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SIMPLE SUBGROUPS OF THE REAL SPACE CREMONA GROUP

IVAN CHELTSOV, ANTOINE PINARDIN, YURI PROKHOROV

ABSTRACT. We show that the alternating groups 25 and 2lg are the only finite simple non-abelian
subgroups of the group of birational selfmaps of the real three-dimensional projective space.
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INTRODUCTION

Every finite subgroup of the group Bir(P{) = Aut(PL) ~ PGLy(C) is isomorphic to one of the
following groups: the cyclic group u,, of order n, the abelian non-cyclic group p3, the dihedral
group ®,, of order 2n, the alternating group 24, the symmetric group &y, the simple group s.
Finite subgroups of the plane Cremona group Cry(C) := Bir(P%) have been essentially classified
by Blanc, Dolgachev and Iskovskikh [Bla06, Bla07, [DI09]. In particular, we know that, up to
isomorphism, the group Cry(C) contains exactly three finite simple non-abelian subgroups, and
they are isomorphic to 25, PSLy(F7) or 2g. It seems to be not feasible to obtain a full classification
of all finite subgroups of the space Cremona group Cr3(C) := Bir(P{). However, finite simple non-
abelian subgroups of this group have been classified in [Prol2]. Namely, up to isomorphism, the
group Cr3(C) contains exactly 6 such subgroups, and they are isomorphic to

915, PSLQ(F7), Q[ﬁ, 917, SLQ(Fg), PSp4(F3>

Our aim is to obtain a similar result over the field of real numbers: we aim to classify finite simple
non-abelian subgroups of the real space Cremona group Crs(R) := Bir(P%). In dimension two, an
analogous problem has been solved by Yasinsky in [Yas22], who proved that every finite simple
non-abelian subgroup of the real plane Cremona group Cry(R) := Bir(PP%) is isomorphic to 2.
Our main result is the following theorem:

Main Theorem. Let G be a finite simple non-abelian subgroup of the real Cremona group Crz(R).

Then either G ~ U5 or G ~ Ag.
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For any finite group G, its embedding G — Cr3(R) (if it exists) arises from a faithful G-action
on a real geometrically irreducible 3-fold that is rational over R. Thus, our Main Theorem can be
geometrically restated as follows.

Main Theorem. Let X be a real geometrically irreducible 3-fold such that X s rational over R,
and Aut(X) contains a simple non-abelian finite subgroup G. Then either G ~ s or G ~ .

Note that the group Cr3(R) contains a subgroup isomorphic to .
Example. The Segre cubic 3-fold

6 6
X3 1= {in:Za:?:()} C P,
i=1

i=1
admits a faithful action of the group 2. It is known that the Segre cubic is 2g-birationally
superrigid over C [CS14]. It is easy to see that X3 is R-rational. Hence the Cremona group Crs(R)
contains a subgroup isomorphic to 2g.

We believe that this subgroup is unique:
Conjecture. Up to conjugation, Cr3(R) contains a unique subgroup isomorphic to Us.
On the other hand, the group Cr3(R) contains a lot of subgroups isomorphic to s (cf. [Kry1§]):

Example. Consider following real varieties:
(1) Xl = Pg,
(2) Xy o= {a2f + 23 +25 +af=a3} CP,
(3) the Segre cubic 3-fold X35 (see above),
(4) Xy :=P! x S, where S = {22 + 23 + 22 = 23} C P3|
(5) X5 := Gr(2,5) NP5 C PY, the intersection of the real Grassmannian Gr(2,5) embedded
into P? with a real s-invariant linear subspace of codimension 3 such that X5 is smooth,
(6) the hypersurface X in P(1,,, 1,,, 1, 1,,,3,) that is given the equation

3
4
)

y' = A(rtat — a3) (e — ) (705 — af) — (1+ 2n)ag(a] + 25 + a5 — 23)°
where 7 = %5 This is the real form of the Barth sextic double solid [Bar96, [CPS19].

Each of these 3-folds is rational over R, and its automorphism group contains a subgroup isomorphic
to As. In fact, the groups Aut(Xsy) ~ SO(4,1) and Aut(X3) ~ &4 contain two such subgroups.
Fix 2s-actions on these 3-folds such that the actions on X, and X3 leave invariant exactly one
hyperplane section. Then it follows from [Avil8 [CPST9. [CS16l RY00, [PZ25] that any two 3-folds
listed above are not 2As-birational over C, so, in particular, they are not 2s-birational over R.

Let us say few words about the proof of Main Theorem. Since Crz(R) C Cr3(C), we know
from [Prol2l Theorem 1.3] that any finite simple non-abelian subgroup of the group Cr3(R) is
isomorphic to one of the groups s, PSLy(F7), 2As, A7, SLo(Fg), 27, PSp,(F3). We already know
that Cr3(R) contains subgroups isomorphic to 25 and 2g. Thus, Main Theorem follows from the
following two results, which have very different proofs.

Theorem A. Let X be a real geometrically irreducible 3-fold such that X is rational over R, and
let G be a subgroup of the group Aut(X). Then G is not isomorphic to SLa(Fg), 2A; or PSp,(F3).

Theorem B. Let X be a real geometrically irreducible 3-fold such that X is rational over R, and
let G be a subgroup of the group Aut(X). Then G is not isomorphic to PSLy(F7).

The proof of Theorem A is short, and it based on the technique developed in [CS14] [(CS12, [CS19]
CS16l, [CS23), [CSZ25, [PZ25]. This is done in Part . In fact, we prove a stronger result:
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Theorem A’. Let X be a real geometrically irreducible 3-fold such that X is rational over C, and
let G be a subgroup of the group Aut(X). Then G is not isomorphic to SLa(Fg), 2A; or PSp,(F3).

The proof of Theorem B is long, and it is based on the technique developed in [Prolll [Pro12l
Prol14l, [PS18) [Kuz20, [Log22, [Pro23]. This is done in Part 2l The example below shows that there is
a real geometrically irreducible 3-fold such that it is rational over C, and its automorphism group
contains a subgroup isomorphic to PSLy(F7), so we do need R-rationality condition in Theorem B.

Example ([T7Z24, Example 8.2]). Let Y be the 3-fold {z1y1 + @y, +a3ys = 0} C P2, . xP> .

Then Y is rational over R, and it has a real form X such that Aut(X) ~ PSU3(C) x p, and
X(R) = @, so X is not rational over R, and Aut(X) contains a subgroup isomorphic to PSLy(F7).

It would be interesting to compare our Main Theorem with [RZ01, Theorem 1.1].

Acknowledgements. We would like to thank Gavin Brown, Alex Degtyarev, Alex Duncan,
Sebastian Fuentes Olguin, Ilya Itenberg, Takashi Kishimoto, Frederic Mangolte, Grisha Mikhalkin,
Jennifer Paulhus, Miles Reid, Costya Shramov, Ronan Terpereau, Yuri Tschinkel, Zhijia Zhang,
Egor Yasinsky for fruitful discussions. We started to work on this project at CIRM (Luminy)
during a semester-long Morlet Chair (January—June 2025), and we finished the project during our
visit to the Gokova Geometry Topology Institute in September 2025. We are very grateful to both
institutes for the provided hospitality. Ivan Cheltsov has been supported by Simons Collaboration
grant Moduli of varieties and by the Leverhulme Trust grant RPG-2021-229. Antoine Pinardin has
been supported by the Leverhulme Trust grant RPG-2021-229. Yuri Prokhorov has been supported
by the HSE University Basic Research Program.

