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K-STABILITY AND SPACE SEXTIC CURVES OF GENUS THREE

IVAN CHELTSOV, OLIVER LI, SIONE MA'U, ANTOINE PINARDIN

ABSTRACT. We study Fano threefolds that can be obtained by blowing up the three-dimensional
projective space along a smooth curve of degree six and genus three. We produce many new K-stable
examples of such threefolds, and we describe all finite groups that can act faithfully on them.
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1. INTRODUCTION

Let C be a smooth quartic curve in P2, let D be a divisor of degree 2 on the curve C' such that
(<) h’(Oc(D)) = 0.

Then K¢ + D is very ample [27], and the linear system |K¢ + D| gives an embedding ¢: C' — P3.
We set Cg = ¢(C). Then Cj is a smooth curve of degree 6 and genus 3.

Let m: X — P3 be the blow up of the curve C5. Then X is a Fano threefold in the deformation
family Ne2.12 in the Mori-Mukai list, and every smooth member of this family can be obtained in
this way. Moreover, the Fano threefold X can be given in P? x P? by

Yo Yo Yo

() (20, 21, T2, x3) M Al = (2o, @1, T2, 3) M, = (g, 21, T2, 3) M3 Sl =0
Y2 Y2 Y2
Ys Ys Ys

for appropriate 4 x 4 matrices My, My, M; such that 7 is induced by the projection to the first factor,
where ([xg : x1 @ @2 : 3], [yo : Y1 : Yo : y3]) are coordinates on P? x P3.

Let 7': X — P3 be the morphism induced by the projection P? x P3 — P3 to the second factor.
Then 7' is a blow up of P? along a smooth curve Cf of degree 6 and genus 3, and the 7’-exceptional
surface is spanned by the strict transforms of the trisecants of the curve Cy. Furthermore, we have

Throughout this paper, all varieties are assumed to be projective and defined over C.
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the following commutative diagram:

(%) X |
o N
P3__ _X__ - P3

where Yy is the birational map given by the linear system consisting of all cubic surfaces containing Cy.
Note that the curves Cg and Cf are isomorphic, but they are not necessarily projectively isomorphic.
We can find the equations of the curves Cy and Cj as follows. Rewrite (&) as

Lioyo + L1y + Ligys + Lizys = 0,
Looyo + La1yr + Logys + Lozys =0,
Lsoyo + L31yr + Laays + Lszys = 0,

where the L;;’s are linear functions in xg, 1, o2, 3. Set

Liy Lin Lig Ly
M = | Ly Loy Lo Los
L3y L3i Lsp Lsg

Let fo, f1, f2, f3 be the determinants of the 3 x 3 matrices obtained from the matrix M by removing
its first, second, third, fourth columns, respectively. Then Cs = {fo =0, f1 =0, fo =0, f3 = 0}, and
the birational map x: P? --» P? in the diagram (3] is given by

[$01I11$213€3]'—>[f01f11f21f3]

up to a composition with an automorphism of the projective space IP3. Similarly, one can also describe
the defining equations of the sextic curve Cj.

Example 1 ([19, 2]). Let

X = {$0y1 + 21y — V23912 = 0, Toy2 + Tayo — V2333 = 0, Toys + T3y — V2111 = 0} C PP x P
Then X is a smooth Fano threefold in the family Ne2.12, the curve Cjy is given by

(2V221 2005 — 2 = 0,

2211 4+ V2woxs + 22013 = 0,

22xy + V2wox: + 22223 = 0,

\xgxg +V2x02? + 22125 = 0,

and Cj is given by the same equations replacing each z; by y;. One has Aut(X) ~ PSLy(F7) X po,
and X is the only smooth Fano threefold in the deformation family Ne2.12 that admits a faithful
action of the Klein simple group PSLy(F7). The map y in (3] can be chosen to be an involution.

The following result has been proven in [2].
Theorem 2 (|2, § 5.4]). Let X be the Fano threefold from Example[d. Then X is K-stable.

Hence, a general member of the family Ne2.12 is K-stable, since K-stability is an open condition.
We expect that every smooth Fano threefold in this family is K-stable. To show this, it is enough to
prove that

B(F) = Ax(F) — Sx(F) >0
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for every prime divisor F over X [22, [32], where Ax(F) is the log discrepancy of the divisor F, and
Sy (F) = %/vol( Ky - uF)du.
(—Kx) J
Unfortunately, we are unable to prove this result at the moment. Instead, we prove a weaker result.
To state it, let £ be the m-exceptional surface, and let £’ be the n’-exceptional surface.

Theorem A. Let F be a prime divisor over X such that S(F) < 0, and let Z be its center on X.
Then Z is a point in the intersection EN E'.

Let us present applications of this result. By [39, Corollary 4.14], Theorem A implies
Corollary 3. If Aut(X) does not fix points in E N E', then X is K-stable.

Since the action of the group Aut(P?, Cs) lifts to X, Corollary B implies
Corollary 4. If Aut(P*, Cs) does not fir a point in Cg, then X is K -stable.

Since the group Aut(P?,Cg) acts faithfully on the curve Cg, Corollary Hl implies the following
generalization of Theorem 2l which has more applications (see Section [2).

Corollary 5. If Aut(P?,Cy) is not cyclic, then X is K -stable.

Proof. 1f the group Aut(P?, Cy) fixes a point P € Cg, it acts faithfully on the one-dimensional tangent
space to the curve Cj at the point P by [20, Lemma 2.7], so that Aut(P3, Cj) is cyclic. O

What do we know about Aut(X)? This group is finite [9], and we have the following exact sequence:
1 — Aut(P?, Cs) — Aut(X) — p,,

where Aut(P?, Cs) ~ Aut(C, [D]), and the final homomorphism is surjective <= Aut(X) contains
an element that swaps E and E’. For instance, if X is the smooth Fano threefold from Example [
then the group Aut(X) contains such an element — it is the involution given by

([ZEO S X1 T iB3]> [yo Y1 Y2 y3]> = ([yo Y1 Y2 y3], [ZBo RO R Ig]),
which implies that Aut(X) ~ PSLy(F7) X p, in this case. In Section [, we will discuss the possibilities

for the group Aut(X) in more details. In particular, we will present a criterion when Aut(X) contains
an element that swaps E and E’, and we will prove the following result (cf. [38, Theorem 1.1]).

Theorem B. A finite group G has a faithful action on a smooth Fano threefold in the deformation
family Ne2.12 if and only if G is isomorphic to a subgroup of PSLy(F7) X pty or p2 x &3.

As we mentioned in Example [I the family Ne2.12 contains a unique smooth Fano threefold that
admits a faithful action of the group PSLy(F7). Similarly, we prove in Section [l that the deformation
family Ne2.12 contains a unique smooth threefold that admits a faithful action of the group p? x ps,
and the full automorphism group of this threefold is p? x &3.

Remark 6. Let G be a subgroup in Aut(X). If G has an element that swaps the surfaces £ and F,
then X is a G-Mori fiber space (over a point), and X is also known as a G-Fano threefold (see [37]).
In this case, it is natural to ask the following three nested questions:

(1) Is there a G-equivariant birational map X --» P37 Cf. [12, 13, 29].

(2) Is X G-solid? Cf. [10, [36].

(3) Is X G-birationally rigid? Cf. [L1].
Inspired by [29, Corollary 6.11], we conjecture that the answer to the first question is always negative.
If G ~ PSLy(IF7) X o, then X is G-birationally rigid [2) Theorem 5.23], so, in particular, it is G-solid.

We believe that X is also G-birationally rigid if G ~ p? x &3.
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To consider more applications of Theorem A, let k be a subfield in C such that Cg is defined over k.
Then X and the Sarkisov link (F]) are defined over k. In particular, the curve Cf is defined over k.
Moreover, it follows from [4, B0] that Cf and Cg are isomorphic over k, which can be shown directly.
By [39, Corollary 4.14], Theorem A implies the following corollaries.

Corollary 7. If EN E’ does not have k-points, then X is K-stable.
Corollary 8. If Cs does not have k-points, then X is K-stable.
Using [39, Corollary 4.14], we also obtain

Corollary 9. Every smooth Fano threefold in the deformation family Ne2.12 which is defined over
a subfield of the field C and does not have points in this subfield is K-stable.

