U@y U g, there exists a unique curve @y € |Og(1)| such that @y contains Q.
In this case, we let C' = @y, and we let o be the proper transform of the curve @, on the surface fo.
Then the divisor ¥ and the different Ao can be described as follows:

(@) if C =@y, then ¥ = s + a3z and A¢ = %Qlﬁ + %QM,

(ay) if C' =@y, then ¥ = 2as + 33 + 3as and Ag = %QM + %Q46 + %Q4,

(ag) if C' =@, then X = a5 and Ag = %Q%‘ + %Qlﬁ,

(60) if C = 60, then > = 0 and AC = Ag|c + %Qm.
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In the last case, we have ordg(A¢) < %, because the curves @y and Rg meet transversally.
In each possible case, we compute t(u) as follows in Table B
For each u € [0,7] and v € [0,t(u)], we can express the divisors P(u,v) and N(u,v) as linear
combinations of the curves oy, as, as, oy, as, ag. These expressions are listed in Tables [ [l [6], [7
We now regard the divisor P(u,v) as a row vector p(u,v) € R® defined as

p(u,v) = (c1(u,v), ca(u, v), c3(u, v), ca(u, v), cs(u, v), cs(u, v)),

where P(u,v) = c1(u,v)aq + co(u, v)as + c3(u, v)as + c4(u, v)ay + cs(u, v)as + cg(u, v)ag. Then

(P(u, v))2 = p(u,v)Ap(u,v)’.

i [

Thus, we have

o~
~
&

St (VV,G,7 C) = p(u, v)Ap(u,v) dvdu.

@IOJ
+
Ol w

7
/ p(1,0) Ap(u,0)" -

o\

Now, integrating we get

(1
5 ifC—Oél,
! itC=wo
G B § — (4,
swie) =49
§ lfC:OéG,
11
36 if C' = ay.

In each case, we have S, (WE,; C) < 1 as required for (3.9).
To present a formula for SL(WGC Q), let e, e, €3, ey, €5, € be the standard basis for RS,

0. 0.0’

and let eg = e; + ex +e3. If C =7, fori € {1,4,6,0}, then
t(u)

7
5. Q) =5 [ [ (pluv)del) dvdu+ Fo(WES),
0 0

where

t(u)

Fo(W&5) = g// (p u,v)Ae; ) ordQ<(N'(u) + N(u,v) — (v + d(u))E)| zdvdu.

In particular, if Q) € a; U@y U ag, then C' = @, so that

7 t(u)
1
SL(WaGQ) = §// (u,v Aeo> dvdu = 5 < - < 1—ordg(Ac) = Aca.(Q),
9 24 2 ’
0 0
which gives (B9)). Similarly, if @ € @; and C' = @, then
3 7 4 % if Q= Qu,
5. (WEQ) =5 [ [ (plu.v)el) dudus Fo(WES) = - +Fo(WES) =
0 0 o7 if Q# Qua,
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while A = 2Q16 4 3Q14. This gives B3) for Q € @ \ {Qu}. If Q € @ \ {Q16} and C = @, then

12
By ““ Q= Qe
St (WFJC.7 = p(u,v AeG) dvdu + Iy (W,G,C,) ==
e 2 Q40
0 0 162 46
while AC = %Q46 + %Qm, which gives GB:QI) for Q € Qg \ {Q46 Qlﬁ}. If Q €@y and C = Qly, then
(1
_— 2 if @ = Qus,
( ooﬂQ g/ / U v A€4 d’l}du—‘—FQ(W.G.C.) % ifQ:Q147
0 0 11 .
[ 36 if Q # Qs and Q # Qu,

while AC = %Q14 + %Q46 + %Q4 This gives (BZZD for Q € Qy.
Therefore, we see that ([3.9) holds for every @ € G for an appropriate choice of the curve C,
which excludes the case (D) as we explained earlier.