Notations. Throughout this paper, we employ the following notations and assumptions:

u,, denotes the cyclic group of order n;

9,, denotes the dihedral group of order 2n;

S, and 2, are the symmetric and alternating groups, respectively;

GL,(k), SL,(k), PGL,,(k), PSL, (k) are linear groups over a field k;

all varieties are assumed to be normal and projective unless mentioned otherwise;

all varieties are assumed to be defined over C unless stated otherwise;

an algebraic variety is said to be real if it is defined over R;

a real variety X is said to be pointless if X(R) = &;

if X is a real variety, its geometric model X¢ is the complex variety X ®gpecr) Spec(C);

if X is a complex variety, and P is a point in X, we denote by T’x p the Zariski tangent

space of the variety X at the point P;

e if X is a complex 3-fold with at most terminal singularities, and P is its singular point,
the index of P is the smallest integer r > 1 such that r(—Kx) is Cartier at P;

e if a variety X is defined over a field k, then the groups Pic(X), C1(X), Aut(X) are assumed
to be defined for the corresponding objects (line bundles, Weil divisors, automorphisms)
that are also defined over k;

e a linear system on a variety M is said to be mobile if it does not have fixed components;

e a variety X is said to be a Fano variety if —Kx is a Q-Cartier ample divisor;

e if X is a Fano variety defined over a subfield k C C such that X¢ has canonical Gorenstein
singularities, then the Fano index ¢(X) is the largest integer n such that —Kx. ~ nA for
some A € Pic(Xc¢);

e if X is a Fano 3-fold with only canonical Gorenstein singularities, then the genus of X is

the positive integer

g(X) = dim (| — Kx|) — 1= %(—KX)?’ .t



e if X is a Fano variety defined over a field k such that X has Kawamata log terminal
singularities, then p(X) is the rank of Pic(X), and r(X) is the rank of CI(X);
e if X is a Fano variety defined over a field k such that X has Kawamata log terminal
singularities, and G is a finite subgroup in Aut(X), then
— p%(X) is the rank of the subgroup Pic(X )% C Pic(X) that consists of all G-invariant
classes of Cartier divisors on X that are defined over k,
— r%(X) is the rank of the subgroup C1(X)¢ C Pic(X) that consists of all G-invariant
classes of Weil divisors on X that are defined over k;
e a variety X defined over a subfield k C C is said to be a GQ-Fano variety for a finite
subgroup G C Aut(X) if the following 3 conditions are satisfied:
(i) X has terminal singularities,
(ii) the anticanonical divisor —Kx is ample,
(iii) for every G-invariant Weil divisor D on the variety X that is defined over k, one has

D ~qg A(—=Kx)

for some A € Q, which is equivalent to r%(X) = 1;
e if C is a geometrically irreducible curve, its arithmetic genus is denoted by p,(C);
e if (' is a smooth geometrically irreducible curve, its genus is denoted by g(C').

Part 1. Big simple groups

In this part, we will prove Theorem A.

Proof of Theorem A. Suppose that Crz(R) has a subgroup isomorphic to SLy(Fg), 27 or PSp,(F3).
Then, arguing as in [Prol2], we see that there exists a real rational GQ-Fano 3-fold X such that
its full automorphism group Aut(X) contains a subgroup G that is isomorphic to one of these 3
groups. Let us seek for a contradiction.

If G ~ PSp,(F3), then it follows from Lemma that X is either a real form of P? or a real
form of the Burkhardt quartic in P4. In the former case, X ~ P?, since X (R) # @, which leads to
a contradiction, since PGL4(R) has no subgroups isomorphic to PSp,(F3). In the latter case, the
anticanonical embedding X < P* is G-equivariant, which also leads to a contradiction, because
PSp,(F3) has no real 5-dimensional faithful representations.

Similarly, if G ~ 2, then it follows from [Prol2, Beal2] that X¢ is G-birational to P?, which
implies that X¢ ~ P? by Lemma [1.2.1] As above, this leads to a contradiction.

Thus, we may assume that G ~ SLy(Fg). Then it follows from [Prol2] that X¢ is G-birational
to the smooth Fano 3-fold of Picard rank 1 and genus 7 that is described in [Prol2, Example 2.11],
and X¢ is isomorphic to this smooth Fano 3-fold by Corollary [I.1.3] Note that the anticanonical
embedding X < P? is G-equivariant, and it follows from [Prol2, Example 2.11] that the action of
the group G on P? is induced by its irreducible 9-dimensional representation. But G has no real
irreducible 9-dimensional representations, which is a contradiction. 0

Proof of Theorem A’. Let X be a real 3-fold such that X¢ is rational. Suppose that Aut(X) has
a subgroup G isomorphic to SLy(Fg), 247 or PSp,(F3). Arguing as in the proof of Theorem A, we
see that X is G-birational to a form of P?, and either G ~ 2; or G ~ PSp,(F3). Since G has a
subgroup isomorphic to PSLy(F7), we obtain a contradiction with Lemma below. O

The proof of Theorem A relies on Corollary and Lemmas [1.2.1] and [1.3.1] We will prove
them below in Sections and [3] respectively. In these sections, we assume that all varieties are
defined over the field of complex numbers.
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1. SLy(Fs)

Recall that SLy(Fg) is the unique simple group of order 504. Moreover, it has been proved
in [Prol2] that, up to conjugation, Cr3(C) contains one subgroup isomorphic to SLy(Fg), and
there is a unique smooth Fano 3-fold X of Picard rank 1 such that Aut(X) contains a subgroup
G ~ SLy(Fs). The explicit construction of this Fano 3-fold is given in [Prol2, Example 2.11]. The
goal of this section is to prove the following inequality:

(1.1.1) ag(X) = 2.001,

where ag(X) is the G-invariant a-invariant of Tian of the Fano 3-fold X. For the precise algebraic
definition of ag(X), see [ACCT23]. The inequality (1.1.1)) implies the following two corollaries

Corollary 1.1.2 (JACCT23, Example 4.6]). The 3-fold X admits a Kahler—Einstein metric.
Proof. The assertion follows from (1.1.1)) and [Tia87]. O

Corollary 1.1.3. Let x: X --» X' be a G-birational map such that X' is a Fano 3-fold with
canonical singularities. Then x is an isomorphism.

Proof. 1f x is not biregular, then it follows from [Che05l [CS16] that there exists a G-invariant
non-empty mobile linear system M C | —nK x| such that (X, %M) has non-terminal singularities.
By [CS14] Corollary 2.3], the singularities of the log pair (X, 2M) are not Kawamata log terminal,

which contradicts (1.1.1]). O

The proof of is very similar to the proof of [CS1Il Theorem 4.5]. First, let us recall
from [Prol2] basic facts about X and G. We know that (—Kx)* = 12, the divisor —Ky is very
ample, the linear system | — Kx| gives a G-equivariant embedding X < P® such that X is an
intersection of quadrics in P®, and the G-action on P® is induced by an irreducible 9-dimensional
representation of the group G. Moreover, it follows from [Prol2, Corollary 5.5] that H°(P®, Zx(2))
is a 10-dimensional representation of the group G, where Zx is the ideal sheaf of X. On the
other hand, using GAP [GAP0S], we see that H°(P®, Ops(2)) is a 45-dimensional representation,
which splits as a sum of one trivial 1-dimensional representation, one irreducible 8-dimensional
representation, and four irreducible 9-dimensional representations. Hence, since X is projectively
normal [IP99], we see that H°(P®, Zx(2)) is a sum of a trivial 1-dimensional representation and an
irreducible 9-dimensional representation, and H°(X, Ox(—2Ky)) splits as a sum of one irreducible
8-dimensional representation, and three 9-dimensional irreducible representations.

Recall from [WWT™25] that the maximal proper subgroups of the group G are isomorphic to
ps X o, Do, D7, and recall from [Dok| that the proper subgroups of the group pi x p, are
isomorphic to gy, 3, p3, pr. Thus, if ¥, is a G-orbit in X of length n < 35, then either n = 9
or n = 28. Moreover, all subgroup of the group G isomorphic to g3 are conjugated, and it follows
from the proof of Proposition 16.7 in [Beal4] that these abelian subgroups do not fix points in X.
Thus, we see that X has no G-orbits of length 9.

Recall from [LMF25, Bre00] that the group G cannot faithfully act on a smooth irreducible
curve of genus < 6. Moreover, if G acts faithfully on a smooth irreducible curve of genus < 15,
then its genus is either 7 or 15. Furthermore, there exists exactly one such curve of genus 7, which
is commonly known as the Macbeath curve [Hid18].

Now, we are ready to prove . Suppose that ag(X) < 2.001. Let us seek for a contradiction.
By definition, there is a positive rational number A < 2.001 and an effective G-invariant Q-divisor
D on the 3-fold X such that D ~g —Kx, and the log pair (X, AD) is strictly log canonical. Let
C be an irreducible subvariety in X that is a minimal center of log canonical singularities of this

log pair, and let Z be its G-orbit in X. Then every irreducible component of Z is also a minimal
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center of log canonical singularities of the log pair (X, AD), which implies that these irreducible
components are disjoint, because intersection of two log canonical centers is a log canonical center
by [Kaw97, Proposition 1.5]. In particular, if Z is a surface, then Z = C, since distinct irreducible
components of Z must intersect in this case.