We will present applications of Corollaries [§l and Corollary [@in Section 2l
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2. EXAMPLES

2.1. S -invariant curves. Let us use notations introduced in Section [Il Suppose, in addition, that

0O a 1 0 01 0 a 0 0 a —1

a 0 0 —1 10 a O 0 01 a
My = 1 0 0 a My = 0a 0 -1 My = a 1 0 0|’

0 -1 a 0 a 0 =1 0 —1 a 0 0

where a € C such that a(a® — 1) # 0. Then X is a smooth Fano threefold in the family Ne2.12, and

ari1 + T axg— T3 ars+ Ty ars — T
M= |axrs+x1 axrs+x0 a1 — T3 AT — To
arsg — T3 A3+ To aATg+ T1 axry — Ig

so that Cﬁ = {f() = O, fl = O, f2 = O,fg = O} for

Y

fo=(1—a*)xy — (2a* + 2a)xiz; + (2a* + 2a)ziT0+
+ (20 + 2a)zizs + (a® — Daga? — (20 — 2a)zo7170 — (20 — 20)T0T 23+
+ (a® — Daoxl + (26 — 2a)zor273 + (a® — 1) wozs — (20° + 2)71 7973,

fi =1 —a*)aziz, + (—2a* — 2a)wex? + (2a* — 20) w7179 —
— (20 — 2a)xox123 + (20° + 2)20T075 + (a® — 1)28 + (20 4 2a) 229 —
— (20 + 2a)x373 + (—a® + 1)a125 + (20 — 2a) 717973 + (1 — 0®) 1123,

fo = (a® — Dajzy — (2a° — 2a) w179 — (20° + 2) W01 73+
+ (=2a® — 2a)zozy — (2a° — 2a)Twezs + (a® — 1)2i7s + (20° + 20) 7175+

+ (20 — 2a)z 2975 + (1 — )2l + (2a* + 2a) 2323 + (a® — 1)3923,
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f3 = (1 — CLs)LE‘gSL’g + (2@3 + 2)25‘05(712[‘2 — (2@2 — 2@)2[‘025‘15(73—
— (2a* — 2a)zoz973 + (20° + 2a) 7075 + (1 — @®)xizs — (20 — 2a) 217023+

+ (20 4 2a)z125 + (1 — a®)2323 + (2a* + 2a) 2023 + (a® — 1)23.

2

It follows from [34] that the curve Cg is isomorphic to the plane quartic curve in P

by the equation det(xM; + yMsy + zM3) = 0, which can be rewritten as

ot oyt 4 2t A2y 2 ) = 0
for A\ = _(2121%52’ cf. [18, § 14]. So, it follows from [17] that Aut(Cs) ~ &4 if A # 0 and \*+3\+18 # 0.
Moreover, if A = 0, then Aut(Cs) ~ p? x &3. Furthermore, if A* 43X+ 18 = 0, then Cj is isomorphic
to the Klein quartic curve, and Aut(Cg) ~ PSLy(F7).

that is given

Lemma 10. The group Aut(P?, Cy) contains a subgroup isomorphic to &,.
Proof. Let G be the subgroup in PGL4(C) that is generated by the following transformations:

0O 0 0 = 0 0 ¢ O 1 -3 -1 1 -3 -1 1 1
0 0 ¢ 0 0 00 — -3 -1 1 1 -1 1 -3 1
0O - 00l’f—=0O0 O}’"{-1 1 =311 =3 —-11
—i 0 00 0 ¢« 0 0 11 1 3 11 1 3
Then, using Magma, one can check that G >~ &4. Moreover, the curve Cy is G-invariant. O

Corollary 11. If A # 0 and A\ + 3\ + 18 # 0, then Aut(P?, Cg) ~ S,.
Similarly, we prove
Lemma 12. The group Aut(X) contains a subgroup isomorphic to G4 X .

Proof. Let G be the subgroup in PGL4(C) that is defined in the proof of Lemma Then G ~ &4,
the group G acts diagonally on P3xP?, and X is G-invariant. This gives an embedding &, — Aut(X).
Moreover, since the matrices M, My, M3 are symmetric, the involution

([wo 1 s @at 3], [yo tv1 12 1 w3)) = ([Wo 1t 2 1y, [wo : @1 2 @ @ 3])
leaves X invariant and commutes with the &4-action, which implies the required assertion. U

Corollary 13. If A # 0 and A2 + 3)\ + 18 # 0, then Aut(X) ~ &4 X p,.
Applying Corollary [, we conclude that the Fano threefold X is K-stable.
2.2. p? X ps-invariant curve. Let G be the subgroup in GL4(C) generated by the matrices

-1 0 0 0 10 0 O 0010 0 2 0 O
0 1 0 O 0 -1 0 0 1000 1 00 O
M= 0 0 -1 0 V= 0 0 —-10 A 0100 B = 000 —i
0 0 0 1 0 0 0 1 0 001 001 0

and let G be the image of the group G in PGL,(C) via the natural projection GL4(C) — PGL4(C).
Then G =~ p,.(u3 x ps) and G >~ p? x pg, and their GAP ID’s are [192,4] and [48,3], respectively.
Using GAP [23], one can check that H*(G,C*) ~ p,, and G is a covering group of the group G.

Lemma 14. Let G’ be a subgroup in PGL4(C) such that G' ~ G and G’ does not fix points in P3.
Then G' is conjugate to G in PGL4(C).

Proof. The claim follows from [10, Lemma 2.7] and the classification of finite subgroups in PGL4(C),
which can be found in [5]. Alternatively, one can prove the required assertion analyzing irreducible

representations of the group G, which can be found in [I5]. O
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The main goal of this subsection is to show that the projective space P? contains a G-invariant
irreducible smooth non-hyperelliptic curve of degree 6 and genus 3, and this curve is unique up to
the action of the normalizer of the group G in PGL4(C). First, let us describe the normalizer. Set

Ci={(1 ¥ V3i)z] — (1 £V3i)x3 + 223 = 0,227 — (1 £ V3i)a? — (1 FV3i)a3 =0} C P°.

Then Cf is a G-invariant elliptic curve, and Aut(P3, CF) is the subgroup in PGL,(C) generated by
-1 0 0 0 1 0 00 10 0 0 0010 02 00
0 1 00 0 -1 0 O 01 0 O 1 000 1 000
o o1of’fo o 1070 0 =1 0710 1 0 OO0 O O =
0 0 01 0 0 01 00 0 1 0001 0010
Note that Aut(P?, Cf) ~ u3.2,. Let Gigg.185 be the subgroup in PGL4(C) generated by
-1 0 0 0 1 0 00 10 0 O 0 0 01 0 2 00
0 1 00 0 -1 00 01 0 O 1 0 00 - 0 0 0
o 0101’0 0 1000 =1 0710 1 0 0’10 O 2 O
0 0 01 0 0 01 00 0 1 0010 0 001

Then its GAP ID is [192,185]. Note that Aut(P?,C5) < G285 =~ 3.64 and G < Gigg185-
Lemma 15. The normalizer in PGL4(C) of the subgroup G is the subgroup Goz,1s5-

Proof. This follows from the fact that the curve Cf + C} is Ggg,185-invariant. O
Let us describe G-orbits in P? of length less than 48. To do this, we let
34 = Orbg([1:0:0:0]),
Yig = Ol"b(;([l +i:v2:0: O]),
S, = Orbg([1 —i:v2:0:0)),
Si6 = Orbg ([—1 + v3i: =1 — V/3i : 2: 0]),
S = Orbg([—1 = V3i: =1+ V/3i:2:0]),
S = Orbg([1:1:1:u]) for u e C,
Sy = Orbg([2:¢:0:0]) for t € C such that ¢ # 0 and ¢ # £v/2 £ v/2i.

Then X4, 3o, X1y, D16, Lig, Dig, 2y are G-orbits of length 4, 12, 12, 16, 16, 16, 24, respectively.

Lemma 16. Let ¥ be a G-orbit in P3 such that || < 48. Then X is one of the G-orbits
247 Z127 Z,127 Z167 Z,167 Z11L67 Z347
where v € C and t € C such that 0 # t # +v/2 + /2i.

Proof. Let us describe subgroups of the group G. To do this, identify the matrices M, N, A, B with
their images in PGIL4(C). Set

C = ANBMA? =

o O O
= O O
S = O
OO O

—i 00
Then, using [15], we see that all proper subgroups of the group G can be described as follows:
(i) (B,C) ~ p? is the unique (normal) subgroup of order 16,

(ii) (A, M, N) ~ 24 is one of four conjugated subgroups of order 12,

(i) (B, M, N) ~ p, x p, is one of three conjugated subgroups of order 8,
6



(iv) (M, N) ~ p2 is the unique (normal) subgroup isomorphic to p3,
(v) (B) ~ p, and (CB) ~ u, are non-conjugate subgroups, their conjugacy classes consist of
three subgroups, which are all subgroups of the group G isomorphic to p,,
(vi) (A) ~ ps is one of sixteen conjugated subgroups of order 3,
(vii) (M) ~ p, is one of three conjugated subgroups of order 2.

