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ABSTRACT. A smooth variety is said to satisfy Condition (A) if every finite abelian subgroup of its auto-
morphism group has a fixed point. We classify smooth Fano 3-folds that satisfy Condition (A).

For simplicity of exposition, all varieties are assumed to be projective, normal, irreducible, and defined
over C, the field of complex numbers, or sometimes a subfield k C C, unless otherwise stated explicitly.

1. INTRODUCTION

Fano varieties play a central role in algebraic geometry, particularly in the classification of projective
varieties and the study of their birational properties. Among these, smooth Fano 3-folds over C have been
extensively studied, with their deformation families systematically classified by Iskovskhikh, Mori, and
Mukai. A natural question in the study of such varieties concerns the structure of their automorphism
groups and the existence of fixed points under group actions. In this context, we pay particular attention
to Condition (A), which stipulates that every finite abelian subgroup of the automorphism group of a
smooth variety fixes at least one point.

This paper investigates which smooth Fano 3-folds satisfy Condition (A), building on prior work in
[2, 3]. Our main result, presented in the Main Theorem below, provides a complete classification of the
105 deformation families of smooth Fano 3-folds with respect to Condition (A). Specifically, we identify
families where all members satisfy Condition (A), families where no members satisfy it, and families
containing members that do not satisfy it. This classification leverages the Mori-Mukai notation [6, 15]
and relies on detailed analyses of automorphism groups and their actions.

As a consequence of our Main Theorem and results from [3], we derive a corollary concerning the
unirationality of Fano 3-folds over subfields k C C. We further explore the existence of rational points,
establishing in Proposition B below that smooth Fano 3-folds in certain families always admit k-points,
while others contain members with no k-points for specific subfields, such as R or Q. These findings
connect the geometric properties of Fano 3-folds to arithmetic questions, shedding light on their behavior
over non-closed fields. The main result of this paper is the following theorem.

Main Theorem. Let X be a smooth Fano 3-fold. If X is contained in one of the deformation families
MNe1.10, Nel.11, Nei. 15, Ne2.1, Ne2.9, Ne2.11, Ne2.18, Ne2.14, MNe2.15,
Ne2.17, Ne2.20, Ne2.22, Ne2.26, Ne2.28, Ne2.30, Ne2.31, Ne2.35,
Ne2.56, Ne3.8, Ne3.11, NeS.1/, Ne3.15, Ne3.16, Ne3.18, Ne3.21, Ne3.22,
Ne3.23, Ne3.24, Ne3.26, Ne3.29, Ne3.30, Nef.5, Nef.9, Nef.11, Ne5.1,
then X satisfies Condition (A). If X is contained in one of the deformation families
Nel.14, Ne1.16, Nel.17, Ne2.25, Ne2.27, Ne2.29, Ne2.32, Ne2.33, Ne2.34, Ne3.17,
Ne3.19, Ne3.20, Ne3.25, Ne3.27, Ne3.28, Ne3.31, Nej.1, Nef.2, Neq.3, Nej. 4, Nej.6,
Neg. 7, Neg. 8, Neg.10, Nef.12, Ne5.2, Ne5.3, Ne6.1, Ne7.1, Ne8.1, Ne9.1, Ne10.1,
then X does not satisfy Condition (A). Finally, every (remaining) deformation family
Nel.1, Ne1.2, Ne1.8, Nei.f, Nel.5, Nel.6, Ne1.7, Nel.8, Nel.9, Nel.12,
Nel 13, Ne2.2) Ne2.3, Ne2.4, Ne2.5, Ne2.6, Ne2.7, Ne2.8, Ne2.10, Ne2.12,
Ne2.16, Ne2.18, Ne2.19, Ne2.21, Ne2.23, Ne2.24, Ne3.1, Ne3.2, Ne3.3, Ne3.4,
Ne3.5, Ne3.6, Ne3.7, Ne3.9, Ne3.10, Ne3.12, Ne3.18, Ne4.13,
contains a smooth Fano 3-fold that does not satisfy Condition (A).
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Corollary A (c.f. [11],[13, Theorem 1.1]). Every deformation family among
Nel.1, Ne1.2, Ne1.3, Nei.4, Ne1.5, Ne1.6, Ne1.7, Ne1.8, Ne1.9, Ne1.12,
Ne1.13, Nel.14, Ne1.16, Nel.17, Ne2.2, Ne2.3, Ne2.4, Ne2.5, Ne2.6, Ne2.7,
Ne2.8, Ne2.10, Ne2.12, Ne2.16, Ne2.18, Ne2.19, Ne2.21, Ne2.23, Ne2.2], Ne2.25,
Ne2.27, Ne2.29, Ne2.32, Ne2.833, Ne2.34, NeS3.1, Ne3.2, Ne3.3, Ne3.4, Ne3.5,
NeB.6, Ne3. 7, Ne3.9, Ne3.10, Ne3.12, Ne3.18, NeB3.17, Ne3.19, Ne3.20, Ne3.25,
Ne3.27, Ne3.28, Ne3.31, Nef.1, Nef.2, Nef.3, Nef.f, Nef.6, Nef.7, Nef.8,
Nef. 10, Nef.12, Nef.13, Ne5.2, Ne5.3, NeG.1, Ne7.1, NeS.1, Ne9.1, Ne10. 1

contains a smooth Fano 3-fold defined over some subfield k C C that is not k-unirational.

We expect that every family listed in this corollary contains a smooth Fano 3-fold X defined over some
subfield k C C such that X (k) = @. For deformation families

Nel.6, Nel1.8, Nel.9, Ne1.13, Nel.14, Nel.16, Ne1.17, Ne2.12, Ne2.21, Ne2.32, Ne3.27, Ned.1,

this expectation follows from the corollary and [17, 19, 20]. This is also true for the remaining deformation
families by the following more precise result.

Proposition B. Let X be a smooth Fano 3-fold defined over a subfieldk C C. Suppose that X is contained
in one of the following deformation families:
Nl 11, Nel.15, Ne2.1, Ne2.9, Me2.11, Ne2.1/, Ne2.15, Ne2.17, Ne2.20, Ne2.22, Ne2.26,
Ne2.28, Ne2.30, Ne2.31, Ne2.35, Ne2.86, Ne3.8, NeS.11, NeB.14, Ne3.15, NeS.16, MeS. 18,
Ne8. 21, Ne3.22, Ne3.23, Ne3.24, NeB.26, Me8.29, Ne3.80, Nej.5, Nef.9, Nej.11, Neb.].
Then X (k) # @. Moreover, every deformation family among

MNei.1, Nel.2, Ne1.3, Nel./, Mel.5, Nel.10, Nel.12, Nel.14, Ne1.16, Nel.17, Me2.2, Ne2.3, Ne2./,

Ne2.6, Ne2.7, Ne2.8, Ne2.10, Ne2.12, Ne2.18, Ne2.16, Ne2.18, Ne2.19, Ne2.21, Ne2.28, Ne2.25, Ne2.27,
Ne2.29, Ne2.82, Ne2.38, Ne2.34, MNe8.1, NeB.2, Ne3.3, Ne3.4, MNe8.5, NeS.6, Ne3.9, Ne3.10, Ne3.12,

Ne8 13, Ne3.17, Ne3.19, Ne8.20, Ne8.25, Ne3.27, Ne3.28, Ne§.31, Nef.1, Nef.2, Nef.3, NeJ. 4,

Nef.6, Neg. 7, Nef.8, Nef.10, Nef. 12, Neg. 18, MNe5.2, Ne5.3, Ne6. 1, Ne7.1, Ne8.1, Ne9.1, Ne10.1
contains a real smooth pointless Fano 3-fold, each family N1.9, Nel1.13, N2.5, Ne2.2/, N8.7 contains a
smooth Fano 3-fold defined over Q that does mot have rational points, and families Nel.6, Nel.7, Nel.8
contain smooth members defined over a subfield k C C which have no k-points.