Lemma 1.1.4. The subvariety Z is not a surface.

Proof. Suppose that Z is a surface. Then, by definition, we have
AD =7+ A ~g AM—Kx),

where A is a G-invariant effective Q-divisor on X. Since Pic(X) = Z|-Kx|, Z ~ d(—Kx) for
some integer d > 1. Then d < 2, since Z + A ~g A(—Kx) and A < 3, which implies that d < 2.
This is impossible, since | — Kx| and | — 2K x| contain no G-invariant surfaces — see [Prol2]. O

Thus, we see that Z is either a curve or the G-orbit of a point. Now, we use [CS11, Lemma 2.8],
which is an equivariant version of what is known as Kawamata—Shokurov trick or Tie Breaking.
By this lemma, we can replace D by an effective G-invariant Q-divisor D’ ~g —Kx such that the
singularities of the pair (X, \'D’) are strictly log canonical for some rational number X < 2.001,
C' is a minimal center of log canonical singularities of this pair, and Nklt (X ND' ) = Z. Hence,
without loss of generality, we may assume that D' = D and X = \.

Let Z; be the ideal sheaf of the subvariety Z C X. Then Z; is the multiplier ideal sheaf of the
log pair (X, AD), so applying Nadel vanishing theorem [Laz04, Theorem 9.4.8], we see that

H'(X,0x(—2Kx)®Iz) = 0.
Hence, we have the following exact sequence of G-representations:
0— HO(X, Ox(—2Kx) ®Iz) — HO(X, Ox(—2Kx)) — HO(Z, Oz(—sz‘Z)) — 0.

Set ¢ = h%(X, Ox (2K x)®T,). Then h°(Z, 04(—2Kx|)) = 35—q and ¢ € {0,8,9,17, 18,25, 27},
because H°(X, Ox(—2Ky)) splits as a sum of one irreducible 8-dimensional representation, and
three 9-dimensional irreducible representations.

Corollary 1.1.5. The subvariety Z 1is not the G-orbit of a point.

Proof. If C'is a point, then |Z| = h%(Z,0z) = 35 — ¢ < 35, so Z is a G-orbit of length 28. This
gives ¢ = 7, which is a contradiction. O

Hence, Z is a curve. Let n be the number of irreducible components of this curve, and let d be the
degree of the curve C'. Then Z is a curve of degree nd, and it follows from [Kaw98§| that the curve C
is smooth, so the curve Z is also smooth. We let g = g(C'), and we let A = ¢(—Kx) for any rational
number € > 0. Then it follows from [Kaw98, Theorem 1] that (Kx + AD + A)‘C ~g K¢+ Ac for
some effective Q-divisor A¢ on the smooth curve C, which gives (A — 1+ €)d > 2¢g — 2. Since this
holds for any ¢ > 0, we conclude that 1.001d > (A — 1)d > 2¢g — 2. Then —2K x| is not special,
so the Riemann-Roch theorem gives

35— q=h"(Z,0z(—2Kx|z)) =n(2d — g+ 1).
On the other hand, going through subgroups of GG, we see that either n € {1,9,28,36} or n > 63.
Lemma 1.1.6. One has g # 0 and g # 1.

Proof. Suppose that g = 0 or ¢ = 1. Then n # 1. Indeed, if n = 1, then Z = C' and G acts
faithfully on C, because G is simple and G does not fix points in X. But G cannot act faithfully
on a smooth curve of genus less then 7, so either n € {9,28,36} or n > 63.
If g =1, then 35 — g = 2nd for ¢ € {0,8,9,17,18,25,27}, which givesn =9, ¢ =17 and d = 1,
so that C'is a line, which is absurd. Thus, g = 0. Then 35 — ¢ = n(2d + 1), which gives n = 9.
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Let G¢ be the stabilizer of the curve C' in G. Then G¢ ~ p3 X p,, and we have natural
restriction homomorphism G¢ — Aut(C) ~ PGLy(C). Taking into account the classification of
finite subgroups in PGL3(C), we see that the kernel of this homomorphism contains a subgroup
isomorphic to p3, since the only proper normal subgroup of G¢ is isomorphic to u3. However, as
we mentioned earlier, any subgroup of G isomorphic to u3 does not fix points in X. 0

Thus, g > 2. Then d > 4. Now, using 1.001d > 2g —2 and 35 —q¢ = n(2d — g+ 1), we get n = 1.
Thus, since 35 — ¢ = 2d — g + 1 and 1.001d > 2g — 2, we get g < 12, so it follows from [LMF25]
that g = 7, and C' is unique up to isomorphism. But we have 41 —2d = ¢ € {0,8,9,17,18, 25,27},
where d > 12, since 1.001d > 12. Then d = 12 or d = 16.

Since H°(X, Ox(—Kx)) is an irreducible 9-dimensional representation of the group G, the curve
C'is not contained in a hyperplane in P®. Thus, the restriction homomorphism of G-representations

H°(X,0x(-Kx)) — H°(C,0c(—Kx|c))
must be injective. On the other hand, the Riemann—Roch theorem gives
h(C,0c(—Kx|c)) =d—6+h°(C,0c(Kc + Kx|c)).
Thus, if d = 12, we have
9= hX,0x(—Kx)) <h°(C,0c(—Kx|c)) =6+ h°(C,0c(Kc + Kx|c)) < T,
because K¢ 4+ Kx|c is a divisor of degree 0. This shows that d = 16, so that
h(C, Oc(~Kx|e)) = 10+ 1°(C, Oc (Ko + Kx|e)) = 10,

so H°(C,Oc(—Kx|c)) has a 1-dimensional subrepresentation of the group G, and, therefore, the
linear system | — Kx|¢| contains a G-invariant effective divisor. This is impossible, since this
divisor has degree 16, but C' has no G-orbits of length less than 72.

The obtained contradiction completes the proof of .

2. AUq

Recall that 217 is the unique simple group of order 2520. Moreover, up to conjugation, the group
PGL,(C) has a unique subgroup isomorphic to 2(;. Let G be one of such subgroups. Then P? is
G-birationally rigid [CS14], [CST9L [Pro12]. The goal of this section is to prove the followoing result.

Lemma 1.2.1. Let x: P3 — X be a G-equivariant birational map such that X is a Fano 3-fold
with canonical singularities. Then x is an isomorphism.

Proof. Suppose that the required assertion is not true. Then it follows from [Che05l [CS16] that
there exists a non-empty mobile linear subsystem M C |Ops(n)| such that the singularities of the
log pair (P?, M) are not terminal. Let us show that this leads to a contradiction.

The singularities of the log pair (I3, %M) are not Kawamata log terminal. Choose a positive
rational number p < % such that the singularities of the log pair (P?, uM) are strictly log canlloni-
cal. Let C be an irreducible subvariety in P? that is a minimal center of log canonical singularities
of the log pair (P3, uM), and let Z be its G-orbit in P2. Then every irreducible component of Z
is also a minimal center of log canonical singularities of the log pair (%, uM), which implies that
these irreducible components are disjoint by [Kaw97, Proposition 1.5].

Note also that Z is not a surface, because M is mobile. Thus, either Z is a G-irreducible curve
or Z is the G-orbit of a point. Moreover, if Z is a curve, then it follows from [Cor00, Lemma 1.8]
that deg(Z) < 16, which implies that Z is irreducible and Z = C'. Indeed, if Z is a reducible curve,
then it follows from deg(Z) < 16 that either Z is a union of 15 lines, or Z is a union of 7 conics,
because the only subgroups of G of index < 16 are subgroups isomorphic to (g and PSLy(F7). But

these subgroups do not leave invariant lines and conics in P2. Thus, if Z is a curve, then Z = C.
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Now, applying [CSTI, Lemma 2.8], we see that there exists a G-invariant Q-divisor D on P3
such that D ~g Ops(4), the singularities of the log pair (P*, AD) are strictly log canonical for
some positive rational number A < 2.001, the subvariety C is a minimal center of log canonical
singularities of the log pair (P?, AD), and Nklt(P3 AD) = Z.