Now, let I" be the stabilizer in GG of a point in ¥. Then I is a proper subgroup of the group G,
since G fixes no points in P3. So, we may assume that I" is one of the subgroups (B, C), (A, M, N),
(B,M,N), (M,N), (B), (CB), (A), (M). On the other hand, one can check that

(i) (B,C) does not fix points in P?

11) the only fixed point of (A, M, N> is the point [1:0:0: 0] € Xy,
ii) (B, M, N) does not fix points in P3,
iv) (M, N) does not fix points in 3\ 24,
) the only fixed point of (B) are the points

14+3:v2:0:0,[1+i:—v2:0:0],[0:0:vV2:14i],[0:0: —v2:1+1],

which are contained in Y9, and the only fixed point of (C'B) are the points
[V2:0:1—4:0,[-vV2:0:1—i:0],[0:v2:0:1—4],[0: —v2:0:1—1],

which are contained in the G-orbit ¥,,
(vi) the only fixed points of (A) are the points
— [l 4+ V3i: =1 —+/3i:2:0] € Xy,
— [-1—=V3i:=1++/3i:2:0] € X,
—[1:1:1:¢ Xty foranyteC,
- [0:0:0:1]624,
(vii) all fixed points of (M) are contained in the lines {z¢g = x; = 0} and {zy = z3 = 0}.

This implies the required assertion. U

Now, we are ready to present a G-invariant irreducible smooth curve in P? of degree 6 and genus 3.
For every u € C such that u # 0, let M} be the linear subsystem in |Ops(3)| that consists of all cubic
surfaces passing through the G-orbit XY%;. If u* = —3, then the linear system MY is 7-dimensional,
and its base locus consists of one of the two elliptic curves C;j or C; . One the other hand, if u* # —3,
then the linear subsystem MY is 3-dimensional, and its base locus is given by

(u* — Dasad + (u* + 3)worimou + (u* — Dasa? — 4odu® + (u* — 12w = 0,
@) (u* — Dy — u(u® + 3)zozoms + 4urd — (u — ayas + (u* — )agz; =0,
4uxd — (ut — Dxoz? + (u* — Dxoas + (u* — 1)a3z0 — u(u4 + 3)z12013 = 0,

(u* — Dagxg + u(u* + 3)aoria3 — (u* — Dagrt — 4uxl — (u* — )23z, = 0.

Using this, one can check that the base locus is zero-dimensional unless

{—H:ﬁ 1FV3, —14£v3 —1£v3. 1+v3 1+v3. 153 —H:ﬁ}
u E + 7 + 1 + 7 + 1.

2 2 ’ 2 2 T2 2 T2 2

On the other hand, if u = %ﬁjﬁ%ﬁi, u= %ﬁjL%\/gi, u= %ﬁjL%z oru = Lz\/gjL%‘/gi,

then the equations (¥)) define an irreducible G-invariant smooth curve in P? of degree 6 and genus 3.
7



We will denote these curves by Cs, Cf, Cf, C{’, respectively. To be precise, we have

(22 4+ 2 + 22)as —ixd — (1 — )z 12070 = 0,

(z3 — 25 + 23) 31 + iz} + (1 — i) v3m029 = 0,

Cs =
‘ (27 — 23 — 23) 3o — ixy — (1 — i)z 12379 = 0,
(28 — 27 — 23)wy — ix — (1 — i)z 2370 = 0,
and Cf, Cf, C¢'" can be obtained from Cg by applying elements of the normalizer Gigs 1385.

Fix u = # + 1%\/51 Then (U] defines C. Choosing a different basis of the linear system M},
we obtain a birational map ¢: P3 --» P given by [zo : @1 : 2o : 3]+ [hg : hy @ hy : hs] for
ho = (1 +i)z3z0T0 — 75 + ixy (25 — 73 + 13),
hy = (1 +i)wzzy 20 — 23 — iz (2] — 25 — 73),
hy = (1 + i)xzzory — 75 — iz (73 — 23 — 73),
hy = (i — 1)z momy — ix3 + 23(xd + 27 + 23).
One can check that ¢ is a birational involution, and we have the following G-commutative diagram:
X a X

PS—— - - P

where 7 is the blow up of the curve Cg, and 7 is an involution. Then X is smooth Fano threefold in
the deformation family Ne2.12, which can be defined as complete intersection in P? x P3 given by

Y3To — Yoo + 1YoT1 + Y3T1 — Yoo + Y102 + Yoxz + Y173 = 0,
1YoTo — Y171 + Y3T2 + Yox3 = 0,
YaTo + Y3To + Y21 — Y3T1 — YoT2 — Y102 — YoT3 + y1v3 = 0,

and 7 is induced by the projection to the first factor, where ([zo : @1 : @2 : 3], [yo : v1 : Y2 : y3)) are
coordinates on P? x P2, Thus, in the notations in Section [Il we have

0 0 -1 1 i 0 0 0 0 0 1 1
0 0 i 1 0 -1 0 0 0 0 i —1
My = -1 4 0 0 My = 0 0 01 My = -1 —i 0 0
1 1 0 0 0 0 10 -1 1 0 0

Note that M; and M, are symmetric, M3 is skew-symmetric, and the involution 7 is given by
([xo “XL T2 X ] [yo Y1 Y2 y3]) ([yo Y1t Y2: y3] [xo X1 X2 I3])
Corollary 17. One has Aut(P3,Cs) = G and Aut(X) ~ p? x &;.

Proof. First, using the classification of automorphism groups of smooth curves of genus three [17, 3],
we see that Cj is isomorphic to the Fermat quartic curve in P2. This can also be shown directly.
Namely, it follows from [34] that Cg is isomorphic to the plane quartic curve

{det(zM; +yM; + 2M3) = 0} C P2

which is projectively isomorphic to the Fermat plane quartic curve.
We conclude that Aut(Cg) >~ p2 x S3. Therefore, if Aut(P?, Cg) # G, then Aut(P3, Cp) ~ p? x &3,
and the subgroup Aut(P3, Cs) C PGL4(C) is contained in the normalizer of the group G in PGL4(C),

which is impossible since the normalizer is the group Gigz1s5 by Lemma [I5] and Gig2185 does not
contain subgroups isomorphic to pu? x Gs.

T,Y,2)
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Therefore, we conclude that Aut(P?, Cs) = G. Now, one can explicitly check that (G, 7) ~ p2 xGs,
where we consider G as a subgroup in Aut(X). This gives Aut(X) ~ p? x S;. O

By Corollary Bl the smooth Fano threefold X is K-stable.
In Section [, we will see that X is the unique smooth Fano threefold in the family Ne2.12 whose
automorphism group is isomorphic to the group p? x &3. To do this, we need the following result:

Theorem 18. The only G-invariant irreducible smooth curves in P of degree 6 are Cg, Cy, Cf, CF.

Proof. Let C be a G-invariant irreducible smooth curve in P? of degree 6, and let ¢ be its genus.
Then g < 4 by the Castelnuovo bound. Thus, it follows from [7, 35] that either g = 1, or g = 3.
Note that 3, ¢ C, because stabilizers in G of points in C' are cyclic by [20, Lemma 2.7].
Let IT = {x3 = 0}, and let I" be the the stabilizer of this plane in G. Then I' = (M, N, A) ~ 2,
and all I'-orbits in II of length less than 12 can be described as follows:

(i) 34 N1I is the unique I'-orbit of length 3,
(ii) ¥12 NII is a I™-orbit of length 6,
(iii) 31, N1ITis a -orbit of length 6,

(iv) X%, N 1T is a T-orbit of length 6, where 0 # ¢ # ++/2 + 1/2i,
(v) 16 NI, X NIT and X9 N 1T are T-orbits of length 4.

Thus, since ¥4 ¢ C, C ¢ I, and II - C' is a ['-invariant effective one-cycle of degree 6, we conclude
that C' contains at least one of the orbits X5 or ¥,, and C' does not contain Y14, 34 and XY.

If g =1, it follows from [7, [35] that C' does not contain G-orbits of length 12, which gives g = 3.
Then it follows from [7, 35] that C' contains two G-orbits of length 16, so 3ty C C for some t # 0.

Using the classification of automorphism groups of smooth curves of genus three [17, 3], we see that
the curve C' is isomorphic to the Fermat quartic curve in P2. Hence, the curve C' is not hyperelliptic.

