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K-STABILITY OF CASAGRANDE-DRUEL VARIETIES

IVAN CHELTSOV, TIAGO DUARTE GUERREIRO, KENTO FUJITA,
IGOR KRYLOV, JESUS MARTINEZ-GARCIA

ABSTRACT. We introduce a new subclass of Fano varieties (Casagrande—Druel varieties),
that are n-dimensional varieties constructed from Fano double covers of dimension n — 1.
We conjecture that a Casagrande—Druel variety is K-polystable if the double cover and its
base space are K-polystable. We prove this for smoothable Casagrande—Druel threefolds,
and for Casagrande—Druel varieties constructed from double covers of P*~! ramified over
smooth hypersurfaces of degree 2d with n > d > 3 > 1. As an application, we describe
the connected components of the K-moduli space parametrizing smoothable K-polystable
Fano threefolds in the families Ne3.9 and Ne4.2 in the Mori-Mukai classification.

Throughout this paper, all varieties are defined over C.

1. INTRODUCTION

Let V be a Fano variety with Kawamata log terminal singularities, and let L be a line
bundle on V such that the divisor —(Ky + L) is ample, and |2L| contains a non-zero
effective divisor. Let R be a divisor in |2L|, and let n: B — V be the double cover
ramified over R. Then B can be explicitly constructed as follows. Let

Y =P(Oy ® Oy (L)),

let m: Y — V be the natural projection, and let £ be the tautological line bundle on Y.
Set H = n*(L). Then we have isomorphisms:

H(Y,0y()) = H*(V,0v) ® H°(V,Ov(L)),
H(Y,Oy(§— H)) = H(V,0v) ® H*(V,Oy(-L)).
Using these isomorphisms, fix sections u™ € H(Y, Oy (€)) and v~ € H(Y, Oy (£ — H))
that correspond to 1 € H°(V,Oy) under the isomorphisms above. Set S* = {u* = 0}.
Then we have S™N ST = @ and ST ~ S~ + H. Take f € H°(V,Oy(2L)) that defines R.
Then we can identify B with the divisor
{m (M) = (uh)*} € 287,

where the double cover 7 is induced by 7.

Remark 1.1. We allow R to be singular, so B can be very singular (and even reducible).
However, if the log pair (V, %R) has Kawamata log terminal singularities, then the double
cover B is a Fano variety with Kawamata log terminal singularities [22]. So, for simplicity,
we will always say that B is a Fano double cover (even if B is non-normal or reducible).

Let F = 7*(R), and let ¢: X — Y be the blow up of the intersection ST N F. Then
X is smooth <= Y and B are smooth <= V and R are smooth.

Moreover, the variety X is also a Fano variety (see Section [2).
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Definition 1.2. If the Fano variety X has at most Kawamata log terminal singularities,
then X is called the Casagrande—Druel variety constructed from n: B — V (or, from
the ramification divisor R C V'). Note that L € PicV is uniquely determined by R.

The group Aut(Y’) contains a subgroup I' & G,,, that fixes both S~ and S pointwise,
and the action of T' lifts to Aut(X), so we can identify I" with a subgroup in Aut(X).
In Section [ we will show that Aut(X) also contains an involution ¢ such that

<F7L> = Gm X o,

and ¢ swaps the proper transforms of the sections S~ and S*. Set G = (I',¢) and § = wo¢.
Then we have commutative diagram:

(1.3) X—t =X
¢ ¢
Y/e G\Y
N e
Ve———==V

and the composition f is a G-equivariant conic bundle such that G acts trivially on V.

Remark 1.4. Our construction of Casagrande-Druel varieties is inspired by the paper [§].
See [8, Lemma 3.1 (iii)]. But it goes back to the construction of de Jonquieres involutions
using hyperelliptic curves instead of Fano double covers. See also [26], [7, [37, [15].

The del Pezzo surface of degree 6 (blow up of P? at three general points) is the unique
smooth Casagrande-Druel surface. Smooth Casagrande-Druel threefolds form 3 families.
To present them, we use labeling of smooth Fano threefolds from [6].

Example 1.5. Let V = P2, let L = Op2(1), let R be an arbitrary smooth conic in |2L].
Then B = P! x P!, and X is the unique smooth Fano threefold in the family Ne3.19.

Example 1.6. Let V = P? let L = Op2(2), let R be any smooth quartic curve in |2L].
Then B is a del Pezzo surface of degree 2, and X is a Fano threefold in the family Ne3.9.

Example 1.7. Let V = P! x P!, let L = Oy(1,1), let R be any smooth curve in |2L].
Then B is a del Pezzo surface of degree 4, and X is a Fano threefold in the family Ne4.2.

All smooth Casagrande—Druel threefolds are K-polystable, see [21], Theorem 6.1] and [6].
In fact, K-polystable Casagrande—Druel varieties exist in every dimension:

Example 1.8 (11, [12]). Suppose that V = P""! L = Opn-1(1), R is smooth, n > 2.
Then X can be obtained by blowing up the n-dimensional smooth quadric at two points.
The variety X is spherical, and it is known that X is K-polystable [12| 4.4.2].

In this paper, we prove the following theorem:

Theorem 1.9. Suppose that V =P"', L = Opu-1(r), R is smooth, and n >r > 2 > 1.
Then X 1s K-polystable.

We obtain this result as an application of the following K-polystability criteria:
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Theorem 1.10. Suppose that both V and R are smooth (or equivalently X is smooth),
and —Ky ~q aL, where a € Q- such that a > 1. Let p be the smallest rational number
such that pL is very ample. Set n = dim(X) (so dim(V)=mn—1), set d = L™, set

CL"+1 _ (a _ 1)n+1 an—i—l _ (a + n)(a _ 1)n

D@ —(a—09 " T )@= (a= D7)

kn(a'a da :u) =

and set

-+ = min 1 (n+1)(a" —(a—1)")  as(V)(n+1)(a" - (a —1)")
kn(a,d,p)” (n+1—a)a” + (a — 1)+ n(a"+t — (a — 1)n+1) )

where 5(V') is the §-invariant of the Fano variety V. If n > 3, du™ 2 > 2 and v > 1, then
the Casagrande—Druel variety X s K-polystable.

Remark 1.11. In the notations of Theorem [LI0, if n > 2 and du™ 2 < 2, then du" 2 =1,
which gives V =P" ! and L = Op»-1(1), so X is K-polystable, see Example [L.8]

In this paper, we also prove the following two theorems about K-polystability of several
singular Casagrande-Druel 3-folds:

Theorem 1.12. Suppose V =P xP', L = Oy(1,1), and R is one of the following curves:

(1) Cy + Cy, where Cy and Cy are smooth curves in |L| such that |C1 N Cy| = 2;

(2) 1+ by + b3 + Ly, where {1 and Uy are two distinct smooth curves of degree (1,0),
and U3 and ly are two distinct smooth curves of degree (0,1);

(3) 2C', where C' is a smooth curve in |L|.

Then X is K-polystable.

Theorem 1.13. Suppose V = P2, L = Op2(2), and R is one of the following curves:

(1) a singular reduced curve in |2L| with at most Ay or As singularities;

(2) C1 + Cy, where Cy and Cy are smooth conics that are tangent at two points;

(3) C + 41 + Ly, where C is a smooth conic, {1 and 5 are distinct lines tangent to C;
(4) 2C, where C' is a smooth conic.

Then X is K-polystable.

To present their applications, let Mgff be the K-moduli functor of Fano varieties that
have dimension n and anticanonical volume v € Q- in the sense of [39, Theorem 2.17].
Then M3 is an Artin stack of finite type. Moreover, as in [23, Theorem 1.3], it admits
a good moduli space Mgff — M,I:ES in the sense of [4], where M}fgs is a projective scheme
whose points paramertize K-polystable Fano varieties of dimension n and anticanonical
volume v. Let M (I;gs) and M (Ifl_p;) be the closed subvarieties of Mgf{ e and M§< +s whose general
points parametrize smooth Fano theeefolds in the families Ne3.9 and Ne4.2, respectively.

Then Theorems and imply the following two results (see Section [ and cf. [19]).

Corollary 1.14. Let V. =P' x P!, let L = Oy (1,1), let T = (SLy(C) x SLy(C)) % s,
let T =P (H°(V,0(2,2))"), let T C T be the GIT semistable open subset with respect
to the natural T'-action, and let M be the GIT quotient T ) T". Then there is a morphism

oM — My
w w
] = 1),
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where Xy is the Casagrande—Druel threefold that is constructed from R = {f = 0} € |2L|.
Furthermore, the morphism ® is an isomorphism onto M(Iigs), and M(Izgs) is a connected

component of the scheme M?fg)gs.
Corollary 1.15. Let V =P?, L = Op(2), let T = SL3(C), let T =P (H° (P?, Op=(4))"),

let T C T be the GIT semistable open subset with respect to the natural I'-action, and
let M be the GIT quotient T |/ T'. Then there exists a morphism

O: M — My
W v
11— [Xg],

where Xy is the Casagrande—Druel threefold that is constructed from R = {f = 0} € |2L].
Furthermore, the morphism ® is an isomorphism onto M(I;_%S), and M(I;%S) is a connected

K
component of the scheme My .

If B is the smooth del Pezzo surface from Examples[L5] [L6l [ 7, then B is K-polystable.
If B is the Fano manifold from Theorem [[.9] then B is K-polystable [14], Theorem 1.1].
If B is the singular del Pezzo surface from Theorems and [[L.T3]such that R is reduced,
then B is also K-polystable [28]. Inspired by this, we pose

Conjecture 1.16. IfV and B are K-polystable Fano varieties, then X is K-polystable.

If B is a K-polystable Fano variety, the log Fano pair (V, %R) is also K-polystable [24].
Thus, our conjecture is closely related to the following recent result:

Theorem 1.17 ([25]). Suppose that —Ky ~gq aL, where a € Q¢ such that a > 1. Set
M(a) = a"tt — (a+n)(a—1)" |

2(n+1)(a® — (a — 1))
where n = dimX. Then X is K-semistable <= (V, A\,(a)R) is K-semistable.

The K-polystability of V' in Conjecture is necessary.
Example 1.18 (Yuchen Liu). Let V =P(1,1,4), let L = Oy (4), let R be a general curve
in |2L|, and let A € (0, %) N Q. Then (V,AR) is a log Fano pair. One can show that
6(V,AR) =1 (6(V,AR) > 1, respectively) <= A>3 (A > £, respectively),

so that the singular del Pezzo surface B is K-polystable, but (V, %R) is not K-semistable.

Hence, the threefold X is not K-semistable by Theorem [[.17]

Let us say few words about the proofs of Theorems [[.10 and [[.13l In Section 2 we will
show that X/. =Y, and we have the following commutative diagram:

2 Y

v
where p is the quotient map, which is a double cover ramified over our divisor B € [257].
Thus, using [24], we see that

X is K-polystable <= the log Fano pair (Y, %B) is K-polystable.
4
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In Section Bl we will prove the following result, which implies Theorem [L.10

Theorem 1.19. Suppose that V' and R are smooth (so B is smooth), and —Ky ~q aL,
where a € Qs such that a > 1. Let p be a rational number such that pL is very ample.
Set n = dimY (sodimV =n—1) and d = L"'. Suppose n > 3 and du™=2 > 2. Then

1 1 (n+1)(@" —(a—-1)") ad(V)(n+1)(a” = (a—1)")
5<Y B) mln{k ( },

2 n(a,dy ) (n+1—a)a” + (a—1)"7  n(a! — (a — 1)»*1)
where ky(a,d, 1) is defined in Theorem [L10.

Let us describe the structure of this paper. First, in Section 2, we will prove few basic
properties of Casagrande—Druel varieties. Then, in Section[3] we will prove Theorem 1.19]
In Sections M and [B, we will give proofs of Theorem [[.T12 and Theorem [[.13] respectively.

Finally, in Section[6, we will prove Corollary[I.14l and we will show that M (K ps) =~ P(1,2,3).

We will omit the proof of Corollary [[.T5] since it is similar to the proof of Corollary [[.14l

Acknowledgements. This paper was written during our visit to the Gokova Geometry
Topology Institute in April 2023. We are very grateful to the institute for its hospitality.
We would like to thank Yuchen Liu for his help with the proof of Corollary [[.14], and we
would like to thank Noam Elkies for his proof of Proposition

Ivan Cheltsov was supported by EPSRC grant EP/V054597/1, Tiago Duarte Guerreiro
was supported by EPSRC grant EP/V055399/1, Kento Fujita was supported by JSPS
KAKENHI Grant Number 22K03269, Igor Krylov was supported by IBS-R003-D1 grant,
and Jesus Martinez-Garcia was supported by EPSRC grant EP/V055399/1.

2. PRELIMINARIES

Let V' be a (possibly non-projective) variety, let L; and Ly be line bundles on V' such
that L+ Lo ¢ 0 and |L1+ Ly| # &, and let f € H°(V, Oy (L, + Ly)) that defines a nonzero
effective divisor R on V. Set

=P(Oy ® O(Ly)),
=P(Ov ® O(Ly)).

Now, let m1: Y]y — V and my: Yo — V be the natural projections, and let & and & be
the tautological line bundles on Y; and Y5, respectively. We have isomorphisms:

H°(Y1,0y,(&)) =2 H*(V,0v) @ H°(V, Oy (L1)),
(Yl,oyl & — (L)) =2 H(V,0v) @ H*(V, Oy (—L
(Y2,(’)y2 &)) HO(V, Ov) & HO(V Ov(Ly)),

H®(Ys, Oy, (& — 75(L))) =2 H°(V, Oy) @ H°(V, Oy (—Ls)).
Using these isomorphisms, fix sections

uy € HO(Yb Oyl(fl))

up € H'(Y1, Oy, (& — 77 (1)),

U; € H° (3/2,(91/2(52 )

uy € HO (Y, O, (& — m3(La)),
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that correspond to the section 1 € H(V, Oy ). Let
S; ={uy =0} Yy,
St ={ul =0} Yy,
Sy ={uy =0} CYs,
S ={uy =0} CYs.
Fori € {1,2}, the divisors S;” and S;" are disjoint sections of the natural projection m; such

that S |g- ~ —L; ~ —S;" |4+, where we use isomorphisms S;” = V = S induced by ;.
Now, we set () =Y; Xy Ys. Then we have canonical isomorphisms

P(0y, ® 0w, (1i(12)) ) = @ = P(Oy, ® Oy, (m3(L)),

so that we have commutative Cartesian diagram

.
.

where p; and ps are natural projections. Set ¥ = m; 0 p; = my 0 ps.
Set Fy = mj(R) C Y. Let ¢1: X — Y be the blowup along the intersection F; NSy,
and let E; be the ¢;-exceptional divisor. Since Fj + S| corresponds to
™ (flur € H® (Y1, 0y, (& + 7 (Ls))

there is a natural closed embedding X — @ over V such that its image is the effective
divisor defined by the zeroes of the section

P (Hurug —ufu € H(Q.0g(pi(&1) + pi(&) ).

where we identified H(Q, Og(p;(D))) = H*(Y;, Oy, (D)) for every D € Pic(Y;).
Let us identify X with its image in Q). Set § = m; o ¢1. Then 6 is induced by 4, it is
a conic bundle, and R is its discriminant divisor. Set
= 01(57),
= QSI(Sf_) - E1>
E2 == ¢T(F1) - El.
Then Sy, Sy, Ey are effective Cartier divisors on the variety X — these are the proper

transforms of the divisors Sy, Si", F, respectively. Moreover, the divisors S; and Sy are
mutually disjoint sections of the conic bundle #. Furthermore, we have

51‘5’1 ~ —Ll and SQ‘SZ ~ —Lg

where we use isomorphisms S; = V and S = V induced by 6. Similarly, we see that
the divisor E; + FEs is given by zeroes of the section

0" (f) € H° (X, Ox (07(Ly + L2))> ~ HO(V, Oy (L1 + Ly)).
6



Set Fy = m3(R) C Ys, and let ¢o: X — Y5 be the morphism induced by ps: @ — Ya.
Since the defining equation of X C () is symmetric, we conclude that ¢, is the blowup
along the scheme-theoretic intersection Fy N Sy, the ¢y-exceptional divisor is F,, and
there exists the following commutative diagram:

(2.1)

This is an elementary transformation of the P'-bundle 7; in the sense of Maruyama [26].
Now, using [26, Theorem 1.4] and |26, Proposition 1.6], we see that

Sl = ¢;(S;—) - E27
S2 = ¢;(52_)7
Ey = ¢3(F1) — Eb.