Let Z7 be the ideal sheaf of the subvariety Z. Then, applying [Laz04, Theorem 9.4.8], we obtain
the following exact sequence of G-representations:

0 — HO(P?, Z(5)) — H°(P?,Ops(5)) — H"(Z,07(Ops(5)|2)) — 0.

Thus, setting ¢ = h°(P3, Zz(5)), we obtain h°(Z, Oz(Ops(5)|7)) = 56 — q. Moreover, the rep-
resentation H"(IP?, Ops(5)) splits as a sum of a 20-dimensional irreducible representation and a
36-dimensional irreducible representation. Then ¢ € {0,20,36}. Thus, if C' is a point, then

|Z| = h*(Z,0z) = 56 — q € {20, 36,56},

which is impossible, since P2 has no G-orbits of length 20, 36 or 56, because G has no subgroups
of indices 20, 36 or 56. In fact, P? has no G-orbits of length < 120.

Hence, we see that Z is an irreducible curve, so Z = C. Then C'is smooth by [Kaw98|, and G acts
faithfully on C. Let g = g(C'). Then g # 0 and g # 1, so it follows from the Hurwitz bound that
g = 31. On the other hand, it follows from [Kaw98, Theorem 1] that 4(A — 1) deg(C) > 2g — 2,
so the Riemann-Roch theorem gives 56 > 56 — ¢ = h%(Z,0z(Ops(5)|7)) = 5deg(C) — g + 1.
Combining these inequalities, we obtain a contradiction with g > 31. 0

Arguing as in the proof of Lemma we get an alternative proof of [Pro23| Proposition 1.1].

3. PSp,(F3)

Recall that PSp,(F3) is the unique simple group of order 25920, and it can be geometrically
described as the automorphism group of the Burkhardt quartic

{xé — T (x:f + x% + ch + xi) + 31022324 = ()} c P

Note that the Burkhardt quartic is a PSp,(F3)Q-Fano 3-fold [CPS19, [CTZ25]. The goal of this
section is to show the following result.

Lemma 1.3.1. Let X be a Fano variety with canonical singularities such that Aut(X) contains a
subgroup G ~ PSp,(F3). Then either X ~P3 or X is isomorphic to the Burkhartdt quartic.

Proof. Tt has been proven in [Prol2] that there exists a G-birational map x: X --» Y such that
cither Y = P3 or Y is the Burkhardt quartic. Let us show that y is an isomorphism. Suppose that
this is not true. Then it follows from [Che05, [CS16] that there exists a non-empty mobile linear
system M on Y such that the singularities of the log pair (Y, AM) are not terminal for A € Q-
such that AM ~qg —Ky. Let us seek for a contradiction.

The singularities of the log pair (Y, 2 AM) are not Kawamata log terminal. Indeed, if Y = P3,
this is obvious. If Y is the Burkhartdt quartic in P4, this follows from [Cor00, Theorem 3.10].
Choose a positive rational number A < A such that the singularities of the log pair (Y, 2\ M)
are strictly log canonical. Let C be an irreducible subvariety in Y that is a minimal center of
log canonical singularities of the log pair (Y,2N' M), and let Z be its G-orbit in Y. Then every
irreducible component of Z is also a minimal center of log canonical singularities of this log pair,
which implies that these components are disjoint by [Kaw97, Proposition 1.5].

Since M is mobile, Z is either a G-irreducible curve or the G-orbit of a point. If Z is a curve,
then it follows from [Cor(0, Lemma 1.8] that —Ky - Z < (—Ky)3. So, if Y = P3, then deg(Z) < 16.
Similarly, if Y is the Burkhartdt quartic in P4, then deg(Z) < 4. In both cases, the curve Z must

be irreducible, because G cannot act non-trivially on the set of less than 27 elements. In particular,
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if Y is the Burkhartdt quartic in P*, then Z is not a curve, because G cannot act faithfully on a
curve of genus less that 310 by the Hurwitz bound.

Now, using [CS11, Lemma 2.8|, we can find a G-invariant effective Q-divisor D on Y such that
D ~g —Ky, the singularities of the log pair (Y, D) are strictly log canonical for some positive
rational number p < 2.001, the subvariety C' is a minimal center of log canonical singularities of
the log pair (Y, uD), and NkIt(Y, uD) = Z.

Let Z; be the ideal sheaf of the subvariety Z, and let H be any Cartier divisor on Y such that
the divisor H — (Ky + uD) is ample. Then H'(Y,Oy(H) ® Zz) = 0 by [Laz04, Theorem 9.4.8].
If Y is the Burkhartdt quartic in P*, we chose H = —2Ky, which gives us the following exact
sequence of G-representations:

0 — H°(Y,Oy(—2Ky) ® Iz) — H°(Y,Oy(—2Ky)) — H°(Z,07(Oy(—2Ky)|z)) — 0.
In this case, Z is the G-orbit of a point, so the exact sequence gives
1Z) = h°(Y, Oy (—2Ky)) — h°(Y, Oy (—2Ky) ® I) = 15 — h°(Y, Oy (—2Ky) ® I) < 15,

which is a contradiction, since G' cannot act non-trivially on the set of less than 27 elements.
Hence, we see that Y = P3. In this case the G-action on Y is induced by an irreducible
representation of the central extension G ~ 2.PSp,(F3) of the group G. Then we choose H =

~

Ops(5), which gives us the following exact sequence of G-representations:
0 — H°(Y, Z5(5)) — H°(P?, Ops(5)) — H’(Z,04(Ops(5)|7)) — 0.

Set ¢ = h°(P*, Z;(5)). Then g € {0,20, 36}, since H°(IP?, Ops(5)) is a sum of a 20-dimensional
irreducible representation and a 36-dimensional irreducible representation of the group G. Then

h(Z,07(Ops(5)|2)) = 56 — q € {20,36,56}.

In particular, if Z is the G-orbit of a point, then |Z] = 56 — ¢ € {20, 36,56}, so |Z| = 36, since G
has no subgroups of indices 20 or 56, which implies that the stabilizer of a point in Z is a subgroup
isomorphic to &g, but none of them fixes a point in P3. Hence, Z is a curve.

Recall that Z is an irreducible curve. Moreover, it follows from [Kaw98] that Z is smooth and
G acts faithfully on it. Let g = g(Z). Then g > 310 by the Hurwitz bound. On the other hand,
4(p—1)deg(Z) = 29 — 2 by [Kaw98, Theorem 1], which contradicts to g > 310, since deg(Z) < 16
and p < 2.001. O

We know from Lemma that the Burkhardt quartic 3-fold is not PSp,(F3)-birational to any
other Fano 3-fold with canonical singularities. One can also prove this result arguing as in the
proofs of [CPS19, Theorem 1.1] and [CTZ25 Proposition 7.4].

Part 2. The Klein group

In this part, we will prove Theorem B.

Proof of Theorem B. Suppose that Cr3(R) has a subgroup isomorphic to PSLy(F7). Then, arguing
as in [Prol2], we see that there exists a real rational 3-fold with terminal singularities such that
the group Aut(X) has a subgroup G ~ PSLy(F7), and X is GQ-factorial, i.e., every Weil divisor
defined over R whose class in Cl(X) is G-invariant is Q-Cartier. Then, applying G-equivariant
Minimal Model Program over R, we may further assume that

e cither X is a real GQ-Fano 3-fold,
e or there exists a G-equivariant conic bundle X — S such that S is a real normal surface,

e or there exists a G-equivariant del Pezzo fibration 7: X — P
9



The last two cases are ruled out by Lemma[2.5.32] below, so X is a real GQ-Fano 3-fold. Then either
X has terminal Gorenstein singularities, or the singularities of the 3-fold X are not Gorenstein.
In the former case, we know a lot about X, and we use this in Section [6] to obtain a contradiction.
To be precise, this follows from Theorem [2.6.1] Then, in Section [7, we show that the latter
(non-Gorenstein) case is also impossible by Theorem [2.7.1] O

4. PRELIMINARIES

In this section, we list known results that are used in the proof of Theorem A.

4.1. The orbifold Riemann-Roch formula. First, we present the Riemann-Roch formula for
(complex) Fano 3-folds with terminal singularities, and some of its applications. To do this, we
have to remind the reader what is the basket of a three-dimensional terminal singularity [Rei87].