The paper is organized as follows. Section 2 contains the proof of the Main Theorem, with a detailed
case-by-case analyses of deformation families. In Section 3, we prove Proposition B. Finally, Appendix A
addresses the unirationality of degree 14 smooth Fano 3-folds in family Ne1.7, providing a proof that such
a 3-fold is k-unirational if and only if it has a k-point. Since this paper is the threequel of [2, 3], we will
use many results obtained in these two papers.
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semester-long Morlet Chair and for creating a perfect work environment.

2. PROOF OF THE MAIN THEOREM

Let X be a smooth Fano 3-fold. If X is contained in one of the deformation families
Nel.10, Ne1.15, Ne2.9, Ne2.11, Ne2.13, Ne2.14, Ne2.17, Ne2.20, Ne2.22, Ne2.26,
Ne2.28, Ne2.30, Ne2.31, Ne2.35, Ne2.36, Ne3.8, Ne3.11, Ne3.14, Ne3.16, Ne3.18,
Ne3.21, Ne3.22, Ne3.23, Ne3.24, Ned.26, Ne3.29, Ne3.30, Ne4.5, Ne4.9, Neq4.11,

then it follows from [3] that X satisfies Condition (A).
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Lemma 2.1. Let A be a finite abelian subgroup of the group Aut(X). Suppose that X is contained in
one of the following families: Ne1.11, Ne2.1, Ne2.15, Ne8.15, Me5.1. Then A fizes a point in X.

Proof. If X is contained in the family Nel.11, then —Kx ~ 2H for an ample divisor H € Pic(X) with
H? = 1, and the base locus of the linear system |H| consists of a single point which must be fixed by
the entire automorphism group Aut(X). In particular, it is fixed by A. Similarly, if X is contained in
the deformation family Ne2.1, then it follows from [3, Lemma 2.13] that there exists an A-equivariant
birational morphism X — Y, where Y is a smooth Fano 3-fold in the family Nel.11, so A fixes a point in
Y and, therefore, it follows from [26, Proposition A.4] that A fixes a point in X.

Suppose that X is contained in the family Ne3.15. Then X is the blowup of a smooth quadric Q C P*
along a disjoint union of a line ¢ and a smooth conic, and it follows from [22] that this blowup is A-
equivariant and the line ¢ is A-invariant, hence Duncan’s lemma [3, Lemma 2.4] and [3, Corollary 2.5]
imply that the group A fixes a point in £. Therefore, A fixes a point in X by [26, Proposition A.4].

Next, we assume that X is contained in the family Ne2.15. Then it follows from [3, Lemma 2.13] that
there exists an A-equivariant birational morphism X — P3 that blows up a smooth curve C' = S N Ss,
where S5 is an irreducible quadric surface, and Ss is an irreducible cubic surface. In particular, we may
consider A as a subgroup of PGL4(C). Note that C is contained in the smooth locus of the surface So,
and Sy is A-invariant, because Sy is the unique quadric surface in P? that contains C. Let A be a finite
subgroup in GL4(C) that is mapped to A via the natural projection GL4(C) — PGL4(C). If A ~ A,
then A fixes a point in P3, so it also fixes a point in X by [26, Proposition A.4]. However, a priori, Ais
a central extension of the group A, which may not be abelian. In any case, we have the following exact
sequence of A-representations:

0— H°(Ops(3) @ Ic) — H?(Ops(3)) — H?(0s,(C)) — 0,

in which Z¢ is the ideal sheaf of C. Hence, since H° ((952 (C)) has a one-dimensional subrepresentation
corresponding to C, we see that H° (Ops (3)) also has a corresponding one-dimensional subrepresentation.
Thus, we may choose S3 to be A-invariant. Then, it follows from Duncan’s lemma [3, Lemma 2.4] that
we can also choose A to be isomorphic to A, so, as explained earlier, the group A fixes a point in X.

Finally, we assume that X is contained in the family Ne5.1. This family contains one smooth member,
which can be described as follows. Let @ be the smooth quadric 3-fold

{z129 + zox3 + 2321 + y2 = 0} C P4,
where 1, 9, 3, y, z are coordinates on P4. Let C be the smooth conic in @ that is cut out by y = 2 = 0,
andlet P, =[1:0:0:0:0], P, =[0:1:0:0:0], P3=[0:0:1:0:0], all containedin C. Let 6: Y — Q
be the blowup of the points P, P, P3, and C' be the strict transform on Y of the conic C'. Then there

is a birational morphism 7: X — Y that blows up C. Note that the group Aut(X) is explicitly described
in [4, § 5.23], and this description implies that

Aut(X) ~ &3 x (C* x Z/2Z),

both birational morphism 6 and 1 are Aut(X)-equivariant, and we have the following Aut(X)-equivariant
commutative diagram:

where V' is the singular K-polystable Fano 3-fold constructed in [1, § 6], ¢ is the small contraction of
the curve C to the singular point of V, ¢ is another small resolution of V| 7 is the contraction of the
n-exceptional divisor such that the dashed arrow is the Atiyah flop of the curve C , and v is a fibration
whose general fiber is a sextic del Pezzo surface. In particular, the group A acts on the conic C such that
the subset {P1, P, P3} is A-invariant. Then A fixes a point in C' by Duncan’s lemma [3, Lemma 2.4], so

A fixes a point in X by [26, Proposition A.4]. O
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Recall that the deformation families
Ne2.34, Ne3.27, Ne3.28, Ne4.10, Ne5.3, Ne6.1, Ne7.1, Ne8.1, Ne9.1, Ne10.1
consist of products P! x S, where S is a smooth del Pezzo surface, so their automorphism groups always
contain a subgroup isomorphic to (Z/27)? that acts trivially on the second factor, and does not fix points.
Moreover, it has been shown in [3] that any smooth member of the families Ne2.33, Ne3.31, Ne4.8, Ne4.12,
Ne5.2 does not satisfy Condition (A), and every deformation family among

Ne1.9, Ne2.5, Ne2.10, Ne2.12, Ne2.16, Ne2.21, Ne2.23, Ne2.24,
Ne3.2, Ne3.5, Ne3.6, Ne3.7, Ne3.10, Ne3.12, Ne3.13, Ne4.13,
contains a smooth Fano 3-fold that does not satisfy Condition (A). Hence, to complete the proof of
Theorem A, we may assume that X is contained in one of the families
Nel.1, Nel1.2, Ne1.3, Nel.4, Nel.5, Nel.6, Nel.7, Nel.8, Nel.12, Nel.13,
Nel.14, Ne1.17, Ne2.2, Ne2.3, Ne2.4, Ne2.6, Ne2.7, Ne2.8 Ne2.18, Ne2.19,

Ne2.25, Ne2.27, Ne2.29, Ne2.32, Ne3.1, Ne3.3, Ne3.4, Ne3.9, Ne3.17,

Ne3.19, Ne3.20, Ne3.25, Ned.1, Ne4.2) Ne 4.3, Ned. 4, Ned.6, Ned.7.
In the remaining part of the section, we will provide examples of X in each of these families together with
an abelian group A that does not fix points in X. If every smooth member of the family contains such
abelian group, we indicate it for clarity. Note that in some cases, X would be the only smooth member
of the family.

Example 2.2. Fix d € {2,3}. Let X be the hypersurface
{y2 + x%d + x%d + x%d + xid = 0} C P(1ays 1ay, Loy, Lay, dy)-

Then X is a smooth Fano 3-fold. If d = 3, then X belongs to the family Nel.1. If d = 2, then X belongs
to the family Nel1.12. Let A be the subgroup in Aut(X) generated by the transformations that change
signs of the coordinates x1,...,24. Then A ~ (Z/27Z)* and A does not fix points in X.

Example 2.3. Fix d € {2,3,4}. Let X be the hypersurface
{xil + ‘Tg + xg + xfll + xg = O} - Pi1,12,13,$4’m5'

Then X is a smooth Fano 3-fold. If d = 2, then X is the unique smooth Fano 3-fold in the family Ne1.16.
If d = 3, then X is contained in the family Ne1.13. If d = 4, then X is contained in the family Ne1.2. Let
A be the subgroup in Aut(X) generated by the transformations that multiply coordinates x1,...,x4 by
primitive d-th root of unity. Then A ~ (Z/dZ)* and A does not fix points in X.

Example 2.4. Let X be the complete intersection

6 6 6
{sz = Zm? = fo’ = O} C PS.
i=0 i=0 i=0
Then X is a smooth Fano 3-fold in the deformation family Ne1.3, and Aut(X) ~ &7. Let A be the
subgroup in Aut(X) generated by the following transformations:
[xo:a:l:xQ:x3:m4:x5:m6]|—>[a¢1:xgzmo:x3:m4:x5:x6],
[To:@1: @@y X @5 T6] = [To: X1 X2 Ty X5 T ¢ T3]
Then A ~ (Z/37) x (Z/AZ) and A does not fix points in X.
Example 2.5. Let X be the complete intersection

7 7 7
{Z:UZQ = sz? = 22’3312 = O} C P,
i=1 i=1 i=1
where z1,...,x7 are coordinates on PS. Then X is a smooth Fano 3-fold in the family Nel.4. Let A be
the subgroup in Aut(X) generated by the transformations that change signs of the coordinates z1, ..., zg.

Then A ~ (Z/27)% and A does not fix points in X.
4



Example 2.6 (Gushel-Mukai 3-folds). Let V5 be a smooth intersection of the Grassmannian Gr(2,5) C PY
in its Pliicker embedding with a linear subspace of codimension 3. Then V3 is the unique smooth Fano
3-fold in the deformation family Ne1.15. Moreover, it is well known that

Aut(V5) =~ PGLy (C)

Let G be a subgroup in Aut(Vs) such that G ~ 5. Then it follows from [10, Theorem 8.2.1] that | — Ky |
contains a pencil P such that every surface of P is G-invariant, G acts faithfully on every surface in P,
and general surface in P is a smooth K3 surface. Let S be a smooth surface in P, let m: X — V5 be
the double cover branched over S, and let 7 € Aut(X) be the Galois involution of this double cover. Then
X is a smooth Fano 3-fold in the family Nel.5. Since the action of the group G lifts to X, we identify G
with a subgroup in Aut(X). Observe that

(1,G) ~ (Z)27) x As.
Now, let A’ be a subgroup in G such that A’ ~ (Z/2Z)?, and let A = (7, A’) ~ (Z/2Z)3. Then A does not

fix points in X. Indeed, if p is an A-fixed point in X, then 7(p) is an A’-fixed point in S, so the length
of the G-orbit of 7(p) is 1, 5 or 15, which contradicts [10, Lemma 6.7.1].

Example 2.7 ([5]). Let X be the smooth Fano 3-fold constructed in [25, Example 2.11]. Then X
belongs to the deformation family Nel.6 and Aut(X) = SLo(Fg), which is a simple group. Let A be a
Sylow 2-subgroup in Aut(X). Then A ~ (Z/27)3, and it follows from [5] that A does not fix points in X.

Example 2.8. Let X be the smooth Fano 3-fold in the family Ne1.7 such that Aut(X) contains a subgroup
G ~ (Z/3Z) x ©g with GAP ID [24,8] which has been constructed in [31, § 5]. Then, up to conjugation,
the group G contains two abelian subgroups isomorphic to (Z/2Z)2. One of them is normal, and another
one is not normal. Moreover, it follows from [31, § 5] that the non-normal subgroup does not fix points
in X, which gives another proof of [31, Proposition 5.1].

Example 2.9. Let V be the Lagrangian Grassmannian LGr(3,6) embedded by Plucker into P'3. Set

11 T12 13 Y11 Y12 Y13
X=1| 712 222 w23 |, Y =1 y12 ¥22 ¥23
T3 T3 T33 Y13 Y23 Y33

Then it follows from [14] that V is given by 21 quadratic equations, which can be described as follows:

adj(X) = uY,
adj(Y) = vX,
XY =wuvls,

where adj(X) and adj(Y’) are adjoint matrices of X and Y, respectively, I3 is the 3 x 3 identity matrix,
and u, v, T11, T22, T33, T12, T13, T23, Y11, Y22, Y33, Y12, Y13, Y23 are coordinates on P13 Let A be the
subgroup in Aut(V') generated by the following involutions:

[w:v:air:To0 X331 T2 T13 I T3 T Y11t Y22 1 Y33 Y12 : Y13 : Ye3]
[w:v:@iy w9033 —T12 P T3 —T23 1 Y11 Y22 Y33 P —Y12 ¢ Y13 —Y23),
[w:v i Too X331 X121 X131 T3 T Y11t Y22t Y33 Y12 : Y13 : Ye3]
[w:v:@iy w90 X33 —T12 0 —T13 1 T23 1 Y11 Y22 P Y33 P —Y12 ¢ —Y13 © Y23),
[w:v iy oo X331 T2 X131 T3 T Y11t Y22 1 Y33 Y12 : Y13 : Ye3]
[V:w:yi1 Yoz Y33 Y12 P Y13 1 Y23 1 T11 G W22 D X33 T12 i T13 : To3).
Then A ~ (Z/27)3. Let X be the 3-fold in V that is cut out by
1967211 + 1973w22 + 1983233 = 0,
1967y11 + 1973y22 + 1983ys3 = 0,
2024x11 + 2025299 + 2024111 + 2025y20 = v + u.

Then X is A-invariant smooth Fano 3-fold in the family Ne1.8, and A fix no points in X.
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Example 2.10. Let X be a smooth Fano 3-fold in family Nel.14. Then X is a complete intersection of
two quadrics in P?, and it follows from [27] that we can choose coordinates x1, T2, 23, 24, T5, g on P° such
that X is given by

6

6
Z x? = Z aia:? =0
i=1 i=1
for some numbers a1, ag, as, a4, as, ag. Let A be the subgroup in Aut(X) generated by the transformations
that change signs of the coordinates z1,...,z5. Then A ~ (Z/2Z) and A does not fix points in X.

Example 2.11. Recall that P2 is the only smooth Fano 3-fold in the family Ne1.17. Let A be the subgroup

in Aut(]P’?s1 va.15.2q) Senerated by the following transformations:

[acl 1 X9 1 Xx3 134] — [—1’1 1 X9l —I3 $4],
[xl:xg:xg:a:4]b—>[:z:2:a;1:x4:a:3].
Then A ~ (Z/27Z)* and A does not fix points in P3. Let Z be an A-invariant smooth subvariety in P3,
and let X be the blow up of P? along Z. Then the action of A lifts to X, and A does not fix points in X.

Now, choosing appropriate Z, we see that all smooth members of the families Ne2.25, Ne2.27, Ne3.25, Ne4.6
also do not satisfy Condition (A). Namely, if Z is the smooth quartic elliptic curve

{a} + 23+ A2+ 27) =0,\(2] —23) + 25 — 23 =0} CP?
for A ¢ {0,£1,+i}, then X is a smooth Fano 3-fold in the family Ne2.25, and every smooth member of

this family can be obtained in this way. Likewise, if Z is the twisted cubic ¢(P!) for ¢: P! — P3 given by

[u:v] = [uv? : wPo :ud 3],

then X is the unique smooth member of the family Ne2.27. Similarly, if Z = {1 = 22 = 0}U{z3 = 24 = 0},
then X is the unique smooth member of the family Ne3.25. Finally, if Z is the union of the three disjoint
lines {z1 = x9 = 0}, {x3 = 24 = 0}, {1 + 23 = 22 + x4 = 0}, then X is the member of the family Ne4.6.

Example 2.12. Fix d € {2,4}. Let

T,Y,2"

S = {u2(1967xd +1973y? + 19832%) + v? (19832 + 1973y + 19672%) = o} cPL, x P2

Then S is a smooth surface. Let 7: X — PL ~x IP’2 . be a double cover branched over S. If d = 2, then
X is a smooth Fano 3-fold in the deforma‘mon famlly N°2 18. If d 4, then X is a smooth Fano 3- fold in
the deformation family Ne2.2. Let A’ be the subgroup in Aut(PL, x IP’2 ) generated by

([u cul [y z}) — ([u : —v],[x:y : z]),
([u:v),[z:y:2]) = ([u:v], we:y:2]),
([u cvl, [y z}) — ([u:v],[az:wy : z]),
where w is a primitive d-th root of unity. Then A’ ~ (Z/2Z) x (Z/dZ)?, the action of the group A’ lifts

to X, so we can identify A’ with a subgroup in Aut(X). Let 7 be the Galois involution of the double
cover 7, and let A = (7, A’). Then A ~ (Z/27)* x (Z/dZ)?, and A does not fix points in X.

Example 2.13. Let us use the notation and assumptions of Example 2.2 with d = 2. Let C be the
smooth elliptic curve in X that is cut out by 3 = x4 = 0, and let Y be the blow up of X along C. Then
Y is a smooth Fano 3-fold in the family Ne2.3, and the curve C is A-invariant, so the action of the group
A lifts to Y. Note that A does not fix points in Y.

Example 2.14. Let C be the curve in P3 that is given by
{x? + a3+ Mo +23) =0,

Nad —ad) + 23 — 23 =0,
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where ) is a general complex number. Then C is a smooth curve. Let X — P3 be a blow up of this curve.
Then X is a smooth Fano 3-fold in the family Ne2.4. Let A be the subgroup in Aut(P?) generated by

[X1 1 @o : g wy] > [wo w1 1 1y ¢ T3],

(X1 :@o : gt x| > |3 1 —;yg 1 11 —120).
Then A ~ (Z/27Z)%, and A does not fix points in P3. Note that the curve C is A-invariant, so its action
lifts to X, and A does not fix points in X.

Example 2.15 (Verra 3-folds). Let X be the divisor of degree (2,2) in P2, ., x P2 that is given by

UV, W T,Y,2
vwa? + uwy2 +uvz? + yzu2 + z20° + xyw2 + )\(’11,21'2 + v2y2 + w222) =0,
where A is a sufficiently general complex number. Then X is a smooth Fano 3-fold in the family Ne2.6.
Let A be the subgroup in Aut(X) that is generated by the following transformations:
(lw:v:w),[z:y:2]) = (v:w:ul,fy:z:a]),
([w:v:w],[z:y:2]) = ([u:wo: wiw], (Wi wy 2]),
where w is a primitive cube root of unity. Then A ~ (Z/37Z)?, and A does not fix points in X.
Example 2.16. Let @ be the smooth quadric 3-fold {z} + 23 + 23 + 23 + 22 = 0} C P}, ., 4. 2, 0ss and
let A be the subgroup in Aut(Q) generated by the following involutions:
[ml2.272::63:27421'5]'—)[—$1:x2:$3:x421‘5]
[I’lZ$2IZC3Z.T4IZL’5]'—>[.T1Z—.%'QZ—.%'3:$4I.T5]
[l’l 2$2:ZC3:$42£L'5]'—>[.T1Z—x2:$3:—$4:x5].
Then A ~ (Z/27)3. Let Z be a smooth A-invariant subvariety of the quadric @, and let X be the blow
up of @ along Z. Then the action of A lifts to X, and A does not fix points in X. Now, choosing

appropriate Z, we obtain smooth Fano 3-folds of the families Ne2.7, Ne2.29, Ne3.19, Ne3.20 that do not
satisfy Condition (A). Namely, if Z is the smooth curve of genus 5 that is cut out by

5

5
D iaf =) 27 =0,
=1

i=1
then X is a smooth Fano 3-fold in the family Ne2.7. Similarly, if Z is the conic @ N {z3 = x4 = 0}, then
X is the unique smooth member of the family Ne2.29. If

Z ={x1 =xy+irs =x4+ix5 =0} U{x; = 29 — ixg = x4 — ix5 = 0},
then X is the unique smooth Fano 3-fold in the family Ne3.20. Finally, we let
Z=10[0:0:0:1:4QU[0:0:0:1:—1].
Then X is the unique member of the family Ne3.19. Let C' be the A-invariant conic @ N {z3 = x4 = 0},

and let Y be the blow up of X along the strict transform of C. Then Y is the unique smooth Fano 3-fold
in the family Ne4.4) the action of A lifts to Y, and A does not fix points in Y.

Example 2.17. Let Y be the hypersurface
{w? + (@2 + 2+ 2°) + 2t +yt + 2t =0} CP(1a, 1y, 12, 14, 2,).

Then Sing(Y) =[0:0:0:1:0], and Y has an ordinary double singularity at the point [0:0:0:1: 0].
Let m: X — Y be the blow up of this point. Then X is a smooth Fano 3-fold in the family Ne2.8. Let A be
the subgroup in Aut(Y’) generated by the transformations that change signs of the coordinates x,y, z, t.
Then A ~ (Z/27)*, the action of the group A lifts to X, and A does not fix points in X.

Example 2.18. Let Sy be the surface {zgz3 = z172} C P3. Fix the isomorphism P! x P! ~ S5 by
([so : s1], [to : t1]) = [soto : sot1 : sito : s1t1], and let C' be the curve in Sy given by

(55 + s1)(tg + 1) +&(s5 — sD)(t5 — 1)) =0
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in which ¢ is a general number so that C' is smooth. Let A be the subgroup in Aut(S2) generated by
([so 2 s1), [to : tﬂ) — ([50 :—s1], [to : tl]),
([so = s1], [to : t1]) = ([s1 = so], [t1 : to))-
Then A ~ (Z/27)?, the curve C is A-invariant, and the A-action extends to P as follows:
[xo: @1t o wg| = [—xo : —x1 : T2 : 3],
[xo : @1 o 1 w3 > [w3 1 w2 1 1 & Tp).

Hence, A fixes no points in P3. Let 7: X — P3 be the blowup of the curve C. Then X is a smooth Fano
3-fold in the family Ne2.19, the A-action lifts to X, and A does not fix points in X.

Example 2.19. Let W = {z1y; + 22y2 + x3y3 = 0} C P? x P2 Then W is the unique smooth

T1,22,T3 Y1,Y2,Y3°

Fano 3-fold in the family Ne2.32. Now, let A be the subgroup in Aut(WW') generated by
(1 : @2 s @3] [y s y2 rys]) = (w2 s 2], [y2 1 ys 0 yn)),
([x1: @2 @3], [y1 : Y2 : y3]) — ([w2x1 twxe : xy), [wyr - w2y2 :y3)),

where w is a primitive cube root of unity. Then A ~ (Z/3Z)?, and A fixes no points in W. Alternatively,
consider the subgroup A’ C Aut(W) such that A’ ~ (Z/27)? and A’ is generated by

(
(

Then A’ also fixes no points in W. Let C; = {x1 = yo = y3 = 0} and Cy = {y1 = 22 = 23 = 0}. Then
the curve C; + Cy is smooth and A’-invariant. Let X — W be the blow up of this curve. Then X is the
unique smooth Fano 3-fold in the family Ne4.7, the action of the group A’ lifts to X, and A’ does not fix
points in X.

—x1 T2 3], [—y1 Y2t ya)),
T1:—T2: 333L [?Jl Y2 ?Js])

([r1 @20 23], [y1 : y2 2 ys))

s
([r1 w2 s 23], [y1 2 y2 2 y3]) =

[
[

Example 2.20. Let S be the surface of degree (2,2,2) in PL ~xPL ~xPL  that is given by

1,91 z2,Y2 x3,Y3

T3 royox3 + yiroyeys + 22xdrsys + miy1w3al + +ytyaasys + v1yysys =
= 2025(yiy3T3y3 + 11953 + YiToyeys + viadasys + aiweadys + viadadyy).

Then S is smooth. Let 7: X — PL x PL x Pl be the double cover that is ramified in S. Then

T1,Y1 x2,Y2 z3,Y3

X is a smooth Fano 3-fold in the family Ne3.1. Let A’ be the subgroup in Au‘c(IP’glcw1 X IP’gl%y2 X ]P’glgs,w)
generated by

([z1 ], (w2 w2, [es s ys]) = ([yr 2], [y2 = 22], [ys = w3)),

([z1 2 o1l [22 2 ol [23  ys]) = ([w2 1 w2l [23 2 ys), (21 2 1)

Then A’ ~ (Z/27) x (Z/3Z), the surface S is A’-invariant, and A’ does not fix points in S. Observe that
the action of the group A’ lifts to X, so we can consider A" as a subgroup in Aut(X). Let 7 be the Galois
involution of 7, and let A = (7, A). Then A ~ (Z/27)% x (7Z/3Z), and A does not fix points in X.

Example 2.21. Let X be the 3-fold in P3 X P327y27227w2 given by

T1,01,71,w1 e
xla,*% + yly% + zlz% + wlw% =0,
23 +yl+ 2+ wi =0,
T2 + Y2 + 22 +we = 0.
Then X is smooth Fano 3-fold Ne3.3. Let A be the subgroup in Aut(X) generated by
(w1t y1 2 21 cwil, [wa s yo 20 s wa)) = ([yr @1 wy : 21], [y2 @ 22wt 29)),
(w1 ry1 2 21 cwil, [wa syt 2o s wa)) = ([wr i 21 91 1], [we : 22 0 Yo @ xa)).

Then A ~ (Z/27)?, and A does not fix points in X.
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Example 2.22. Let us use the notation and assumptions of Example 2.12 with d = 2. Let C be the
preimage via 7 of the curve {y =0,z =0} C P. , x P2 2~ Then C'is smooth and A-invariant. Let Y be
the blow up of the 3-fold X along the curve C. Then Y is a smooth Fano 3-fold in the family Ne3.4, and
the action of the group A lifts to Y. Since A does not fix points in X, we see that A does not fix points
inY.

Example 2.23. Let S, E, E’ be surfaces in IP’l x P2 defined as follows:

T,Y,2
S = {zt + 9yt + 21 +2025(2%% + 2222 +9%2%) =0}, E={u—iv=0}, E ={u+iv=0}.

Then S, E, E" are smooth. Let A’ be the subgroup in Aut(P. , x P2 ) generated by

( .Y,
([u:v],[m:y:z}) ([u v],[ Ty z])
([u:o],fz:y:2]) = ([uso], [z —y:2]),
]

(fus ol fosy o)) o (fosalfosy s 2).

Then A’ ~ (Z/2Z)3, and S+ E + E' is A'-invariant. Let n: X — PL  x P2 .- be a double cover branched
over S+ E+E', and let S, E, ELbe the preimages on X of the surfaces S, B, E’ , respectively. Then the
action of the group A’ lifts to X, so we consider A’ as a subgroup in Aut(X). Let 7 be the Galois
involution of the double cover 7, and let A = (A, 7). Then A~ (Z/27)*, and A does not fix points in X.
Note that X is singular along the curves ENSand E'NS. But we can A- equivariantly blow up X along
these curves to get a smooth 3-fold X. Then there exists an A-equivariant birational morphism XX
that contracts the strict transform of S to a smooth curve of genus 3, and X is a smooth Fano 3-fold in
the family Ne3.9. By construction, the group A does not fix points in X.

Example 2.24. Let X be the unique smooth Fano 3-fold in the deformation family Ne3.17. Then
X = {a:oyozg + z1y120 = Toy121 + xlygzl} - Pio,m X ]P’?lﬂhy1 X Pgom 2
Let A be the subgroup in Aut(X) generated by the following transformation:
([zo = 1], [yo = v, [20 = 21 = 22]) = ([yo : ), [wo = @1, [20 : 21 ¢ 22)),
([ZL‘() 1], [yo t y1l,[20 : 21 ¢ 22]) — ([:zl s 2o, Y1t yol, [z2 1 21 ZQ]),
([wo = 1], [wo = w1, [20 : 21 = 22]) = ([0 : —21], [yo : —w1], [20 : —21 ¢ 22]).
Then A ~ (Z/27)3 and A does not fix points in X.

Example 2.25. Let X be a smooth Fano 3-fold in the family Ned.1. It follows from [8] that X can be
given in PL x PL x PL x PL by the equation

T1,Y1 r2,Y2 z3,Y3 T4,Y4
a(z1@2324 + Y1y2ysya) + b(@1T2y3ys + Y1Y20324)+
+ c(@1y2w3ys + Y122y324) + d(@1Y2y374 + Y12223Ys) =0
for some numbers a, b, ¢, d. Let A be the subgroup in Aut(X) generated by the following transformations:

([w1 2 1], (@2 2 yol, (23 ¢ ys), (24 ya]) — ([362 1), [z = ya), 23 2 y3)),

] ] ] yal, [z1
([951 tyils [m2 0 g2 (@3 ys), (24 yd) = ([ Yyal, [3 : ?/3] [z2 @ yol, [11 ?/1]):
([z1 = 1l [22 - o), (23 - ys), [za - ya]) = ([3/1 1 [y 2], [ys : 3], [ya - 24]),
(lz1 = ][22 : w2, [ ys), [za : wa]) = ([0 2 =), (22 2 —wol, (23 —ys)], 24+ —ya]).

Then A ~ (Z/27)* and A does not fix points in X.

Example 2.26. Let X be any smooth Fano 3-fold in the family Ne4.2. Then there exists a birational
morphism 7: X — @ such that Q is the cone {z} + 23 + 23 + 23 = 0} C P, ., 1. o, 4., and 7 is a blow
up of the point [0:0:0:0: 1] = Sing(Q) and the smooth elliptic curve

C={r5=a12? 4+ axr3 +azzi+asai =22 + 23+ 22+ 22 =0} CcQ\[0:0:0:0:1],
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where a1, as, ag, as are some numbers. Let A be the subgroup in Aut(Q) generated by the transformations
that change signs of the coordinates x1,...,z4. Then A ~ (Z/2Z)*, [0:0:0:0 : 1] is the only A-fixed
point in @, and C is A-invariant, so the A-action lifts to X. Moreover, A does not fix points in X.

Example 2.27. Let C be the curve of degree (1,1,2) in PL ~xPL —x IP’lmz1 given by

Zo,T1 Y0,Y1 Z
zToy1 — T1Y0 = 0,
x%zl + a:%zo =0.

Then C' is smooth and irreducible. Let 7: X — P! x P! x P! be the blow up of the curve C. Then X is
the unique smooth Fano 3-fold Ne 4.3. Let A be the subgroup of Aut(X) generated by

([a:o s x1], o = v, [20 : zl]) — ([a:l s 2ol 1t yol, [21 zo]),

(lzo = 1], [yo = w1, [20 = z1]) = ([yo : w1l [zo = 1], [20 : 21]),

([a:o s x1], o = v, [20 : zl]) — ([azg s —x1], o : —v1], [20 : zl]).
Then A ~ (Z/27)3, and A does not fix points in X.

3. PROOF OoF PROPOSITION B

Let X be a smooth Fano 3-fold defined over a subfield k C C. If X is contained in the family Ne1.15,
it follows from [19, Theorem 1.1] that X (k) # @. Similarly, if X is contained in one of the families
No2.9, Ne2.11, Ne2.14, Ne2.17, Ne2.20, Ne2.22, Ne2.26, Ne2.28, Ne2.30,
Ne2.31, Ne2.35, Ne2.36, Ne3.8, Ne3.11, Ne3.14, Ne3.16, Ne3.18, Ne3.21,
Ne3.22, Ne3.23, Ne3.24, Ne3.26, Ne3.20, Ne3.30, Ned.5, Ned.9, Ned.11,
then it follows from [2] that X (k) # @. Likewise, we prove the following result.

Lemma 3.1. If X is contained in one of the families Ne1.11, N2.1, Ne2.15, Ne3.15, N5.1, then X (k) # @.

Proof. If X is contained in the family Nel1.11, then —Kx,. ~ 2H for an ample divisor H € Pic(X¢) such
that H? = 1, and the base locus of the linear system |H| consists of a single point, which must be defined
over k. so, in particular, X (k) # @. Similarly, if X is contained in the deformation family Ne2.1, then
it follows from [2, Lemma 2.5] that there exists birational morphism X — Y such that Y is a smooth
member of the deformation family Nel.11, so it follows from Lang-Nishimura theorem that X (k) # &,
because we just proved that Y (k) # @.

If X is contained in the deformation family Ne3.15, then X¢ can be realized as a blow up of a smooth
quadric @ C P* along a disjoint union of a line £ and a smooth conic C, and it follows from [22] and [2,
Corollary 2.3] that this blow up, the quadric @, the line ¢ and the conic C are all defined over k, so, in
particular, Q(k) # 0, which implies X (k) # () by Lang-Nishimura theorem [24, Theorem 3.6.11].

Now, we assume that X is contained in the family Ne2.15. Then it follows from [2, Lemma 2.5] that
there exists a birational morphism 7: X — U such that U is a k-form of P?, and 7 is a blow up of a
smooth curve C C U such that C¢ is a complete intersection in Uc ~ P3 of a quadric surface Ss and a
cubic surface S3. Since 59 is the unique quadric surface that contains Cg, we see that So is defined over
k. Let M be the linear subsystem in |Sy| that consists of all surfaces containing C. Then M gives a
birational map U --» Y such that Y¢ is a cubic 3-fold in P* that has one isolated double point. Now,
applying [2, Corollary 2.3], we see that Y is a cubic 3-fold in P4, so projecting from its singular point, we
obtain a birational map Y --+ P3, which implies that X (k) # @ by Lang-Nishimura theorem.

Finally, we suppose that X belongs to family Ne5.1. Then, using [22, § II1.3] and [2, Corollary 2.3],
we see that there is a birational morphism f: X — @ such that @ is a smooth quadric in P*, and f is
a composition of a blow up of a reduced zero-dimensional subscheme 3 C @ of length 3 followed by the
blow up of a strict transform of a conic in @ that contains ¥. Then Q(k) # @ by Springer theorem [29],
so Lang-Nishimura theorem gives X (k) # &. O

Over C, the deformation families

Ne2.34, Ne3.27, Ne3.28, Ned.10, Ne5.3, Ne6.1, Ne7.1, Ne8.1, Ne9.1, Ne10.1
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consist of products P! x S, where S is a smooth del Pezzo surface. Thus, each of these families contains a
real pointless 3-fold Cs x S such that (5 is a pointless real conic in IP’%{, and S is a real smooth del Pezzo
surface of an appropriate anticanonical degree. Moreover, it has been shown in [2] that families
Nel.10, Ne2.10, Ne2.12, Ne2.13, Ne2.16, Ne2.19, Ne2.21, Ne2.23, Ne2.33,

Ne3d.2, Ned.5, Ne3.6, Ne3.10, Ned.12, Ne3.13, Ne3.31, Ned.8, Ned.12; Ned.13, Ne5.2
contain real smooth pointless Fano 3-folds, and families Ne1.9, Ne2.5, Ne2.24, Ne3.7 contain smooth Fano
3-fold defined over Q that do not have rational points. Furthermore, Examples 2.2, 2.3, 2.4, 2.5, 2.13,
2.16, 2.17, 2.21, 2.23 contains explicit examples of real smooth pointless Fano 3-folds in the families

Nel.1, Ne1.2, Ne1.3, Nel.4, Nel.12, Nel.16, Ne2.3, Ne2.7, Ne2.8, Ne2.29, Ne3.3, Ne3.9, Ne3.19, Ne3.20, Ned.4.

Similarly, Example 2.10 gives examples of real smooth pointless Fano 3-folds in the family Nel.14 if we
choose a1,a9,as,ay4,as,as in this example to be real, and Example 2.26 gives many examples of real
smooth pointless Fano 3-folds in the family Ne4.2 if we choose aq, as, as, aq there to be real. Hence, to
prove Proposition B, it is enough to present an example of a smooth Fano 3-fold X in each of the families

Ne1.5, Ne1.6, Ne1.7, Nel.8, Ne1.13, Ne1.17, Ne2.2, Ne2.4, Ne2.6, Ne2.18, Ne2.25,

Ne2.27, Ne2.32, Ne3.1, Ne3.4, Ne3.9, Ne3.17, Ne3.25, Ned.1, Ne4.3, Ned.6, Ned.7

such that X is defined over an appropriate subfield k C C and X (k) = @. We will do this in the remaining
part of the section indicating whether k = R or k = Q or k is some other field.

Example 3.2. Let V be the real Grassmannian Gr(2,5) embedded into P? by the Pliicker embedding,
let H; and H be general hyperplanes in P?, let Q be a general pointless quadric in P?, and let X be the
intersection of V', Hy, Hy, Q. Then X is a real pointless smooth Fano 3-fold in the family Nel.5.

Example 3.3. By Corollary A, each family among Ne1.6, Ne1.7, Ne1.8 contains a smooth 3-fold X defined
over some subfield k C C such that X is not k-unirational, so X (k) = @ by [19, Theorem 1.1].

Example 3.4. To construct smooth pointless member of the family Ne1.13, let

X = {2} + 223 + 4o} + 212025 + (2} + 223) = 0} C P}

T1,22,23,24,T5"°

Then X is a smooth cubic 3-fold defined over Q, and it follows from [12] that X (Q) = @.

Example 3.5. Let U be the unique real form of P3 that has no real points. Then U is a smooth Fano
3-fold in the family Ne1.17, and U contains a smooth surface S such that —Ky ~ 25 and Pic(U) = Z[S].
Moreover, it follows from [2, Example 6.8] that S ~ P! x O, where C is the real pointless conic. This
shows that S contains three twisted lines L, L', L”, that is, L¢, L{:, L{. are disjoint lines in Ug ~ P3. If we
blow up U along L and L', we obtain smooth real pointless Fano 3-fold in the family Ne3.25. Similarly, if
we blow up U along L, L', L”, we obtain smooth real pointless Fano 3-fold in the family Ne4.6. Moreover,
if S” is a general surface in |S| different from S, then S NS’ is a smooth elliptic curve, so blowing up
U along this curve, we obtain smooth real pointless Fano 3-fold in the family Ne2.25. Finally, let Z be
a general curve in S that is contained in the linear system | — Kg — L|. Then Z¢ is a smooth twisted
rational cubic in Ug ~ P3, so blowing up U along Z, we get pointless real Fano 3-fold in the family Ne2.27.

Example 3.6. Let us use assumptions and notations of Example 2.12. Then S is real and S(R) = &.
Thus, we can choose X to be real and pointless. Recall that X is contained in the family Ne2.18 if d = 2,
and X is contained in the family Ne2.2 if d = 4.

Example 3.7. Let C be the pointless real conic, let U be the pointless real form of P2, and let V = C'xU.
Then, in the notations of [18, § 4], the twisted line bundle Oy (1,1) is a line bundle on V by [18, § 4].
Thus, since Oy (2) is a line bundle on U, we see that Oy (1, 3) is a line bundle on V. Let X be a general
3-fold in |0y (1,3)]. Then X is smooth, and X¢ ~ pri(Opi(1)) + pri(Ops(3)) on Ve ~ P! x P3, where
pry: P! x P3 — P! and pry: P! x P3 — P3 are projections to the first and the second factor, respectively.
Hence, since V(R) = @, X is a pointless real Fano 3-fold in the family Ne2.4.

Example 3.8. Let X be the divisor of degree (2,2) in P2 x P2 that is given by

u,v,W T,Y,2
(u® 4 v? +1967w?)z? + (u? + 1973v% + w?)y? + (1983u” + v* + w?)2? = 0.

Then X is a real smooth pointless Fano 3-fold in the family Ne2.6.
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Example 3.9. Let us use the notation and assumptions of Example 2.16 with
Z:{xl :x2+im3:x4+ix5:0}u{x1 :xg—ix3:x4—ix5:0}.

Let S = QN {zx; =0}, and let S be the strict transform of S on the 3-fold X. Then there is a birational
morphism X — W such that W is a smooth Fano 3-fold in the family Ne2.32. By [24, Theorem 3.6.11],
we have W(R) = @, since X(R) = @. Now, we let

C:{:Iigzﬂfg-i-ixl :J;4+ix5:0}u{x3:x2—ix1:x4—z’:v5:()}

Then C' C @, and the curve C' is defined over R. Let C be the strict transform on X of the curve C.
Then C ¢ S, and the i image of C in W is a smooth curve. Moreover, if we blowup W along this curve,
we obtain a real pointless smooth Fano 3-fold in the family Ne4.7.

Example 3.10. Let @ be a pointless real quadric in P2, let V = @Q x P!, let S be a general surface in
the linear system | — Ky|, and let 7: X — V be a double cover branched over S. Then X is a smooth
real pointless Fano 3-fold in the family Ne3.1.

Example 3.11. Let us use the notation and assumptions of Example 3.6 with d = 2. Let C be the
preimage via 7 of the curve {y = 0,z = 0} C P., x P2 v~ Then C is smooth and defined over R. Let

Y be the blow up of the 3-fold X along the curve C Then Y is a smooth real Fano 3-fold in the family
Ne3.4, which is pointless by [24, Theorem 3.6.11].

Example 3.12. Let us use the notation and assumptions of Example 2.23. Then S and F + | E' are
defined over R, and the divisor S + E + E’ does not contain real points. Thus, we can choose X to be
real and pointless. Then, by construction, X is a smooth real pointless Fano 3-fold in the family Ne3.9.

Example 3.13. Let V = Q x P2, where Q is a pointless real quadric in P3, let X be a general divisor
in [pri(H) + pr3(Op2(1))|, where H is a hyperplane section of @, pry: V — Q and pry: V. — P? are
projections to the first and the second factors, respectively. Then X is a smooth real pointless Fano 3-fold
in the family Ne3.17.

Example 3.14. Let X be the 3-fold in P2 X Pz?;1,y2,y3,y4 given by

T1,22,T3,T4
x1+x2+x3+x420,
i +ys 3+t =0,
x1y1 + 1967x2ys + 1973x3y3 + 1983x4y4 = 0.
Then X is a smooth real pointless Fano 3-fold in the deformation family Ne4.1.

Example 3.15. Let V = {z? + 23 + 23 = y? + y3 + y3 = 0} C P2 x P2 x PL . and let

1,22,T3 Y1,Y2,Y3
C =V n{x1ys = Toy1, T1y3 = T3y1, Toys = T3Y2, T122 = T221 ).

Then V and C are smooth. Let X be the blowup of V' along the curve C. Then X is a pointless smooth
real Fano 3-fold in the family Ne4.3.

APPENDIX A. UNIRATIONALITY OF SMOOTH FANO 3-FOLDS OF DEGREE 14

Let X be a smooth Fano 3-fold contained in the family Nel.7 which is defined over a subfield k C C.
Then Pic(X¢) = Z[-Kx_.], —K% = 14, the linear system | — Kx| gives an embedding X — P? such that
the image of X is a scheme-theoretic intersection of quadrics. In the following, we will identify X with its
anticanonical image in P?. The goal of this appendix is to present a short proof of the following result,
which essentially follows from the ideas and results in [17, 19, 30].

Theorem A.1. The following three conditions are equivalent:

(1) X(k) # o,
(2) X (k) # @ and X is birational to a smooth cubic 3-fold in P4,
(3) X is unirational over k.

To prove this theorem, we need two results, which are known to experts.
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Lemma A.2. Suppose that X contains a line ¢ defined over k. Then X is unirational over k.

Proof. Let 7: X — X be the blowup of the line £. Then | — K| is base point free and, in particular,
the divisor —K g is big and nef. Moreover, it follows from [15, Theorem 4.3.1] that | — K| gives a

small birational morphism ¢: X — Y such that YV is a singular Fano 3-fold with terminal Gorenstein
singularities, and (—Ky)3 = 10. So, by [15, Theorem 4.3.3], we have the following Sarkisov link:

% ~

XX ~ X'
ﬂl \ / ln
] ¢
X Y S

where x is a pseudoisomorphism that flops curves contracted by ¢, X' is a smooth weak Fano 3-fold,
@' is a small birational morphism, S is a form of P?, and 7 is a conic bundle. Since X'(k) # @ by
Lang-Nishimura theorem [24, Theorem 3.6.11], we have S(k) # @, so S ~ P2

Let E be the m-exceptional divisor. Then E is rational over k, and it follows from [15, Theorem 4.3.3]
that 7 induces a dominant morphism x4(E) — S, so X’ is unirational over k by [19, Lemma 4.14].
Therefore, the smooth Fano 3-fold X is also unirational over k. O

Lemma A.3. Suppose that X (k) contains a point P such that the 3-fold X¢ does not contain lines passing
through P. Then X is birational to a smooth cubic 3-fold in P*.

Proof. Let 7: X — X be the blowup of the point P. Then —K?( = 6, and it follows from [19, Lemma 5.7]
that | — K| is a base point free linear system of dimension 5. Thus, it follows from [9] and the proof
of [19, Lemma 5.11] that the linear system | — K | gives a morphism ¢: X — X such that either @ is

birational, or ¢ is generically two-to-one, and X is either a Segre cubic scroll or a cone over a smooth
two-dimensional cubic scroll. Moreover, arguing as in the proof of [19, Lemma 5.12|, we see that ¢ is
birational, and X is a normal complete intersection of a quadric and a cubic in P,

Let E be the m-exceptional surface. Then the dimension of | -2K ¢ — E| is at least 5 by [19, Lemma 5.4].
On the other hand, if ¢ contracts an irreducible surface S, then it follows from [19, Lemma 5.7] that

S~ t(—2K; — 3E)

for some t € Z~o, and S is a fixed component of the linear system | — 2K ¢ — E|, which is a contradiction.

Thus, we see that ¢ is small, which also follows from [16, Theorem 4.9]. Therefore, X has terminal
Gorenstein singularities. Then the blowup 7 gives rise to a Sarkisov link studied in [30]. To be more
precise, it follows from [30] or [15, Theorem 4.5.8] that the linear system | — 2K i — E| gives a birational

map p: X --» V such that V is a smooth cubic 3-fold in P, and p fits the following commutative diagram:

Xi————>X’

Wl \\\ \L'f}
I

X v

where x is a pseudoisomorphism that flops curves contracted by ¢, X’ is a smooth weak Fano 3-fold, and
71 is a blowup of a form of a twisted rational quartic curve in V. U

Now, we are ready to prove Theorem A.1l. If X is unirational over k, then X (k) is Zariski dense in X,
which implies that X (k) contains a point P such that X¢ does not contain lines that pass through P, so
X is birational to a smooth cubic 3-fold in P4 by Lemma A.3. This proves (3) = (2).

If X (k) # @ and X is birational to a smooth cubic 3-fold Y C P4, then Y (k) # @ by Lang-Nishimura
theorem [24, Theorem 3.6.11], which implies that Y is unirational over k by [17], so X is unirational
over k as well. This proves (2) = (3).

The implication (2) = (1) is obvious, hence to complete the proof, we show that (1) = (3). To do this,
we suppose that X contains a k-point P. We must prove that X is unirational over k. Using Lemmas A.2
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and A.3, we may assume that P is contained in a line in X¢, but none of the lines in X¢ that passes
through P is defined over k. In particular, the 3-fold X¢ contains at least two lines that pass through P.

Asin [19, § 2.4], we let F(X) be the Hilbert scheme of lines in X, and we let (X, P) be the subscheme
in F(X) parameterizing lines passing through P. Then

Fi(Xe, P) ~ Fi (X, P)c.

Moreover, by our assumption, we have Fi(X, P)(k) = @ and Fi(X, P)(C) # @. Furthermore, it follows
from [19, Corollary A.6] that the length of the subscheme Fj(X, P) is at most 3, so this subscheme must
be reduced, since otherwise we would have F (X, P)(k) # @. Set

C=Tp(X)NX

where Tp(X) stands for the embedded tangent space in PY to the 3-fold X at the point P. Then it
follows from [19, Lemma 5.6] that C' is the cone over Fj(X, P). Therefore, we see that C is a reduced,
irreducible, geometrically reducible curve, and one of the following two possibilities holds:

(1) either C' is a conic, and Cg is a union two lines that intersect at P,
(2) or C is a cubic, and C¢ is a union of three non-coplanar lines that intersect at P.

In both cases, let 7: X — X be the blowup of the point P, let C be the strict transform on X of the
curve C, let o: X — X be the blowup of the curve C let E be the m-exceptional surface, let F' be the
o-exceptional surface, and let E be the strict transform on X of the surface E. Then —K ;’? =6 and

—Kg ~(roo)*(— Kx) —2E—F.

Moreover, arguing as in the proofs of [19, Lemma 5.11] and [19, Lemma 5.12], we see that the linear
system | — K ;| is base points free, and it gives a birational morphism ¢: X — X such that X is a normal

complete intersection of a quadric hypersurface Q C P> and a cubic hypersurface in P5. Hence, we see
that X is a Fano 3-fold that has canonical Gorenstein singularities.

Lemma A.4. The birational morphism ¢ is small.

Proof. The required assertion follows from the proof of [19, Lemma 5.14]. O

In particular, the 3-fold X has (isolzﬁed) terminal Gorenstein singularities. Then, arguing as in the
proof of [19, Lemma 5.14], we see that X is not a cone and X is not covered by lines.

Lemma A.5. The quadric @ has at most one singular point.

Proof. Suppose that Sing(Q) is a line £. Then the hyperplane class of @ \ ¢ can be represented as the
sum of two movable classes, so the same is true for X \ Sing(X), hence the same is true for —K < and
therefore for the hyperplane class of X, which is absurd, since Pic(X) is generated by —Kx. Similarly,
we see that Sing(Q) cannot be a plane. O

Set E = o(E). Then E is a k-rational surface in X C P such that
_ 5 = 2 if C' is a reduced conic,
deg(F) = (~K5)* - B =

1 if C is a reduced cubic.

Hence, if C is a reduced cubic, then F is a plane. Similarly, if C is a reduced conic, then E is a quadric
surface. Now, the unirationality of X follows from the following two lemmas.

Lemma A.6. Suppose that C is a conic. Then X is unirational over k.

Proof. By construction, F is a smooth quadric surface in P°. In fact, we have E ~ P! x P'. Let II be
the three-dimensional linear subspace in P® that contains the quadric E. Then II ¢ @, because () has at
most one singular point. This gives £E =Q NIl = X NIIL.
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Let ¢: V --» IPi be the rational map given by the projection from II. Then % is given by the linear
system | — K5 — E|, and we have the following commutative diagram:

where p is a birational morphism induced by the blowup of P° along II, and 7 is a morphism. Moreover,
the birational morphism p is a small, because X has terminal Gorenstein singularities. Thus, we see that
—Ky ~ p*(—Kx), and Y also has terminal Gorenstein singularities.

Let Ey be the strict transform of the surface E on the threefold Y, let S be a general fiber of 1, and
let S = p(S). Then S ~ —Ky — Ey, and

deg(S) = (—Ky)*- S = (—Ky)* - (~Ky — By) = (K3

) (—Kg—E) =4,
which implies that S is an irreducible surface of degree 4, because X is not covered by lines. Now, it follows
from the adjunction formula that S is a smooth del Pezzo surface of degree (—Kg)? = (—=Ky)?-S = 4.

Furthermore, we have

~Ky - By - (~Ky — By) = (-Kg

) E-(-Kg —E)=4#0,
which implies that the restriction morphism 7|z, : Ey — P! is surjective. Then Y is unirational over k

by [19, Lemma 4.14], because Ey is rational over k. Hence, X is also unirational. O
Lemma A.7. Suppose that C is a cubic curve. Then X is unirational over k.

Proof. In this scenario, F is a plane. Let e X --» P? be the map given by the projection from E. Then
1 is given by the linear system | — K+ — E|, and we have the following commutative diagram:

where p is a birational morphism induced by the blowup of P? along the plane E, and 7 is a morphism.
Moreover, the birational morphism p is small, because X has terminal Gorenstein singularities. Thus, we
see that —Ky ~ p*(—Kx), and Y also has terminal Gorenstein singularities.

Let Ey be the strict transform of the surface F on the threefold Y. Then the morphism 7 is given by
the linear system | — Ky — Ey|, and

~Ky (~Ky —Ey)?=-Kg-(-Kg — E)?=2.

This implies that 7 is surjective, and its general fiber is irreducible and isomorphic to P!, because otherwise
the image in X of a general fiber of n would be a union of two lines, but X is not covered by lines. Hence,
we see that 7 is a conic bundle. Similarly, we see that E?, = —3, because

0= (—Ky — Ey)®? = (-Ky)? = 3(-Ky)* - Ey + 3(-Ky) - By — E} = -3 — E}..
This gives
Ey - (-Ky — Ey)’ = By - (-Ky)? = 2(-Ky) - B} + B> =5+ E® = 2,
so the restriction morphism 7|g, : Fy — P? is generically two-to-one. On the other hand, Ey is rational
over k by construction. Then Y is unirational by [19, Lemma 4.14], so X is also unirational. O
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