Let M3 be the linear subsystem in |Ops(3)] that consists of all cubic surfaces passing through C.
Then M3 is three-dimensional, and the curve C' is its base locus by [27], because C' is not hyperelliptic.
Therefore, using the notations introduced earlier, we see that Mz = M} for an appropriate t € C.
Now, arguing as above, we see that

{—H:ﬁ 13 —1+v3 1FV3. 1+£v3 1£43. 153 —H:ﬁ}
t e + ] + 1, + 1, + 10,

2 2 ’ 2 2 2 2 2 2

which implies that C' is one of the curves Cy, Cf, Cf, C{' as claimed. O

2.3. Curves over (Q without rational points. Let us use notations introduced in Section [II
Suppose, in addition, that

C = {a* + oy® + y* + y*2 — 31y2* + 42* = 0} C P2

x,Y,z"
Then C' is smooth. One can show that C'(Q) = @ using the reduction modulo 3. Set
P=1-i:0:1,P,=[14¢:0:1,Ps=[-14¢:0:1,P,=[-1—17:0:1].

and D = 3(P;+ Py) — K¢. Then D is defined over Q, and D satisfies (). Then Cj is defined over Q,
and it is isomorphic to C' over Q. In particular, the curve Cs does not contains Q-rational points.
Hence, by Corollary [§, the smooth Fano threefold X is K-stable.

One can explicitly find defining equations of Cy as follows. Let M be the linear system of cubic
curves in P? whose general member is tangent to C' with multiplicity 3 at the points P; and P,. Then

M|, =3P+ 3P, + [3(Ps + Py).

Thus, to compute the embedding C' < IP3, it is enough to find a basis of the linear system M, which

can be done using linear algebra. After this, it is easy to find defining equations of the curve C.
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2.4. Real pointless threefolds. Now, we explain how to construct real smooth Fano threefolds in
the deformation family Ne2.12 that do not have real points. By Corollary [, all of them are K-stable.
We start with

Example 19. Let U be a three-dimensional Severi-Brauer variety defined over R such that U 2 P3.
Recall from [24] 28] that U exists, it is unique, and, in particular, it is isomorphic to its dual variety.
Set W =U x U. Then

We ~ P? x P3.
Since U ~ UV, the Picard group Picg(W) contains a real line bundle L such that L¢ has degree (1, 1).
Let V' be any smooth complete intersection of three divisors in |L|. Then V' is a smooth Fano threefold
in the family Ne2.12, and V' does not have real points, because W does not have real points.

Let us present another, more explicit, construction of pointless real smooth Fano threefolds in
the deformation family Ne2.12. For a point P = ([zg : @1 : @2 : @3], [yo 1 y1 : y2 : y3]) € P? x P3) let us
consider the symmetric matrix

Qpo  Go1 Qo2 (o3

A — Qo1 Qi1 Gi2 413

Qo2 Q12 G22 0a23

Qo3 Q13 G23 0as33

and the skew-symmetric matrix

0 bor  boz  bos
—bo1 0 biz  bi3
—boz —bia 0 by
—bos —biz —byz 0

defined (up to a common scalar multiple) as follows:

nm —— 2

B =

and
e 2i
for every n € {0, 1,2,3} and m € {0, 1, 2,3} such that n # m, and a,,, = x,y, for each n € {0, 1, 2, 3}.
Set M = A+1¢B. Then
ToYo ToY1 ToY2 TolYs
M = T1Yo T1Yr T1Y2 T1Y3
T2Yo T2Y1 XYz T2Y3
T3Yo T3Yr L3Y2 T3Ys-
Therefore, we see that the constructed map P — M gives us the Serge embedding P? x P? — P15,
where we consider P'® as a projectivization of the vector space of all 4 x 4 matrices.
Now, we consider matrices A and B on their own, and we also assume that all a;; and b;; are real.
Then M is a Hermitian 4 x 4 matrix. Projectivizing the vector space of Hermitian 4 x 4 matrices,
we obtain P§’> with coordinates [agg : agy : - -+ : b1z @ bes]. Let us consider M as a point in P, and set

V ={M ePy | rank(M) <1} C PY.

Then V is a real projective subvariety in P>. Moreover, over C, the subvariety V¢ is the image of
the map P + M constructed above, which implies that Vo ~ P? x P3, so V is a form of P3 x P3.
But V 2 P} x P} over R, because V is the Weil restriction of P* over the reals [25, Exercise 8.1.6],
which implies that V(R) # @, and Picg(V) is generated by the class of a hyperplane section.

Now, let Hy, Ho, Hjz be three real hyperplane sections of V' C P§, and let X = H; N Hy N H;.
Suppose that X is smooth and three-dimensional. Then X is a real form of a smooth Fano threefold

in the deformation family Ne2.12 such that Picg(X) = Z[—Kx]. Moreover, Corollary [ gives
10



Corollary 20. If X does not have real points, then X is K-stable
Such smooth Fano threefolds without real points do exists:

Example 21. Suppose that H; is cut out by agg + a1 + a2 + a3 = 0. Then H; is smooth, because
its preimage in P? x P? via the map constructed above is given by
ZoYo + T1y1 + T2y2 + w3ys = 0.

Moreover, the fivefold H; does not have real points. Indeed, if M € V', then the corresponding real
numbers agg, @11, G99, asz are either all non-negative or all non-positive, and they cannot be all zero.
Similarly, set H2 = {aog + 2&12 = O} NV and H3 = {a02 + a3+ ag3 = 0} NV. Then V(c is iSOHIOI'phiC
to the complete intersection in P3 x P? given by

ToYo + T1y1 + T2y2 + x3y3 = 0,

ToYs + T3yo + 2x1y2 + 22091 = 0,

ToY2 + Ta2yo + T3y1 + T1Y3 + T2y3 + x3y2 = 0.

This complete intersection is a smooth threefold, so X is smooth, and it has no real points, because
the divisor H; does not have real points.

3. THE PROOF OF THEOREM A

Let us use all notations and assumptions introduced in Section [Il To start with, let us present
few results from [1l 2] that will be used in the proof of Theorem A. Let F be a prime divisor over X
and let Z be its center on X. Suppose that

e cither Z is a point,
e or Z is an irreducible curve.

Let P be any point in Z. Choose an irreducible smooth surface S C X such that P € S. Set
T = sup{u € Q= ‘ the divisor —Kx — uS is pseudo—effective}.

For w € [0, 7], let P(u) be the positive part of the Zariski decomposition of the divisor —Ky — uS,
and let N(u) be its negative part. Then 3(S) =1 — Sx(S), where

[e.9] T

Sx(S):%/VOI(—KX—uS)dU !
X

_ 3
=35 P(u)’du.
0

Let us show how to compute P(u) and N(u). Set H = 7*(Ops(1)) and H' = (7')*(Ops(1)). Then
H~3H —FE E~8H —-3FE' H ~3H - E,E' ~8H — 3F,

where E/ and E’ are exceptional surfaces of the blow ups 7 and 7/, respectively.

Example 22. Suppose that S € |H|. Then 7 = %. Moreover, we have

(4—u)H—-F for0<u<l,

P(u) ~ 4
(W) ~= (4 —3u)H' forlgugg,

and
0 for 0 <u<l,

(u—1E" forl <u<

Y

Q| o~

(2 —u)(u® — 10u + 10)du + =

55 [ (4= 3u)idu = 2.

1
20 120

NI

which gives Sx(9) = 5 j (P(u))gdu =
0

o,
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Example 23. Suppose that S = E. Then 7 = %,

1
4H — (1+u)E forOSUég,
P(U)NR 1
!
Z < Z
(4—8u)H for3 us g
and
1
0 for0<u < S 3
N(u) = | 1
(Bu—1)E" for = ugi,

which gives Sx(5) = 5

55 [ 41 —u)(5 — Tu? — 10u)du + 5

20

o

64(1 — 2u)*du = &.

Ml e g P

Now, we choose an irreducible curve C' C S that contains the point P. For instance, if Z is a curve,
and S contains Z, then we can choose C' = Z. Since S ¢ Supp(N(u)), we can write
u)‘s =d(u)C + N'(u),

where d(u) = orde(N(u)|s), and N'(u) is an effective R-divisor on S such that C' ¢ Supp(N'(u)).
Now, for every u € [0, 7], we set

t(u) = sup {v € R | the divisor P(u ‘s

—v(C'is pseudo—effective}.

For v € [0,t(u)], we let P(u,v) be the positive part of the Zariski decomposition of P(u)|s —vC, and
we let N(u,v) be its negative part. Following [1], 2], we let

T

S(W,SﬂC') = [?;X) /d(u)(P(u)‘S)2du+ﬁ//vol(P(u)}s—vC’)dvdu,

0
which we can rewrite as

T T t(u)

S(W,S,,C) - [?;X) /d(u)(P(u)}S>2du—l—(_]?()X)sf/ (P(u,v))zdvdu.