Construction. Let (P € X) be a germ of a three-dimensional terminal singularity of index r > 1.
Then it follows from |Mor85| that there is a one-parameter deformation X — D > 0 over a small
disk D C C such that the central fiber Xy is isomorphic to X and the general fiber X, has only
cyclic quotient singularities Pyq,...Pyy. For the explicit construction of this deformation, see
[Rei87]. Thus, given 3-fold X with terminal singularities, one can associate a collection

B(X) = {P,\J, o P,\Jg},
where each Py; € X\ is a singularity of type
1
—(1,b;, —b;).
by b
This collection is uniquely determined by the variety X and called the basket of singularities of X .

Note that k = 1 if and only if (P € X) is a cyclic quotient singularity. Moreover, r is the least
common multiple of the indices r1,...,1,, and r =1y = --- =1}, except for one case:

CAx/4:r =4, =4, 19 = =1 = 2.
In the following, we will always assume that ry = r, and we will write
B(X)=(ry,...,m)

for the basket B(X) = {Px1,..., Pxx}-
Definition 2.4.1. A three-dimensional terminal singularity (P € X) of index r > 1 is moderate
if it is analytically isomorphic to the quotient

{z1290 + 25 + 2} =0}/p,.(1,—1,a,0), ged(r,a) = 1.
The number n is called the azial weight of (P € X). In this case |B(X)| = n.

Now, we assume that X is a (complex) Fano 3-fold that has at most terminal singularities. Then
it follows from [Rei87, Corollary 10.3] and Kawamata-Viehweg vanishing that

m—1)2m— DK% + 2

(2.4.2) x(mKx) = L T

19 ( KX-CZ(X)—i—l—i— Z Cp(me)

PeB(X)

for any m € Z, where at a point P € B(X) which is a cyclic quotient of type %(1, bp, —bp) the
local contribution cp has the form

,_.

+m bpm p—prTL))

=0

°r (mKX) - 127’p
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Here ~— denotes the smallest residue modulo rp. In particular, if m = 1, then (2.4.2), Serre duality
and Kawamata—Viehweg vanishing theorem give

1
(2.4.3) 24=-Kx-oX)+ > (rp — —).
rp

PeB(X)
Similarly, if m = —1, then H (X, Ox(—Kx)) =0 for i > 0, so
7”2 —1 bp(?” — bp)
—Ky)=-+£—— .
cr(=Kx) =55 2rp

Combining the last equality with (2.4.3]), we obtain

bp(?"p — bp)

. 1
(2.4.4) dim (|-Kx|) = -5 Kx +2— ) o

2
PeB(X)

The following result follows from the Bogomolov—Miyaoka inequality:
Theorem 2.4.5 ([LJL25, Theorem 1.6]). One has —Kx - c2(X) > 0.
Corollary 2.4.6. One has

1
> (rp — —) < 24.
rp
PEB(X)

Corollary 2.4.7. Let N be the length of the basket B(X). If 2K x is Cartier, then N < 15 and

1 N
dim|-Kx| = 5(—KX)3+2—Z,

5 N
dim|-2Kx| = 5(—KX)3—|—4—Z.

Theorem [2.4.5] originated in [Kaw92, [KMMTO00]. In [Pro2I] Theorem 12.1.3], it has been proven
under an additional assumption that X is a GQ-Fano 3-fold for some finite subgroup G C Aut(X).
If (X)) = 1, it follows from [LI25a) [LL25D] that —Kx - co(X) > 5(—Kx)?, which does not always
hold without condition r(X) = 1. The database [ABIF™| and recent results in [LL25a] suggest
that probably the following inequality always hold:

1
(2.4.8) —Kyx (X)) = Z(—KX)S.
However, [Pro(7, § 2.4] leaves room for possible exceptions.

4.2. Almost Fano 3-folds. Let X be a (complex) projective 3-fold. Recall from [Prol6] that X
is said to be a weak Fano 3-fold if X has at most terminal Gorenstein singularities, and the divisor
— K x is nef and big. If furthermore the natural morphism

p: X — X = Proj(@HO(X, OX(_nKX))>

n=0

does not contract divisors, we say that X is an almost Fano 3-fold. In this case, we say that X
is the anticanonical model of the 3-fold X, and ¢ is the (pluri) anticanonical morphism. Now, we
suppose that X is an almost weak Fano 3-fold. Set g = g(X) = 1(—Kx)*+ 1.

Remark 2.4.9. Tt follows from [Nam97] that the anticanonical model X admits a Q-Gorenstein
smoothing to a smooth complex Fano 3-fold V such that (—Ky)? = (—=K+)* = (—Kx)?3. Hence,
it follows from the classification of smooth Fano 3-folds that (—Kx)? < 64, so g < 33. Moreover,

it follows from [JRII] (see also [KP25L Proposition 2.5]) that p(V) = p(X) and (V) = «(X). If
11



(—=Kx)? = 64, then V ~ P3 and the Fano index +(X) = 4, which gives X ~ X ~ P?. If p(X) = 1,
then
(—K%)® = (—Kv)® € {2,4,6,8,10,12, 14, 16, 18,22, 24, 32,40, 54, 64 } .

In this case, if 64 > (—K+)? > 40, then (—K+)? = 54 and X is a quadric 3-fold in P,

By the Riemann—Roch theorem and the Kawamata-Viehweg vanishing, we have

dim(| - Kx|) = g(X) + 1.
The Picard group Pic(X) and the Weil divisor class group Cl(X') are known to be finitely generated
and torsion free [[P99, Proposition 2.1.2], there exists a natural embedding Pic(X) «— CI(X) as a
primitive sublattice, and every Q-Cartier divisor on X is Cartier by [Kaw88, Lemma 5.1].
Remark 2.4.10. If X is not Q-factorial, then it follows from [Kaw88|, Corollary 4.5] that there exists
a small birational morphism f: X — X such that X is a Q-factorial almost Fano 3-fold, and
—Kg ~ f1(-Kx).

We say that f is a factorialization of X. Note that f is not uniquely determined by X.

Starting from now, we assume further that X is Q-factorial and p(X) > 1. Then, applying

Minimal Model Program, we obtain an extremal contraction h: X — Z such that Z is not a point,
and —Kx is h-ample. A priori, we have the following possible cases:

(i) either h is birational and dim(Z) = 3,
(ii) or Z is a smooth rational surface, and h is a conic bundle,
(iii) or Z = P!, and h is a fibration into del Pezzo surfaces of degree d such that

d=(—Ks)* = (—Kx)*-S€{1,2,3,4,5,6,8,9},
where S is a smooth del Pezzo surface that is a general fiber of h.

Remark 2.4.11. If h is del Pezzo fibration and d = 9, then h is a locally trivial P-bundle [Cut88].

Remark 2.4.12. If h is a conic bundle, there is a reduced curve A C Z such that h is a smooth
morphism over Z\ A, every scheme fiber over P € A is a singular (reducible or non-reduced) conic.
We say that A is the discriminant curve of the conic bundle h. If A = (), then X is smooth, and
the conic bundle A is a locally trivial P!-bundle [Prol5l, Proposition 5.2].

If h is birational, then h contracts an irreducible surface S, and either h(S) is a curve or a point.
If h(S) is a curve C, then it follows from [Cut88] that C is contained in the smooth locus of Z,
the curve C has planar singularities, and A is the blowup of its ideal sheaf. In this case, we have

(—Kx)’ = (=Kz)’+2Kz-C+2p,(C) -2,
(—Kx)*-S = —Kz-C—2p,(C)+2,
(—Kx)-S* = 2p,(C) -2
This gives
(2.4.13) (—Kz)? = (=Kx)* +2K% - S +2p,(C) —2 > (—Kx)* + 2(—Kx)*- S — 2.

Similarly, if A(S) is a point P, then h is the blowup of its maximal ideal, and one of the following
three cases holds:

e 7 is smooth at P, S ~P? S|g~ Og(—1), (—Kx)*-S =4, and
(—Kz)* = (—Kx)* +8,
e (P € Z) is a cA-singularity, S is a quadric in P?, S|g ~ Og(—1), (—Kx)*- S =2, and

(—Kz)’ = (-Kx)’ +2,
12



e (P € Z) is a quotient singularity of type 1(1,1,1), S ~ P2, S|s ~ Og(—-2), (-Kx)?-S = 1.