3.3. Exclusion of the case (Aj). Let us finish the proof of Theorem Bl Now, we assume that
the surface R is glven by the equation (3.4) with ay # 0. In the chart A2 . = {zoyozo # 0} with

coordinates z = I, y = z(l) z =2, we have P = (0,0,0), and the surface R is given by

Y+ 22”4 a2’ + (eoyz + dox’z + bizy + eyxyz + coy” + bea®y + e22’yz + cray’ + ea’y?) = 0,

where y + 22? + agz? is the smallest degree term for the weights wt(z) = 2, wt(y) = 4, wt(z) = 1.
Let A\: Wy — Y be the corresponding weighted blow up of the point P with weights (2,4,1), and
let G be the A-exceptional surface. Then G = P(1,2,1), and we can also consider (z,y, z) as global
coordinates on G with wt(z) = 1, wt(y) = 2, wt(z) = 1.

Let Rw,, Fw, and Sy, be the proper transforms on W} of the surfaces R, S and F', respectively.
Set Re = Rw,|a, let ng be the curve {z =0} C G, set Ag = %RG + %ng and Ay, = %RWO. Then

(KWO + Aw, + G)}G

Note that Fy,|¢ = {z =0}, Sw,l¢ = {y =0} and Rg = {y + 22z + asz? = 0}.
The remaining part of this subsection is very similar to what has been done in Section[3.2] so we
will omit some details here. We have Ay a, (G) = 5. Using [5l, Corollary 7.7], we get Sy,a, (G) = 4.
Both 3-folds Y and W} are toric, and the weighted blow up A is also toric. Let Xy and Xy, be
the fans of the 3-folds Y and W, respectively. Then the fan ¥y is presented in Section B.2, and

the fan Yy, is the simplicial fan in R? defined by the following data:

~Q KG + A(;.

e the list of primitive generators of rays in Xy, is
vo = (2,4,-1), v; = (1,0,0), vy = (0,0,1), vz = (0,1,0),
vy = (0,0, —1), vs = (0,—1,1), vg = (—1,0,0);
e the list of maximal cones in Xy, is
0,1,3],]0,1,4],[0,3,4],[1,2,3],[1,2,5],[1,4,5],[2,3,6],[2,5,6], 3,4, 6], [4,5, 6],
where [4, j, k] is the cone generated by the rays v;, v;, and vy.

As in Section B.2] let us denote by T; the torus invariant divisor that corresponds to the ray v;.
Note that Tj is the exceptional divisor G.
Take u € Ro. As in Section B.2] we let L, = \*(L) — uTp. Then

Lu ~R (10 — U)TQ + Tl + T2 + 2T3,
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which implies that L, is pseudoeffective if and only if u € [0, 10].
Let Wy, Wy, W3 be the toric 3-folds defined by the simplicial fans Yy, Zw,, 2w, in R3
respectively, which are determined by the following data:

o the list of primitive generators of rays of the fans Xy, , Xy, X, is
vo = (2,4,-1), vy = (1,0,0), ve = (0,0,1), vy = (0,1,0),
vy = (0,0,—-1), vs = (0,—1,1), ve = (—1,0,0);
o the list of maximal cones of Xy, is
0,1,2],[0,2,3],[0,1,4],0,3,4],[1,4,5],[1,2,5],[2,3,6], [3,4, 6], [4, 5,6], 2,5, 6];
o the list of maximal cones of Xy, is
0,3,4],]0,4,6],[0,1,2],0,2,3],[0,1,4],[1,4,5],[1,2,5],[2, 3, 6], [4, 5, 6], [2, 5, 6];
e the list of maximal cones of Xy, is
0,1,5],]0,2,5],[0,3,6],0,4,6],[0,2,3],0,1,4], [1,4, 5], [2, 3, 6], [4, 5, 6], [2, 5, 6].