Remark 2.2. Let U = P(Oy @Oy (—L,) Oy (—Ls)), let & be the tautological line bundle
on the variety U, let my: U — V' be the natural projection. We have isomorphisms:

H°(U,0p(&w)) 2 H*(V,0v) @ H(V,Oy(—Ly)) & H*(V, Oy (—Ly)),
H(U, Op(&u + 75 (L1))) = H(V,0v) @ H*(V,Ov(L1)) ® H°(V, Oy (L1 — L)),
H°(U,Op(&y + 7 (L2))) = H*(V,Ov) @& H°(V, Oy (Ls)) & H°(V, Oy (Ly — Ly).
Using these isomorphisms, fix sections
v € H(U, Oy(&v)),
v1 € H(U, Oy (&u + w3 (Ly))),
vy € H*(U, Oy (&u + 775(L2))),

which correspond to the section 1 € H°(V, Oy ). One can show that there exists a closed
embedding X < U over V such that the image of X is defined by

W;J(f)v(% — 0109 = 0,
so that we can idendity X with a Cartier divisor on U such that X ~ 2§y + 7j5(Ly + Lo).
Starting from now, we assume, in addition, that V is projective.

Proposition 2.3. Suppose that V' is normal, and Ky is Q-Cartier. Then X is normal,
and Kx is Q-Cartier. Moreover, the following assertion holds:
—Kx is ample <— —Ky, —Ky — L, —Ky — Ly are ample.
Proof. The normality of the variety X follows from Remark 2.2]and [36], Proposition 5.24].
Similarly, using notations introduced in Remark 2.2] we see that
KU ~Q _3£U + WE(KV - L1 - Lg),

so Ky is Q-Cartier by the adjunction formula, because X is a Cartier divisor on U.
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To prove the remaining assertion, suppose that — Ky, —Ky — L1, —Ky — Ly are ample.
Then &y + 7} (—Ky) in Remark is ample. Then so is —Kx ~q (& + 7 (—Kv)) | x.
Alternatively, we can prove the ampleness of —K x directly. Namely, observe that
(2.4) —Kx ~qg S1+ S+ 0 (—Ky).

Moreover, applying the adjunction formula to the sections S; and Ss, we get

_KX‘Sl ~q —Kyv — Ly,

—Kx|g, ~o —Kv — Lo,
where we used S; =2 V and Sy = V. Hence, if —Ky, —Ky — Ly, —Ky — Ly are ample,
then the divisor —Kx is also ample by Kleiman’s ampleness criterion.

This also shows that both divisors — Ky — L1 and — Ky — Lo are ample if —K x is ample.
Observe that £y N Ey = R. Using this isomorphism and (2.4)), we get —Ky|g ~ —Kx|r.
On the other hand, we have

—2KV ~Q (—Kv—L1)+(—Kv—L2) + R.
Hence, using Kleiman’s criterion again, we see that — Ky is ample if — Ky is ample. [
Example 2.5. Suppose V = P!'xP!, and L; and L are divisors of degrees (1, 0) and (0, 1),
and R is a smooth divisor in |L; + Ls|. Then X is a smooth Fano 3-fold by Proposition 2.3l

One can show that X is the unique smooth Fano 3-fold in the deformation family Ne4.7.
Note that X is K-polystable [6], §3.3].

Remark 2.6 (J16, Lemma 9.8]). Suppose that V' is a smooth Fano variety, and — Ky ~q aL,
where L is an ample divisor in Pic(V'), and a € Q. Suppose R and X are smooth, and

L, ~Q a1 L,
Ly ~q asL,

where a; and as are rational numbers such that a; > asy. It follows from Proposition
that X is a Fano variety <= a > a;. Further, if X is a Fano variety, then it follows
from the proof of [16, Lemma 9.8] that

B(Ss) <0 < a; > as.
Therefore, if a > a; > as, then X is a K-unstable Fano variety.

From now on, we also assume that Ly = Ls. Set L = L;. Then R € |2L|. Set
Y =P(Oy & O(L)).

let 7: Y — V be the natural projection, and let £ be the tautological line bundle on Y.
Note that Y =2 Y] 2 Y,. Using the isomorphisms

HO(Y, Oy(f)) = HO(V, Ov) & HO(V, OV(L)),
H°(Y, Oy (¢ - (L)) = H*(V,Ov) ® H*(V,Ov(~L)),
fix ut € HO(Y, Oy (§)) and u= € H(Y, Oy (§—7*(L))) that correspond to 1 € H(V, Oy).
Let S~ ={u” =0} and ST = {u™ =0}. Then ST ~ S~ + 7*(L).

Proposition 2.7. There is a double cover X — Y ramified in a divisor B € |2S™| such

that the projection m induces a double cover B — V' that is ramified in R.
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Proof. Let T =P(Oy & Oy (—L)) ® Oy(—2L)), let w: T'— V be the natural projection,
and let & be the tautological line bundle on T'. Observe that

H°(T,0r(&r)) = H*(V,0v) @ H*(V,0v(—-L)) ® H*(V, Oy(-2L)),
H(T,Or(ér+ =w*(L))) = H*(V,0y) @ H*(V, Oy (L)) ® H(V, Oy (-L)),
H°(T, Op(ér + w*(2L)) =2 H°(V,Oy) @ H°(V, Oy (2L)) ® H*(V, Oy (L)).

Using these isomorphisms, fix sections
to € H*(T, Or(&r)),
i € HO(T, Or(&r + w*(L))),
to € H (T, Or(&r + @w*(2L))
that corresponds to 1 € H°(V, Oy ). Then
{to = 0} = P(Ov(-L)) ® Oy(-2L)),
{t: =0} = P(Oy ® Ov(-2L)),
{t2 =0} 2 P(Oy ® Oy(-L))).

Now, we consider the homomorphism

(2.8) Oq @ Og(¥"(L)) @ Oq (V" (2L)) — Oq(pi(&1) + p5(&2))

defined by the composition of
100
D1 | 00000 (5 (1)) 800 (7 (21) > 0g0q (9" (1) 20 (9" (1) 200 (¥" (21)
0 0 1

and the surjection
Oq ® Oq (V" (L)) ® Oq (V" (L)) ® Oq(9"(2L)) — Oq(pi(&1) + p3(62))
obtained by the tensor product of the pullbacks of the following natural surjections
Oy, ® Oy, (m1(L1)) — Oy, (&),
Oy, ® Oy, (m3(L2)) — Oy, (&)
Then (2.8) is surjective. This gives the morphism p: @ — T over V with
p*(to) = Uj Uy,
* 1 — —
pi(t) = B (UT% +uy u;) )
p'(t2) = ujug,
where we identified H%(Q, Og(p;(D))) = H*(Y;, Oy,(D)) for D € Pic(Y;).
Using the local criterion for flatness, we see that p is flat. Further, p is finite of degree 2.
Now, using [18, I (6.11)] and [I8, I (6.12)], we see that the morphism p is branched over

the divisor By € |2(&r + @w*(L))]| that is given by 3 — tots = 0.
Let Yp be the divisor in |7 + @*(2L)| that is given by

W*(f)to — 1y = 07
9



and let my: Yo — V be the morphism induced by w. Then X = p*(Y}) as Cartier divisors,
so that the restriction X — Y} is a double cover branched over Brly,. Moreover, using

the exact sequence
10 f
010
S 0y ®Oy(—L) =0,

f
0
-1
0— Ov(—2L) —_— OV ) Ov(—L) ©® Ov(—2L)
we get an isomorphism Yy =2 Y over V. Hence, we identify Y =Y.
Set B = Brl|y. Then B is defined by
() =7 (f)(u™)? =0,
which implies the remaining assertions of the proposition. 0
Let ¢ € Aut(X) be the Galois involution of the double cover X — Y in Proposition 2.7l

Then «(S1) = Sy and ((F,) = Es, and it follows from the proof of Proposition 2.7 that
the conic bundle §: X — V is (1)-equivariant with ¢ acting trivially on V.

Proposition 2.9. Suppose that V' is smooth, L is nef, X has Kawamata log terminal
singularities, and —K x is ample. Then the deformations of X are unobstructed.

Proof. By Remark 2.2 X can be embedded into U = Py (Oy & Oy (—L) ® Oy(—L))

such that X € |2&y + 27,(L)|, where &y is the tautological line bundle and 7y is the

natural projection. Therefore, since U is smooth, the variety X has at worst canonical

singularities, and X has at worst local complete intersection singularities. Hence, it follows

from [35, Theorem 2.3.2], [35, Theorem 2.4.1], [35, Corollary 2.4.2], [34, Proposition 2.4],

[34, Proposition 2.6] that the deformations of X are unobstructed if Ext, (2%, Ox) = 0.
Let us show that Extg, (%, Ox) = 0. Set n = dim(X). As in [34, §1.2], we have

Extd, (%, Ox) ~ Extd (% @wx,wx) ~ H" 2 (X, 0k @ wy) .

Since —Ky and —Ky — L are ample and L is nef, we see that {y + nj;(—Ky ) is ample,
and &y + 77, (L) is nef. In particular, both divisors

—Ky ~ 3+ (—Ky +2L),
—Ky—X ~ &+ (—Ky)
are ample. On the other hand, using the exact sequence of sheaves
0— Ou(=X)|, — U
we get the following exact sequence:
H"? (X, Q| ®wx) — H"? (X, Q% ®wyx) — H" (X, 0p(—X)|, ®wx).
Moreover, using the Kodaira-type vanishing theorem, we get
H™ (X, 0p(~X)|, ®wx) ~ H' (X, Kx + (~Kp)|,)" = 0.

Furthermore, using the exact sequence of sheaves

|, — Qx — 0,

0— Q) Quwy — Q) Qup(X) — |, ®wxy — 0,

[
we get the exact sequence

H" (U, @wy(X)) — H" 7 (X, Qlx @wx) — H" (U, Q) @ wy) .
10



Since both wy and wy(X) are anti-ample, the Akizuki-Nakano vanishing theorem gives
H" (U, @ wy(X)) = H* " (U, Qy @ wy) = 0.
This gives Ext?gx (24, Ox) = 0, which completes the proof. O

3. K-POLYSTABILITY CRITERIA

The goal of this section is to prove Theorem[.T9l To do this, fix a positive integer n > 3.
Let V be a smooth projective variety of dimension n — 1, and let L be an ample Cartier
divisor on V. Set d = L" . Fix u € Q¢ such that uL is very ample. Let

Y =P(Oy @ Oy (L)),

and let 7: Y — V be the natural projection. Set H = 7*(L). Let S~ and S be disjoint
sections of the projection 7 such that St ~ S~ + H.

Remark 3.1. Unlike Section [Il we do not assume that V' is a Fano variety.

Fix a positive rational number a > 1. Let D(a) = S~ +aH. Then D(a) is nef and big.
Moreover, if a > 1, then D(a) is ample.

Lemma 3.2 (cf. [40]). Let P be a point in S~. Then
n+ 1)@ —(@—1)")  §V;L)(n+1)(@" — (a—1)") }

op(Y; D(a)) > min{ (n+1—a)a" + (a— 1) n(a™*tt — (a — 1)7+1)

where dp(Y'; D(a)) is the (local) 6-invariant of the variety Y polarized by the divisor D(a),
and §(V'; L) is the d-invariant of V' polarized by L. Further, if §(V; L) < a, then
S(V;L)(n+1)(a” — (a—1)™)

n(amtt — (@ — 1)n+)

dp(Y;D(a)) >

Proof. Tt follows from [2, [6] that

. 1 . Ag-(F)
5p(Y; D(a)) > — inf =2
iDL > min g g Ty M S )

PeCy(F)

where S(W2, ; F) is defined in [6, Section 1.7], and the infimum is taken over all prime

divisors over S~ whose centers on S~ contain P. This easily implies the required assertion.
Indeed, take u € R>g. Then D(a) —uS~ ~g (1 —u)S™ + aH, so that

D(a) —uS~ is nef <= D(a) — uS~ is pseudo-effective <= u < 1.

Thus, since vol(D(a)) = D(a)” = d(a™ — (a — 1)™), we have

Sp)(S7) = ﬁ /000 vol(D(a) — uS™)du =
- 1 ! o V1Y 4 g u:(n+1—a)an+(a—1)"+1
= T, (0 e = T

Using S~ =V, we get (D(a) —uS™)|s- ~r (a+u—1)H|s- ~g (a+u—1)L.
11



Let F' be any prime divisor over S~. Then it follows from [6, Section 1.7] that

n

S(Wf:; F) = D) /0 /000 vol((D(a) — uS™)|s- — vF)dvdu

n l/oo
vol((a+uw— 1)L —vF)dvdu
s | [l L — vF)
n 1 e’}

— Dla) /0 (a+u— 1)"/0 vol(L — vF)dvdu
_ n AT @ U T L — o)
~d(am — (a—1)") n+1 /0 (L = vF)d

n an—l—l _ (CL _ 1)n+1 )
- LLSL(F
n+1 d(a” — (a—1)") (k)

n an—i—l _ (CL _ 1)n+1

“orl @ —(a=1p )

This gives
Ag-(F) As-(F) n+1 a"—(a—1)" n+1l a"—(a—1)"
— : : <5p(ViL)- : ’
SWS.F)  Sp(F)  n avtl—(a—1)"H! P(ViL) n  att—(a—1)"H

which implies the first part of the assertion.
We now assume §(V; L) < a and we want to show

(n+1)(a" = (a=1)") _ 6(ViL)(n+1)(a" = (a—1)")
(n+1—a)am+ (a—1)n+t ~ n(an*t!t — (a — 1)"+1)

This inequality is equivalent to

n(an—i-l _ (a _ 1)n+1)
(n+1—a)a”+ (a — 1)+
We must show that the right hand side of the inequality above is at least a. But
n(an—l-l _ (a _ 1)n+1)
(n+1—a)a"+ (a—1)"+!

which is clearly true. U

6(V;L) <

>a < a"(a—1)—(a—1)""(a+n) >0,

Now, fix a smooth divisor B € |25*|. Let n: B — V be the morphism induced by .
Suppose that 7 is the double cover ramified over a smooth divisor R € |2L|. Set
1

A= -B.
2

Note that BN S~ = @. Let k,(a,d, 1) be the number defined in Theorem [L.T0l
Proposition 3.3. Let P be a point in' Y \ S™. Suppose that du™2 > 2. Then

_

kn(a,d, p)’

where 6p(Y, A; D(a)) is the (local) d-invariants of the pair (Y, A) polarized by D(a).

This result together with Lemma [3.2] implies Theorem
12
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Proof of Theorem[1.19. Note that V' is a Fano variety and —Ky ~g aL. Then
—Ky ~ 25T —7*(Ky + L) ~g 25" + (a — 1)H,
which gives
—(Ky +A) ~g ST+ (a—1)H ~g S~ + aH = D(a),
so that (Y, A) is the log Fano pair and
6(Y,A) = 6(Y, A; D(a)),

where 0(Y, A) is the d-invariant of the log Fano pair (Y, A). Now, we can apply Lemma[3.2]
and Proposition to get the required assertion. O

In the remaining part of the section, we will prove Proposition by induction on n

3.1. Base of induction. Let V' be a smooth projective surface, let L be an ample Cartier
divisor on V', let p be the smallest rational number such that pL is very ample, let

Y =P(Oy & Oy (L)),

and let 7: Y — V be the natural projection. Set H = 7*(L). Let S~ and ST be disjoint
sections of the projection 7 such that ST ~ S~ + H, and let B be an irreducible normal
surface in |25 such that 7 induces a double cover B — V which is ramified in a reduced
curve R € |2L|. Fix a € Q such that a > 1. Let

D(a) =S~ +aH.

Then D(a) is nef and big, and D(a) is ample for a > 1. Set A = 1B and d = L*.
Remark 3.4. Since puL is very ample and L is Cartier, we have du = (uL) - L € Z~o and
dp* = (pL)* € Zso.

Moreover, if duy=1,then uy=1,d=L*=1,V =P? and L = Op=(1).
Suppose, in addition, that du > 2. Set

_ 8dpa® + 6(1 — 2dp)a® + 8(dp — 1)a — 2dp + 3
B 8(3a2 — 3a + 1) ‘

Let P be a point in Y such that P ¢ S~ and P ¢ Sing(B).
Proposition 3.5. One has ép(Y,A; D(a)) >

]{?3(@, d> :U“)

1
k3 (a’vdv/”’) ’

In the remaining part of this subsection, we will prove this result. We will only consider
the case P € B, because the case P ¢ B is much simpler.

Let V; be a general curve in |pL| that contains the point 7(P), and let Y} = 7%(11).
Then V] is a smooth curve, and Y] is a smooth surface. For simplicity, we set D = D(a).
Take u € Ry. Then

D —uY; ~g S™ + (a — pu)H,

so that D — uY] is pseudo-effective <= u < % We have

(D_u}/i)‘s— ~R (S_ +(a'_:uu)H)‘Sf ~R (CL— 1 —,LLU)L,
13



where we use isomorphism S~ = V induced by 7. Hence, the divisor D — uY; is nef if
and only if u < %1 Moreover, the Zariskis decomposition of D — uY; is

ST +(a—pu)H if u € [0, ]
Pu)= {(a—,uu)(S‘+H)=(a—,uu)S+ if u e [“T it
and
N(u):{o if u € [0, 1],
(pu+1—a)S~ 1fu€[“— it

where P(u) is the positive part, and N(u) is the negative part.
Note that H> =0, H>- S~ =d, H-(S7)* = —d, (S7)3 = d. Then

Sp(Y3) = ;3/MV01(D—UY1)du

a—1

( /0 TS+ (a — ) H)Pdu + / ((a — pu)(S~ + H))3du>

N

1
(ST +aH)?

~ (2a—-1)(2a* —2a + 1)
 4u(3a2 —3a+1)

Let f be the fiber of the P!-bundle 7 that contains P. Then there are two cases to
consider: either B intersects f transversely at P or tangentially. For each case, we consider
an appropriate plt blow up h:Y; — Y; at the point P with smooth exceptional curve E.
We let Ay = Aly,, and we denote by A; the proper transform on Y; of the divisor A;.
Then it follows from [2, 6 [17] that

AYI A1(E) . AE AE(Q)
Sp(Y,A) > mm{SD(Yl> SOILE) Qré% 75(‘/3@. ,Q)}.

where S(V1; E) and S (Vyl F. Q) are defined in [6, Section 1.7], and Ag is the different

.0 e.00 )

computed via the adJunctlon formula
Kg+Ap = (Ky, + A1) |g.

For instance, if A is the ordinary blow up at the point P, then Ag = A, | . For simplicity,
we rewrite the last inequality as

. 1 SWAE) SV )

op(Y.8) = Ay, (B) qei A, (Q
Thus, to prove Proposition 3.1 it is enough to bound each term in (B.6) by k3(a, d, p).
We set S| = S7|y,, Hy := Hly,, By := Bly,, D1 = P(u)|y,. Note that H; = duf and
D, = Sf+(a—;iu)duf if u € 0, Tl],
(0~ (ST +dpf) i ue [, 5]

maX{SD(Yl),

We denote by §1_ , El, fthe proper transforms on Y; of the curves Sy, By, f, respectively.

Lemma 3.7. Suppose B intersects [ transversally. Then 0p(Y,A; D(a)) > m.
14



Proof. Let h: Vi — Y} be the ordinary blow up at P. Recall that E' is the h-exceptional
curve. We have S| ~ h*(S7) and f ~ h*(f) — E. Take v € R5y. Then

Sr+ (a —~/~LU)duf~+ ((a—pu)dp—v)E  ifue (0,47,
(@ — pu)(Sy +dpf) + ((a — pu)dp —v)Eif u € [*3

We have the following intersection numbers:

h*(D;) —vE = {

e | S| fI|E

Sl —=du| 1] 0

Flo1 =11
E| o |1]-1

This shows that h*(D;) — vE is pseudo-effective <= v < (a — pu)dp.
If uel0,%<= ] the positive part of the Zariski decomposition of h*(D;) — vE is

ST+ (a — pw)duf + ((a — ,uu)d,u —v)E if v e [0,1]
P(u,v) ={ 57 + ((a— ,uu)d,u +1—0)f+ ((a— pu)dp—v)E ifve (1,1 — dpu + adp — dy)

=Bt (G 4 dpf + (dp— 1)E) if v € 1~ dpu+ adp — dp, (a — pu)dp,

and the negative part is
0 if v € [0,1]
N(u,v) =< (v—=1)f if ve(l,1—du*u+ adp — dy

du(pu—a+v) 7 U—a v— .
“(Zu 1+ ) f+ dyi® j}‘jﬂdwr 15 if v € [1 — dp’u+ ady — du, (a — pu)dpy.

Similarly, if u € [— —] the positive part of the Zariski decomposition of h*(D;) — vE is
Blu,v) = (a — pu)(Sy +dpf) + ((a — pu)dp — v) E if vel0,a—pu

’ g (—dpPu+ adp — v)(Sy + dpf + (dp — 1)E) i v € [a — puu, (a — pu)dp).
and the negative part is

N(u,v) = 0 N if v e [0,a — pul
ST s duti — at 0) 4 (i — a+0)S7) i v € [a— o, (@ — )dp).

Now, using results from [0, Section 1.7], we compute

b (a—pu)dp 5 b (a—pu)dp
S(W.Yi7 E D3 / / vol D1 — UF)d’UdU = m / / ﬁ(u’ ’U)2d’Udu
0 0

_ AdPdp+6(1 — dp)a® + 4(dp — 2)a — dp 43
B 4(3a% — 3a + 1) '

Moreover, we have Ay, a,(E) =2 — 3 = 2, so that

SWJL E) 4a3d,u +6(1 — dp)a® + 4(dp — 2)a — du + 3

Ay, a, (E) ?5(3a2 3a+1)




Let @ be a point in E. Then, using results from [6, Section 1.7], we compute

i (a—pu)dp
3 ~
Y1 P F Y1
SWIEQ = g [ [ (Plww)- By dvdus ROVED

0 0

6a® — 8a + 3 Vi,

_4(3a2—3a+1) Fo(Waad).
where
6 i (a—pu)dp
0 0

because P ¢ Supp(N(u)) for u € [0, 1]. Notice that FQ(W?E?) # 0 only when Q € f.
Thus, there are three cases to consider.

OQ:Eﬁf, Then
_ 2 _ 2 o 3
F(W,Yi.) 3 —8a+ 6a° + du — 4adp + 6a°du — 4a’du
4(3a® —3a +1)

and Apa,(Q) =1 since Q & B;. Hence, we have

S(sz?, ) dp(2a—1)(2a* —2a +1)
Apa(Q) 4(3a2 — 3a+1)

e Qe EnN B,. Then Apa,(Q) = %, so that

S(W.Yi?7 ) 6a2—8a+3

Apag(Q)  2(3a2—3a+1)
e () € FE away from fand B,. Then Apa,(Q) =1, so that

S(W.Yl? ) 6a®> — 8a + 3

Apag(Q)  4(3a2—3a+1)

The third case is smaller than the previous one (exactly half) so we do not consider it.
So, using (3.6]), we obtain the inequality

1 (2a — 1)(2a* — 2a + 1)
- < max ,
op(Y,A) 4p(3a% — 3a+ 1)
4addp + 6(1 — dp)a® + 4(dp — 2)a — dp + 3
6(3a% —3a 1 1) !
dp(2a —1)(2a*> —2a+1)  6a®> —8a+ 3 }

(3.8)

4(3a? —3a +1) "2(3a® = 3a+1)
Recall from Remark 3.4 that du? > 1. This allows us to conclude
du(2a — 1)(2a* — 2a + 1) - (2a — 1)(2a* — 2a + 1)
4(3a2 — 3a + 1) ~ 4p(3a% —3a +1)
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so we can discard the first term in (3.8]). Moreover, since du > 2, we have
daddp + 6(1 — dp)a® + 4(dp — 2)a — dp + 3
6(3a? —3a + 1)
du(2a —1)(2a* — 2a + 1)
4(3a® —3a +1)
6a® — 8a + 3
2(3a2 —3a+1)

which gives 6p(Y, A; D(a)) = 2. O

k3 (CL,d“U,)

< ]{73(@, d7 :u)v

< ]{,‘3(&, da ,[L),

< ks(a, d, p),

Now, we deal with the case when f is tangent to B at the point P.
Lemma 3.9. Suppose B and f are tangent at P. Then §p(Y, A; D(a)) > ——

= k3 (a,d,,u) ’

Proof. Now, we let h: Y: — Y, be the (1,2)-weighted blowup of the point P such that
the curves By and f are disjoint. Then f = h*(f) —2E. Take v € R>g. Then

. ST+ (a— pu)duf + (2(a — pu)dp —v)E - if u € [0, &=L,
h*(D1) —vE = - N T
(@ — pu)(ST +duf) + (2(a — pu)du —v)E ifue [T =].
Moreover, we have the following intersection numbers:
* | 5 f E
Syl =du| 1] 0
1 =21
E| o |1]-2
Thus, the divisor h*(D;) — vE is pseudo-effective <= v < 2(a — pu)dpu.
If uel0,%“ ] the positive part of the Zariski decomposition of h*(D;) — vE is
ST+ (a — puw)duf + (2 (a—uu)du—v)E if v el0,1]
P(u,v) = { Sy + ((a — pu)dp + 55 ”)f + (2(a — pu)dp —v)E if v € [1, —2dp*u + 2adp — 2dp + 1]
W(& +duf + (2dp — 1)E) if v € [—2dp2u + 2adp — 2dp + 1, 2(a — pu)dyl,
and the negative part is
0 if v € [0, 1]
N(u,v) = ¢ &2 if v € [1, —2dpu + 2adp — 2dp + 1]
i S;H al—l-v o+ 2utus 2§§5+12d”+” LST if v € [—2dp2u+ 2adp — 2dp + 1,2(a — pu)dp).
Similarly, if u € [— —] the positive part of the Zariski decomposition of h*(D;) — vFE is

P(u,v) = (a — pu) (ST +dpf) + £2(a — pu)dp —v)E  ifve0,a— pul
V) = %(Sijduij@du—l)E) if v e a— pu,2(a— pu)dy,
17



and the negative part is

~ {O if v € [0,a — pul

N y = u—a-+v u—a+v :
(u,v) dpato) foy meto S if v € a — g, 2(a — ) dp).

Now, using results from [0, Section 1.7], we compute

W 2(a—pu)dp i 2(a—pu)dp

3 _
SWHLE) = D3/ / vol(Dy — vF)dvdu = m/ / P(u,v)dvdu

0
1 8a3du+6(1 —2dp)a® + 8(dp — 1)a — 2dp + 3
4 3a? — 3a + 1

Moreover, since Ay, a,(E) = 2, we have

SWILE) 1 8a’dp + 6(1 — 2dp)a® + 8(dp — 1)a — 2dp + 3
Ay, a(BE) — 8 3a2 — 3a + 1

Let @ be a point in E. Using results from [0, Section 1.7], we get

u 2(a—pu)d
SWILE Q) = s / / EYdvdu+ Fo(W1E)
1 6a%— 8a—|—3
- - . - - F Yi,
8 32 —Bat1 a(Wes)
where
. i 2(a—pu)dp
Fo(WIE) = g / / (P, v) - E) - ordg (N (u, v)| ) dvdu.
0 0

There are three cases to consider.
e Q=FEnN fv Then
P (W.Yi By _ 18a’dy — 6(2dp — 1)a® + 8(dp + 1)a — 2dp — 3
8 3a2 —3a+1
and Apa,(Q) =1 since Q ¢ B;. Hence, we have

SWIEQ)  du (2a—1)(2a% — 20 +1)

Apa,(Q) 4 302 — 3a + 1
e Q€ ENDB. Then Apa,(Q) =1, so that

SWHEQ 1 6a®—8a+3
Apay(Q) 4 3a2—3a+1
e € E is the A, singularity. Then Aga,(Q) = 3 and so
S(Wﬁf; ) 1 6a>—8a+3
Apa,(Q) 4 3a2—3a+1
18



We have the inequality:

1 (2a — 1)(2a* — 2a + 1)
(810) S5 Ay S ma { (B —3a+1)
1 8adu+ 6(1 — 2du)a* + 8(du — 1)a — 2dp + 3
8 3a% — 3a+ 1 ’
dp (2a—1)(2¢* —2a+1) 1 6a* —8a+3
4 3a2 — 3a + 1 ’Z'3a2—3a+1}'

Now, arguing as in the end of the proof of Lemma [3.7 we find
1 o 1 8a’du+6(1 — 2du)a® + 8(du — 1)a — 2dp + 3

sp(Y,A) ~ 8 3a2 —3a+1
and the result follows. O

Proposition [3.5 is proved.

3.2. The induction. Let us use all assumption and notations introduced in Section [3l
Recall that u is the smallest rational number for which pL is a very ample Cartier divisor
on the variety V and d = L"'. Then

W = (uL) > 1.

Let us prove Proposition B3] by induction on dim(Y) = n > 3 — the base of induction
(the case when n = 3) is done in Section Bl

Therefore, we suppose that Proposition [3.3 holds for varieties of dimension n — 1 > 3.
Let P be a point in Y such that P ¢ S™. We must prove that

1
kn(aa d> :U“) ’

where ky,(a, d, pu) is presented in Theorem [[.TOl We will only consider the case when P € B,
since the case P ¢ B is simpler and similar. Thus, we suppose that P € B.

Let V,,_1 be a general divisor in |uL| that contains the point w(P). Set Y,,_1 = 7*(V,,_1).
For simplicity, set D = D(a). First, let us compute Sp(Y,_1). Take u € R5y. Then

D(a) —uYy,—1 ~r S™ + (a — pu)H,

so D(a) — uY,-1 is pseudo-effective <= u < §. For u € [0, 1], let P(u) be the positive
part of the Zariski decomposition of D(a) — uY,_1, and let N(u) be its negative part.
Then

5p(Y. A; D(a)) >

P(u) = 5™+ (a—pu)H = D(a — pu) i € 0,57
(@ = pu)(S™+ H) = (a—pu)D(1) ifue [*H,

and
0 if 0 a-l
N(U) - { Lue [ T ]7

Recall that S~ N ST = @. Note that (S7)" = (—1)"*'d and (ST)" = d. Hence, we have

D(a)" = (S +aH)" = ((1 - azg_ +aST)" =d(a" — (a—1)").



Now, we compute

Sp(Ya_1) = D(la)" /000 vol(D(a) — uY,_1)du
B D(la)” / (574 (o= pu) H)"du + ﬁ /;<<a — ) (S + H))"du
1 a;l n+1 n n % n
- o /0 A1) (1=t )+ (o= ) e / | dla
_ artl — (a _ 1)n+1
p(n+1)(a” — (a—1)7)°
Set

at — (a+n)(a—1)"
2(n+1)(a® — (a — 1))’
Lemma 3.11. One has ky(a,d, ) = Sp)(Yn-1)dp" ' + Res,(a) and Res,(a) > 0.

Res,(a) =

Proof. The equality follows from the formulas for k,(a,d, 1) and Sp(q)(Yn-1).
Let us show that Res,(a) > 0. We may assume that a > 1. The denominator is clearly
positive. Hence, we only need to verify that a"™ — (a +n)(a — 1)" > 0. But

a \" 1 \" &(n 1\’ n n  a+n
= 1 = =
<a—1) ( +a—1> ;(i)(a—1> a—1 a a ’

which gives a"™ — (a +n)(a — 1)" > 0. This shows that Res,(a) > 0. O

Set A,_1 = Aly, ,. Then Sp(Y,_1) < kn(a,d, ) by Lemma B.IT] since du™t > 1.

Therefore, using [2], we see that dp(Y, A; D) > m provided that

(3.12) S(VOe ™ B) < ka(a,d, p) Ay, _a,,(B),

for every prime divisor E over the variety Y, _; such that its center on Y,,_; contains P,

where Ay, | A, ,(E) is the log discrepancy, and S (Vo' E) is defined in [6, Section 1.7].
Suppose that n > 4. Let us prove (3.12) using Prop081t10n applied to (Y,—1,An_1).

Let E be a prime divisor over Y,,_; whose center in Y,,_; contains P. Since P & S7, it
follows from [6, Corollary 1.108] that

S(VY” L E) =D /(/vol uw)ly, —vE)dv)du:

a—1

a
I

/volS +(a—pu)H — vE)dvdu+—//vol a—pu)(S™+H)—vE)dvdu =
0

b‘ s
o\:

,u

)

— a

[e.e]

b‘ s
o\:

/volS +(a—pu)H — vE)dvdu+—/ a— ) /VOI(S +H —vE)dvdu.
0

0
LL
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Now, applying Proposition (induction step), we get
/VOI(S_ +(a — pu)H —vE)dv < ky_1(a — pu, dp, p) (S~ + (a — pu)H)" Ay, A, (E)
0

and
[oe)

/Vol(S +H —vE)dv < k1 (1,dp, p)(S™ + H)" Ay, A, (E).

0
Hence, combining, we obtain

S(VY" 1. E' a — Ju, du ,u)(S + (a — ,UU)H)n_lAan,Anfl(E)du_l_

n
D

T / (0 — )"k (L, dpty 1) (S~ + HY" Ay, s, (E)du =

= Ay, ., (E) kn—1(a — pu, dp, ) (S~ 4 (a — pu) H)" ' du+

o Q
=1
-

n
Dn
n

Dn

a

Ao (B) B [ (@ ) b (1, dp, ) (57 + H)'du,

\
’—‘\E\D

o

Let us compute these two integrals separately. We have

A, = / (@ — g, dp, 1) (S + (a — ) H)"du =
0

du+

/ dp((=1)" (1 — a + pu)" + (a — pu)")
un

/Tdu((a — ) = (o= gt = D= pu— 1"

* 2n
d2lun—1 I d
I n _ _1n+1_1 - n+1_ _1TL_1
T = M =) s @ — ()= 1) 1)
and
dQ2dp™2+1)  d*p"t d

L o n - n—1 — —
Ay = / (= pa) s (1, dp ) (S™HH)" = =5 9o = ey ey
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Adding these two integrals we get

- dlun_l an+1 . (a . 1)n+1 1 an-l—l _ (CL -+ n)(a — 1)n
(A1+A2)_M(n+1) a” — (a—1)" +2(n+1) a" —(a—1)

= SD(a) (Y,_1)dp™ ' 4 Res,(a).

n

D(a)”

This gives S(Voe ' E) < kn(a,d, 1) Ay, ,.a, ,(E) by Lemma BII which proves (312)
and completes the proof of Proposition 3.3l

3.3. Applications. The only application of Theorem [[.T0 we could find is Theorem
Let us use assumptions and notations of Theorem [LT0. Let V = P" ! and L = Opn-1(r).
Suppose that 1 < 5 <r <n. Then u = L d=r1landa=12

Lemma 3.13. One has k,(a,d, u) < 1.
Proof. One has

(2d,u”‘2 + ].)Cln+1 _ (Cl + n)(a _ 1)n _ 2d,u”‘2(a _ 1)n+1

kn(a,d, p) = 2(n+1)(a® — (a — 1)")

Thus, it is enough to show that
2(n+1)(a" — (a—1)") — (2dp" > + 1)a"*' — (a+n)(a — 1)" — 2dp"*(a — 1)"*") > 0.

Substituting 1 =%, d = r"™*, a = 2, and multiplying by r"**, we get the inequality
(n"—(n—r)"(r+1))(2r—n) >0,
which holds since 2r —n > 0 and n > r > 5 by assumption. O

Lemma 3.14. One has

(n+1)(a” — (a—1)")

> 1.
(n+1—a)a"+ (a— 1)+

Proof. The inequality is equivalent to

(n+1D@ —(a—1)")>n+1-a)a"+ (a—1)"t
Substituting a = *, multiplying by r", and dividing by n, we get n" — (r+1)(n —r)" > 0,
which holds since 1 < § <1 <n. U
Lemma 3.15. One has

ad(V)(n+1)(@” — (a—1)")

> 1.
n(a"*+t — (a — 1)n+1)

Proof. We have 6(V) = §(P"~1) = 1. Thus, the required inequality is equivalent to
n(a™™ — (a —1)""") —a(n+1)(a" — (a — 1)") < 0.

Substituting @ = 2, multiplying by "', and dividing by n, we get n™ —(r+1)(n—r)" > 0,
which holds since 1 < § <71 <n. 0

Theorem follows from Lemmas [3.13] [3.14] [3.15] and Theorem [L.I0l
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4. PROOF OF THEOREM [1.12]

The goal of this section is to prove Theorem and describe singular K-polystable
limits of smooth Fano 3-folds in the deformation family Ne4.2. We start with the following
(probably well-known) result, which we fail to find in the literature.

Proposition 4.1. Let C be a (2,2)-curve in P' x P'. Then C is

o GIT stable for PGLy(C) x PGLy(C)-action <= it is smooth,
o GIT strictly polystable <= it is one of the curves in Theorem [L12.

Proof. Choose homogeneous coordinates z, y of degree (1,0) on P! x P! and choose
homogeneous coordinates u, v of degree (0,1). Then C' is given by

2 2
E E air* " y'u? Il =0,

i=0 j=0
Observe that any one parameter subgroup A: C* — PSL,(C) x PSLy(C) is conjugate to
a diagonal one of the form

e (0 (0
0t ) \0 ¢

for some integers > ro > 0 and r; > 0, which we will write as A = (ro, =79, 71, —71).
Then the Hilbert—Mumford function is

u(f, A) = max{ro(2 — 2t) + r1(2 — 2j), a;; # 0}.
Clearly, if u(f,\) < 0, then agg = a9 = agr = 0. Moreover, if this inequality is strict,
then we additionally have a;; = 0. Furthermore, we have
IM(LU2’U2, >\) = _M(y2u27 >\)

So, at least one of asy and ags is zero. Without loss of generality, we assume that asy = 0.
Therefore, if p(f, A) <0, then agy = a19 = apgr = a11 = azy = 0.

Suppose that C' is singular at the point ([1 : 0],[1 : 0]), so that agpy = a0 = ap1 = 0,
and consider the one parameter subgroup A = (1,—1,1, —1). Then

u(f,A) =4 =23 +7),
which is non-positive if and only if ¢ + 7 > 2. But, since a;; = 0 whenever ¢ + j < 2, we
conclude that u(f, A) < 0 and C' is not stable.
Conversely, suppose there exists a one parameter subgroup A for which u(f,\) < 0.
Note that
(vl A) > 0
for any one parameter subgroup A provided that i+ j < 2. This gives agy = a19 = ag1 = 0,
so that the curve C' is singular at ([1: 0], [1: 0]).
Now, let us describe the unstable locus. Suppose that agy = a19 = ag1 = a11 = ag = 0.
Consider the one parameter subgroup A = (1, —1,2, —2). Then

u(fsA) =6 —2(i +2j)
which is negative if and only if ¢ +25 > 3. But since a;; = 0 whenever 7 +2j < 3 it follows
that p(f, A) < 0. Similarly, one can show that C' is GIT-unstable if it can be given by

2.2 2 2 2,2
Ao UV + a122Yyv” + a1y uv + agy v = 0.
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This describes all possibilities for the curve C' to be GIT-semistable, which easily implies
the description of GIT-polystable (2, 2)-curves. O

Now, we set V = P! x P!. Let L = Oy(1,1), let R be a curve in |2L], set
Y =P(Oy ® Oy (L)),
let 7: Y — V be the natural projection, let S~ and S be disjoint sections of 7 such that
ST~ S +7%(L).

Finally, we set F' = 7*(R), and let ¢: X — Y be the blow up at the intersection ST N F.
If R is smooth, then X is K-polystable [6]. Theorem says that X is also K-polystable
in the case when R is one of the following singular curves:

(1) Cy + Cy, where C; and Cy are smooth curves in |L| such that |C] N Cy| = 2;

(2) 1+ ly + €5 + €4, where {1 and {5 are two distinct smooth curves of degree (1,0),

and {3 and ¢4 are two distinct smooth curves of degree (0, 1);
(3) 2C', where C' is a smooth curve in |L].

Now, let us prove Theorem [[.T2l We start with

Remark 4.2. Suppose that R = {1 + {5 + {3+ {4, where {1 and {5 are two distinct smooth
curves in V' of degree (1,0), and ¢3 and ¢4 are two distinct smooth curves of degree (0, 1).
Then X is toric, and it corresponds to the moment polytope in Mr whose vertices are
(0,0,1), (1,0,1), (1,1,1), (0,1,1),
(1,1,0), (-1,1,0), (=1,-1,0), (1,—1,0),
(0,0,-1), (-1,0,—-1), (=1,—-1,-1), (0,—1,-1).
The barycenter of the moment polytope is the origin, so X is K-polystable.
Our next step is the following simple lemma:
Lemma 4.3. Suppose R = 2C' for a smooth curve C € |L|. Then X is K-polystable.

Proof. In this case, the morphism ¢ is a weighted blow up at the intersection 7*(C')N.S*,
and X has non-isolated singularities along a smooth curve, which we will denote by C.
The threefold X can be obtained in a slightly different way. Let us describe it.

Set W =V x IP’l let @w: W — V be the natural projection, let S~ and S+ be its disjoint
sections, and let E = w *(C). Then there exists commutative diagram

/\
\A

where « blows up the intersection curves ENS-and ENS *, and 1) contracts the proper
transform of the surface E to the curve C. Moreover, we may assume that ¢ o 1) maps
the proper transforms of the surfaces S~ and St to the surfaces S~ and S *, respectively.

Let E be the proper transform on the threefold U of the surface E. We may assume
that the curve C' is the diagonal curve in V = P! x P*.Using this, we see that

Aut(X) = Aut(U) = Aut(W, E + S~ + 57) 2 PGLy(C) X (Gyn X f15) X pis,
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and E is the only Aut(X)-invariant prime divisor over X. Thus, using [41], we conclude
that the threefold X is K-polystable if 3(F) > 0. Let us compute 5(F).
We let F~ and F* be a-exceptional surfaces such that a(F~) C S~ and o(F*) C ST,

let S~ and S* be the proper transforms on U of the surfaces S~ and ST, respectively.
Further, set Hy = (pr, 0 a)*(Opi (1)), Hy = (pry 0 a)*(Op1(1)), Hy = (pry 0 )" (Osa (1)),
where pry, pry, pry are projections W — P! such that pr, and pr, factors through w.
Then

W (—Kx)~—Ky ~2(H + Hy+ Hy) — F~ — F* ~2E+ 8§ + 87 + 2(F~ + F*).
Now, we take u € R5(. Then the divisor ¢*(—Kx) — uE is R-rationally equivalent to

(2= u)(Hy+ Hy) +2Hs + (u— 1) (F~ + F) ~p (2—u)E+ 8 + 8 +2(F~ + F*),
and S~ + S +2(F~ 4 F*) is not big, so ¢*(—Kyx) — uE is pseudoeffective <= u < 2.

Moreover, if u € [0, 1], then the divisor ¢*(—Kx) — wE is nef. Furthermore, if u € 1, 2],
then the Zariski decomposition of the divisor ¢*(—Kx) — uFE is given by

W (=Kx) —uE ~p (2= u)(Hy + Hy) + 2Hy+ (u—1)(F~ + F*).

positive part negative part
Hence, we have
~ 1 2 ~
Ey=1-—— vol( (—K —uE)du:
B(E) = 1~ ez [ vol (v (K)
1! 3 1 [? 3
—1- ((2—u)(H1+H2)+2H3+(u—1)(F‘+F+)) du— ((2—u)(H1+H2)+2H3) du =
0 1
1 2 1
— 1_/ 8u3—24u2+28du—/ 12(2 — u)?du = — > 0,
0 1 14
which implies that X is K-polystable. O

To complete the proof of Theorem [[.12] let us present X as a codimension two complete
intersection in a toric variety. Let T' = (C"\ Z(I))/G?, , where the G2 -action is given by

T Yy z w u v s
111110 2],
0000 T1T1FPO0

and I is the irrelevant ideal (x,y, z,w, s) N (u,v). Let P = Proj(Ops @ Ops(1)). Then we

can identify P with the hypersurface in 1" given by

S - f(z’ y’ Z? w)’
where f(z,y,z,w) is any non-zero homogeneous polynomial of degree 2. Since Y can be

obtained by blowing up the quadric cone over the surface {zy = 2w} C P? at the vertex,
we can identify Y with the complete intersection in T" given by

Ty = Zw,
S = f(x7 y7 Z7w)7
Then the projection 7: T"— V is given by

(:L',y,z,w,u,v, ‘9) = (:L",y,z,w),
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where we identify V with {zy = zw} C P3. Then the surface S~ is cut out on Y by v = 0.
Moreover, we can assume that ST is cut out on Y by v = 0, and we can identify R with
the curve in ST that is cut out by s = 0.

Let ¢: T — T be the blow up of T along u = s = 0. Then T = (C®\ Z(I))/G3,, where
the torus action is given by the matrix

t
0
0

OO W
o o = 8
— = =
O~ O
_— O N W

Y
1
0
0

OO~ 8

—1
and the irrelevant ideal
I ={(z,y,z,w,s)N{(x,y,z,w, t) N {u,v) N {u,s) N {v,t).

Then ¢ induces the blow up of ¥ along R. Thus, we can identify X with the complete
intersection in the toric variety T given by

Ty = 2w,
{st = f(z,y,z,w).
Now, the subgroup I' = G, of the group Aut(X) mentioned in Section [Ilcan be explicitly
seen — it consists of all automorphisms
(r,y,z,w,u,v,8,t) = (z,y, z,w, \u, v, s, 1),
where A € C*. Similarly, we can choose the involution ¢ € Aut(X) to be the involution
(z,y,z,w,u,v,s,t) = (x,y, 2, w,v,u,t,s).

Note that ¢ is not canonically defined, since we can conjugate it with an element in I'.
Suppose that R = Cy 4+ Cy, where C; and Cy are smooth curves in |L| that meet
transversally at two points. Then, up to a change of coordinates, we may assume that

where \ € C such that A & {0,2, —2}. Then X is the complete intersection in T' given by

Ty = zw,
{st = 2y — M2 +w?),
Note that Aut(X) contains automorphisms
(r,y,z,w,u,v,s,t) — (,ux, %,z,w,u,v, s,t),

where p € C*. Similarly, the group Aut(X) contains two involutions:
("T:7 y? Z’ w? u? ,U’ S’ t) H (y7 I’ Z? w’ u’ U? S? t)
and
($7 y’ Z? w’ u7 U? S? t) H (:L" y7 w’ Z? u? ,1‘}7 87 t)'

Let G be the subgroup in Aut(X) that is generated by all automorphisms described above.
Then G = G2, X p,, and we have the following result:

Lemma 4.4. The following assertions hold:

(a) X does not contain G-fized points,

(b) X does not contain G-invariant irreducible curves,
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(¢) X contains two G-invariant irreducible surfaces — they are cut out by z +w = 0.

Proof. Left to the reader. O

Now, we can complete the proof of Theorem [[.12l Suppose that X is not K-polystable.
Using [41], we see that there is a G-invariant prime divisor F over X such that S(F) < 0.
Let Z be the center of this divisor on X. By Lemma [£4] Z is a surface and

Z ~ (mo@¢)(L).
Then, as in [16], we compute S(F) = (Z) > 0. This shows that X is K-polystable.

5. PROOF oF THEOREM [I.13]

In this section, we prove Theorem [I.LI3l This result describes all singular K-polystable
limits of smooth Fano 3-folds in the family N¢3.9. To show this, we need

Theorem 5.1 ([20, Theorem 2|, [27, Example 7.13], [3]). Let C be a quartic curve in P2.
Then the curve C' is
o GIT stable for PGL3(C)-action <= it is smooth or has Ay or As-singularities,
o GIT strictly polystable <= it is one of the remaining curves in Theorem [1.13.

Let us prove Theorem [LT3l Set V' = P? set L = Op2(2), and set Y = P(Oy & Oy (L)).
Let m: Y — V be the natural projection, set H = 7*(L), let S~ and ST be disjoint
sections of 7 such that ST ~ S~ + H, and let R be one of the following curves:

(1) a reduced quartic curve with at most A; or A, singularities;

(2) C1 + Cy, where C; and Cy are smooth conics that are tangent at two points;

(3) C' + 41 + £y, where C' is a smooth conic, ¢; and /¢ are distinct lines tangent to C'

(4) 2C, where C'is a smooth conic in |L]|.
Set F' = 7*(R), and let ¢: X — Y be the blow up at the complete intersection ST N F.
Then X is a singular Fano threefold, and our Theorem [[L.13] claims that X is K-polystable.
To prove this, we start with the most singular (and the most symmetric case).

Lemma 5.2. Suppose that R = 2C for a smooth conic C C P2. Then X is K-polystable.

Proof. In this case, the threefold X has non-isolated singularities along a smooth curve,
and the proof is very similar to the proof of Lemma [4.3] Namely, we have

(5.3) Aut(X) 2 PGLy(C) x (G, X py),
and there exists exactly one Aut(X)-invariant prime divisor over X — the exceptional
divisor of the blow up of X along the curve Sing(X). So, to check that X is K-polystable,
it is enough to compute the S-invariant of this prime divisor. Let us give details.

As in the proof of Lemma [£.3] we set W =V x Pt Let @w: W — V be the natural
projection, let S~ and ST be its disjoint sections, and let F = w*(C'). Then there exists

the following commutative diagram:
(5.4) U
2N
w X
N
v
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such that

e « is a blow up along the curves ENS- and E~ﬁ §+,
e ¢ is a contraction of the proper transform of E to the curve Sing(X),
e ¢ o1 maps the proper transforms of S~ and S™ to S~ and ST, respectively.

This easily implies (B.3). Similarly, we see that (5.4) is Aut(X)-equivariant.

Let E be the 1-exceptional d1V1sor Then F is the only Aut(X)-invariant prime divisor
over the threefold X. Thus, if 5(£ ) > 0, them X is K-polystable [41].

We let F~ and F* be a-exceptional surfaces such that a(F~) C S~ and a(F*) C ST,
let S~ and St be the proper transforms on U of the surfaces S~ and S™, respectively.
Set H; = (pr; o a)*(Op:1(1)) for the projection pry: W — P! set Hy = (@ o a)*(Oy(1)).
Then E ~ 2H, — F~ — F*+, which gives

34 1
—E+=(F~+F™").

V' (=Kx)~—Ky ~2H,+3Hy, — F~ — F" ~g 2H1+2 5

Take u € R-(. Then

~ 3—2u 1
w*(—KX)—uE ~R 2H1+(3—2U)H2+(U—1)(F_+F+) ~R 2H1+ E+2(F_+F+)
This shows that ¢*(—Ky) — uE is pseudoeffectlve <= u < 5. Moreover, if u € [0, 1],

then the divisor ¥*(—Kx) — uE is nef. If 1 < u < 2, its Zarlskl decomposition is

W (—Kx) —uE ~g 2Hy + (3 — 2u)Hy+ (u— 1)(F~ + F*).
positiv‘,e part negat;\; part

Hence, we have

BE)=1- ﬁ /03 vol (w*(—KX) . uE> du =

1

g (2H+(3 2u) Hy + ( 1)(F‘+F+))3d ! %(2H +(3 2)H)3d -
= %6 i 1 w)Ho+(u U % : 1 u)ta ) au =

1

3
1 1 [z 7
=1—— [ 16u®— 36u®+ 26du — — 24u? — 72u + bddu = — > 0
% J, U u” + u 26/1 U u+ u 6 ;

which implies that X is K-polystable. 0

Similarly, we can show that X is K-polystable if R = C + C5, where C'; and C5 are
smooth conics that are tangent at two points. Indeed, in this case, the full automorphism
group Aut(X) contains a subgroup G such that

G = (Gp)” % pid,

the threefold X does not contains G-fixed points, and the only G-invariant irreducible

curve in X is a smooth fiber of the conic bundle 7 o ¢. Therefore, arguing exactly as in

the proofs of [6, Lemma 4.64] and [0, Lemma 4.66], we see that X is K-polystable.
However, this approach fails in the case when R has a singular point of type A; or A,.

To overcome this difficulty, we will use another approach described in the end of Section [Il
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Namely, we proved in Section 2] that Aut(X) contains an involution ¢ such that ¢ swaps
the proper transforms of S~ and S, X/t 2 Y, and the following diagram commutes:

YyX\Y
N A

where p is the quotient map. Moreover, we also proved that the double cover p is ramified
over a divisor B € [257]| such that the morphism B — V' induced by 7 is a double cover
ramified in the curve R. Set A = %B . Then

—KX ~Q p*(Ky + A),
and (Y, A) has Kawamata log terminal singularities. Therefore, (Y, A) is a log Fano pair.
Moreover, it follows from [24] that
X is K-polystable <= (Y, %B) is K-polystable.
However, everything in life comes with a price: the action of the group I' = (,,, described
earlier in Section [I] does not descent to Y via p, because I' does not commute with ¢.
Thus, the group Aut(Y, A) is much smaller than the group Aut(X).

To explicitly describe B C Y, consider Y as the toric variety (C°\ Z(I))/G?, such that
the torus action is given by the matrix

Ty T9 X3 T4 Ty
1 1 1 2 0 |,
0 0 0 1 1

with irrelevant ideal I = (x1, 22, x3) N (x4, x5). Let us also consider x4, x9, x3 as coordinates
on V =1P? so that the projection 7 is given by
(1, 9, T3, Tq, T5) > (T1, T9, T3).
Then S™ = {x5 = 0}. Moreover, we may assume that ST = {z4 = 0}, and B is given by
xi — falay, z2, 36’3)$§ =0,

where fy(x1,z2,x3) is a quartic polynomial such that R = {f4(x1, zo, z3) = 0}.
In the remaining part of the section, we will prove that the pair (Y, A) is K-polystable.
Recall that H = 7*(L). Note also that
3

—(Ky —I—A) ~Q ST+ §H

We will split the proof in several lemmas and propositions. We start with
Lemma 5.5. Let P be a point in S—. Then ép(Y,A) > 1.

Proof. Let us apply Lemma We have
A(@® = (a—1)°)  4(a® = (a —1)%)

(4—a)a®+ (a—1)* 3(a* — (a — 1)%)
29
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where D(a) = —(Ky + A) and a = 2. Thus, we have

5"

. (26 13
But
B 2 3 3 3, 3
S(ViL) = 5(\/; g(—KV)) =50(Vi=Ky) = 50(V) = 50(F°) = 5,
so that 6p(Y, A) > 12. O

Similarly, applying Proposition B.5 we obtain
Lemma 5.6. Let P be a point Y such that P & Sing(B). Then 0p(Y,A) > 1.
Proof. By Lemma [5.5 we may assume that P ¢ S~. Then Proposition gives

8(3a2 — 3a + 1)
op(Y,A) =0p(Y;D > ’
(Vs 8) = 0r(Y3 Dla)) > o0 A0 i & 8(dp — D)o — 24 1 3
where D(a) = —(Ky + A), a =3, d=L? =4, p=1. This gives 6p(Y,A) > 22. O
The two most difficult parts of the proof that (Y, A) is K-polystable are the following
two propositions, which will be proved in Subsections [B.1] and later.

Proposition 5.7. Let P be a point in B that such B has singular point of type Ay at P,
and let F be a prime divisor over Y such that P = Cy(F). Then By a(F) > 0.

Proposition 5.8. Let P be a point in B such that B has singular point of type Ay at P,
and let F be a prime divisor over Y such that P = Cy(F). Then By a(F) > 0.

By Lemmas 5.5 and 5.6l and Propositions 5.7 and 5.8 the log pair (Y, A) is K-stable in
the case when R is a reduced plane quartic curve that has at most A; or A, singularities.
Therefore, to complete the proof, we may assume that R is one of the following curves:

(2) C1 + Cy, where C; and C; are smooth conics that are tangent at two points;
(3) C + 41 + £y, where C'is a smooth conic, ¢; and ¢y are distinct lines tangent to C
(4) 2C, where C' is a smooth conic in |L]|.

Hence, appropriately changing coordinates 1, x5, x3, we may assume that
fa(x1, 20, 23) = (2129 — 23) (2129 — A23),
where one of the following three cases holds:
(2) M ¢ {0,1}, R = Cy + Cy, where C; = {129 = 23} and Cy = {x129 = \2i};

(3) A=0, R=C+/{;+{y, where C = {x 29 = 23}, {4, = {x; = 0} and {, = {z, = 0};
(4) A=1, R=2C, where C' = {z 15 = 13}.

In each case, the group Aut(Y, A) contains an involution 7 such that
T(flfl, T2, T3, Ty, I5) = (I27 X1, 23,4, LU5).
Lemma 5.9. Suppose that A & {0,1}. Then (Y, A) is K-polystable.

Proof. Suppose (Y, A) is not K-polystable. It follows from [41] that there is a (7)-invariant
prime divisor F over Y such that Sy a(F) < 0. Let P be a general point in Cy (F). Then

op(V,A) < 1.
But P ¢ Sing(B), since Sing(B) consists of two singular points that are swapped by 7.
Then 6p(Y,A) > 1 by Lemmas [5.5] and [5.6], which is a contradiction. O
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Lemma 5.10. Suppose A = 0. Then (Y, A) is K-polystable.

Proof. The surface B has a singular point of type A;, and two singular points of type Ags,
that are swapped by 7. Arguing as in the proof of Lemma and using Propositions [5.7]
we see that X is K-polystable. 0

Lemma 5.11 (cf. Lemma [B.2). Suppose A = 1. Then (Y, A) is K-polystable.

Proof. In this case, we have R = 2C, where C' is an irreducible conic. Then B = By + By,
where By and By are smooth surfaces in |S™| that intersect transversally along a smooth
curve such that 7(B; N By) = C.

We already know from Lemma that the threefold X is K-polystable in this case,
so that (Y, A) is also K-polystable [24]. Let us prove this directly for consistency.

Let W =V x IP’l let w: W — V be the natural projection, let S- Bl, B, be its disjoint
sections, and let E = w *(C'). Then there exists the following commutative diagram:

WyUYY
N

such that « is a blow up along the curve ENS ~, the morphism v is a contraction of
the proper transform of the surface E to the intersection curve B N By such that ¢ maps

the proper transforms of the surfaces S -, El, B, to the surfaces S ~, By, Bs, respectively.
Then

Aut(Y,A) =2 Aut(U) = Aut (W, By + By + E + S7) 2 PGLy(C) X p,.

Note that the commutative diagram above is Aut(Y, A)-equivariant.

Let F' be a-exceptional surface, let E be the y-exceptional surface, let Bl and Bg be
the proper transforms on U of the surfaces B; and Bs, respectively. Set A= 2(Bl + Bg).
Then Ky + A ~g ¢*(Ky + A), so that ¢ is log crepant for (U, A). Then Ay,A(E) = 1.

First, we compute SYA(E). Set Hy = (pr; o @)*(Op1(1)) and Hy = (w o a)*(Oy (1)),
where pr, is the natural projection W — P'. Then A ~q H; and E ~ 2H,; — F, so that

~ 3~ 1
U (Ky + A) ~g Ky + A ~g Hi +3H, — F ~g H1+§E+§F.
Let u be a non-negative real number. Then
. ~ 3—2u~ 1
Qﬂ(Ky+A)—UENRH1+(3—2u)H2+(u—1)FNRH1—|— 9 E+§F,
and this divisor is pseudoeffective <= u < 2. For u € [0,2], let P(u) be the positive

part of the Zariski decomposition of ¢*( Ky +A) uE, and let N (u) be the negative part.
Then
Hi+B-2u)Hy+ (u—1)Fif0<u<l,
P(u) ~r

Hi+ (3= 20)Hy if 1 Su <3,
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and
0if0<u<l,

N(u) =
(W) (u—1Fif 1 <u<

DO W

This gives
~ ~ 1 3 5
Bra(B) = AvalB) ~ g /0 (P(w))*du =
1

1 3 1 3 3
=14/ (2H1+(3—2U)H2+(u—1)F) du—l—g/ <2H1+(3—2u)H2> du =

1 3
:1—/ 8u3—18u2—|—13du—/ 1202 —36u+27du-2—76>0
0 1

Suppose that (Y, A) is not K-polystable. By [41], there exists an Aut(Y, A)-invariant
prime divisor F over Y such that Sy a(F) < 0. Let Z be its center on Y. Then

5P(Y7 A) <1

for every point P € Z. Hence, it follows from Lemmas [5.5] and B.6] that Z C B; N Bs.
Hence, since Z is a Aut(Y, A)-invariant irreducible subvariety, we see that Z =B N Bg

Let Z be the center of the divisor F on the threefold U. Then 7 + E, since B(E) >
Moreover, since Z C E and Z is Aut(U)-invariant, we see that Z is a Aut(U)-invariant
section of the natural projection E — Z. Set A= Ky + A. Then

02 Bya(F) = Aya(F) — Sa(F) = Ay z(F) — Sa(F),
because Ky + A ~g V*(Ky + A). Moreover, it follows from [2] 6, [17] that

1> AU,E(F) > min 1A 1
Sa(F) SA(E) S4(WE,; Z)

where SA(WE Z) is defined in [6, Section 1.7]. But S4(E) =

e.0)

s0 SA(VI/'.E,7 Z) > 1.

%>
Let us compute S A(W,E,, Z ). Using [6, Corollary 1.109], we see that

Sa (W,E,,Z) %/% (P(u)}ﬁ)Qordé(N(u)}E) + %/% /00 vol (P(u)]| 5 —v?)dvdu,

which is easy to compute, because E =~ P! x P! Let us do this.
Let s = FN E. Then s is a section of the projection E — Z. Let f be a fiber of this
projection. Then

(6 —4u)f +usif 0 <u <1,
3
E (6 —du)f +sif 1 Su< g,

and
0if0<u<l,

(u—1)sif 1 <u<
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Thus, we see that SA(WE ARS SA(WF.;S) and

. @)

3

SA(WF.;S) = 3/2 ((6—4u)f+s) u—1) du+—/ / ((6—4u)f+ (u—v)s ) dvdu+
1

13
+ — : / (6 —4u)f + (1 —v)s ) dvdu = ﬁ 2(6 4u)(u — 1)du+
// (6 —4u)( u—vdvdu+—/ / (6 — 4u)( 1—v)dvdu-—
which is a contradiction. O

In the remaining part of this sections, we will prove Proposition B.7] and 5.8

5.1. Proof of Proposition[5.7. Let us use notations introduced in earlier in this section
before Proposition 5.7, and let P be an isolated ordinary double point of the surface B.
Then, up to a change of coordinates, we may assume that P = (0,0,1,0,1) and

fa(x1,m9,1) = 27 + 25 + higher order terms.

Let p: Yy — Y be the blow up at P. Then Yj is the toric variety (C°\ Z(ly))/G3, for
the torus action given by

0o 1 1 1 2 0
M= 0 0 0 0 1 1
10 0 1 1 0

with irrelevant ideal Iy = (x1, xa, x3) N (21, 2, x4) N (T4, T5) N (X0, T3) N (X0, 5). To describe
its fan, denote the vector generating the ray corresponding to x; by v;. Then
UOZ(laLl)a 01:(17()’0)7 U2:(O>1a0)7
vy = (—1,—-1,-2), vy = (0,0,1), vs = (0,0, —1).

The cone structure can be derived from the irrelevant ideal I, and it can can be visualized
via the following diagram:




Let F; = {x; = 0} C Yp, and let C;; = F; N Fj for i # j such that dim(F; N F;) = 1.
Consider the Z3-grading of Pic(Yy) given by M. If Dy and D, are two divisors in Pic(Yp),
then it follows from [10, Chapter 5] that

Dy~ Dy <— degM(Dl) = degM(Dg)

Moreover, we have

EH(%) = <F07 F17 F5>

and

NE(%) = <0127 C157 COl)-
In particular, a divisor D with deg,,(D) = (a,b, ¢) is effective <= all a,b,c > 0.

Lemma 5.12. Intersections of divisors Fy, F1, Fs are given the following table:

F3 | F2F, | F2Fs | FyF2 | FyF\Fs | FyF2 | F3 | F2F, | FF2 | F3

1] -1 0 1 0 0 |—-1 1 -2 | 4

Proof. Recall that for distinct torus-invariant divisors F;, Fj, F}, we may compute their
intersection using the fan and the cone structure (or the irrelevant ideal)

0 l’il’jl’k € Io
FFF, = !

—— otherwise.
‘ det{v;,v;,v5} ‘

This fact together with the linear equivalences implies the required assertion. O

Using Lemma [5.12, we obtain the following intersection table:

[ ] FO Fl F5

Coll 1 ]=111
Cis|| 0] 1 |-2
Cor|—1| 1] 0
Now, we set A = —(Ky + A). Take u € R5. Set
L(u) = p*(A) — uFy.

Then L(u) ~g (3 —u)Fy+ 3F, + F5. So, the divisor L(u) is pseudo-effective <= u < 3.
Let us find a Zariski decomposition of the divisor L(u) for u € [0, 3].

The divisor L(u) is nef for u € [0,1]. We have L(1) - C15 = 0. Since C}2 is a flopping
curve, we have to consider a small Q-factorial modification Yy --+ Y7 such that

Yy = (C°\ Z(I))/G;,,

where the torus-action is the same (given by the matrix M) and the irrelevant ideal
Iy = (@1, 22) N (24, w5) N (20, T3),

which is obtained from Iy by replacing (zg, x5) with (z1,x2). The fan of Y] is generated

by the same vectors, but the cone structure is different:
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Abusing our previous notations, we denote the divisor {z; = 0} C Y} also by Fj, and
we let Cj; = F; N Fj for i # j such that F; N Fj is a curve. As above, we see that

NE(Y1) = (Co1, C15, Cos) -

Moreover, intersections of divisors on Y; are described in the following table:

Fg’ F02F1 F02F5 F0F12 FoFy Fy FOF52 F13 F12F5 FIF52 FS3

0 0 -1 0 1 -1 (0 0 -1 |3

Using these intersections, we obtain the following intersection table:

® FO F1 F5

Cos || -1 1 |—-1
Cis|| 1|0 ]-1
Coi| O]07] 1

The proper transform on Y; of the divisor L(u) is nef for u € [1,2], and it intersects
the curve Ci5 trivially for u = 2. Note that Ci5 ~ Cy5 on the surface Fs, which implies that
the divisor Fj is contained in the negative part of the Zariski decomposition of the proper
transform of the divisor L(u). In fact, we have N(u) = (u — 2)F5 and

Pu) = (3 = u)(Fo+ F5) + 3,

where N(u) is the negative part of the decomposition, and P(u) is the positive part.

Lemma 5.13. One has Ay a(Fy) = 2 and Sa(Fy) = 32, so that

26’
Aya(Fy) _ 52
Sa(Fp) 49
Proof. The equality Ay a(Fp) = 2 is obvious. Moreover, we have
—u® +13 u € [0,1]
vol(L(u)) = ¢ —3u®*+3u+12 we|l,2]

3u® — 18u? +27u  u € [2,3].
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Thus, we compute
1 [? 4
Sa(Fy) = —/ vol(L(u))du = 19
0 26

as claimed. O

Now, we construct a common toric resolution Y for Yy and Y;. Such variety is easy to
see from the fans of Y and Y;, we want to add the following ray:

ve = (1,1,0) € (v1, va) N (vo, vs),

Set Y to be the toric variety corresponding to vy, .. ., vs with the following cone structure:

Let ¢q: Y = Y, and p1: Y — Y, be the corresponding toric birational maps. Then
® (g is the blow up of Y} along the curve Cjs,,
e oy is the blow up of Y] along the curve Cps.

Set F; = {z; =0} C Y. Then Fg is the exceptional divisor of ¢y and ¢.
The Zariski decomposition of the divisor ¢f(L(u)) can be described as follows:

(3 — u)Fy + 3F) + Fy + 3F; u e [0,1],
Pu)~p{ B—uw)Fy+3F + Fs+ (4 —u)Fs  uwell,2],
(3—u)(Fy+ F5) +3F, + (6 —2u)Fy  ue[2,3],

and
0 u € [0,
N(u)={ (u—1)Fg uell
(u—2)Fs+ (2u—3)Fs e [2,3],

where P(u) is the positive part, and N (u) is the negative part. Note that

Let o: Fy — Fy be the morphism induced by ¢y. Then o is a blow up at one point.
So, we have ﬁo >~ [F,. Let e be the o-exceptional curve, and let f be a fiber of the natural
projection Fy — P'. Then ﬁ’0|ﬁ0 ~ —e—f, §1|ﬁ0 ~ f, ﬁ5|ﬁ0 ~ 0, f6|ﬁ0 = e, which gives

u(f +e) u € [0,1],
P(u)|z = uf +e u € [1,2],

Fo
uf + (3 —u)e we2,3],
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and
0 u € [0,1],

Nz =3 (u—1e wuell,2]
(2u—3)e we 23]
We are ready to apply [2, 6, [I7]. Set Br, = p;'(B)|r, and Ag, = 1Bp,. Set
A E
5(F0, AFm ‘/.Fi)) = inf %0()
E/Fo S(WE; E)

where the infimum is taken over all prime divisors E over Fj, and

3 oo
S(Wre E) = jg / (P(w)|; ) “ordp (N (u)] / / vol(P(u)| = — vE)dvdu.
Let F be a prime divisor over Y such that P = Cy (F). P:ecall that
By a(F) =Aya(F) — Sa(F) = Ay a(F) — % /000 vol(A — uF)du.
It follows from [17, Theorem 4.8] and [17, Corollary 4.9] that

Aya(F) [ Ay a(Fp) Iz
AU S 5p(Y, A) > min { 20200 sp Ay v
SA(F) P( ) min SA(F(]) ( 0 Fo )
Suppose By a(F) < 0. Then it follows from (5.14]) and Lemma [5.T3 that there is a prime
divisor E over Fj such that

(5.15) S(WFO E) > Apap (E).

(5.14)

e.0)

Let Z be the center of the divisor E on the surface Fy. Note that o(e) & Bp,.
Lemma 5.16. One has ZNe =g
Proof. Note that Ag, A, (€) = 2. Let us compute S(WFO e). For u € [0, 3], let

e.0)

t(u) = sup {v € Ry | P(u)|z — ve is pseudoeffectlve}

For every v € [0,t(u)], let us denote by (u, v) and N (u,v) the positive and the negative
parts of the Zariski decompositions of the divisor P(u)|z — ve, respectively. Then

3 3
S(Whse) = 33/ Ofde(N(U)\ﬁo)d“Jr%/
0 0

Observe that

/ (P(u,v)) dvdu.

Moreover, we have

u u € [0,1],
tlu) =<1 u € [1,2],
3—u u€l23]



Furthermore, we have N(u,v) = 0 for every u € [0, 3] and v € [0,(u)]. Finally, we have
uf + (u—wv)e ue[O 1J,v €0

P(u,v) =< uf + (1 —v)e €[1,2],v
uf+(3—u—v)e u€[2,3]

yul,
e [0,1],

€ (0,3 —ul,
which gives

u? — v [Ov ],’UE[O,U],
1

u e 1
(P(u,0))? = w2 —(1—v—u)? well,2,vel01]
—(3—2u—v)2 u € [2,3],ve€0,3—ul.

Integrating, we get S(VI/';’TE7 e) =13 < 2= Apa, (e), so that Z # e by (EI9).

Suppose that Z Ne # . Let O be a point of the intersection Z Ne. Then it follows
from [17, Theorem 4.17] and [17, Corollary 4.18] that

Apyap, (E) . 2 1 13 1
———=—— > min = , = = min —_—
SWE B) SWie) swlve.0) 10" gwive; 0)

where
3 t(u)
S(Wfﬂ f,O 33 // dvdu
0 0
Integrating, we get S(W,FS ¢;0) =23 which contradicts (5.15). O

Thus, we see that Z is disjoint from e. In particular, we see that

ZﬁSupp( —Q

W)lz)

for every u € [0, 3]. This will simplify some formulas in the following,.

Let By be the strict transform on Fy of the curve B rp- Then Bg is a smooth irreducible
curve in [2(e + f)[. Set Ap = %Bﬁo' Let O be a point in Z. We may assume that O € f.
Then there are three cases to consider:

(1) O & B,
(2) O € B, Nf, and f intersects By transversely at the point O,
(3) O = Bp Nf, and f is tangent to By, at the point O.

Let 0: 130 — ﬁo be a plt blow up of the point O defined as follows:

e the map 6 is an ordinary blow up in the case when O ¢ Bg, , or when O € By Nf,
and the fiber f intersects the curve By transversely at the point O,

e the map 6 is a weighted blow up at the point O = Bg Nf with weights (1,2) such
that the proper transforms on ﬁo of the curves B 7, and f are disjoint in the case
when the fiber f is tangent to the curve Bg at the point O.

Let C be the #-exceptional curve. We have C' = P!. Let B 7, be the proper transform on

the surface 130 of the curve Bg . Set Aﬁo = %Bﬁo‘ Let Ac be the effective Q-divisor on
the curve C' known as the different, which can be defined via the adjunction formula:

Ko+ Ac = (Kg +A3)] o
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If 0 is a usual blow up, then A¢g = A p‘0|c- Similarly, if 0 is a weighted blow up, then

1

+ o,

AC:AF\O‘C 2

where o is the singular point of the surface F, contained in €' — o is an ordinary double
point, which is not contained in the proper transforms of the curves By and f.
Now, for u € [0, 3], we let

~

t(u) = sup {v €Rso | 07 (P )|F) —o(C'is pseudoeffectlve}

For every v € [0,%(u)], let us denote by P(u,v) and N(u v) the positive and the negative
parts of the Zariski decompositions of the divisor 6*(P(u)|z ) — vC, respectively. Then

A 0,AF, E A 0,AF, C A
(517 13 Ao [ ARan(0) 4 Acsc(@)
S(Wa3: B) S(Wa3:0) = 5(Waed:Q)
by (B.I5) and [17, Corollary 4.18], where the infimum is taken by all points @ € C', and

3 3
SV = [ [ (P
0
3 £
6
Fo(Wree) 3/
0

Denote by € and T the proper transforms of the curves e and f, respectively.

)

—~

) dvdu + FQ(W,FE, )

o\

for
u

—~

- (') ordg (N(u, v) ‘C)dvdu.

o\

Lemma 5.18. Suppose that 0 is an ordinary blow up. Let Q) be a point in C'. Then
ARy ag, (C) 39
S(WJ; C) ” %9

and

Acac(Q) S 13
s(WiiQ) 10
Proof. One has

u(f+e+0C) u € [0,1],
0" (P(u)lz) ~r  u(f +C)+€ u € [1,2],
u(f+C)+ (B3 —u)e wue|23
This easily implies that ¢(u) = u and
(0 u € [0,1],v € [0,u],
0 u € [1,2],v €[0,1],
N(u,v) = ¢ (v—=1)f ue[l,2],ve[l,ul,
0 u € [2,3],vel0,3—ul,
(v+u—3)f wel2,3],vel3—u,ul,



so that

u(f +e)+ (u—v)C u € [0,1],v € [0,u],
uf + (u—v)C +8 u € [1,2],v € [0,1],
Plu,v) =< (u—v+1)f+ (u—v)C+8 u € [1,2],v e [l,ul,
uf + (u—v)C +8 u € [2,3],vel0,3—ul,
B-—v)f+(u—v)C+(3—u)e wue]2,3,veE[3—u,ul,
which gives
(u? — v? u € [0,1],v € [0,u],
—v? +2u—1 u e [1,2],v € [0,1],
(ﬁ(u,v)) =q2u—2v u € [1,2],v € [1,u],
—3u? —v*+12u—9 we[2,3,ve(0,3—u,
[ —2u? 4+ 2uv + 6u — 6v  u € [2,3],v € [3 — u,u

Thus, integrating, we get S(Wﬁo' C) = 2. Note that

o)

3 0¢€ Bz,
AFOvAFo (C) - {; O € Bljo
Fo-

This gives the first required inequality. Similarly, we compute

_ 9 ~
S(We2dsQ) = 55 + Fa(Wa3d)
where
_ 1 o=fncC
o (whey — ) 2% Q ’
Q( *ee ) {O otherwise.
Observe that
1 € B,
Acac(Q) =42 @ "o
1 Q¢ Bg,.

Moreover, if O € Bg Nf, the intersection C'N f consists of a single point, which is not
contained in Bg . Thus, we have

13 N
= Q=0nNf,
AchC (Q) — g Q o C ﬂ B"
S(Whe: 6 otherwise,
( 0 Q) % otherwise.
which implies the second required inequality. O

Thus, it follows from (5.I7) and LemmaB.I8 that O = Bz Nf, so f and By, are tangent
at the point O. Then 6 is a weighted blow up with weights (1,2). We have

o~

u(f +e+20)

u € [0,1],
u(f +2C)+e€ u € [1,2],
u(f+2C)+ (3—u)e we (23]
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This gives £(u) = 2u. Moreover, we have

0 u € [0,1],v € [0,u],
(v—u)(f+@) u € [0,1],v € [u,2ul,
0 u € [1,2],v € [0,1],
Riwv) = v1f uwell,2,vell,2u—1],
(v—u)f+(wv—2u+1)e well,2,vel,2u—1],
0 u e [2,3],v€0,3—ul,
vtu—5§ ue(2,3],vel0,3u— 3|
(v —wf+(v+3-3ue wuel23]ve [3u—3 24,
and
(2u—v)C’+uf+ue u € [0,1],v € [0,ul,
(2u—v)(C+f+e) u € [0,1],v € [u,2ul,
(2u—v)C +uf +@ u € [1,2],v € [0,1],
Plu,v) = (2u—v)C—|—2“ ”+1f+e uel,2,vell,2u—1],
’ (2u—v)(0+f+e) ue[1,2],vel,2u—1],
(2u — v)C + uf + (3 —u)e u € [2,3],ve0,3—ul,
(2u —v)C + *=5* UmUHSE L (3 —w)e w e [2,3),v € [0,3u— 3],
\(2u—v)(0—|—f+e) u € [2,3],v € [3u— 3,2u]
Then
(u2—§ u € [0,1],v € [0,u],
(2";7’)2 u € [0,1],v € [u,2ul,
2u—1-2% well,2],vel0,1],
(ﬁ(u,v))2= ?;i_—v)g—é u€[1,2],v € [l,2u—1],
5 ue[1,2],vel,2u—1],
120—9—3u®—% we(2,3,ve(0,3—ul,
(Buz20-9){u=3) ue[2,3],vel0,3u—3,
| Qe ue[2,3],v € Bu— 3,2

Now, integrating, we get S(Wfﬁ, C) = 33. Thus, since ARyap, (C) = 2, we get
Apag (C) 52

Swhcy 49

so it follows from (5.I7) that there is a point () € C such that S(WFEZ,C; Q) = Aca.(Q).
On the other hand, we compute

SOVEG:Q) = o + Fo (W)
where
, ~
Aoy |2 Q=0Cnf,
Fq (W.,., ) {0 otherwise.
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Recall that B, and f are disjoint and do not contain the singular point of the surface ﬁo.
Moreover, we have

% Q=CNB~B Py’

Acac(@ =13 Q= Sing(F).

1 otherwise.
Thus, summarizing, we get
Q=0Cnf,
R=CnNBH8 £y
Q = Sing(Fy),

otherwise.

AC,AAC (Q)
S(Wase; Q)

13
12
26
9
26
9
52
9

In particular, we see that S (W,ﬁ 2;9 Q) < Aca.(Q) in every possible case. The obtained
contradiction completes the proof of Proposition 5.7

5.2. Proof of Proposition [5.8. Let us use notations introduced earlier in this section
before Proposition 5.8 and let P be a singular point of type A, of the surface B € [257|.
Then, up to a change of coordinates, we may assume that P = (0,0,1,0,1) and

fa(x1,m9,1) = 27 + 23 + higher order terms.

Let p: Yy — Y be the blow up if the point P with weights (3,2,3) with respect to
variables (z1, T2, 74). We may describe Yj as a toric variety given as (C®\ Z(I,))/G?,,
where the action is given by the matrix

0O 1 1 1 2 O
M= 0O 0 0 0 1 1 ’
1 01 3 3 0

where the irrelevant ideal Iy = (1,29, 23) N (X1, T2, x4) N (T4, x5) N (X0, T3) N (X0, T5).
To describe the fan of the toric threefold Y}, we denote by v; the vector generating the ray
corresponding to x;. Then

Vo = (3a273)a U1 = (170a0)7 Vg = (07 1a0)>
V3 = (_17 _17 _2>7 V4 = (0707 1)7 Us = (0707 _1)7

and the cone structure can be visualized with the following diagram:




Let F; = {z; =0} C Y; and C;; = F; N Fj for i # j such that dim(F; N Fj) = 1. Then

EH(%) = <F07 F17 F5>

and

NE(Yy) = (Cia, C15,Co1).

Intersections of divisors Fy, I}, F5 are described in following table:

F3 | F2F, | F2Fs | FyF? | FyF\Fs | FyF2 | F3 | F2Fs | FiF2 | F?

1 1 1 3
Ll =110 ! 0 0 |3 1 | -2 |4

This gives the following intersection table:

[ ] FO Fl F5

Q

ot

O Wi
—_

|

[\

Co | —%
Now, we set A = —(Ky + A). Take u € Ryg. Set L(u) = p*(A) — uFy. Then

L(u) ~R (9 - U)Fo + 3F1 + F5,

N[

so L(u) is pseudo-effective <= u < 9. Let us find the Zariski decomposition for L(u).

Observe that L(u) is nef for u € [0,3]. Since L(3) - C12 = 0 and C}2 is unique in its
numerical equivalence class, we consider a small Q-factorial modification Y, --» Y] along
the curve Cy such that

Y1 = (C°\ Z(1)) /Gy,
where the torus-action is the same, and the irrelevant ideal
Iy = (@1, 22) N (x4, T5) N (T0, X3).

The fan of Y] is generated by the same vectors, but the cone structure is different:

Abusing our previous notations, we denote the divisor {x; = 0} C Y] also by Fj, and
we let C;; = F; N Fj for i # j such that F; N Fj is a curve. Then NE(Y;) = (Co1, Ci5, Cos),

and intersections on Y] are described in the following two tables:
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3| F3F | FRFs | RF} | FyF\Fy | RO F2 | FP | F2Fs | W F2 | F3
o o [ -] o0 | L+ | =3]o|-%2|-31]3
o | Fy | F| Fs
Cos | —3| % |4
Cis | & |-4]-
Cal 0] 0|32

Thus, we see that the proper transform on Y; of the divisor L(u) is nef for u € [3, 5],
and it intersects the curve (5 trivially for u« = 5. Since (5 is unique in its numerical
equivalence class, we consider another small Q-factorial modification Y; --+ Y5 such that

Yy = (C°\ Z(12)) /G,
where the torus-action is again given by the matrix M and the irrelevant ideal
I = (@1, 22) N (24, w5) N (21, T5) N (To, T2, T3) N (T, T3, T4)-

Then the fan of Y, is generated by the same vectors, but the cone structure is different:

We abuse our notations again and denote the divisor {z; = 0} C Y5 also by F;. Similarly,
we let C;; = F;N F; for i # j such that F; N F} is a curve. Then NE(Yz) = (Co1, Coz, Cos),
and intersections on Y, are described in the following two tables:

F3 | F2F, | F2Fy | FyF? | FyR\Fy | FoF2 | F3 | F2Fy | FLF2 | F3

3| 5 | 5 | 5| 0 [ -L]5] 0] 03
e |Ly| Fy | Fs
Cos |l 510 |—1
Cos|5| 1|1
Cal| s |—-3]0




The proper transform on Y5 of the divisor L(u) is nef for u € [5,6], and it intersects
both curves Cy; and Cys trivially for u = 6. Furthermore, if u € [6, 9], then the negative
part of the Zariski decomposition of the divisor L(u) on the threefold Y5 is

Nu) = (u—6)F + “=°

F5>

3
while the positive part is P(u) ~g (9 — u)(Fo + Fi + 5 F5). This gives
13- u € 0,3,
—u?+43+23
—u st u € [3,5],
vol(L(u)) =9, 4% o5 4
su’ — 8u’ + su u € [5,6],
[6,9]

—su® +3u® —27Tu+81 w € [6,9].

Integrating, we get Sa(Fp) = 2. Since Aya(Fy) =5, we get ASY;‘A(}:?))) — 130 5 g,

Next we construct a partial common toric resolution for Yy, Y7, Y5, which is easy to see
from fan toric picture: we want to add the following rays:

Vg = (3, 2,0) - <’01,U2> N <’Uo,’U5>,
V7 = (1, O, —1) c <'U(),’Ug> N <U0, U3>,
vs = (3,1,0) € (v1,v2) N (o, v3).

Set Y be the toric variety corresponding to vy, ..., vs with the following cone structure:

Then we have the following toric diagram:

Y
N
Y1/2 Y(]ll
/| |
Yig -------------- > You
RN
Y 4o Vi gmmmmmmmes Yo

where toric maps can be described as follows:
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map center weights | exceptional divisor relation

vy |Tm=22=0] (3,2) {z¢ =0} vy + 209 = vg
P |mo=z5=0] (1,3) {z¢ = 0} vy + 3vs = Vg
o |z1=25=0| (1,1) {z7 =0} v+ U5 = vy
oy |19 =13 = (1,2) {z; =0} vy + 2v3 = vy
v olxy=x5=0] (1,1) {z; =0} v + U5 = U7
o lxo=25=0| (1,3) {z¢ = 0} v + 3us = vg
Yor |1 =126=0] 5(3,1) {5 =0} 3v, + v = 2ug
o2 |29 =27=0 %(1, 3) {zg =0} v + vy = 20y

1(a, b) indicates that the variety has an A;-singularity along the center of blow up.

Now, we set g = tho1 09" 01y, 1
divisor {z; =0} C Y. Then

Here,
= g1 0 01y, s = g3 00" 00y. Let F; be the toric

SOS(FO) ~Q F07
©0o(F1) ~q Fy +3Fs + Fr + 3F8,
SOS(FS)N F5+F77
) 1~
@i (Fy) ~q Fo+ Fs + s

* = = 3%
©1(F1) NQF1+F7+§F87

* T
@1 (F5) ~q F5 + 3Fs + F7 + §F87
QO;(FQ) ~Q ﬁo + ﬁﬁ —+ ﬁ7 + 21?’8,
@;(Fl) ~Q F17
QOS(F5) ~Q F5 + 3F6

Using this, we describe the Zariski decomposition of the divisor ¢f(L(u)) as follows:

(9—u)F0+3F1+F5+9F6+4F7+9F8 u € [0, 3],
Blu) ~ (9= w)Fy +3F1 + F5 + (12 — u) Fs + 4F; + 2374 F _uwef3,s]
(9 — )%+%}H%(m-@&+@—@ﬂ+%%wﬁgueﬁ%
(9—u)(Fo+ F, + F5+2F6+F7+2F8) u € [6,9],
and

0 u € [0,3],

N(u) ) (u— 3)F6 + 4 Fg N u € [3,5],

(u— 3)Fs + (u — 5)F; + (2u — 9) Fy u € [5,6],

(u—6)F + “Fs + (2u — ) Fs + (u—5)Fy + (2u— 9y u € [6,9].
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where P(u) is the positive part, and N (u) is the negative part. N N
Now, we describe P(u)|z and N(u)|z for every u € [0,9]. We have Y = (C”\ I)/G?,,
where the torus action is given by the matrix

o X1 T2 I3 X4 Ty Tg X7 I
o 1.1 1 2 0 0 0 O
. o 6 06 0 1 1 0 0 O
M = 10 1 3 3 0 0 0 0 [,
0o o1 3 6 0 1 0 0
0o o 1 1 3 0 0 1 0
0o 0 2 3 6 0 0 0 1

and the irrelevant ideal
T =(wo, m3) N (o, x5) N (T0, T7) N {21, 22) N (w1, 5) N (21, T6) N (T2, T7) N (w3, T5)
N <.§L’3, IL’G> N <I‘3, l’g) N <I‘4, .fo5> N <I‘4,I‘6> N <.§L’4,I‘7> N <.§L’4, l’8> M <I‘5, l’8>.

To obtain a similar description of the surface ﬁo, set £y = 0, eliminate the first row in M ,
and set x3 = x5 = x7y = 1, since I C (xq, z3) N (xg, x5) N (o, z7). The resulting matrix is

T

8
8

2 T4 Tg 8

= O N
_ O O

3
0
0

W W W

0
1
0

Using this, we see that Fy = (C\ Z(Ig,))/G3,, where the torus action is given by

Z1 R2 k3 R4 Z5
1 1 2 0 0
0 1 0 1 0 ’
0 1 1 0 1
and Iy = (21, 23) N (21, 24) N (22, 22) N (22, 25) N (23, 25). We can see from the matrices that

xl‘ﬁozzl, l’g}FO:Z:g, I4‘b:0222, I‘g‘ﬁo = Z4, $2}F0:Z5.
The fan of the toric surface Fy is given by
w1 = (1,0), Wo = (—1, —2>, w3 = (0, 1), Wy = (1,2), Wy = (1, 1)

with obvious cone structure. For i € {1,2,3,4,5}, let C; be the curve in 150 given z; = 0.

The cone of effective divisors of the surface Fy is generated by the curves C, Cy, C5, and
their intersection form is given in the following table:

L4 Cl 04 05

|l —
Cull 0 | =111
Cs| 1|1 |=2




Further, we compute

4C + 20y + 2Cs ue0,3]
Bl o J3CHHCat (4 215 ue s,
R 5O Gt (3 40 u€ 5,6
(6-3)C1i+(B-$Ci+B-5C uel6.9)
and
0 u e [3a5]a
N 1=3(9C, + Cs) u € [3,5]
N o 6 Y Y
(u)‘FO UT_?’C4 + 2u3—905 u e [5,6],
[6,9]

(u—6)C’1 + 2u3_9(204+05) u € 16,9].

Let 6: ﬁo — Iy be the morphism induced by ¢g. Then 6 is a birational morphism that
contracts Cy and Cs. Set Oy = 0(Cy), Cy = 0(Cy), C3 = 6(C3), identify Fy = P(1,1,2)
with coordinates Zj, Zy, Z3 such that Cy, = {z = 0}, Cy = {% = 0}, O3 = {z3 = 0},
where Z; and Z; are coordinates of weight 1, and Z3 is a coordinate of weight 2. Then

9(C4) = 9(C5) :Ul r\lég = [O 01 ZO],

and 6 is a composition of the ordinary blow up at the point [0 : 1 : 0] with the consecutive
blow up at the point on the proper transform of the curve C'3. Note that C5 is the proper
transform of the exceptional curve for the first blow up and Cj is the exceptional curve
for the second blow up.

Let By be the proper transform on Y of the surface B. Set Ay = %Bo and Bg, = By|g,-
Then, changing the coordinates z;, Z», Z3, we may also assume that

Bp, = {7z} +7; =73} C K.

This curve is smooth, it does not contain the singular point of Fy, and [0 : 1 : 0] € Bp,.
The geometry of the surface Fj can be illustrated by the following picture:

Note that the surface Yj is singular along the curve C5. We set

1 2—
AF() - §BFO ‘l— gCg
Then K, + Ag, ~g¢ (Ky, + Ao)|r, and Ag, is the corresponding different [33].
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Now, we are ready to apply [2, 6, [17]. Let @ be a point in Fp, let C' be a smooth curve
in the surface I} that contains @, let C' be its proper transform on Fy. For u € [0, 9], let

t(u) = inf {v € Rxg | the divisor P(u (u)|z — oC is pseudo—effective}.

Fo

For real number v € [0, t(u)], let P(u,v) and N(u,v) be the positive part and the negative
part of the Zariski decomposition of the divisor P(u)|z — vC, respectively. Set

9 9 t(u)
Se(WleC) = 33/ ord &(N(u) du+i// (u,v) dvdu
0 0 0

Write 6*(C) = C + ¥ for an effective divisor ¥ on the surface Fy. For u € [0,9], write
N(w)|z, = d(u)C + N'(u),

where d(u) = ordé(]v(uﬂﬁo), and N'(u) is an effective divisor on Fy. Set

9 t(u)
S(WEEQ) = 33 / / dvdu+FQ(W,F2,)
for
9 t(u)
Fo W,FE, = 63// ordQ<( "(u )+N(u,v)—(v—l—d(u))Z)}é)dvdu,

where we consider () as a point in C using the isomorphism C =~ C induced by 6.
We will choose C' such that the pair (Fy, C+Apg, —orde(Ag,)C) has purely log terminal
singularities. In this case, the curve C is equipped with an effective divisor A such that

KC + AC ~Q (KFO + C+ AF@ — Ordc(AFO)C)}C,

and the pair (C, A¢) has Kawamata log terminal singularities. The Q-divisor A¢ is known
as the different, and it can be computed locally near any point in C, see [33] for details.
Let F be a prime divisor over Y such that P = Cy(F). Recall that

B a(F) = Ay a(F) — Sa(F) = Ava(F) — /O " Vol(A - uF)du.

Suppose Sy a(F) < 0. Then, using [I7, Corollary 4.18], we obtain

Ay a(F) Ay.a(Fp) nf mm{AFo,AFO(C) Acac(Q) }}
SA(F) Sa(Fo) " aeky Sa(Wa2; )" S(Wa2d; Q)

Ay a(Fo)
Sa(Fo)

1>

>op(Y,A) > min{

where the choice of C' in the infimum depends on ). Thus, since > 1, we have

{ AR (©)  Acau(Q) 1
SaWiks €)' sWiE;Q)
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In fact, since 22200 — 130 - 1 it follows from [17, Corollary 4.18] and [2, Theorem 3.3
Sa(Fo) 127

that we have a strict inequality:

inf min
QeFy

{AFO,AFO(C) Acac(Q) }<1
SA(WE: ) swke, Q)

Let us use this to obtain a contradiction, which would finish the proof of Proposition (.8

Namely, we will show that for every point @) € Fp, there exists a smooth irreducible
curve C' C Fy such that @ € C, the log pair (Fy,C + Ag, — orde(Ap,)C) has purely log
terminal singularities, and the following two inequalities hold:

(5.19) SA(W.IT&C) < AF(LAFO(C)
and
(5.20) S(Wf(.),’?§ ) < Acac (Q).

To be precise, we will choose the curve C' as follows:

° ifQGQl,We let C_IUl, B

o if Q¢ C,and Q € C3, we let C = Cj, _

e if Q & C1UCS3, we let C to be the unique curve in |C'y| such that @ € C.
Lemma 5.21. Let Q be a point in Cy. Set C = C,. Then (519) and (E20) hold.

Proof. Note that A, A (C)=1and ¥ = C4 + Cs. We have

u—6 u€l6,9],
and
u u € |0,6],
“w:{g—% &J
3 )
Moreover we have
(U(C4+C5) u € [073]7 G [07 %]7
5Cs ue 3,5, vel0g—1],
3v+33—uc4 + 6v+é’>—u05 u € [375]7 v E [% - 1’ %]?
0 u € [5,6], ve|0,u—>s,
N(u,v) = v+5—u 59 | _ 2]_
= u € [5,6], vefu—535—1],
WU Oy 4 22O we [5,6), ve [§ -1,
0 u€l6,9, vel0,3—3]
| 20Oy + C5) uel6,9], ve[3—%6— 2
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and

(U_Tgv(cl +C4+C5) u € [073]7 v e [O> %]7
U0+ Oy + ue (3,5, vel0,%—1],
H_T%(Cl+04+05) u€[3,5], UG[%—L%L
Plu,v) ~ “‘T?”’01+C’4+9_T“C5 u € [5,6], ve[0,u—>5],
TR ) w4 Oy BBy we[5,6], velu—>52—1]
U_T%(Cl+c4+c5) UE[576]7 UE[%_L%L
(18_2;_3001 + Q_TU(C4+C5) uc [679]7 S [073 - %]7
\18_2;_31}(01—’_04_'_6’5) u € [679]7 v e [3_%7 _2?”]7
which gives
( (“‘13;”)2 u € [0,3], vel03]
g—UQ—l u € [3,5], vel0,5—1],
u—3v U u
o 2 wel3,5), velt-1,4,
(P(u,v))? = %L +uw—% —13+Pu—6v wel56], velu—5],
) - m 1 U
g—’U—i U€[5,6],U€[U—5,§—1],
u—3v)2 u u
( 12) 2 2 u€[5,6],1)€[§—1,§],
_2u+9j%_% u€[6,9], vel0,3—3]
18—2u—3v U u
e uel6,9], ve[3—1%6— 2
and
(use u € [0,3], velo,z],
: u € 3,5, ve 0§ —1],
usv u€ 3,5, ve s —1,4],
Plu,v) - C = bt u € [5,6], ve0,u—>5l,
’ . u € [5,6], vefu—>53—1],
sy uel56], vely—1,3%]
Y u€l6,9], vel0,3—%]
(522 we[6,9], ve3-5.6- %]
Integrating, we get S(W[f3;C0) =18 < 1= Aryag (C), so (5.19) holds.

Similarly, we compute S(Wfsz,c; Q) = 5% + Fo(W[o¢), where

e 00

Q = 61 N U?w
0 otherwise.

Observe that

1 Q=Ci1NBg,
: -z
= Q=0CNC0Cy,
Acao(@) =1 ? -t
c:ac(@) 1 Q=0CnCs,
1 otherwise.

ot
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Thus, we have

which implies (5.20).

o Q=01NCs,
Acac(@) 2 Q=01N0Cy,
S(Wfﬂj?; Q) 2,?6 Q = C1 N Bg,
52 otherwise.

O

Lemma 5.22. Let Q be a point in C3\ Cy. Set C = Cy. Then (5I9) and (B20) hold.

Proof. For u € [0,9], we have d(u) = 0 and N'(u) = N(u)b;o Since C' ~ Cj + 20y + Cs,

we have
u 0,6
=15, "SI0
= u€l6,9]
We compute
(20C, + vCs u€0,3], velo,§],
O u€[3,5] Ue[ovuT_g]v
45220, + Cs) uw€ 3,5, ve g5l
N(u,v) =<0 u € [5,6], v e o, 5],
Lt () u€ 5,6 ve [tz 2]
B (Cy) + B0 we[5,0], ve 228,
\2u3—9(C4 +05> u &€ [6,9] (S [07 Q_Tu]v
and
(100(Cy 4 Oy + C) u e 0,3], velo g,
vy + BHuee 1 0y we[3,5], v e (0,558,
2 (CL+ Cr+ Cs) u € [3,5], v €[5, 5],
P(u,v) ~ 5520 + 22200 + Gy w e [5,6], v e [0, 54,
RO+ = (O + Cy) we [5,6], v e [55, 20,
w50(Cy 4 Cy + C) we5.6], v el 5l
(800, + C+C) wel6,9], ve [0, %)
which gives
(%4‘21}2_%”1) ue[O,S],UE[O,%,
%_21)_% UE[3>5]>UE[O’UT_3]’
W u e [3,5], ve [t ¥,
(P(u,v))” = { Fu— 20— Fu? u€5,6], velo 5,
du—6v—9— Sul+ 0+ 2uw ue 56, ve 554, 2T
9—6v—2u+v?+% +2up  wel56], ve 22 Y
2290, + ) uel6,9), ve 5,
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and

~

g —2v u € [0,3], v el gl

1 u € [3,5], velo,%2,

S22 we 3,5, ve %24,
Pu)-C=<1 u e [5,6], velo,54],

3—v—% wuel506], ve 554, 2T

g —2v u€[5,6],v€[2“3_9,%,

3—%—v uel69], vel,EY

Thus, integrating we get S(WJS3;C) = 38 < £ = Ag,ap (C), so (G.19) holds.
Since Q # C; N C3, we have Fo(Wle$) =0, which gives S(WfE:?P’; ) = 2. But

Acac(Q) = { f

Thus, we have

which implies (5.19)). O

Lemma 5.23. Let QQ be a point in Fy such that Q ¢ C1UCj3, and let C be the unique
curve in the pencil |Cy] that contains Q. Then (5I19) and ([B20) hold.

Proof. Note that AFo,AFO (C) =1, and C~Cy+Cy+ Cs. We have

3 u € |0, 3],
t(u) =141 u € [3,6],
vy e [6,9]

(0 u € [0,3], velo 3],
0 u € [3,5], ve|0,1],
N(u,v) =<0 u e [5,6], vel0,6—u
(v+u—6)C, u€[56], ve6—ul],
L0, u€l6,9], velo,3—1Y,
and
(4=39(Cy + Cy + Cs) u € [0,3], velo 3],
LSO (1 0)C Bt u€ [3,5], velo1],
P(u,v) ~ ¢ %520 + (1 — v)Cy 4 242205 u € [5,6], ve[0,6—ul,
18—2;—61)01 + (1 —U)C4+ (9_“73_3”05 = [5,6], NS [6 —u, ].]a
[ 90730 (20, 4 Oy + C) we 6,9, vel0,3— 1.
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which gives

’<u—1§v>2 uelf0,3], veloy
—3+ % —tuw+ 307 u € [3,5], vel0,1]
(P(u,v))2: _“72—%4-%—134—13—611 u € [5,6], v e 0,6 —ul
S5t tvl =% —6v  uwe[5.6] vel6—ull
\ (3—52—0) = [6,9], v E [0,3 — %]7
and
(udv ue[0,3], vels]
i we 3,5], vel0,1]
Plu)-C =33 456, vel0,6—1ul
d=udv e [5,6], ve[6—u,l]
(= we[6,9], ve 0,34

Thus, integrating we get S(W[3;0) = 2 <1= ArRyar,(C), so (B.19) holds.

26
Since Q ¢ Cy U C3, we have Fo(W[0) =0 and

[N N}

% Q 6BF()a
1 Q € BFO'

Integrating, we get S(W[0:T: Q) = &5, so that

000 )

AC,AC (Q> _ % Q € BF()>
S(Was; C) 5 Q¢ Bn,

which implies (B.19). O

Lemmas (52711 5271 [5.23] completes the proof of Proposition 5.8

Acac(Q) = {

6. ON THE K-MODULI SPACES

In this section, we prove Corollary [LT4l The proof of Corollary [LTHlis almost identical,
so we omit it. To start with, let us present the following well known assertion.

Lemma 6.1. Let X be a smooth Fano threefold. Then

7173
Kx — 18 + by(X) — b?’(QX),

where bo(X) and b3(X) are the second and the third Betti numbers of X, respectively.

ho (X,Tx) — hl (X,Tx) = X(X,Tx) =

Proof. The required assertion immediately follows from the Akizuki-Nakano vanishing
theorem and the Hirzebruch-Riemann-Roch theorem, since —Kx - co(X) = 24. O

Now, let us use notations and assumptions introduced in Corollary .14l

Lemma 6.2. Let f € T and Xy be the Casagrande—Druel 3-fold constructed from { f = 0}.

Suppose that f is GIT semistable with respect to the I'-action. Then Xy is K-semistable.
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Proof. There exists a one-parameter subgroup A: G,, — I" such that
[fo] = lm A(H) - 1]

is a GIT polystable point in 7. Let X, be the corresponding Casagrande-Druel threefold
constructed from {fy = 0}. Then it follows from Theorem that X, is K-polystable.
On the other hand, the subgroup A gives isotrivial flat degeneration of X; to X, which
implies that X is K-semistable, because K-semistability is an open condition. O

Now, we are ready to prove Corollary [[.T4l

Proof of Corollary[1.14) Since the construction of Casagrande-Druel 3-folds is functorial,
there exists a ['-equivariant flat morphism 7y : X — T such that

n () 2 Xy,

We set Xgs = 77 (7). Then the restriction morphism Xge — 7% is a T-equivariant
flat family of K-semistable Fano 3-folds by Lemma [6.2]

Let {T°/T"} be the fibered category over (Sch /C)g,p¢ in the sense of [29, Example 4.6.7].
Then the family Xz« — T gives a morphism {7%/I'} — Mgfgsg of fibered categories.
This induces the morphism

[T%/T] — M55
between Artin stacks, since [7%°/T'] is the stackification of {7 /T'} (see [29, Remark 4.6.8]).

Since M is the good moduli space of [7%°/I], it follows from [4, Theorem 6.6] that there
exists a natural morphism

: M — My
that maps [f] to [Xf]. This morphism is injective. Indeed, if f; and f, are points in T,
then the corresponding Casagrande-Druel 3-folds Xy, and Xy, are isomorphic if and only

if the points f; and f, are contained in one I'-orbit.
Observe that M is normal. Take [f] € M. Since the deformations of the 3-fold X, are

unobstructed by Proposition 2.9} the variety M?f{ 2% 1s also normal at [X ;] by Luna’s étale
slice theorem [5, Theorem 1.2]. Moreover, if X is smooth, then

dimx, (Ms5s) < h'(Xy, Tx,) = dim(M)

by Lemma [6.] since h%(X, Tx) = dim(Aut(X)) = 1. Therefore, using the injectivity of ®,
we see that the image ®(M) C M?f{ % 1s a connected component, and ® is an isomorphism
onto this connected component by Zariski’s main theorem. O

The variety M, (I;_%S) is well-studied [20]. Let us describe M(IZZS) =~ 7% JT'. Recall that
T=P(H(V,0v(2,2)")
and T' = (SLy(C) x SLy(C)) X py, where V = P! x P, Set I’y = SLy(C) x SLy(C).
Proposition 6.3 (Noam Elkies). One has T [Ty =T T =P(1,2,3).

Proof. Let W = H®(V,0y(2,2)), let S be the symmetric algebra of WY, let ST° be its
subalgebra of invariants for the natural I'p-action, and let H(t) be its Hilbert series:

H(t) =Y dim ((Symk(Wv))Fo)tk.
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Then its follows from [32, §11.9] or [13| §4.6] that
1 1 2 -2 2 _ -2
2—2{— % 2— 25—z 1
H(t) = / / 12 I 22 2, H md%d@
0 0 jlvae{_LO’l} N .Zl Z2

with |t| < 1, where z; = €™/ ~1%1 and z, = €2™V~1¢2_ This gives
1
(1—2)(1—3)(1 —t4)’

Let us find generators of S'. Consider the standard basis

H(t) =

2 2 2 2 2 2 2 2 2 2 2 2
ZoYos ToYolY1, ToYis LoT1Yg, ToT1YoY1, ToT1Y71, T1Yos T1YoY1, T1Y7

of the space W, let ag, ao1, aoz, @10, @11, @12, G20, A1, Ae be the dual basis of the space WV,
and let J,, J3, J4y be the coefficients of the characteristic polynomial of the matrix

tan —ap  —ag  2ag
a2 —%an —2ap2  am
az1  —2az —3a11 Ay
2a0 —a;  —ap %an

such that J, € Sym*(WV) for k € {2,3,4}. Then .J,, J5, J; are Ip-invariant, and these
polynomials are algebraically independent, which gives ST = Cl.J,, J3, J4], so that

T )Ty =P(2,3,4) 2 P(1,2,3).
Since the polynomials Jy, J3, Jy are also I-invariant, we also get 7% J Ty =T JT'. O

Remark 6.4. In fact, Proposition [6.3]is a classical result — Peano [31] and Turnbull [3§]
showed that S0 is generated by J,, J3, Jy, see [38, §12] and [30, Pages 242-246).

The surface M (Ifl_p;) is a component of the K-moduli space of smoothable Fano threefolds.

Another two-dimensional component of this K-moduli space has been described in [9], and
all its one-dimensional components have been described in [I].
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