Lemma 2.4.14 ([Pro05l [Prol6]). Suppose that h is divisorial. Let S be the h-exceptional surface.
Suppose that (—Kx)*-S # 1. Then Z is an almost Fano 3-fold, and

(—Kx)* 8" < (=Kz)*- f(S)
for every irreducible surface S" C X such that S" # S.

If S is an irreducible surface in X, we say that S is a plane if (—Kx)?-S = 1. By Lemma|2.4.14}
if X does not contains planes, then applying Minimal Model Program to X we either obtain a
fibration (a conic bundle or a del Pezzo fibration) or an almost Fano 3-fold that also does not
contain planes. More generally, if S is a surface in X, we say that its degree is (—Kx)*-S € Z,.
By Lemma [2.4.14] if the almost Fano 3-fold X does not contains surfaces of degree > d > 2, then,
applying Minimal Model Program, we either obtain a fibration or an almost Fano 3-fold that also
does not contain surfaces of degree > d.

If h is a fibration into del Pezzo surfaces, then p(X) = 2, and the 3-fold X uniquely determines
the following Sarkisov link:

where x is a composition of ﬂops, X' is an almost Fano 3—f01d7 ¢ and ¢’ are pluri-anticanonical
morphisms, and A’ is an extremal contraction. If the almost Fano 3-fold X is smooth, such links
has been studied in [Tak22], [Fuk17], [Fuk19]. If A is a conic bundle, we have the following result:

Lemma 2.4.15 ([Prol6]). Suppose that the extremal contraction h: X — Z is a conic bundle, and
almost Fano 3-fold X does not contain planes. Then Z is a smooth del Pezzo surface. Moreover,
if Z contains a (—1)-curve C, then there exists the following commutative diagram:

X———X——>X i X'’

y P

A 4

where x is either an isomorphism or a composition of flops, X isa Q-factorial almost Fano 3-fold
that does not contain planes, ¢ is an extremal divisorial contraction, h' is a conic bundle that is
an extremal contraction, and Z — Z' is the contraction of the curve C.

4.3. One nice lemma. Let X be a Fano 3-fold with at most terminal singularities. Suppose
further that X is a GQ-Fano 3-fold for a finite subgroup G C Aut(X). The goal of this section is
to prove the following result inspired by [CEF93| [San96].

Lemma 2.4.16. Let .# be a non-empty G-invariant mobile linear system on X. Suppose that
—Kx ~g A
for some positive rational number X > 1. Then one of the following holds:
(i) A=1 and (X, .#) has canonical singularities;
(ii) there is a G- equz’vam’ant birational map X --+ X such that X has terminal GQ-factorial
singularities, and X has a structure of a G-Mori ﬁber space h X — Z with dim(Z) > 1;

(iii) there is a G-equivariant birational map X --» X such that X is a GQ-Fano 3-fold with

at most Gorenstein terminal singularities and L(X) > 2.
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Proof. Let ¢ := ct(X, . #) be the canonical threshold of the pair (X,.#). Then the singularities of
the log pair (X, c.#) are canonical, and the log pair (X, (¢ — €).#) is terminal for any € > 0.

Suppose that ¢ < A. Let f : (X, el ) (X, cA) be a G-equivariant terminal modification of
the log pair (X, c.#) (see e.g. [Pro21l, Corollary 4.4.4]). Then X is GQ-factorial, the singularities
of the log pair (X, cj/) are terminal, and K¢ + c//A/JNQ f(Kx + c.#). Moreover, we have

K¢+ M+ E ~g f*(Kx + M) ~g 0,

where [ is a non-zero f-exceptional effective G-invariant Q-divisor. Now, we run G-equivariant
(K + c///) Minimal Model Program. Since the divisor K5 + cHM ~q —(A\ —c¢)# — E is not

pseudoeffective, at the end we obtain a G-Mori fiber space h: (X, c.4 ) — Z. We have
K¢+ M+ E ~g 0,

where 4 and E are proper transforms on X of # and E respectively. If Z is not a point, we
obtain case |(ii)} If Z is a point, then X is a GQ-Fano 3-fold such that —Kg ~q N with X > .
Then we repeat our procedure. Since terminal Fano 3-folds are bounded, the process terminates.

Therefore, we may assume that ¢ > A. If A = 1, we get case . It remains to consider the
case ¢ > A > 1. In this case, the log pair (X,.#) has terminal singularities. Then it follows from
[Ale94] Lemma 1.22] or [Pro21l, Corollary 7.2.1] that .# is a linear system of Cartier divisors, and
a general member S € .# is smooth. Thus, by the adjunction formula S is a del Pezzo surface.

We claim that CI(X) is torsion free. Indeed, suppose that Cl(X) has a non-trivial torsion
element. Then it defines a cyclic cover 7: X — X that is étale in codimension two. Let S* :=
7~ 1(S). Then, since S is a smooth rational surface, the restriction mg : S¥ — S splits. On the
other hand, S* is an ample divisor, hence it is connected, a contradiction.

Thus, C1(X)% is a cyclic group. Let A be its ample generator. Then —Kx ~ ¢gA and S ~ a4,
where ¢ and a are positive integers such that A = ¢/a, so a < ¢q. Set As = Alg. Then it follows
from the adjunction formula that —Kg ~ (¢ — a)Ag, and it follows from properties of del Pezzo
surfaces that dim(|Ag|) > 1. Now, using the exact sequence

0— Ox((1—a)A) — Ox(A) — Os(A) — 0

and Kawamata—Viehweg vanishing, we obtain dim(|A|) > dim(|]As|) = 1. Thus, |A| is a mobile
G-invariant linear system. Hence, if @ > 1, we can replace .# with |A| and apply the modifications
as above. Again the process terminates because terminal Fano 3-folds are bounded. Thus, we may
assume that a = 1. Then —Kx ~ ¢S, so —Kx is a Cartier divisor, so we obtain case . 0

4.4. The Klein group and its subgroups. Let G = PSLy(F;). In this section, we present some
results about the group G and its subgroups. First, we recall that Aut(G) ~ PGLy(F7) and

Out(G) := Aut(G)/Inn(G) ~ p.,
where Inn(G) is the subgroup in Aut(G) that consists of all inner automorphisms of the group G.

Lemma 2.4.17. Conjugacy classes of non-trivial subgroups of G are described as follows:

c |Glclalc]| ¢ C/l | Co|Cs|Cra|Cly|Cau|Coy| Cxn

HeC || o | 3| Ky | By | Bo X Ho | o X py | Gz | Dy | Ay | As | Gy | Sy | py X pg
G : H]|84|56|42 |24 42 42 2812114147 |7 8

Corollary 2.4.18. Let ¥ be a set such that 1 < |X| < 42 and G acts transitively on ¥.. Then
|X| € {7,8,14,21,24,28,42}.

Moreover, if || € {7,8}, then the G-action on 3 is doubly transitive and primitive.
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Lemma 2.4.19. The group G has 6 irreducible complex representations, which can be described
as follows:

(1) Vy is the trivial 1-dimensional representation,

ii) V3 is a 3-dimensional faithful representation,

) Vi is a 3-dimensional faithful representation that is a complex conjugate of Vs,
) Vi is a real faithful 6-dimensional representation,

v) Vy is a real faithful 7-dimensional representation,

(vi) Vg is a real faithful 8-dimensional representation.

Remark 2.4.20. In the notations of Lemma [2.4.19| the ring of invariants in C[V3] = C[zy, x2, x3] is
generated by polynomials ¢4, ¢g, ¢14, P21 of degree 4, 6, 14, 21, respectively. In suitable coordinates,
one has

(2.4.21) Gy = 1175 + 10w + 2323

and then ¢g is the Hessian of the polynomial ¢4, ¢14 is so-called bordered Hessian of ¢, and ¢g,
and ¢ is the Jacobian of ¢4, @6, ¢14. The curves {¢s = 0}, {6 = 0}, {14 = 0} in P? are smooth.

The curve {z123 4+ 2223 + x323 = 0} C P? is called plane Klein quartic curve.