Then Wy, Wy, W3 are projective, and there are small birational maps Wy --+ Wy ==+ Wy —-» W3,
which can be illustrated by the following self-explanatory toric diagrams:

As in Section B.2] let us use the same notations for the corresponding torus invariant divisors
and torus invariant curves on each 3-fold W;. Similarly, we will use the same notation for the strict
transforms of the divisor L, on each 3-fold W;. As in Section [3.2] we see that

e L, is nef on W, for u € [0, 1];
e L, is nef on W for u € [1,2];
e L, is nef on W, for u € |2, 3].
Moreover, the Zariski decomposition of the divisor L, exists on the 3-fold W for each u € [3, 5],
and the Zariski decomposition exists on W3 for u € [5,10]. Let us denote by P(u) its positive part,
and let us denote by N(u) its negative part. Then P(u) = L, — N(u), where
(u— 3
4
u—3

1 T3 for u € [5,7],
N(u) = u—"7 u—4

T
5 2t 3

-3 -7 -4
U2 Tl‘l'ug T2+u3 T3 for u€[8,10]

Here, the divisor L, — “32T5 is nef on W, for u € [3,5], and it is nef on W for [5, 7).
Now, let us consider a common partial toric resolution W of the toric 3-folds Wy, W7, W5 and Wis.

Namely, let W be the toric 3-fold defined by the simplicial fan ¥ in R3 given by the following data:
38
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e the list of primitive generators of rays of ¥ is
vo = (2,4,-1), vy =(1,0,0), vy =(0,0,1), v3=(0,1,0), wv4=1(0,0,—1), v5=(0,—1,1),
ve = (—1,0,0), v, =(0,4,-1), vs=(1,2,0), vg=(2,3,0), vip=(2,0,3);
e the list of maximal cones of ¥ is
0,1,4], |[o0,1,9], 10,3,7], [0,3,8], [0,4,7], [0,8,9], [1,4,5], [1,5,10], [1,9,10],
2,3,6], [2,3,8], I[2,5,6], [2,5,10], [2,8,10}, [3,6,7], [4,5,6], [4,6,7], [8,9,10].

The fan Y5 can be diagramed as follows:

where (o, C1, G2, (3 are toric birational morphisms.

Let T; be the torus invariant divisor on W corresponding to the ray v; in the fan Y. Then

¢ (Ty) = T, (1) =Ty + Ty + 2Ty + 2Tho,
G (Tz) = Ty + 3Tho, G (T5) = Ty + ATy + 2T + 375,
G(T) =Ty + %Tvg + %Tvg, G(N) =T + %Tg + 2T,
(D) =To+ AT+ 3Ty + 3T,  ((T3) = Ty + 4T,
G(T)=To+Tr + %Tvg + %Tvg, G() =T + %Tg + 2T,
G(L) =T, + %Tvg + %Tvg + 3T}, G(T3) = Ts,

G(To) =To+ Ty + 2Ty + Ty + Tho, G(Ty) =T,

G(Ty) =Ty + 3T, G(T3) =T,
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On the 3-fold W, the Zariski decomposition of the divisor {;j(L,) does exist for every u € [0, 10].
Let Pj;(u) be its positive part, and let Ng;(u) be its negative part. We can express them as linear
combinations of the torus invariant divisors. These expressions are presented in Table Bl

Fix the quotient homomorphism Z* — Z3/Zv, = Z? such that v; — (1,0) and vz — (0,1).
Then ¥ is mapped to the fan in R? whose rays are generated by the following vectors:

wyp = (1,0),1112 = (2,3),’[03 = (1,2),1114 = (0, 1),w5 = (—1,0),w6 = (—1, —2)

This two-dimensional fan defines the surface TO. Let ¢ = C0|To: fo — T, be the restriction map.

Then ( is described by a map from the fan of the toric surface Ty to the fan of the surface Tp,
which can be illustrated by the following toric picture:

| | TO | |

- e e e e e
| | | | |
U‘/'Q | | | | |
- - - — -~

| | | | |
ol -0~ -0 -
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It contracts the curves of the rays ws, ws, wy to points on the surface Tp.

Let aq,..., ag be the torus invariant curves in Ty defined by wq, . . ., wg, respectively. Then
~ ~ e = ~ ~ 1
Tl‘fo = a17T3‘fO = 0547T4‘f0 = §a67T7‘f0 = 50557T8‘f0 = 0537T9‘f0 = 0527T0‘f0 = —5(041—1-2&2—1-043)-

Set o = C(O&l), Q4 = C(O&4), aﬁ = C(Oz6). Then ap = {LE‘ = 0}, Qy = {y = O}, 56 = nNg — {Z = 0}
Set Q14 = a1 Ny, Q16 = a1 N, Qi = ay Nag. Then Q6 is the singular point of the surface G.
Note that the curve Rg meets @y transversally at (Q14, it meets the curve ay, transversally at two
distinct points (one of them is @14), and Rg meets the curve ag transversally at a single point,
which is different from Q16 and Q4. Let Q4 be the point in Rg N @y that is different from @14,
and let Qg be the intersection point Rg N ag.

Arguing as in Section [3.2] we obtain the following intersection matrix:

-5 5 0 0 0}
;o3 0 0
4= () = 0 1 -2 0 0
0 0 1 -2 1 0
o o o 1 -i14
0 0 0 3 0

Now, set P(u) = Py (u)lz, and N(u) = Ny (u)lz,- We can express P(u) and N(u) as linear
combinations of the curves aq, ag, as, a4, as, ag. These expressions are presented in Table
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Let @ be a point in the surface G = Tp, let C' be a smooth curve in G that passes through P,
and let C be its proper transform on Ty. For every u € [0,10], let

t(u) = inf {v € Ryg } P(u) —vC is pseudoeffective}.

For every v € [0,(u)], let P(u,v) be the positive part of the Zariski decomposition of P(u) — vC,
and let N(u,v) be its negative part. Set

10 10 t(u)
St (W,G,,C) :%/(ﬁ(u))%rdc( du—l—i// (u,v) dvdu
0 0 0

Now, we write (*(C) = C + ¥ for an effective R-divisor ¥ on the surface Ty. For every u € [0, 10],
write N (u) = d(u)C+ N'(u), where d(u) = orde(N(u)), and N’(u) is an effective divisor on Tp. Set

10 #(u)
SWES@) = 75 [ [ (Plue) - 0)dudu+ Fo(WES)
0 O
for

Fo(WSS) = % / / (P(u,v)- 5) -ordQ<(N'(u) + N(u,v) — (v+d(u))X) ‘5>dvdu,

where we consider () as a point in C using the isomorphism C = C induced by C.
If C ¢ Supp(Ag), we have (Kg + C + Ag)|c ~r Ko + Ac, where Ag is an effective divisor
known as the different. If C' ¢ Supp(Ag), we still can define the different A¢s using

(KG + C + AG - Ol"dc(Ag)) ‘C

The different A can be computed locally near any point in C. Now, arguing as in Section [3.2]
we see that to exclude the case (Aj3), it is enough to show that for every point () € G, there exists
a smooth irreducible curve C' C G passing through () such that

~R KC + Ac.

(3.10) 5L(WE, C) < Aaac(C)
and
(3.11) SWELQ) < Acac(Q).

Let us do this in the rest of this section, which would complete the proof of Theorem B.1l

Let @ be a point in G = Ty = P(1,2,1). Let us choose the curve C as follows. If Q) € @ Ua,Udg,
we let C' be a curve among @, @y, ag that contains Q. If Q € @; U@, Uag, then there is a unique
curve ap € |Og(1)| that contains Q. In this case, we let C' = @y, and we denote by ¢ the proper
transform of the curve @, on the surface fo. Then ¥ and Ac can be described as follows:

(aq) if C =@y, then ¥ = 2 + a3 and Ag = %Qw + %QM,

(@) if C' =@y, then ¥ = 3y + 2a3 + 205 and Ac = LQ14 + 1Qu,

(ag) if C'=@g, then X = a5 and Ag = 4Q16 + 2Q6,

(@) if C' =@, then ¥ =0 and Ac = Aglc + 3Q16.

In the last case, we have ordg(A¢) < 5, because @y and Rg meet transversally.
In each possible case, we compute ¢(u) in Table [0l
For each u € [0,10] and v € [0, t(u)], we can express both divisors P(u,v) and N(u,v) as linear

combinations of the curves aq, s, as, a4, as, ag. They are listed in Tables [T, 12}, 13, 14l
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Now, arguing as in Section 3.2 we compute
(1

5 lf C:al,
g ifC:a4,
| 2 itc—a
9 6
3 . _
\]__6 lfC:Oé(].

This gives (3.10). Note that Ag a.(a@) = 3.
If Q SNe%] \ {Q14}, let C' = aq, then SL<WG751' ) = % If Q € oy \ {Q46}7 let C' = Qy, then

e 00 )

I
_ B if @=Qu,
SL(W-G,Q,Q-AL? ) = 3
6 if Q# Qu.
If Q €ag\ {Qis}, we let C' =@y, which gives
7.
-~ 9 if Q= Qus,
SL(Wﬁ,C:G? ) ~ 32
= i Q# Qu.

If Q ¢ oy Ua, Uds), we let C' = @, which gives S, (WE%; Q) = £25. In each case we get (BIT).

e 00 )

This excludes the case (A3), and completes the proof of Theorem [B.1]

APPENDIX A. TABLES

Table 1: Zariski decomposition of the divisor (L)

u | Py(u) & Ny (u) T T T, Ty Ts Ty To Tio
[0,1] P (u) T—u 1 1 2 6 7 5 3
Ny (u) 0 0 0 0 0 0 0 0
[1,2] Py (u) 7T—u 1 1 2 T—-u 8—u % 3
Ny (u) 0o 0 0 0 wu-1 wu-1 2u-1) 0
[2,4] Py (u) T—u 1 1 5% 7y 8-y 2w 3
N (u) 0 0 0 2 u-1 u-1 Z2@u-1) 0
[4,5] P (u) T—u 1 1 & 7y 8-u  T-u T-u
N’VT/(U) 0 0 0 “T_z u—1 wu-—1 u—2 w—4
5.0 Pyl (Tow 1 B R Tow J(T-w) Touw o T-u
Ny (u) 0 0 1 u—1 u—2 u—4
(6, 7] Py (u) T—u 7T—u 5% T T—u 3(7T-u) T—-u T-u
Npw) | 0 w—e s s a1 mI up 4oy

I
)



Table 2: Expressions for P(u) and N (u)

Sllo ol ol o|lo o|lo o|loc ©
3 S 3 IS IS
Elle of | _ | _ | [ ] _ | |
~ 3~ 3~ 3|~ 3|~ 3
<t S N 3 ] 3 ™ 3 ™
3 oy O oy O ;3 ;3 | | ;3 ;2 ;2 | | ;2
0 3 00 3 ~ 3 I~ 3
— — — 3 I~ s I~
wo S o H [ ] — [ ] — | ;2 %2 ;2 %2
~ ~
3 3 S ® ®
—~ —~
™ - — - — o~ o~ ™
N = _uT _ _uT e 1]l 1 |lo |
S = = s s S
[a\1[an) [a\1[an)
© © © © 3 ©
Sl ol ol ol ol oo |
3 3 3 3 © 3
~—~ N~ " —~ "™~ "™T| —~ "> —~~ /™
3 3|3 3|3 3| 3 3|3 3| 3 3
~ | Y~ |~ [~ [~ | ~—r —
S P T P T B [l P [N P [T
< — N < Yo} =) ™~
=3 = o = 0, =3

Table 3: Values of t(u)

™~ I s s s
67 | 7_ 2\l F 2\l F o
= I~
~ — | Ilo| 1| ||
0. [ ~ ~
Y=} ui
- — | | — | |
il ~
ST
- — | — —
SN
N
- — 3| — —
=
- 3 I S| 3
- Il
=N
3
— <t © o
@ SIS | IS | IS

:al

Table 4: Expressions for P(u,v) and N(u,v) in the case C'

(673 (67

Oy

a3

(&%)

oy

u—v

u—6—v u—2—v

7T—u 0

2

u—6—v

I S1lae}

2 T7T—u O

0

u—v

u—6—v u—2—v

v—u+1

3v—2u+2

P(u,v) & N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

[0, 4]

[0, u — 1]

[u —1,1]

[0, 1]

1,2]

[1,2]
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o O o oo O o O o O
3 3 3 3 3
| < | <o I < | < | <
I~ I~ I~ I~ I~
3 3 S S 3
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3 3
— O — O - O ;2 [an) ;2 (@)
~ ~
T T
A_13 || © O A_13 A_TG o O o O
S S S
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— _ <t — _
=3 3 _ =3 b~
=3 =) =3
~ i) Yoy =) ™~
) = = 0, =3

= Oy

Table 5: Expressions for P(u,v) and N(u,v) in the case C

a6 o o o o o o o o o o o o o o o o o o
N = = =
2 S 2 T = P = S R
ol P o RO _ _ _
ST | I T R =] s I o1 o 3 =
I~ . 2|~ I~ 2 2
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o 0 0 0
2 2 2 & S & S S S
m’ | o | o | o w30 _u30 w30 _u30 _u30 _u30
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3 o N %3 o a 9_~3 %73 (@) 9_~3M3 (@] o (@] o (@] o 9_~3+3
| I & 3 3 38
3 3
Nej Nej Nej Nej Nej Nej Nej Nej Nej
Sl of | ol ol ol ol <o ol <ol o
3 3 3 3 3 3 3 3 3
—
)
=
N —~ —~~ | —~ —~ |~ ~— TN~ |~ /|~ —/
2 2|2 2| 2 =22 2e 2 2| == =
3 3 3 S 3| 3 S S 3| 3 S S 3|3 3|3 3| 3 S
~— ~— | ~—r ~— ~— | ~—r ~— ~— [ ~— | ~— ~ | ~— ~—
SN 2N =28 28 2|8 2|8 2|8 2| 2/ =
<
S~—
Q
— = ) —_ — 3 Sleo ~ NI
3| ;3 - —lon e ;3 - ;6 -
> - 3 — IS - 0 3 3 ]
o -~ ;3 o —|n ~ ;3 -~ ;6
= = [ 1= = = |=L oz |2
S = N N < ' i) i) i) Y2l
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Table 6: Expressions for P(u,v) and N(u,v) in the case C

Qg

Qs

a3 Oy

Qo

aq

0

v—u-+1

0

—2v
20—-6+4+u

0

—2v
20+u—06

0

—2v

2v

P(u,v) & N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

P(u,v)

N(u,v)

N(u,v)

N(u,v)

N(u,v)

N(u,v)

[0, 4]

[0,u — 1]

[u —1,1]

[0, 1]

0, %]

[0, 1]

[1,2]

[1,2]

2, 4]

[4,5]
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Table 7: Expressions for P(u,v) and N(u,v) in the case C'
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Table 8: Zariski decomposition of the divisor (L)

1

10 —u

35—3u

1

;2

35—3u

10 —u

2

1

Ps:(u) & N (u)

Py (u)

[0, 1]
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Table 9: Expressions for P(u) and N (u)

% o Ol o Ol o oOolo oo oo oo o©
o0 T i T 1 T 1 T 1 T 1l

< o | FH O [a [a ™ ™ [ [ N ™~ N [
S = 3|2 3|2 3|2 32 3
3 e Fa| T Fl<| I Tlol T T

S N O N O A O | %T L= %T o™ %73 ol %73

Al Al Al Al
& Sl O | =N ;2 —|e ;2 —|o ;2 —|o ;2 o Llm| Llo L=
3 3 3 1 =] B I = R
o (@] o \1_/ o \1_/ o \1_/ (@] (@] (@]
3 | o _T L= _T L= _T L+ © | | © | | © |
3 S 3 Z S )

3 ) ) o) S| S 3
|l o ) ) ) ) ) [
3 ;2 o ;2 o ;2 o ;2 o ;2 o ;2 o | O ™

3 3 3 3 3 3 3
—

3
N—
~N ~—~~ N~ "> —Y~ "™ —~ ™| —~~ "™ —~~ /™| —~ /™™

S 3|13 Sl 3 =23 =23 3= == >
& ~— ~— ~— ~— ~— ~— ~—
R = 1 W = U T 1 W L NI o W I H W
=

89

— N ™ (= ™~ 0’ S
3 - - - - - -

= A (R &0, 0, =, o0

Table 10: Values of t(u)
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Table 11: Expressions for P(u,v) and N(u,v) in the case C'
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Table 12: Expressions for P(u,v) and N(u,v) in the case C
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[0, ]

[0, 1]
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Table 13: Expressions for P(u,v) and N(u,v) in the case C'
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8,10] | [0, 0=y P(u, ) 30 0 1w 10-w 1w,
N( 3V 0 0 0 0 0
Table 14: Expressions for P(u,v) and N(u,v) in the case C' = @y

u v P(u,v) & N(u,v) aq (% as ay as o
0,1] [0, %] P(u,v) “7_8—1) u—2-2v §—v 2 4 0
N(u,v) 0 0 0 0 0 0
1,2] [0, %] P(u,v) “T_8 —v “_54_8” % —v 2 4 0
N(u,v) 0 0 0 0 0 0
2,3] | [0,3%] P(u,v) sy S T—w 2 L
N(u,v) 0 0 0 0 0 0
23] | 15%] Pluw)  |#gf—v  w=F jop Hep Lo
N(u,v) 0 0 0 tu=d 00
3, 5] [0, 1] P(u,v) sy S 1—p w2 v
N(u,v) 0 0 0 5000
[5,6] | [0, 554] P(u,v) w8y 2 Ly e 1w
N(u,v) 0 0 0 5000
o | Bl | P | o 1w o B
N(u,v) Sutu-8 0 0 5 0 0
6,%]| [0,%5"] P(u,v) sEo0 =20 jow MR lw g
N(u,v) 0 0 0 500
6,23 | [B5%, 5o P(u,v) —4v —20 1—p Uz D
N(u,v) Sutu-8 0 0 5 0 0
6,12] | [Z5u, Lo—u P(u,v) 4y o 0-u—dy 10-u=2 l—u
N(u,v) Sutus 0 I
(2,77 0,54 P(u,v) s _y —2v 1—p Uz
N(u,v) 0 0 0 5000
22,7 | [, e P(u,v) =8 _, o 0-u—dy 10w l—u
N(u,v) 0 0 I
22,7] | [Bsw, Lou P(u,v) 4y o 0-u—dy 10w l—u
N(u,v) Sutus 0 L




[7,8] [0, 8_7“] P(u,v) UT—8 —w —% 10—1é—8v 10—3—21) 102—u 0
N(u,v) 0 0 v 2 0 0
[7,8] | [35%, 24] P(u,v) _4p 9 l0-u8 L-u-2 1o )
N(u,v) Sutu-8 0 g 2 0 0
[8,10] | [0, 108_“] P(u,v) — 4y —% 10—2—81) 10—3—21) 102—u 0
N(u,v) 3v 0 v 20 0 0
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