0
If Zis acurve, Z C S and C = Z, then it follows from [I], 2] that

Ax(F) . 1 1
1 o 2
(1) Sy(F) = { Sx(S) S(WS,; C) }
Let f: S — S be the blow up of the point P, let F' be the f-exceptional curve, let N (u) be the strict

transform on S of the R-divisor N (u)|s, and let d(u) = multp(N(u)|s). Then
Fr(N(u)|y) = d(w)F + N'(u).

For every u € [0, 7], set

t(u) = sup {v € Rz | the divisor f* (P(u)‘s) —vF is pseudo—effective}.
For v € [0, ’tKu)], we let P(u, v) be the positive part of the Zariski decomposition of f*(P(u)|g) — vF,
and we let N(u,v) be its negative part. Let

T

S(W,S,,F) - ;:_X) /c?(u)(f*(P(u)‘S)fdujLﬁ//vol(f*(P(u)‘s) — vF)dvdu.



Then

S(W.S:.;F) = (_[?;X)s/g(u)(ﬁ(u,O))zdujL%//(ﬁ(u,v)fdvdu.

For every point O € F', we let

~ 3 o
S(W2E.0) = /
(240 = i

for

Fo (W.g.ﬁ:) = 0 / / (ﬁ(u,v) . F) -ordp (]V’(u)‘F + N(u,v)‘F)dvdu.

Then it follows from [1} 2] that

(2) > min L 2 inf !
Sx(F) ~ " Sx(S) S(WE,; F) oer swikio) )

Thus, if Sx(S) <1, S(W2,; F) < 2 and S(W,gjﬂ;O) < 1 for every point O € F, then B(F) > 0.

Now, we are ready to prove Theorem A. We must show that S(F) > 0 if Z is not a point in FNE".
If Z is a surface, it follows from [21] that 5(F) > 0. Hence, we may assume that Z is not a surface.

Lemma 24 (cf. [§]). Suppose that Z is a curve, Z C E, and w(Z) is not a point. Then S(F) > 0.

Proof. Let e be the invariant of the ruled surface E defined in Proposition 2.8 in [26, Chapter V].
Then e > —3 [33]. Moreover, there exists a section Cj of the projection E — Cg such that CZ = —e.
Let ¢ a fiber of this projection. Then H|g = 6¢ and E|g = —Cj + M for some integer A. Since

—28 = —c1 (Negme) = E° = (=Co + A)* = —e = 2),

we get A = 25 50 e is even and e > —2. Since H' is nef and H'|p = Cy + (18 — A\)¢, we get

8—e
2 )

0< H -Co=(Co+ (18 =N){) - Cp =

which implies that e < 8. Thus, we see that e € {—2,0,2,4,6, 8}.
Set S = E and C' = Z. Let us estimate S(W2,; C). It follows from Example 23 that 7 = 1 and

2 -2 1

(1+u)Co+ 0+e—i—2ue 8u€ forOéuég,

P(u)|, = 1 1
(4 —8u)Cy+ 2(1 —2u)(8 + e)¢ for 3 <u< 3

N

If 0 <w< 3, then N(u) = 0. If 3 < u < 3, then N(u)‘s = (3u —1)E'|s, where E'|g = 3C, + 2554
By Proposition 2.20 in [26, Chapter V], we have Z = aCj + b for integers a and b such that a > 0

and b > ae. Since w(Z) is not a point, we have a > 1. Then ord¢(E’|s) < 3. Hence, if % <u < %,
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then d(u) < 3(3u — 1). This gives

1

3 35 1T
S _1)2 - _
SWee;C) = 20/128(2u 1)*d(u 20//v01 vC)dvdu <
1 0
< — 5 _384(3u— D (2u — 1)*du + — ; /]O ol(P —UC’)dvdu =
20 ! ") )Y
1 0
= — + d //vol —vC)dvdu = — + —//vol — v(aCy + bl))dvdu.
00

1
2 00
Thus, we conclude that S(W2,;C) < 2+ & [ fvol(P(u)}S — v(aCy + bl))dvdu.
00
Suppose that b > 0. Then

5 3 00 5 oo
20 //VOI(P(U)‘S — v(aCy + bl))dvdu < <35 //Vol u)|s — vCo)dudu.
00 00

On the other hand, we have

2 1

(14+u—v)Co+ O+e+2ue ElfO u < <3

P(u)}S—UC’OE ] ]
(4—8u—v)Co+2(1 —2u)(8+e)lif - <u< =

3 2
} s — vy is pseudoeffective <= it is nef <— v < 1+u.

Hence, if 0 <
% — v(y is pseudoeffective <= it is nef <= v <4 — 8u. Then

< %, then the divisor P(u
Likewise, if u

<% then P(u }s

S(Wf,; — + — //Vol u)|s — vCy)dvdu =

31+u 2
2
:_+—//<1+u—v)00+20+6+ue SUE) dvdu+

2
% 4—8u ’s o
3 2 €
50 / ((4 = 8u —v)Co 4 2(1 — 2u)(8 + e){) "dvdu = 0 a0 < L
10

because e < 8. Then S(F) > 0 by (II), since we know from Example 23] that Sx(S) < 1.
Thus, to complete the proof, we may assume that b < 0. Then e < 0, so that e = —2, since b > ae
Hence, it follows from Proposition 2.21 in [26] Chapter V] that @ > 2 and b > —a. Then

//Vol u)|s — vC)dvdu < —//Vol u)|s —v(2Cy — 20))dvdu.



Moreover, arguing as above, we compute

o0

3
3 41
20 //VOI(P(U)|S —v(2Cy) — %))dvdu =T
0 0
which gives S(W2,; C) < & + 15 = 535 < 1, so that 3(F) > 0 by (). O

Similarly, we prove that
Lemma 25. Suppose that Z is a curve, Z C E', and 7'(Z) is not a point. Then B(F) > 0.

Now, suppose that Z is not a point in £FNE’. To prove Theorem A, we must show that 5(F) > 0.
Let P be a general point in Z. By Lemmas 24] and 25, we may assume that either P ¢ E or P & F'.
Hence, without loss of generality, we may assume that P ¢ E. Let us show that 5(F) > 0.

Let S be a sufficiently general surface in |H| that contains P. Then it follows from the adjunction
formula that —Kg ~ H'|s. Set IT = 7(S). Then II is a general plane in P? that contains 7(P). Write

HmCGI{P17P27P37P47P57P6}7

where Py, Py, P3, Py, Ps, Ps are distinct points. Then 7 induces a birational morphism w: S — II,
which is a blow up of the intersection points Py, P, P3, Py, Ps, Fs.

Lemma 26. The divisor —Kg is ample.

Proof. We must show that at most three points among Py, P, P, Py, P5, Ps are contained in a line,
and not all of these six points are contained in an irreducible conic.

If there exists a line ¢ C II such that ¢ contains at least three points among Py, P, P3, Py, Ps5, P,
then ¢ is a trisecant of the curve Cg, so that the line ¢ is contained in 7(E’), and its strict transform
on the threefold X is a fiber of the projection E' — Cj. But the planes in P? containing 7(P) and
a trisecant of the curve Cy form a one-dimensional family. Hence, a general plane in P? that contains
the point m(P) does not contain trisecants of the curve Cg. Therefore, we conclude that at most two
points among Py, P, P3, Py, Ps, Ps are contained in a line.

Similarly, if the points Py, Ps, Ps, Py, Ps, Pg are contained in an irreducible conic in II, then its
strict transform on the threefold X has trivial intersection with H' ~ 3H — E, which implies that
this conic is the image of a fiber of the projection £’ — C§, which is impossible, since these fibers
are mapped to lines in P?. Therefore, the divisor —Kg is ample. U

Thus, we can identify S with a smooth cubic surface in P3. Recall that P ¢ E.
Lemma 27. Suppose that there exists a line { C S such that P € £. Then mw({) is a conic.

Proof. If () is not a conic, then m(¢) is a secant of the curve Cg that contains 7(P). Let us show
that we can choose II such that it does not contain any secant of the curve Cj.

Let ¢: P3 --» P? be the linear projection from m(P). Since Cg is not hyperelliptic and 7(P) & Cs,
one of the following two possibilities holds:

(1) ¢(Cs) is a singular curve of degree 6, and ¢ induces a birational morphism Cg — ¢(Cs),
(2) ¢(Cs) is a smooth cubic, and ¢ induces a double cover Cs — ¢(Cp).