Lemma 2.4.22. Let G’ be a non-trivial central extension of the group G. Then G’ ~ SLy(F5),
and G' has 11 irreducible complex representations, which can be described as follows:

(i) Uy is the trivial 1-dimensional representation,

(ii) Us is the lift of the 3-dimensional representation Vs,
(iii) Uy is the lift of the 3-dimensional representation Vi,
(iv) Uy is a 3-dimensional faithful representation,

v) U} is a 3-dimensional faithful representation that is a complex conjugate of Uy,
(vii) Uy is a faithful 6-dimensional faithful representation,
(viii) Ug is a faithful 6-dimensional faithful representation that is a complex conjugate of Uy,

v
(ix) Uy is the lift of the 7-dimensional representation V7,
(x) Ug s the lift of the 8-dimensional representation Vg,
(xi) Ug is a real faithful 8-dimensional faithful representation,

where V3, Vi Vg, Vo, Vg are representations of the group G described in Lemma |2.4.19

)
)
)
)
(vi) Us is the lift of the 3-dimensional representation Vi,
)
)
)
)

Corollary 2.4.23. The group PGLy(C) has no subgroups isomorphic to G. Up to conjugation,
PGL3(C) has one subgroup isomorphic to G, and PGL4(C) has two subgroups isomorphic to G.

Corollary 2.4.24. Ifn € {2,3,4,5}, then PGL,(R) has no subgroups isomorphic to G.

Remark 2.4.25. In the notations of Lemma [2.4.22] the ring of invariants in C[Uy] = Clz1, za, 23, 24]
does not contain polynomials of odd degree, and it also does not contain polynomials of degree 2.
Up to scaling, it has exactly one polynomial ¢4 of degree 4, and one polynomial ¢4 of degree 6.
The surfaces in P? given by ¢, = 0 and ¢ = 0 are smooth [Mas96, [Edg47].

Let I' = pu, % p4. Up to conjugation, G contains a unique subgroup isomorphic to I'.

Lemma 2.4.26. The group I' has 5 wrreducible complex representations, which can be described as
follows:

(i) Wy is the trivial 1-dimensional representation,
ii) W/ is a non-trivial 1-dimensional representation,

1
(iii; WY is a non-trivial 1-dimensional representation that is a complex conjugate of WY,

(iv) W3 is a 3-dimensional faithful representation,
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(v) WY is a 3-dimensional faithful representation that is a complex conjugate of Wis.

Lemma 2.4.27. Let I” be an extension of the group I' by u, such that r < 3. Then I is a central
extension of the group I', and one of the following three cases holds:
(1) TV > pogy X pog > (7 X pg) X o, and its GAP ID is [42,2];
(ii) TV >~ pr X pg =~ pg.(pr X pg), and its GAP ID is [63,1];
(iil) TV =~ (u, X p3) X pg, and its GAP ID is [63,3].
Moreover, any faithful complex representation of the group I has dimension > 3, and any faithful
real representation of the group I has dimension > 6.

5. ACTIONS ON CURVES, SURFACES AND 3-FOLDS

In this section, we present results about the action of the group PSLy(F7) and some its subgroups
on real and complex curves, surfaces and 3-folds.

5.1. Actions on curves and surfaces. We start with actions on curves.

Lemma 2.5.1. Let C' be a smooth complez irreducible curve such that the group Aut(C') contains
a subgroup G ~ PSLy(F7). Then the G-orbits in C are of length 24, 42, 56, 84 or 168. Moreover,
the curve C' is not hyperelliptic. Furthermore, if g(C') < 45, then

¢(C) € {3,8,10,15,17, 19,22, 24,29, 31, 33, 36, 40, 43, 45}.
Furthermore, if g(C) = 3, then C ~ {x123 + z923 + 2323 = 0} C P2.

Proof. If P is a point in C, its stablizer in G is a cyclic subgroup, so it follows from Lemma [2.4.17]
that the G-orbit of the point P is of length 24, 42, 56, 84 or 168. The curve C' is not hyperelliptic,
since G is not contained in PGLy(C). In particular, if g(C') = 3, then it is the plane Klein quartic
by Remark [2.4.20] The genus bound follows from [Bre00, [Pau23| [LME25)]. O

Corollary 2.5.2. Let C' be a smooth real geometrically irreducible curve such that Aut(C') contains
a subgroup G ~ PSLy(F7). Then either g(C) =8 or g(C) > 15.

Proof. Suppose that g(C) # 8 and g(C') < 15. Then it follows from Lemma [2.5.1] that C' is not
hyperelliptic, and either g(C') = 3 or g(C') = 10. Moreover, if g(C) = 3, then |K¢| gives the
canonical embedding C' < P2, which is G-equivariant, so we obtain a faithful G-action on P2,
which contradicts Corollary [2.4.24]

Thus, g(C) = 10. Then it follows from [LME25] that C¢ has a unique G-orbit of length 24,
so the curve C has a unique effective real G-invariant divisor D such that deg(D) = 24. Then,
using the Riemann-Roch theorem, we get h(C,Oc(D — K¢)) + 3 = h°(C,0c(2Kc — D)), so
D — K¢ is special. Hence, if h°(C, Oc(D — K¢)) > 0, then h°(C, Oc(D — K¢)) < 4 by the Clifford
theorem. In this case, |D — K| is base point free and does not contain G-invariant divisors, since
Cc does not contain G-orbits of length < 24 by Lemma [2.5.1. Therefore, this linear system gives
a G-equivariant morphism C' — P" for n = h° (C, Oc(D — Kc)) — 1 < 3 such that the G-action
on P" is faithful, which is impossible by Corollary [2.4.24]

Hence, we see that h°(C,Oc(D — K¢)) = 0. Then h°(C,0c(2Kc — D)) = 3. Now, arguing
as above, we obtain a G-equivariant morphism C' — P? such that the G-action on P? is faithful,
which contradicts Corollary [2.4.24] O

Corollary 2.5.3. Let C be a singular irreducible complex curve with at most locally planar singu-
larities. Suppose that the group Aut(C') contains a subgroup G ~ PSLy(F7). Then p,(C) > 24.

Proof. Let w: C — C' be the normalization. Then g(C) > 3 by Lemma 7 is G-equivariant,

and p,.(C) = g(C) + |Sing(C)|. Let P be a singular point of the curve C, and let Gp be its
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stabilizer in G. Then G p faithfully acts on the Zariski tangent space to C' at the point P, which is
two-dimensional by assumption. Since 2y, Sy, p- ¥ s and G do not have faithful two-dimensional
representations, we conclude that [Sing(C')| > 21 by Lemma [2.4.17, so the assertion follows. [

Now, we move to PSLy(F7)-actions on surfaces. We start with

Lemma 2.5.4. Let S be a smooth complex surface such that its automorphism group contains a
subgroup G ~ PSLy(F7). Then S has no G-orbits of length less than 21.

Proof. Let P be a point in S, and let Gp be its stabilizer in G. Then Gp faithfully acts on the
Zariski tangent space to S at the point P. Since 204, &4, p; X s and G do not have faithful
two-dimensional representations, the assertion follows from Lemma O

Now, we recall from [Bell5l [DI09] actions of the group PSLy(F7) on del Pezzo surfaces.

Lemma 2.5.5 ([Belld, [DI09]). Let S be a complex del Pezzo surface with Du Val singularities
such that Aut(S) contains a subgroup G ~ PSLy(F7). Then one of the following holds:
(i) S ~P?
(i) S is a smooth del Pezzo surface of degree 2 representable as a double cover of P* whose
branch curve is the plane Klein quartic.

Proof. Taking minimal resolution of singularities of the surface S, applying G-equivariant Minimal
Model Program and using Lemma [2.5.1 we obtain a G-equivariant birational map x: S --+ Y,
where Y is a smooth GQ-Fano variety. Then it follows from [DI09] that either Y ~ P2 or Y is a
smooth del Pezzo surface of degree 2 representable as a double cover of P? whose branch curve is
the plane Klein quartic.

We claim that x is an isomorphism. Indeed, let My be the strict transform on Y of the linear
system |—nKg| for n > 0, and let A € Qs such that Ky +AMy ~q 0. If x is not an isomorphism,
the singularities of the log pair (Y, AMy ) are not terminal [Che05l [CS16], so there is O € Y such
that multo(AMy) > 1. Recall that My is G-invariant. Let ¥ be the G-orbit of the point O, let
My and Ms be two general curves in My-. Then, if x is not an isomorphism, we get

1 11
Vit Ky)? =M - My > > multp(M; - My) > multg)(My) > = 525h

Pex Pex Pex
which gives |S| < (—Ky)? < 9. But || > 21 by Lemma[2.5.4] O
Corollary 2.5.6. Let S be a smooth complex surface such that its automorphism group has a
subgroup G ~ PSLy(F7), and | — Kg| contains a non-zero G-invariant divisor D. Then D is not
reduced.

Proof. Suppose that D is reduced. Then, applying G-equivariant Minimal Model Program to S,
we obtain a G-equivariant morphism 7 : S — S such that either S is a smooth del Pezzo surface,
or there is a G-equivariant morphism 7: S — C such that C is a smooth curve, and general ﬁbers
of i are conics. Set D = 7(D). Then D is a reduced non-zero G-invariant divisor in | — Kg|.

If S is a del Pezzo surface, it follows from Lemma [2.5.5 - that either S ~ P? or S is a del Pezzo
surface of degree 2 descrlbed in Lemma [2.5.5 - In both cases, the linear system | — Kg| does not
contain G-invariant divisors by Remark [2.4.20]

Thus, we see that there exists a G-equivariant morphism 7: S — C such that C is a smooth
curve, and the general fiber of 7 is a smooth conic. Write D = D}, + D,,, where D}, is a G-invariant
reduced effective Weil divisor such that none of its components is contracted by 7 to a point in C|
and D, is a G-invariant reduced effective Weil divisor such that all its components are contracted
by 7 to points in C. Then, intersecting Dj, with a general fiber of 7, we see that either D, is

irreducible, or it contains at most two irreducible components. On the other hand, it follows from
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the adjunction formula that p,(Dj) < 1, so, in particular, there exists an irreducible component
of D;, whose arithmetic genus is at most 1. This implies that either C' ~ P! or C is an elliptic
curve. In both cases, the G-action on C'is trivial by Lemma The same lemma implies that
G also acts trivially on general fiber of 7, so G acts trivially on S, which is absurd. OJ

Corollary 2.5.7. Let S be a geometrically irreducible and geometrically rational real surface. Then
Aut(S) does not contain subgroups isomorphic to PSLy(F7).

Proof. Suppose that Aut(S) contains a subgroup G such that G ~ PSLy(F;). Taking a minimal
resolution of singularities, we may assume that S is smooth. Applying equivariant Minimal Model
Program to S and Lemma [2.5.1, we may further assume that S is a GQ-Fano variety.

By Lemma[2.5.5 either Sc ~ P? or S¢ is a del Pezzo surface of degree 2. In the former case, we
also have S ~ P2 because P? has no non-trivial real forms. This contradicts Corollary [2.4.24] In
the latter case, the anticanonical linear system | — Kg| gives a G-equivariant double cover S — P?,
which again contradicts Corollary [2.4.24] O

Now, we move to PSLy(F7)-actions on surfaces with trivial canonical divisors. We start with
Lemma 2.5.8. The group PSLy(F7) cannot effectively act on a complex abelian surface.

Proof. Let S be an abelian surface. Then its automorphism group is a semi-direct product:
Aut(A) = Transl(A) x Aut(A,0),

where Transl(A) is the group of translations, and Aut(A4, Q) is the subgroup of automorphisms
that fix a point O € A. Suppose that Aut(A) contains a subgroup G ~ PSLy(F7). Since the group
Transl(A) abelian, we may assume that G C Aut(A,O). Then G faithfully acts on T4 o, which
contradicts Lemma 2.4.19 O

The group PSLy(F7) can faithfully act on smooth complex K3 surfaces. For instance, it follows
from Remark [2.4.20] that the quartic {z 235 + x923 + 323 + 2§ = 0} C P? admits a faithful action
of PSLy(F7). Another smooth quartic surface acted by PSLy(F7) is described in Remark [2.4.25,

Lemma 2.5.9 ([Muk88| Xia96]). Let S be a smooth complex K3 surface such that Aut(S) contains
a subgroup G ~ PSLy(F7). Then Pic(S)¢ ~ Z.

Corollary 2.5.10. Let S be a compler K3 surface with at most Du Val singularities such that the
group Aut(S) contains a subgroup G' ~ PSLy(F7). Then S is smooth.

Proof. Apply Lemma to the minimal resolution of singularities of the surface S. U

As we were informed by Alex Degtyarev, real K3 surfaces with effective PSLy(F7)-action exists,
but they are more tricky to construct [DIK04].

5.2. Actions on 3-folds (local results). Now, we present several local results about actions on
complex and real 3-folds of the group PSLy(F7) and some its subgroups.

Recall from [KSB88 Definition 3.1] that a 3-dimensional singularity (P € X) is said to be
pseudo-terminal if it is canonical and its canonical index-1 cover has only ¢DV (not necessarily
isolated) singularities. Equivalently, (P € X) is pseudo-terminal if it is Q-Gorenstein and for some
(or equivalently, every) resolution f: X — X whose exceptional prime divisors are Fy, ..., F,, we
have

Ky ~g () + 3w
i=1
where a; > 0 for all ¢ and a; > 0 if E; is a point |[Rei83 Proposition 3.7]. For the classification of

pseudo-terminal singularities, we refer to [HTS7].
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Lemma 2.5.11. Let X be a complex 3-fold with pseudo-terminal singularities such that Aut(X)
contains a subgroup I ~ p- X ps. Suppose that I' fives a singular point P € X. Then X has a
cyclic quotient singularity of type %(1, 1,1) at P.

Proof. We can regard X as a small neighborhood of P. First, we assume that X has Gorenstein
singularity at P. Then X has a ¢cDV hypersurface singularity at P, so we may assume that there
exists an equivariant embedding X ¢ C* =T x,p, where the action of I' on T’x p is linear. Then,
by Lemma [2.4.26, we have a decomposition Tpx = T1 ® T3, where T} and Ty are irreducible
representations of the group I' of dimensions 1 and 3, respectively. Since the action of I' on T3 has
no invariants of degree 1, 2 and 3, the local equation of X has the form

Aot] 4+ A3z? + (terms of degree > 4) = 0.

This contradicts the classification of ¢cDV-singularities [Rei87].

Thus, we see that (P € X) is a non-Gorenstein singularity of index r > 2. Let 7: X’ — X be
the canonical index-1 cover [Rei87, Section 3.5], and let P’ = 7~ !(P). Then X = X'/pu,, where
the action of p, on X'\ P’ is free. Moreover, there exists a natural exact sequence

(2.5.12) 1—p, — I 5T —1,

where I" is a subgroup in Aut(X’) that fixes P" and acts faithfully on T'x, pr. The group I' acts by
conjugation on g, in (2.5.12)), which induces a homomorphism 6: I' — Aut(u,) ~ (Z/rZ)*. Hence
the commutator subgroup [I',I'] = p, lies in the kernel of §. If I' C ker(6), the extension ([2.5.12)
is central. Obviously, this holds if » < 3 because the size of I' is odd.

First, we suppose that X’ is smooth at P’, so (P € X) is a terminal cyclic quotient singularity.
We have to show that » = 2. Suppose that » > 3. By [Rei87], we may assume that generator
z € p, acts on Txs pr =~ C? diagonally as diag(g, b (o b), where (. is a primitive r-th root of unity,
and b is an integer coprime to r. If » = 3, then the size of I is odd, hence the extension is
central, and Tx+ ps is an irreducible representation of the group I by Lemma[2.4.27, which implies
that p, acts on T'xs pr by scalar matrices, which is a contradiction. Thus, » > 4. If b=1 mod r,
we have

TX’,P’ _ T ® T”,

where T” is the two-dinensional eigenspace of z with eigenvalue (., and 7" is the one-dinensional
eigenspace with eigenvalue ¢'. In this case, T and T" are I'-invariant, and p, acts on T" by
scalar matrices, so the natural homomorphism I'" — PGL(7") factors through I', and the unique
subgroup p, C I' is contained in the kernel of the induced homomorphism I' — PGL(7"), because
PGL2(C) does not contain subgroups isomorphic to I'. The later implies that the action of I'' on
T" is diagonalizable, so the action of IV on Txs pr is also diagonalizable, which is impossible, since
the group I is not abelian. Hence, b # 1 mod r. Similarly, we see that b # —1 mod 7.

Hence, z acts on Ty p diagonally with three distinct eigenvalues (., ