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ABSTRACT. We prove K-stability of smooth Fano 3-folds of Picard rank 3 and degree 22 that satisfy
very explicit generality condition.
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1. INTRODUCTION

Let L is a line in P3, let Cy be a smooth quartic elliptic curve in P? such that L N Oy, = &, and

Choosing appropriate coordinates xg, o1, T2, T3 on P3, we may assume that

Cy = {af + 27 + Maj + 23) = 0, Mag — z]) + 23 — 25 =0} C P?

for a complex number A such that A ¢ {0, 41, £i}. Further, we may assume that

L= {a0$0 4+ a121 + asxe = 0, bixy + baxs + byxs = 0} C P3

for some [ag : a1 : as] and [by : by : b3] in P2. The following result is proved in [3].

Lemma 1 ([3| Lemma 5.73]). If L = {xg — 29 = 0,21 — x3 = 0}, then X is K-stable.

let m: X — IP3 be the blow up of these two curves. Then X is a smooth Fano 3-fold of degree 22.
Moreover, all smooth Fano 3-folds of Picard rank 3 and degree 22 can be obtained in this way.

This implies that the Fano 3-fold X is K-stable if L and C, are chosen to be sufficiently general,

for every plane II C P passing through L,
the intersection I1 N C}4 contains at most one multiple point,
and the multiplicity of this point is at most three.

Throughout this paper, all varieties are assumed to be projective and defined over C.

1

because K-stability is an open property [4, Theorem 4.5] (see [11] for basics facts about K-stability).
Actually, we expect that X is always K-stable. However, we are unable to prove this at the moment.
In this paper, we prove that X is K-stable if it satisfies the following condition:
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One can check that this generality condition holds in case when L is the line {zg—zy = 0,21 —x3 = 0}.
Hence, our main theorem is a generalization of Lemma [l but their proofs are very different.
To state our main theorem in a more natural way, note that we have commutative diagram

where ¢ is given by [z : 1 : 23 : 173] > [aoxo +a1x1 +a2x2 by +b2:B2 +b3z3] the map ¢ is given by

the map o is a fibration into quintic del Pezzo surfaces, ¢ is a fibration into sextic del Pezzo surfaces,
the map 7 is a conic bundle, pr; and pr, are projections to the first and the second factors, respectively.
Now, we can state our main theorem as follows:

Theorem 1. Suppose that every singular fiber of the fibration o: X — P! has one singular point,
and this point is either a singular point of type Ay or a singular point of type Ay. Then X is K-stable.

Using basic geometric facts about quintic del Pezzo surfaces with at most Du Val singularities [6],
one can show that the generality condition in Theorem [l is equivalent to the following condition:

every fiber of the conic bundle n: X — P! x P! is reduced.
But this condition is equivalent to the smoothness of the discriminant curve of the conic bundle 7.

Corollary 1. If the discriminant curve of the conic bundle n is smooth, then X is K-stable.
One can show that the discriminant curve of the conic bundle 7 is given in P! x P! by
AT — Ab3 + Ab3)yazs — (N2b3 + N33 + b)ygzazr — (AP0 — b5 + b3)yazo2i —
— (A0 — b2 + b yiz — 2M(arby — Magbs)yoy1ze + 2(Nagby + ayby)yoy1 22 21+
4+ 2(N3a1by — aghy)yoyr202s — 2A(Aarby + agho)yoyr 2o — M(Aai + a — a2)y?zi—
— (Naj + af + a)yi iz + (Vai — Naf + a3)yizozt + Aap + \a; + a3)yiz =0,
where ([yo : y1], [20 : 21]) are coordinates on P! x P!.
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2. THE PROOF

Let us use all assumptions and notations introduced in Section[Il To prove Theorem [I, we suppose
that each singular fiber of the fibration ¢ has one singular point, and this point is either a singular
point of type A; or a singular point of type Ay. Set H = 7*(Ops(1)). Let £ and R be the exceptional
surfaces of the blow up 7 such that n(E£) = Cy and 7w(R) = L. Then

e the quintic del Pezzo fibration o is given by the pencil |H — R|,
e the sextic del Pezzo fibration ¢ is given by the pencil |2H — F/|,
e the conic bundle 7 is given by [3H — E — R).
Note that Eff(X) = (E, R, H— R,2H — E), and the cone NE(X) is generated by the classes of curves
contracted by the blow up 7: X — P3 and the conic bundle n: X — P! x PL.
By the Fujita—Li valuation criterion [8| [10], the Fano 3-fold X is K-stable if and only if

B(F) = Ax(F) — Sx(F) >0
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for every prime divisor F over X, where Ax(F) is the log discrepancy of the divisor F, and

SX(F) = ﬁ/vol(—KX—uF)du.

To show this, we fix a prime divisor F over X. Then we set Z = Cx(F). If Z is an irreducible surface,

then it follows from [9] that S(F) > 0, see also [3| Theorem 3.17]. Therefore, we may assume that

e cither 7 is an irreducible curve in X,
e or Z is a point in X.

In both cases, we fix a point P € Z. Let S be one of the following two surface:

(1) the surface in the pencil |H — R| that contains P,
(2) the surface in the pencil |2H — E| that contains P.

Then S is a del Pezzo surface with at most Du Val singularities. Set
T = sup{u S ‘ the divisor —Kx — uS' is pseudo-effective}.
For u € [0, 7], let P(u) be the positive part of the Zariski decomposition of the divisor —Ky — uS,
and let N(u) be its negative part. If S € |H — R|, then 7 = 2,
4d—u)H—-FE+(u—-1)R if0<u<l,
P(u) ~R .
4—u)H—-FE if 1l <u<?2,

and
{O if 0<u<l,

(u—1DR if 1 <u<2,

which gives Sx(5) = 55 [ P(u)3du = &. Similarly, if S € [2H — E|, then 7 = 3,

N
[\
ST

4-2u)H+(u—1)F—R if0<u<l,

P(u) ~
() ~ (4—20)H — R if1<u<g,

and
0 ifo<u<l,
N(u) =
() (u—1)FE iflgugg,

which gives Sx(S) = %. Now, for every prime divisor F’ over the surface S, we set

S(”-S:JF) - (_T?)X):J,O/Ol"dF(N(UNS) (P(u)|5)2du—|— ﬁ(]/o/vol(}’(u)‘s — vF)dvdu.
Then, following [Il, 3], we let
‘ As(F)
”,S o S
6P(Sa .,o) - }T‘r}g S(IIYE.7F)’

PeCg(F)

where the infimum is taken by all prime divisors over the surface S whose center on S contains P.
Then it follows from [1, 3] that

. 1
(%) S () > min {m, 5p (S, W2,) }

Therefore, is 3(F) < 0, then 6p(S, W,) < 1.




Remark 1. If Z is a point and B(F) < 0, then it follows from [I, B] that 6p(S,W7,) < 1.

To estimate 6p(S, W,), we set D = P(u)|s. Then D is ample for u € [0,7), and

2 (2—u)(6—u) if Se€|H— R,
B {2(3 —2u)(5 —2u) if S € |2H — E|.

For w € [0,7), set

: Ag(F)
5P(S, D) = }:,I}g SS(F)’
PeCg(F) b

where
1

Sp(F) = Dz /VOI(D —vF)dv,
0

and the infimum is taken by all prime divisors over S whose center on S contains P.

Lemma 2 (cf. [B, Lemma 27]). Let f: [1,7] = Ryq be a continuous positive function such that

for everyu € [1,7). If S € |H — R| and S ¢ R, then

1
Sp(S,W2,) > >
15 3 (2—u)(6—u)
2@ ﬁif -
If Se|H—R| and S € R, then
S ].
6P(S’ Wo,o) 2 2
9 15 3 (2—u)(6—u)
s T mrm T ﬁ»f T U
If Se|2H — E| and S ¢ E, then
S ].
5P(S7 Wo,o) 2 3
3
9 3 2(3-2u)(5-2u)
T T ﬁlf U
If Se|H—R| and S € E, then
g 1
6P(S’ W07.) 2 3
3
5 9 3 f2(3—2u)(5—2u)
6 T I T2 { T Fw o du



Proof. The proof is the same as the proof of [B, Lemma 27]. Namely, fix a prime divisor F' over S.
Write S(Wf,; F) = Ry + Ry + R3 for

1 oo
3
R, = % //VOI(P(U)‘S — vF)dvdu,
0 0
3 T OO
Ry, = 2 vol(P(u)‘S — vF)dvdu,
10
3 f 2
Rs = % ordp (N (u)|s) (P(u)s) du.
1
Then ) ,
Rl < 3(_KS) 3(_KS> AS(F)

220p(S, —Kg) stF) < 22f(1)
Similarly, we see that
3 [ D?
< Ag(F)— | ——du.
R2 S( )22 f(u>du
1

Finally, observe that ordp(N(u)|s) < (u—1)Ag(F), since Supp(N(u)|s) is a smooth curve contained
in the smooth locus of the surface S for u € (1, 7]. Hence, we have

5 7 2 %AS(F) itSe|H-R|,
Ry < As(F) o3 /(u — 1(P(u)]s) du= 1 °;
4 TroAs(F) if S € ]2H — B|.

If P ¢ Supp(N(u)) for u € (1, 7], then R3 = 0. Combining our estimates, we complete the proof. [
To use Lemma[2] we must bound ép (.S, D) for u € [1, 7). This is done in the next four propositions.

Proposition 1. Suppose that S € |H — R|, and the surface S is smooth. Then
3(6 — u)

op(S,D) > —M L —
r(%,D) u? — 10u + 22

for every u € [1,2).
Proof. Use Corollary [A dlwith a = 4 — . If u = 1, this follows from [2], Proposition 2.7]or [7, § 5.1]. O

Proposition 2. Let S be the surface in |H — R| containing P. Suppose that S has one singular point,
which is a singular point of type Ay. Let C be the fiber of the conic bundle ¢|g: S — P that contains
the singular point of the surface S. If P ¢ C and P ¢ E, then

3(6 — u)
u? — 10u + 22
for every u € [1,2). Similarly, if P ¢ C and P € E, then
1 — /21
5 if 1 <u< ! 2\/_,
5p(S,D) =Y
p(5, D) 36-—u) . T—+21
: if <
u? — 10u + 22 2

Proof. Use Corollary[A.2lwitha = 4 — u. If u = 1, this follows from [2, Proposition 2.1]or [7, § 5.2]. O
5

5P(Sa D) P

u < 2.




Proposition 3. Let S be the surface in |H — R| containing P. Suppose that S has one singular point,
which is a singular point of type Ay. Let C be the fiber of the conic bundle ¢|g: S — P that contains
the singular point of the surface S. If P ¢ C and P ¢ E, then

([ 6(6—u) 1 1+W
C_w@2tu TISUS T

5P(S,D) > 4(6 —u) 1+ \/7 B
Z -1 T3 Susvh-l,

2(6 — u)
_ —1< 2.
L u? — 6u + 12 f\/g U<

Simalarly, if P ¢ C' and P € E, then

6(6 —u) , 717
G_w@s—Tty) JISUSTo

6(6 — u) LT =17

<u<?2.
Z_Tout2s '3 Y

Proof. Use Corollary[A.3lwitha = 4 — u. If u = 1, this follows from [2, Proposition 2.4] or [7, § 5.6]. O

5P(Sa D) 2

Proposition 4. Let S be the surface in |2H — E| containing P. Suppose that S is smooth. Then

(

5o if P is contained in a (—1)-curve and 1 < u < 3
—u
2(b—2 9—-+v21
6p(S, D) 2 T (_ 18u12 n if P is not contained in a (—1)-curve and 1 < u < ———— VR
3(0—2 \/21 3
| 12 (_ 18u1i3 51 if P is not contained in a (—1)-curve and 1 <u< 3

Proof. Apply Lemmas[A.12] [A.13]and [A. 14] with a = 4 — 2u. If u = 1, the required inequality follows
from [2, Proposition 3.6] or [7, § 4.1]. O

Now, applying Lemma [2] together with Proposition [Il we get
Corollary 2. Let S be the surface in |H — R| such that P € S. If S is smooth, then 6p(S, W2,) > 1
Similarly, applying Lemma 2] together with Propositions 2] and B we get

Corollary 3. Let S be the surface in |H — R| that contains P. Suppose that S has one singular point.
Let C be the fiber of the conic bundle ¢|s: S — P! that contains the singular point of the surface S.
Suppose that P ¢ C'. Then dp (S, W,S,) > 1

Finally, applying Lemma [2] together with Proposition [l we get
Corollary 4. Let S be the surface in |2H — E| that contains P. Suppose that S is smooth. Then
5p(S,W2,) =1
Moreover, if P ¢ E or P is not contained in a (—1)-curve in S, then dp (S, Wf,) > 1

Now, we are ready to show that S(F) > 0. Suppose that S(F) < 0. Let us seek for a contradiction.
We may assume that P is a general point in Z. Let S be the surface in | H — R| that contains P. If S is
smooth, dp (.S, Wf,) > 1 by Corollary 2, which contradicts (). Therefore, the surface S is singular.

This implies that Z C S.
6



Recall that S has one singular point, and this singular point is either a singular point of type A,
or a singular point of type As. Set O = Sing(.5), let S’ be the surface in |2H — E| that contains O,
and set C' = SN S’. Then C is a fiber of the conic bundle ¢|g: S — P. Moreover, we have

since otherwise dp(S,W2,) > 1 by Corollary B which is impossible by (Fk]).
We claim that S is smooth. Indeed, it follows from [6] that C' = ¢, 4¢3, where ¢, and {5 are smooth
rational curves that intersects transversally at O. Note that
e 7(S5) is a plane such that L C w(5),
e 7(5’) is a quadric surface such that Cy C 7(5").
e m(¢1) and m(¢s) are lines such that 7(O) = w(¢1) N7 (¢3).
Since the surface S is singular at O, the plane 7(.5) is tangent to Cy at the point 7(O). In particular,
we see that m(O) € Cy, which implies that S is smooth at 7(O), because Cjy is smooth. Since

7(S)Nx(S") =7w(ly) Un(ls),
we conclude that the quadric surface 7(S’) is smooth. Moreover, since
Lnm(S") = (LNnn(6)) U (LNm(ls)),

we see that the line L intersects the quadric 7(S’) transversally by the points LN7(¢1) and LN ({s),
which implies that the surface S’ is smooth.

We see that S’ is a smooth sextic del Pezzo surface. Observe that £ NS’ is a smooth elliptic curve.
Moreover, applying Corollary Al and to the surface S’, we see that P is one of finitely many
intersection points of this elliptic curve with six (—1)-curves in S’. This shows that Z is a point,
so that Z = P. Since dp(S', W5,) > 1 by Corollary @ it follows from (%] that

Ax(F) _ 1 o 176 ., {176
> S (F) ° min { Sx(S/)’5P(57 W") min 109,513(5 ; W.7.) min 109,1 1

Now, using Remark [Il we obtain a contradiction, because Z is a point in S’. Theorem [l is proved.

1

APPENDIX A. 0-INVARIANTS OF SOME POLARIZED DEL PEZZO SURFACES

Let S be a del Pezzo surface with at most Du Val singularities, let D be an ample divisor on S.
For every prime divisor F' over S, set

1 o
Sp(F) = D3 /VOI(D —vF)dv.
0
Let P be a smooth point in S, and let
. As(F)
op(S,D) = f
P( ) ) 1171}5’ SD (F) ’
PeCg(F)

where the infimum is taken by all prime divisors over S whose center on S contains P. Set
5(5, D) = 11322513(5, D).

In this appendix, we estimate dp (.S, D) in some cases similar to what is done in [2, [7] for D = — K.
To explain how to estimate dp(S, D), fix a smooth curve C' C S that passes through P. Set

T = sup{u e Ry } the divisor D — v(C' is pseudo—effective}.
7



For v € [0, 7], let P(v) be the positive part of the Zariski decomposition of the divisor D — vC, and
let N(v) be its negative part. Then

1 1]
Sp(C) = ﬁ/vol(D —vC)dv = ﬁ/P(v)%lv.
0 0
Note that 0p(S, D) < #(C), since Ag(C') = 1. To estimate dp(S, D) from below, set
2 [ 1 )
S(WSP) = D3 /ordp(N(v)\c) (P(v)-C)dv+ 5P / (P(v) - C) do.
0 0

Then it follows from [1, 3] that

. 1 1
©) or (S, D) > mm{SD(C)’S(WS.;P) }
Usually, (©) gives a very good estimate for dp(S, D) when C? < 0. If P is not contained in any curve
with negative self-intersection, we have to blow up the surface S at the point P, and apply similar
arguments to the exceptional curve of this blow up.
Namely, let f: S — S be the blow up of S at the point P, and let E be the f-exceptional curve.
In all applications, the surface S will be a del Pezzo surface with at most Du Val singularities. Set

T = sup{u € Rz | the divisor f*(D) —vE is pseudo—effective}.

For v € [0,7], let P(v) be the positive part of the Zariski decomposition of the divisor f*(D) — vE,

and let N(v) be its negative part. Then

. T
Sp(F) = D3 /Vol(f (D) —vC)dv = E/P(U)de.
0 0
Note that 0p(S, D) < %(E)’ since Ag(E) = 2. Now, for every point O € F, we set
E. 2 I A7 D 1 / = 2
S(W,7.7 O) = ﬁ Ol"do (N(’U)‘E) (P(U)|E)d’0 -+ ﬁ (P(’U) . E) dv.
0 0

Then it follows from [1, 3] that

: 2 . 1
() op(S, D) = mm{SD(E)’olrel%S(W,fi;O) }

In the next four subsections, we will apply () and () using notations introduced here.

A.1. Smooth quintic del Pezzo surface. Let S be a smooth del Pezzo surface such that K2 = 5.
There is a birational morphism 7: S — P? that blows up 4 points. Let e;, e, es, e4 be the exceptional
curves of the morphism 7, and let h = 7*(Op2(1)). Set

D:ah—el—eg—eg—e4
for a € (2,3]. Then D is ample and D? = a* — 4.

Lemma A.1. Let P be a point in e; Uey Ues Uey. Then
3(a+2)

a2+ 2a—2
8

op(S,D) >



Proof. We may assume that P € e;. Set C' = e;. Then 7 = 2a — 4. Moreover, we have
p ah—(1+v)el—eg—eg—e4 1f0<1}<&—2,
v
( (4a—3v—6h+ (2v+5—3a)e; + (1 —a+v)(es+es+ey) ifa—2<v<2a—4,

and

N 0if0<v<a—2
(v) = (v+2—a)(llg+113+114) ifa—2<v<2a—4,

where lys, 113, 134 are (—1)-curves in |h — e; — €3], |h — e; — e3], |h — e; — ey|, respectively. Then

Py a>—v*—20—4 if0<v<a—2,
Y= 22a—v—4)(a—v—1) ifa—2<v<2a—4,

and
P o 1+v if0<v<a—2,
() C=3a—20—5 ifa—2<v<2a—14
Integrating, we get Sp(C) = % and
2a—4 9
2 2a* — 5a + 8
S(WS; P dp(N P()-C)dv+ ————.
WEiP) = [ orde(N(@)le) (P(0) - C)dv + s
a—2
Thus, if P ¢ 15 U L3 U1y, then S(W.C., P) = 2“3(25;?8 Similarly, if P € 15 U 13 U L4, then
2a—4 9 9
20 —5a+8 a’+2a—2
S(WE,; P 2 —a)(P(v)-C)d =
(Weai P) = 0L2—4/(UjL a)(P(v) - C)dv + 3a+6 3(a+2)
a—2
Now, using (), we obtain the required assertion. O

As in the proof of Lemmal[AT] let 1j5, 113, 114 Loz, Loy, 134 be (—1)-curves in |h—e; —ey|, |h—e; —e3],
lh —e; —ey], |h— ey —e3], |h —es — ey, |h — e3 — ey, respectively.
Lemma A.2. Let P be a pomt m 112 U 113 U 114 U 123 U 124 U 134. Then

3(a+2)
a?+2a—2°
Proof. We may assume that P € lj5. By Lemma[A ]l we may also assume that P ¢ e; Ue; Uez Uey.
Set C' = l;5. Then 7 = a — 1. Moreover, we have

(a—v)h—(1-v)(e1+e) —e3—es f0<v<a—2,
Plv)~g{(2a—2v—2)h+ (v—1)(e; +e) + (1 —a+v)(es+es) ifa—2<v <1,
(2a—2v—2)h+(1—a+v)(es+es) ifl<v<a—1,

op(S,D) >

and
0 ifo<v<a—2,
N(U)Z (U+2—a)134 1f&—2<1}<1,
(U+2—CL>134+(U—1)(€1+€2) lfl <v < a—1.
This gives
a? =200 —v?*+4v—4 f0<v<a— 2,
Pw)*=<¢2(a—2)(a—2v) ifa—2<v <1, ,

20a—v—1)?% ifl<v<a—1,
9



and
a+v—2 if0<v<a—2,

Pw)-C=<2a—4 ifa-2<v<],
2a —20—2 if1<v<a—1.

Y

Now, integrating, we get Sp(C) = “;E;%f;)z, which gives 5P(S, D) < ai’(j‘; 2) 5. Similarly, we get

2 T (a—2)(14— a)
1 _/20rdp(N(v)|C)(P(v)~C)dv+ CER)

S(WS,; P) =

a?

Thus, if P & l34, then S(VV,C.7 P) = a=2)(14-a) Similarly, if P € 14, then

3(a+2)
a—1
2 (a—2)(14—a) a*+2a—2
. p / 2 —a)(P(v) - = =
S(WeaiP) = o (v+2—a)(P()-C)dv+ at2) 3@t Sp(0),
a—2
so that 0p(S, D) > 242 by (). O

Finally, we prove

Lemma A.3. Let P be a pOZ’ﬂt in S \ (e1 Uey U €3 Uey U 112 U 113 U 114 U 123 U 124 U 134). Then

2 2

(SP(S,D)Z a* — 2a +
M if5—v5<a<3
a? + 6a — 12 ST

Proof. Recall that f: S — S is a blow up of S at the point P, and E' is the f-exceptional curve.
Note that S is a del Pezzo surface of degree 4. Let €1, €,, €3, €4, 112, 113, 114, 123, Loy, 134 be the strict
transforms on S of the (—1)-curves eq, ey, €3, ey, Lo, L3, g, 1oz, Loy, 134, respectlvely Set h = f*(h).
Let ¢, ¢1, €2, €3, €4 be the (—1)-curves in |2h E—e —e,—e;— ¢y, |h E — e, |h E — ey,
Ih — E — &, |h — E — &, respectively. Then

Cp, C1, C2, C3, Cy4, €1, €2, €3, €4, 1127 1137 ]-147 1237 1247 ]-347 E

are all (—1)-curves in S. These curves generates the Mori cone of the surface S.

We compute 7 = 3“2_ 4 Similarly, we see that

ah— & — 8 —6;— 6y —vE if 0 <v<2a—4,

P(v) ~g (5&—2@—8)H+(3—2a+v)(§1 +&+e&+6e) —(20—4)F if2a—4<v<a—1,

- 3a — 4
(3a—20—4)(3h — & — & — & — & — 2E) ifa—1<v< a2 ,

and
0 if0<v<2a—4
N(v): (v+4-— a)co if2a—4<v<a—1, ; )
v 4—2a)co+ (wtl—a)(ci+eotestey) ifa—1<o< 2
( 2
This gives
a>—v*—4 if0<v<2a—4,
P(v)? = (a—2)(ba—4v—06) if2a—4<v<a—1,

3a—4
(3a—2v—4) ifa—1<v< a2 :

10




and
v if 0 < v < 2a—4,

~ 20 —4 if2a—4<v<a—1,

Pw)-E =
. 3a—4
6a—4v—8 ifa—1<v< 5
Now, integrating, we get Sp(F) = %.
Let O be a point in E. Then
a4
2 ~ 2(8—a)(a—2)
L 0) = d -E)d
SWE0) = o | ordo(N0)le) (P(e) - E)dv + )
2a—4
Thus, if O ¢ coUcy UcyUcsUcy, then S(W),;0) = 2(83(“# Similarly, if O € ¢y, then
e
2 ~ 28—a)(a—2) a®—2a+4
Fy0) = 4 —2a)(P(v)- E)d =
S075i0) = 5 [ era=20(P) - Bav+ s - S
2a—4

Likewise, if O € ¢; U cy U c3 U cy, then

3a—4
S5
2 ~ 28—a)(a—2) (a—2)(10 —a)
S(WL,:0) = 1—a)(P(v)- E)d =
(Weei0) = a2_4/(v+ a)(P(v) - EB)dv + 3(a + 2) 2(a + 2)
a—1
Since “;(_ff;;‘l > (a_za(ig)_a) for a € (2, 3], we have
1 20a+2)

inf = .
ek S(WE;0)  a?—2a+4
Therefore, it follows from (] that

_ 2(2a +4) 2(a+2)
6 SD 2 ) )
r(5, D) mm{a2+6a—12 a? —2a+4

which gives the required assertion.

Combining Lemmas A2 [A.3] we obtain

Corollary A.1. One has 6(S, D) > 2 for every a € (2,3).

a?42a—2

In fact, the proofs of Lemmas A1l A2 A3 give 0(S, D) = 22 for every a € (2, 3].

a2+2a 2

A.2. Quintic del Pezzo surface with singular point of type A;. Let S be a del Pezzo surface
such that K2 = 5, and S has one singular point, which is a singular point of type A;. Set O = Sing(.9).
It follows from [6] that there exists a birational morphism 7: S — P? that contracts three smooth
irreducible rational curves e, ey, e3 such that e; and ey are (—1)-curves contained in the smooth
locus of the del Pezzo surface S, the curve es contains the point O, and € = —3. Set h = 7*(Op2(1)).
Let 1y, L, 13, 14 be irreducible curves in |h—e; —es|, |h— ey —e3|, |h—2e;3|, |h—e; — ey, respectively.
Observe that O = 1; N1y Nes, and e, ey, e3, 1, 1y, I3, 14 are all curves in S that have negative
self-intersections. These curves are smooth, and their intersections are given in the following table:
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elle |e|es | | L |13 |1
er||—1] 0] O 1 0] 071
e 0 |—11 0 0 1 0 1
es| 0|0 |—3] 2210
L{1]o L |=i] 3 |0]0O
Lioj1 ]2 |-t/ 0]0
I;| 0] 0 1 0 0 |—-1]1
L | 1 1 0 0 0 1 |-1
Set D = ah — e; — ey — 2e3 for a € (2,3]. Then D is ample and D? = a* — 4.

Lemma A.4. Let P be a point in e3. Then

3(a+2) 2 < 1+\/_
5}3(5’ D) > CL21—|- 2a —1 \/_
if + <a<3
a—2 2

Proof. Set C' = e3. Then 7 = 2a — 4. Moreover, we have
P ah —e; —ey— (2+v)es if 0 <v<a—2,
() (2a —v—2)h—e; —ex+ (v+2—2a)es ifa—2<v<2a—4,

and

N 0 if 0 a—2,
(U)_{(v—a+2)13 ifa—2<v<2a—4,

which gives
2a° —v? —4v—8

ifo<v<a—2,

P(v)* =
(2"_”)(22“_”_4) ifa—2<v< 2 —4,
and )
‘QH’ if0<v<a—2,
P(v)-C =
% ifa—2<v<2a—4.
Integrating, we get Sp(C) = a — 2 and
> 24 9a + 4
C a® + 2a +
S(W..,P) (L2—4 / OI'dP(N(U>|C)(P(U>C)dU+W
a—2

Thus, if P & I3, then S(WS,; P) = “6zr2f2+4 Similarly, if P € 13, then

a®+2a+4  a®+2a—2
6(a+2)  3(a+2)

S(WE,: P) 4/U+2—a (P(v)-C)dv+
a—2

Now, using (7)), we obtain the required assertion.
12



Lemma A.5. Let P be a point in e, U ey such that P ¢ 1, Uly. Then
3(a+2)
a?+2a—2°
Proof. We may assume that P € e;. Set C' = e;. Then 7 = 2a — 4. Moreover, we have
ah — (14+v)e; —ey—2e3 if 0 <v<a—2,
Pl {(4a—3u—6)h+(2v+5—3a)e1+(1—a+u)(e2+2e3) if a —2 < v<2a—4,

op(S.D) =

and

N 0 if0<v<a—2,
(v) = (v—a+2)(211—|—14) if a—2<v<2a—4,

which gives

P )2 a?—vP—20—4 ffo0<v<a—2,
e 22a—v—4)(a—v—1) ifa—2<u<2a—4,

and
1+v if0 <a-—2,
Pv)-C = {3@—5—22} ifa—2<v<2a—4.
Integrating, we get Sp(C) = % and
. g 2t 2a* — 5a + 8
SOV P) = 5oy [ orte(N ) (P - Chan 252
a—2

P)= 2%2(;_‘??8 Similarly, if P € 1, then

Thus, if P ¢ 1, then S(WS,;

. 0)

2a—4

/ (v+2—a)(P()-C)dv+

a—2

20> —5a+8 a*+2a—2

S(WeeiP) = 3a+2) 3(a+2)

e.0)

a?—4

a2+2a—2 (a+10)(a—2)
3(a+2) = 3(a+2)

Since for a € (2, 3], the required assertion follows from ().

Lemma A.6. Let P be a point in 13 such that P & e3. Then

3(a+2)
) D) > —-—.
r(5.D) a’?+2a — 2
Proof. Set C' =13. Then 7 = a — 1. Moreover, we have
(a—v)h—e; —ey—(2—2v)e; if 0 < -2,

P(v)~r { (2a—20=2)h+ (1 —a+v)(er +e) + 2v—2)e3 ifa—2<v<1,
(2a—2v—2h+(1—a+v)(e;+e) ifl1<v<a—1,

and
0 ifo<v<a—2,
Nw)={ (v+2—-a)ly ifa—-2<v <1,
(v+2—a)ly+2(v—1)eg if I<v<a—1
This gives

a? =200 — v +4v—4 if0<w
Pw)*=<{2a—-2)(a—2v) ifa—2<v<

20a—v—1)?% ifl<v<a—1,
13

<a—2,
1

? Y



and
a+v—2 if0<v<a—2,

Pv)-C={2a—4 ifa-2<v <1,
20 —2v—2 ifl<v<a—1.

Y

Now, integrating, we get Sp(C) = @ 4242 which gives op(S,D) < 3(a+2 . Similarly, we get

3(a+2) e
SOVEaP) = g [ orte (V) () - )i+ EZEE

Thus, if P & 1, then S(WS,;

. 0)

P)= % Similarly, if P € 14, then

a-1
2
SOV P) = 2y [ o2 () O ES2IE0 _EeN 220
a=2
so the required assertion follows from ().
Lemma A.7. Let P be a point in 1y such that P & e; Uey Uls. Then
Proof. Set C' =14. Then 7 = a — 1. Moreover, we have
(a—v)h—(1—v)(e1+e) —2e; f0<v<a—2,
P(v) ~g { (2a—2v—2)h+ (v—1)(e; + &) + (2+21)—2a)e3 ifa—2<v<l,
(2a —2v—2)h+ (2+2v —2a)e;) ifl1<v<a—1,
and
0 ifo<v<a—2,
Nw)={ (v+2-a)lz ifa-2<v<1,
(v+2—a)lz+(v—1)(e;+e) ifl<v<a—1.
This gives
a?—2av—v*+4v—4 if0<v<a—2,
Pw)*=<¢2(a—2)(a—2v) ifa—2<v <1, ,
20a—v—1?2 ifl<v<a—1,
and

at+v—2 if0<v<a—2,
P)-C={2a—4 ifa-2<0v<],
20 —2v—2 ifl<v<a—1.

Y

Now, integrating, we get Sp(C) = @422 \which gives op(S,D) < 3+2)  Gimilarly, we get

at2) a?42a—2"
SOVEP) = 5y [ e (Vi) (Plo) - O+ 20 < )

because P & e; U ey Ul;. Since % < Sp(C), we have dp(S, D) = Z’Sf;f 5 by ([©).
14



Lemma A.8. Suppose that P ¢ e; Uey Ues Ul Ul Ul3Uly. Then

2a + 2

% if2<a<5-+5
5P(S,D)Z a® — 2a +

M f5—vVb<u<3

@+ 6a—12 SUS

Proof. Let ey, €y, es, 11, 12, 13, 14 be the strict transforms on S of the curves e, ey, €3, 1y, 1o, 13, 1y,
respectlvely Set h = f*(h). Let cg, c1, €2, c3 be the curves in |2h E —e; —ey —2e3], |h E —e4],
lh — E — &), |h — E — &], respectively. Then

Co, C1, C2, C3, €1, €2, €3, ]-17 ]-27 ]'37 ]-47 E

are all curves in S that have negative self-intersections [6].
We compute 7 = 3“ 4 Similarly, we see that

aﬁ—él—ég—Qgg—vE if 0 <v<2a—4,

P(v) ~p (5a—2v—8)f1+(3—2a+v)(§1+62—|—2§3)—(2a—4)E if2a —4<v<a—1,

- 4
(3a — 20— 4)(3h — & — & — 263 — 2F) ifa—1<v<3“2 ,

and

0 if 0 <v<2a—4,

Nw) = (v+4— a)co if2a—4<v<a—1,
3a —4

(v+4—2a)co+ (v+1—a)(ci+ca+2¢c3) ifa—1<v< a2

This gives
a® —v?—4 if 0 < v < 2a—4,
Pv)? = (a—2)ba—4v—06) if2a—4<v<a—1,
3a —4
(Ba—20—4)? ifa—1<0v< “2 ,
and
v if 0 < v < 2a—4,
ﬁ(v)-E: 2a — 4 1f2a—4<v<a—§, \
6a—dv—8 ifa—1<v< a; .
Now, integrating, we get Sp(FE) = %.
Let O be a point in E. Then
3a—1
2 ~ ~ 2(8—a)(a—2)
S(WE;0) = do (N P(v)-E)d
(WE:0) = = [ ondo(Fw)le) (Plo) - B)av-+ 220
2a—4

Thus, if O € ¢y Ucy; Ucy U cs, then S(W,‘?,;O)—% Similarly, if O € ¢y, then

(v+4—20)(Plo) - By + 26— DNa=2) _a"—2a+4

S(Wee:0) = 3a+2) 2at2)

a2 — 14
2a—4
15



Likewise, if O € ¢; U ¢y, then

S(0250) = 52 [ 41— By B 020 )

Finally, if O € c3, then

S(WE;0) = - /2(v+1—a)(13(v).E)dv+2<8—a><a—2>_<a—2><14—a>

a? — 4 3(a+2) 3a+?2)
Therefore, using (]), we get
: 4(a +2) 2(a+2) 2(a+2) 3(a+2)
D 2 ) Y Y )
op(5, D) mm{a2+6a—12 a>—2a+4" (a—2)(10—a)’ (a —2)(14 — a)

which implies the required assertion. [l

Combining Lemmas [A.4] [A.5] [A.6] [A.7] [A.§ we obtain
Corollary A.2. Let P be a point in S such that P ¢ 1, Uly. If P € e; Uey Ues, then

3(a+2) 2 < <1—|—\/21
—_ 1 o —,
5P(S D) > CL2+26L—2 2
I 1 1+\/ﬁ<

<u <3
p— if 5 u<3
If P ¢ e UeyUes, then dp(S, D) > a;”f;?_g for every a € (2,3].

A.3. Quintic del Pezzo surface with singular point of type A,. Let S be a del Pezzo surface
such that K2 = 5, and S has one singular point, which is a singular point of type A;. Set O = Sing(.9).
Then it follows from [6] that there exists a birational morphism 7: S — P? that contracts smooth
irreducible rational curves e; and e, such that e, Ne; =@, O € e, O € ey, €] = —1, and €] = —1.
Set h = 7*(Op2(1)). Let 1; and 1, be irreducible curves in |h — 2e,| and |h — e; — ey], respectively.
Then 1; and I, are smooth and rational, O =1, N1y Ney, and ey, ey, 1i, 15 are all curves in S that
have negative self-intersections. They intersections are given in the following table:

e|le |e | 1} | L
el||—-1] 0| 0|1
ADEIRE
1 DREE
3 ENFEENE

Set D = ah — e; — 3e, for a € (2,3]. Then D is ample and D? = a* — 4.
Lemma A.9. Let P be a point in ey such that P # O. Then

6(a + 2) Z,]02<a<1+\/ﬁ
5p(s,D) > @ H2atd o2
= 2 1 1
6(a+2) if +\/_7<a\3.

(Ta+ 10)(a — 2)
16
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Proof. Set C' = e3. Then 7 = 2a — 4. Moreover, we have

3a — 6
ah —e; — (3+v)ey f0<v< a2 ,
PQ) ~ 3a — 6
(4da—6—2v)h—e; + (3v+9 —6a)ey if < v < 2a—4,
and
0if0<v< 3“2_6,
N(w) = 30— 6
(6 —3a+2v)l; if < v < 2a—4,
which gives
3a? —v? —6v —12 3a—6
fog<v < ,
Py’ = ’ -
(2a —v—2)(2a —v—4) if 5 < v < 2a —4,
and
STV o<o< 3a2_6,
Pw)-c={ 3 206
2a —3 —wv if <v<2a—4.
Integrating, we get Sp(C) = %. Similarly, we compute S(WS,; P) = “6,:;%354, since P ¢ 1.
Now, using (), we obtain the required inequality. O
Lemma A.10. Let P be a point in e, such that P &€ 15. Then
2
3(a+2) F2<ax< 13+\/ﬁ’
2a%2 — 5a + 8 2
6p(S,D) >
3(a+2) " 13467 _ 3
i <a<3.
(a+10)(a —2) 2
Proof. Set C' =e;. Then 7 = 2a — 4. Moreover, we have
s ah — (1+v)e; —3ey if0<v<a—2,
(v) ~ (4a —3v—6)h+ (20 4+ 5 — 3a)el+3(1—a+v)eg ifa—2<v<2a—4,
and
N 0 if 0 a— 2,
(U)_{B(v—a+2)lg ifa—2<v<2a—4,

which gives

) a?—vP—20—4 fo0<v<a—2,
P(v)” = .
22a—v—4)(a—v—1) ifa—2<v<2a—4,
and
P o 1+v if0<v<a—2,
(v) - 3a—5—2v ifa—2<v<2a—4.

This gives Sp(C) = % and S(WE,; P) = 2";(;%;”, so (©) implies the required assertion. [
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Lemma A.11. Suppose that P ¢ e Uey Uly Uly. Then

( 2(a+2)
T2 o <a<h -,
pep vy U V5
202a+4) 19 — V21
Z 5= — <as ——,
0(5D) 2\ a2 ¥F Vi<a 5
6(a + 2) Z,f19—\/21<a<3
L (a — 2)(26 — a) 5 ST

Proof. Let ey, e, 11 and 12, be the strict transforms on S of the curves e1, €, I; and lp, respectively.
Set h = f*(h). Let co, C1, € be the curves in 12h— E—8&,—38&,|, |h— E—8,|, |h— E—&,|, respectively.
Then ¢y, c1, ca, €1, €9, 11, 12, E are all curves in S that have negative self-intersections [6].

We compute 7 = 3“2_ 4 Similarly, we see that

ah — & — 38 —vE if0< v < 2a—4,

P(v) ~r (5a—2v—8)f1—|—(3—2a+v)(61+362)—l—(4—2a)E if2a —4<v<a—1,

- 3a — 4
(3a—2v—4)(3h — &, — 38, — 2E) ifa—1<v< a2 ,

and

0 if 0<v<2a—4,

N(v): (v+4— a)co if2a —4<v<a—1,
3a—4

(v+4—2a)co+ (v+1—a)(ci+3c) ifa—1<v< a2

This gives
a*>—v*—4 if0<v<2a—4,
P(v)? = (a—2)(ba—4v—06) if2a—4<v<a—1,
3a—4
(Ba—20—4)% ifa—1<0v< a2 ,
and
v if 0 < v < 2a—4,
ﬁ(v)-E: 20 —4 if2a—4<v<a—1,
6a — v — 8 ifa—1<v<3a2_4.
Now, integrating, we get Sp(FE) = %.
Let O be a point in E. Then
e
2 ~ 2(8—a)(a—2)
S(WE,;0) = d -E)d
WE:0) = o [ ordo(Fli) (Plo) - B)av-+ 22
2a—4

Thus, if O & ¢ U ¢y U cg, then S(W),;0) = 2(83(2# Similarly, if O € ¢y, then

3a—4
2

/ (v+4—2a) (ﬁ(v) - E)dv +

2a—4

28—a)(a—2) a®—2a+4

S(Wee:0) = 3a+2) 2at2)

a? — 14
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Likewise, if O € ¢y, then

(Wi 0) =

7 - 28—a)(a—2) _ (a—2)(10—a)
3(a+2) 20 +2)

Finally, if O € ¢, then

28 —a)(a—2) (a—2)(26— a)‘

3a—4

2.0) = 1—a)(P(v) - E =

S(W)H:0) 1 / 3(v+1—a)(P(v)- E)dv+ 3a+2) 6(a+2)
a—1
Therefore, using (]), we get
: 4(a+2) 2(a+2) 2(a+2) 6(a+2)
>
op(5, D) > mm{a2+6a— 12°a2—2a+4 (a—2)(10—a) (a—2)(26—a) [’

which implies the required assertion. 0
Combining Lemmas [A.9] [A. 10l [A.TT], we obtain
Corollary A.3. Let P be a point in S such that P ¢ 1, Uly. If P € e; Uey, then

6a+2) ., <1+\/ﬁ
a?+2a+4 f2<as 2 7
6p(S,D) >
6(a+ 2) Z_f1+¢ﬁ<a<3
(Ta+10)(a — 2) 2 T
IfP%eIUeg, then
( 2(a+2
2(2a+4) 19 — V21
ZS 5= - e —(/——,
00 (5.D) >\ Giga g 1P Vs« 5
6(a+ 2) Z,f19—\/ﬁ<a<3
[ (a —2)(26 — a) 5 07

A.4. Smooth sextic del Pezzo surface. Let ¢y, {5, {5, {4 be four distinct rulings of P! x P! such
that ¢1Nl3 = @, l,NI, = &, and each intersection ¢1 N ¥y, loNl3, €3Ny, £4N {1 consists of one point,
let m: S — P! x P! be the blow up of the points ¢; N ¢y and f5N ¥y, let e; and e, be the m-exceptional
curves such that m(e;) = 1 N ly and 7(ey) = 3 N4y, let 13, 1y, 13, 1y be the strict transforms on S of
the curves (1, {5, U3, {4, respectively. Then S is a del Pezzo surface of degree 6, and ey, e, 11, Lo, 13,
1, are all (—1)-curves in S. Set h; = 7*(¢;) and hy = 7*(¢3). Set

D:a(h1+h2)—e1 — €9
for a € (1,2]. Then D is ample and D? = 2a? — 2.
Lemma A.12. Let P be a point in e; Uey. If P €1y Ul Ul3Uly, then 6p(S, D) > % fora € (1,2].
Sitmilarly, if P ¢ 1, Ul Ul3 Uy, then
1 1
z’(aiﬂ if1<a< +4\/§,
513(5, D) 2 a*+a+

1 1+
if + 33<a<2.
a—1 4
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Proof. We may assume that P € e;. Set C' = e;. Then 7 = 2a — 2. Moreover, we have
P( a(hl—l—h2) (1+v)e1—e2 1f0 Cl,—l
V) ~
(2a—v—1)(h1+h2)+(v+1—2a)el—e2 ifa—1<v<2a—2,

and

N 0ifog<v<a—1,
(v) = (U+1—a)(11+12) ifa—1<v<2a—2,

which gives
1,

Pl 20> — v —20 -2 f0<v<a—
vy = 1<v<2a—2,

(2a —v)(2a —v —2) ifa—
and

1+v if0<v<a—1,
P(v)-C:{

2a —v—1 ifa—1<v<2a—2.
Integrating, we get Sp(C') = a — 1. Similarly, we get
2a—2

1 a?+a+1
‘P / N P(v)- —.
S(Wi P) = o ordp(N(v)|c) (P(v) - C)dv + {0+ 1)
a—1
Thus, if P ¢1; Ul,, then S(WS,; P) = ‘g(ﬂf{l so that (Q) gives
3(a+1) ﬁ1<a<1+¢§’
6p(S, D) > min I 3BletD) | _)a+a+1 4
a—1a’+a+1 1 1+\/_ )
a—1 1 S0sE
Similarly, if P € 1; U ly, then
S(WE; P / (v+1—a)(P(v)- C)alv%—w—g
o —1 3(at+1) 2
a—1
so that S(WS,; P) < % and Sp(C) < &, which gives dp(S, D) > 2 by (). O

Lemma A.13. Let P be a point in1; Ul, Ul3 Uly. Then 6p(S, D) = 2 for every a € (1,2].
Proof. We may assume that P € 1;. Moreover, by Lemma we may assume that P & e; U es.
Set C'=1;. Then 7 = a. Moreover, we have
(a—v)h; +ahy+(v—1)e; —ey fO0<v<a—1,
Pw)~g < (a—=v)hi +(2a—v—1hy+ (v —1)e; + (v —a)e; ifa—1<v <1,
(a—v)h+2a—v—1)hy+ (v—a)e; if 1 <v<aq,

and
ifo0<v<a—1,

Nw)= (v+1—-a)ly ifa—1<v <1,
(v+l—aly+(v—1)e ifl <v<a,

~— —

which gives

20° —2av —1* +20 -2 f0<v<a—1,
Pw)y={(a—1)Ba—4v+1) ifa—1<v <1,
(Ba—v—2)(a—wv) if 1 <v<a,
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and
a+v—1if0<v<a—1,

Plw)-C={2a—-2 ifa—1
1

Integrating, we get Sp(C) = §. Similarly, we get

a

1 (a+5)(a—1)
N / N P(v) -
S(Wey P) = poa ordp(N(v)|c) (P(v) - C)dv + 300+ 1)
a—1
Thus, if P €1, Uey, then S(WE,; ) %7;111 Similarly, if P € 1, then
+5)(a—1) a
c - oY P )| Gl )
S(W,,, (v+ a) (U) C’) v+ 300+ 1) 5
2
Hence, we see that S(WS,; P) < SD(C) > ¢, so that 0p(S, D) = 2 by (©). O
Lemma A.14. Suppose that P € e; Ues ULy Uly Ul3 Uly. Then
1 21 —1
§<ai+>1 if1<as WT
%e(S. D) 2 a2+aJ1r VoI -1
(a+1) (V21 o

a?+a—1 2

Proof. Recall that S is a smooth del Pezzo surface of degree 5. Let ey, ey, 11, 12, 13, 14 be the strict
transforms on S of the (—1)-curves e, e, I, 1y, 13, 1, respectlvely Set hl = f*(hy) and h2 = f*(hy).
Let cq, c1, ¢y be the curves in |h1 + h2 —e —ey — FE|, |h1 E|, |h2 E|, respectively. Then
’élv 527T17T27T37T47 Cop, C1, Ca, E

are all (—1)-curves in 5. We compute 7 = 2a — 1. Similarly, we see that

a(h; +hy) —& —& —vE if0< v <202,
P(v) ~r { (3a — v —2)(hy 4+ hy) + (1 —2a +0) (& +&) + (2 - 20)E if 2a — 2 < v < q,

(20 —1—v)(2hy +2hy — &, — & — 2F) ifa<v <2~ 1,

and
0 if0<v<2a—2,
N(v)={ (v+2—2a)co if 2a —2<v<a,
(U+2—2a)c0+(v—a)(c1+c2) ifa <v<2a—1.
This gives
26 —v* -2 if0< v < 2a—2,
Pw)?={2a-1)(3a—2v-1) if2a—2< v <aq,
2(2a —1—v)? ifa<v<2a—1,
and
v if 0 <v<2a—2,
ﬁ(v).E: 2a — 2 1f2a— 2 <v<a,
da —2v—2 ifa<v<2a—1.
Now, integrating, we get Sp(F) = ‘ﬁ:ifl_l
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Let O be a point in E. Then

2a—1
1 ~ ~ 2(a—1)
S(Wf.; O) = a2 ] / Ol"do(N(’U)‘E) (P(’U) . E)dU -+ T—l—l
2a—2
Thus, if O & ¢y Uy Ucy, then S(WE,;0) = 221 Similarly, if O € ¢y, then
2a—1
1 ~ 2a—1) ad*+a+1
b = 4 —2a)(Pv)-FE = .
S(W2,;0) o /(v+ a)(P(v) - E)dv + o 3t 1)
2a—2
Likewise, if O € ¢ U ¢y, then
2a—1
1 ~ 2(a—1) (a+5)(a—1)
E.0) = 1—a)(P()-E)d =
S(W,7.7O) 21 /(U+ CL)( (U) ) v+ a+1 3(a+1)

a

Therefore, using (), we get

2(a+1) 3(a+1) 3(a+1)
a?+a—-1a*+a+1 (a+5)(a—1) |’

0p(S, D) > min

which implies the required assertion. U
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