In the second case, the curve Cy is contained in an irrational cubic cone in P2, which is impossible,
because the composition 7’ o7 ~! birationally maps every cubic surface containing Cy to a plane in P3.
Thus, we see that ¢(Cs) is a singular irreducible curve of degree 6.

All secants of the curve C containing 7(P) are mapped by ¢ to singular points of the curve ¢(Cp).
Since this curve has finitely many singular points, there are finitely many secants of the curve Cg
that pass through 7(P). Hence, since II is a general plane in P? that contains 7(P), we may assume

that it does not contain secants of the curve Cg containing 7(P), so 7({) is a conic. O
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Let T be the unique hyperplane section of the surface S C P? that is singular at P. Then it follows
from Lemma 27 that either P is not contained in any line in .S, and one of the following cases holds:

(a) T is an irreducible cubic curve that has a node at P;
(b) T is an irreducible cubic curve that has a cusp at P;

or P is contained in a unique line ¢ C S, 7(¢) is a conic, and one of the following cases holds:

(¢c) T'= 1€+ Cy for a smooth conic Cy that intersect ¢ transversally at P;
(d) T'= ¢+ Cy for a smooth conic Cs that is tangent to ¢ at P.

Let us construct another curve in S that is also singular at P. Namely, for each i € {1,2,3,4,5,6},
let ¢; be the proper transform on S of the unique line in IT that passes through the points 7(P) and P;.
Set L =01 + {5+ {3+ £y + U5+ lg. Then it follows from Example 22] that

24+u 1—wu

P~ q
(4-3u)Tifl <u<

<u<l,

C»JI)-J&

Recall from Example 22 that 7 = § and Sx(S) = 5.

Let T and L be the proper transforms on S of the curves T and L, respectively. If 0 < u < 1, then
24u~ l1—u~ 10—4u—3v

(P — vl ~ T L F
f( (u)|5) v R 3 + 3 + 3 5

which implies that #(u) = 10z4u 4“ Similarly, if 1 < u < %, then

F*(P(u)]s) — vF ~g (4 — 3u)T + (8 — 6u — v)F,

which implies that #(u) = 8 — 6u. N
Finally, set R = E’|s. Then R is a smooth curve. Let R be its strict transform on S. Then
0if 0 <u<l,

N =3 nRi <

OJI»-B

So, if 0 <u<1or P¢gEF then d(u) = 0. Similarly, if 1 < 5 and P € F', then d(u) =u—1.
Lemma 28. Suppose that P is not contained in any line in S. Then B(F) > 0.
Proof. The curve T is irreducible. If 0 < u < 1, then

(2+u~ 1—u~ 10—4u—3v 6 — 3u
T L Fif0<ov< ,
3 T3 T 3 PUSUS T
20— 8u—6v~ 1—u~ 10—4u—3 63
P(u,v) ~g 0—8u 6UT+ uL+ 0—4u Vi u<v<3—u,
3 3 3 2
1 du — 10 -4
o 3 o F L E 4 F) i3 u< o< :
\ 3 3
and
( —
0if0<us 23u,
~ . 6—3
N(u,v) ={ (20— 6+ 3u)T if — " <v <3—u,
~ 10—-14
k(21}—6+3u)T+(v+u—3)Llf3—u v < 3 “
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This gives

u2—v2—8u+101f0<v<6_23”,
2 9 9 .. 06— 3u
(P(u,v))” = < 100 + 12uv + 3v? — 44u — 24v + 46 if <v<3-—u,
10 —4
(10 — 4u — 3v)? if 3—u < v < 3 “
and 63
vif 0<v < —2u7
6—3
P(u,v)- F={12 —6u—3vif ——~ <o <3—u,
10 —4
30— 12— 90 if 3—u < v < OBU
Similarly, if 1 < u < %, then
N 12-9
(4=3u)T + (8~ 6u—v)Fif0<v< — g
Plu,0) ~z ~ 12— 9u
(8 —6u—v)(2T + F) if < v < 8—6u,
and o9
0if0<v< ;u
N(u,v) = ~ 12-9y
(2v + 9u — 12)T if < v <8—6u.
This gives
12-9
, |2 v e asito << g
(P(u,v))” = 12— 9
3(8 — 6u —v)” if < v < 8—6u,
and 199
vif0<v < ; u,
P(u,v)- F =
’ 12 —
24— 18u— 30 if 22 <y < 85— 6u.

Thus, if P € E’, then

o

—3u

S(W,S,, ) 230 /(27u2 — T2u+ 48)(u — 1)du + %/ / u? — v? — 8u + 10dvdu+
1 0 0

ol

10—4u
3

3—u

1 1
3 3
+3 / 10u? + 12uv + 3v* — 44u — 24v + 46dvdu + %0 / (4u + 3v — 10)*dvdu+
0 6-3u 0 3—u
2
% 1279u % 8—6u
+3 27u? 72 +48dd+3 3(6u + v — 8)*dvd 41<2
20 u U u vau B u v vau = 24

1 12-9u
2

Similarly, if P ¢ E', then S(WJ,; F) = W<
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Now, let O be a point in F. Let us compute S(VV,S,F,7 O). We have

1 2 1 3—u
3 3 3
S(Wfﬂ; 0) = 2—0/ / vidvdu + %/ (12 — 6u — 3v)*dvdu+
0 0 0 6723u
1 10,;4u 4 12— Qu % S—6u
+% / / (30—12u—9v) dvdu+230 / / 8v2dvdu+— / / (24—18u—3v)*dvdu+Fo (WEE),
0 3—u 1 0 1 12—9u 9u

so that S(VV,S,F,7 0) =8+ Fo (W,Sf':) In particular, if P ¢ E' and O ¢ TUC, then FO(W.S.F.) 0,
which implies that S (Wf:,f:, 0O) = 8. Let us compute FO(W,%;{*:) in the remaining cases.

First, we deal with the case P ¢ E'. If P ¢ E’, then we have O & Supp(N'(u)) for every u € [0, 3].
Moreover, if P ¢ E' and O € L, then O ¢ T, and L intersects F' transversally at O, which gives

10— 4u

S(WEE;0) = / / F)(w+u—38)(L - F)ydvdu= ).

Similarly, if P ¢ E' and O € T, then O 4 L and

S(WgFO):Q—l—E/ / (P(u,v)-F)(20—6+3u)(T~F)Odvdu+

3 8—6u L3
+2%/ / (p(%U).F)(2U+9u_12)(f.}?)o—%+2—60/ /(12—6u—3v)(21}—6—|—3u)(T-F)Odvdu—ir

2 2

=
S

w| |
'S
S
(XIS

+%/ / (30— 12u—9v)(20—6+3u) (T F) dvdu+—// (24— 18u—3)(2v+9u—12)(T- F),,

0 3—u 12—9u
2

SO S(WSF 0) = gg+%(T F) 3 4 T F =3 Hence, if P ¢ E’, then 3(F) > 0 by ().

0. 0.0 o \ 80 120
Therefore, to complete the proof of the lemma we may assume that P € E’. Since R is smooth,

the curve R intersects F' transversally at one point, so that
0if0<u<l,
- : 4 =
ordo(N’(u)}F) _J0if1<u< 3 and O # RN F,

u—1if1<u< %andO RNF.
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Hence, if O # RN F, then S(VV,S,F,7 O) can be computed as in the case P ¢ E’. Thus, we may also
assume that O = RN F. Moreover, if O € Z, then our previous calculations give

S(Wfsﬁ;O)z%//(?(u,v)-F ) — D)dvdu + 22 —

24
4 12— Qu % 3—6u
19 191
—1) — (24 — 18u — 1 el
/ / v(u dvdu + / / 8u — 3v)(u — 1)dvdu + 51 = 940
1 12-9u 9u
Similarly, if O € T, then, using our previous computations, we get
1 63 5~ 1 63 5~ 43
S(WEL0) = — + — T-F —+ 4+ T.-F=__.
( o0 )= 241+80+96( ) 241+80+96 48
Thus, we see that S(VV,S,F,7 0O) < 1 for every point O € F', so that S(F) > 0 by (2]). O

To complete the proof of Theorem A, we may assume that T'= ¢+ Cy and P € { N Cy, where / is
a line such that 7(¢) is a conic in P?, and Cj is a smooth conic such that w(Cs) is a line. Then Cy is
one of the curves (1, lo, U3, Uy, U, EG, so we may assume that Cy = 5. Set L=l 4+l + 3+ 0y + Us.
Let us denote by E 02, L’ the strict transforms on the surface S of the curves /, Cy, L', respectively.
Then {N L' = @ and CoNL =0. Moreover, if 0 < u < 1, then

(24u~ ~ l—u~, 10— 4du-—
U Gyt T 0 : VU pito <o <3—2u,
13 —4u—3v~ ~ l—u~, 10—4u—3 9—4
T G — T i3 —2u< o< ¢
Plu,v) ~z 10—4(; 3u ’ 1—u~3 9 — 4u ’
(2430 + F) + L —— <v<3-u,
10—4u—3v, ~ ~ ~ 10 —4
#(2€+L'+302+F)if3—u<v< ; -
and
(0if 0 < v <3—2u
2 — 3~ —4
wﬁlfﬁ%—Qu <v < 93u’
N(u,v) = ~ ~ 9—4
(1w, 0) (20 + 3u — 6)0 + (3v + 4u — 9)Cy if u<v<3—u,
- ~ , 10 — 4u
(20 +3u—6)+ (Bv+4u—9)Co+ (v+u—3)L' if 3—u < v < T
This gives
(u? —0v? —8u+10if 0 < v < 3 —2u,
2 2 —4
79—14u—311+3u—3+2vu1f3 2u < <93u’
2
(P(u,v))” = , , L9 — 4y
11u” + 14uv + 4v° — 50u — 30v + 55 if <v<3—u,
10—4
(10 —4u — 30)? if 3 —u < v < 3 u’
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and

Furthermore, if 1 < , then

~ 20 — 15
(8 — 6u — v) (20 + 3C, + F) if%gvgg—m,
and
0if 0 <v <4 —3u,
v+ 3u — 20 — 15u
N(u,v) = fﬁﬁél 3u<v< S—5
~ ~ . 20—15
(9u + 20 — 12)0 + (15u + 3v — 20)Cs if T“ <
This gives
27u? —v? —T2u+ 48 if 0 < v < 4 — 3u,
) 63 , 0v? .
(P(u,v)) — 56—84u—4v+?u —5+3vu1f4—3u<v<
20 — 15
4(8 — 6u —v)? i fTu\v<8—6u,
and
vif 0 <v <4 — 3u,
3u v 20 — 15u
P(U,U)'F: 2—7+21f4—3U<U<T7
20—1
32—24u—4vifu<11<8—6u.
Now, as in the proof of Lemma 28] we compute
z—glfPEE/
S
S(WQNF) 1229 fng'/
720

(vif 0 <v <3 —2u,

3 ) 9 —4u
- — —if3—-2u<v< ,
5 u+213 u<v 3

15— 7u— 4 if 2=

30—12u—wif3—-—u<<v< 3

+8—6u—v)Fif0<v<4—3u,

u <
12— u — v~
P(u,v) ~g U+ (4-3uC+ (B8—6u—v)Fif4—3u<

20 — 15u

— 6u.

20 — 1bu

Similarly, if O is a point in F', we can compute S (W.Sf:, O) as we did this in the proof of Lemma 28
The results of these computations are presented in the following two tables:

condition |O€lNCyNR|[INC,20€R|INR30¢C, |50 RUC, | ConR>0¢&(
S(WEE,;0) 15 720 3160 26 3160
condition |Co50¢€RUI|O€eLNR|L'>50¢R|R>50¢(UC'NL |0&lUC'NL'UR
S(WSL;0) 15 25 % % 11
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Thus, we proved that S(Wf,; F) < 2, and we proved that S(Wg’F' 0O) < 1 for every point O € F.

000’

Therefore, using (), we get S(F) > 0. This completes the proof of Theorem A.

4. THE PROOF OF THEOREM B

Let us use all assumptions and notations introduced in Section [I Recall that
Aut(P?, Cs) ~ Aut(C, [D]) C Aut(C),
and all possibilities for the group Aut(C') are listed in [3] [I7], where the two lists disagree a little bit.

Moreover, since 7 is Aut(IP?, Cs)-equivariant, we can identify Aut(P3, Cs) with a subgroup in Aut(X).
Then the action of the group Aut(X) on the set {E, E'} gives a monomorphism

Aut(X)/Aut(P?, Cs) — ps,
which is surjective if and only if Aut(X) has an element that swaps the surfaces E and E'.

Remark 29 ([17, Example 7.2.6]). We can choose My, My, M3 in (&) to be symmetric <= 2D ~ K.
Moreover, if My, My, M3 are symmetric, then X admits the involution

([wo a1 s 2ot 3], [yo tv1 12 1 w3)) = ([yo: v1 t 2t ya), [wo 1 @1 ¢ @2t w3)).
In this case, we have Aut(X) ~ Aut(P3, Cs) x p,. For more details, see [34].
Remark 30 (Kuznetsov). Set V = H*(O¢(K¢ + D)), W = H*(Oc(2K¢ — D)) and G = Aut(C, [D]).
Let G be a central extension of the group G such that D (considered as a line bundle) is G-linearizable.
Then the sheaf O¢(D) admits a G-equivariant resolvent

0—=W"®Op2(—2) > V& Op2(—1) = Oc(D) — 0,
which is known as the Beilinson resolvent. Since W* ® Op2(—2) — V @ Op2(—1) is G-equivariant,
the corresponding map p : V*@W* — H?(Op2(1)) is equivariant, where H°(Op2(1)) ~ H°(Oc(K¢))
as G-representations. On the other hand, the embedding X < P?xP3 given by can be realized as
X = (P(V*) x P(W*)) N P(ker(p)),
and the G-action on X factors through G, which is the natural G-action.

This remark gives

Lemma 31. There ezists a group homomorphism n: Aut(X) — Aut(C) such that its restriction to
the subgroup Aut(P3, Cs) ~ Aut(C, [D]) gives a natural embedding Aut(P3, Cg) — Aut(C).

Proof. Let M be the two-dimensional linear system of divisors of degree (1, 1) on P* xIP? that contains
the threefold X. Then M can be identified with the projectivization of the three-dimensional vector
space spanned by the matrices My, My, M3, which we will identify with IP’%y,Z. Then Aut(X) naturally
acts on this P7 ., because the action of the group Aut(X) on X lifts to its action on P? x P?.

Moreover, the Aut(X)-action on IP’%y’Z preserves the quartic curve in Pi,w given by
det (:EMl + yMsy + zMg) =0,

which parametrizes singular divisors in M. This curve is isomorphic to the curve C', which gives us
the required homomorphism of groups n: Aut(X) — Aut(C). It follows from Remark B0l that this
group homomorphism is functorial, so it gives a natural embedding Aut(P?, Cgs) — Aut(C). O

Corollary 32. FEither Aut(X) ~ Aut(P?, Cs) x py or Aut(X) is isomorphic to a subgroup Aut(C').
Now, we are ready to state a criterion when Aut(X) # Aut(P?, Cs).

Lemma 33. Aut(X) # Aut(P3,Cs) <= there is g € Aut(C) such that g*(D) ~ K¢ — D.
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Proof. By Remark B0, the left copy of P? in (Fk]) can be be identified with P(H°(Oc(K¢ + D))Y),
while the right copy of P? can be be identified with P(H°(O¢(2K¢— D))Y). Thus, if Aut(C) contains
an automorphism g such that g*(D) ~ Ko — D, we can use it to identify both copies of P? in (Fk]),
which will give us an automorphism of X that swaps exceptional surfaces of the blow ups 7 and 7’

Vice versa, if the group Aut(X) is larger than Aut(P?, Cs), it follows from the proof of Lemma B1]
that there exists g € Aut(C) such that ¢*(D) ~ Ko — D. O

Recall that Aut(P3, Cs) ~ Aut(C, [D]), where D is a divisor on C' of degree 2 that satisfies ().
Using Remark 29 Lemma [33 and its proof, we obtain

Corollary 34. One of the following three cases holds:

e 2D ~ K¢ and Aut(X) ~ Aut(C, [D]) X o,
e 2D o4 K¢, there is g € Aut(C) such that g*(D) ~ Kc — D, and

Aut(X) ~ (Aut(C, [D]), g).
o Aut(X) ~ Aut(C, [D]), and g*(D) # K¢ — D for every g € Aut(C).
Corollary 35. If Aut(X) is not isomorphic to any subgroup of Aut(C'), then 2D ~ K¢.

Using Corollary [34] we can find all possibilities for Aut(X), but this requires a lot of work, because
we have to analyze Pic®(C) for every subgroup G C Aut(C). This can be done using

Proposition 36 ([16]). Let G be a subgroup in Aut(C'). Then there exists exact sequence

1 — Hom(G, C*) — Pic(G,C) — Pic%(C) — H*(G,C*) — 1,
where Pic(G, C) is the group of G-linearized line bundles on C modulo G-equivariant isomorphisms.
and

Remark 37. Let G be a subgroup in Aut(C), let ¥4, ..., %, be all G-orbits in C of length less that |G|.
We may assume that |X;| > |3, for i > j. For every i € {1,...,n}, set
_ lal

e; = 5 = the order of the stabilizer in G of a point in ;.

The signature of the G-action on C'is the tuple [g; €1y, en}, where ¢ is the genus of the curve C/G.
If C/G ~ P!, then it follows from [16] that

Pic(G,0) ¥ Z & pry, & o, & -+ D,

_ _ d _ dn—1
for aq —dl,CLQ = d—i,...,an_l = d272

, where

dl = gcd(el, .. .,6n),

d2 = gcd(eleg, €1€3,...,6€5, ..., en_len),

dn1 =ged(er€2- €n1,.. ., €2 €n16y).

Moreover, if v is a generator of the free part of Pic®(C) in this case, then we have

i=1

4 = deg(K¢) = lem(ey, ..., e,) <n —2— Z l) deg(7).

Let us show how to compute Pic”(C) in some cases.
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Example 38. Suppose that Aut(C) contains a subgroup G ~ &4. Then C is given in P2 _ by

x,Y,z
ot + oyt 4+ 2+ M2y + 2?2 4y =0
for some A € C such that A € {—1,2, —2}. One can show that

( .
Gy if A0 and A £ o2V i;’\m,
Aut(C) ~ { pi x &3 if A =0,
PSL, (F;) if A = %m
\

We have C'/G ~ P!, and it follows from [31] that the signature is [0; 2, 2, 2, 3]. Thus, using Remark 37,
we see that Pic(G,C) ~ Z x u3, and the free part of the group Pic(G,C) is generated by K.
Moreover, using GAP, we compute Hom (G, C*) ~ H?*(G, C*) ~ p,. Therefore, using Proposition [36]
we get the following exact sequence of group homomorphisms:

0 = Z x py — Pic®(C) — py — 0.

We also know from [I4] that Pic(C') contains two G-invariant even theta-characteristics 6, and 6,.
This immediately implies that Pic(C) = (0;,605) ~ Z x p,.

Example 39 ([16]). Suppose that Aut(C) ~ PSLy(F;7). Then C is given in P2, _ by

T,Y,z
xy3 + y23 + za® = 0.

Set G = Aut(C). Using Example[I], we conclude that Pic®(C) contains an even theta-characteristic 6.
Now, arguing as in Example B8], we get Pic®(C) = () ~ Z.

Example 40. Suppose that Aut(C) ~ u? x &3. Then C' is given in P2, _ by

xT,Y,z
ot 2t 42t =0,
the group Aut(C') contains a unique subgroup isomorphic to p? x p5, and C'is the unique plane quartic
curve admiting a faithful p? x ps-action. Let G be this subgroup. Then the signature is [0; 3, 3, 4].

Therefore, using Remark B7, we get Pic(G,C) ~ Z x p,, where the free part is generated by Kc.
Since Hom(G, C*) ~ p; and H?(G,C*) ~ p,, it follows from Proposition 3G that

Pict(C)/(Ko) ~ .

Moreover, we know from Section 22 that Pic”(C) contains a divisor D of degree 2. Thus, we conclude
that Pic®(C) = (K¢, D) ~ 7 X py, and K¢ — 2D is a two-torsion divisor.

Example 41. Let C be the Fermat quartic curve from Example @0 and let G = Aut(C) ~ p? x G3.
Then the signature is [0; 2, 3, 8], so it follows from Remark B7 that

Pic(G,C) ~7Z X s,

where the free part is generated by K¢. On can check that Hom(G,C*) >~ pu, and H*(G,C*) =~ p,.
We claim that Pic®(C) contains no divisors of degree 2. Indeed, if Pic”(C) has a divisor D of degree 2,
then |K¢+ D| gives a G-equivariant embedding ¢: C' — P2, which contradicts to Lemmas [[4] and [I5]
because p3.6,4 does not contain subgroups isomorphic to G. Therefore, arguing as in Example H,
we see that Pic®(C) = (K¢, 0) ~ Z X p,, where ¢ is a two-torsion divisor.

Using results described in Examples 38 9, 40| A1l we get the following corollaries:

Corollary 42. If Aut(P?,Cs) has a subgroup isomorphic to &4, then one of the following holds:
o Aut(P3,Cs) ~ &4 and Aut(X) ~ Sy X o,

° Aut(IP’3, C6) ~ PSLQ(F?) and Aut(X) ~ PSLQ(F?) X oy
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Corollary 43. The smooth Fano threefold described in Exampleldl is the unique smooth Fano threefold
in the deformation family Ne2.12 that admits a faithful action of the group PSLy(F7).

Corollary 44. The smooth Fano threefold described in Section[2.2 is the only smooth Fano threefold
in the family Ne2.12 that admits a faithful action of the group p? x ps.

Proof. Suppose that Aut(X) has a subgroup isomorphic to u? x p,. Then arguing as in Example AT]
we see that Aut(P?,Cg) >~ p3 x pg, and Aut(P3, Cp) is conjugate to the subgroup G that has been
described in Section 2.2l Thus, the required assertion follows from Theorem [18| O

Now, we are ready to prove Theorem B.

Proof of Theorem B. It is enough to show that the automorphism group Aut(X) is isomorphic to
a subgroup of PSLy(F7) X py or p? x S3. Suppose this is not true. Let us seek for a contradiction.

Let G = Aut(C,[D]). Then G is also not isomorphic to a subgroup of PSLy(F7) X p, or p? x S;.
Therefore, using [14] and the classification of automorphism groups of smooth plane quartic curves,
we see that D is not an even theta-characteristic. So, by Corollary B8, the group Aut(X) is isomorphic
to a subgroup of the group Aut(C).

Hence, using the classification of automorphism groups of smooth plane quartic curves again,
we conclude that the group Aut(X) is isomorphic to one of the following groups:

o, Mo, SLo(F3) (GAP ID is [24,3]), p,. 24 (GAP ID is [48,33]),

and it follows from Corollary 4] that either G = Aut(X) or G is a subgroup in Aut(X) of index 2.
Thus, we have the following possibilities:

Aut (X) SL2 (Fg)

SLo(F3)

SLa(F3)

Ho | K12 | K12
G Ko | He | Hi2 g2y

Recall that D is a divisor on the quartic curve C' such that deg(D) = 2, the divisor D satisfies
and its class [D] € Pic(C') is G-invariant. Let us show that in each of our cases, such D does not exist.
First, using [I7, 3], Proposition B6 and Remark B, we can describe the equation of the curve C,
the signature of the action of the group G on the curve C, the structure of the group Pic“(S), and
the degree of a generator v of the free part of the group Pic®(C'). This gives the following possibilities:

G Equation of C' Signature | Structure of Pic%(S) | deg(y)
g yr—atz+ 2t =0 |[0;2,3,3,6] 7@ Zs 1
pe | Yz —x(x®*—23)=0| [0;3,9,9] 7 & Zs 1
s vt =22+ 20 =0 | [0;3,4,12] Z 1
SLy(3) | y*—ad2+2*=0 0;2, 3, 6] 7@ ZLg 4
ey |yt +24=0 | [0;2,3,12] Y/ 4

In particular, if G = SLy(3) or G ~ p,.2y, then C does not have G-invariant divisors of degree 2.
Hence, we see that G is isomorphic to one of the following groups: pg, g, fis-
Suppose that G ~ p,,. Then the action of G on C' is generated by

[y 2] Jwsw iy - 2],
where wjg is a primitive cube root of the unity. Then G fixes the point P = [1 : 0 : 0], which implies

that Pic“(S) = Z[P], so that D ~ 2P, which contradicts to our assumption that D satisfies
Assume now that G ~ pg. Then the G-action on the curve is given by

[y 2] [wor: wyy - 2],
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where wy is a primitive ninth root of the unity. Set P, =[1:0:0] and P =[0:1:0]. Then
Pic(S) = (P, Py),

because P; and P, are fixed by the action of the group G, and the divisor P, — P, is a 3-torsion.
Then D is linearly equivalent to 2P, 2P, or P, + P,, which contradicts [{)]
Finally, consider the case where G is isomorphic to pg. Then the G-action is given by

[y 2] (o —y:wsz],
Set P=1[0:0:1], 3 =[1:9:0]+[1:—i:0],and ¥, =[1:1:0]4+[1:—1:0]. Then
Ko~ AP ~ Sy + 30,

and the divisors P, ¥, ¥/ are G-invariant. This gives Pic?(S) = (P, %), and 2P — %5 is a 3-torsion.
Then D is linearly equivalent to 2P, 3y, ¥, which contradicts [l O
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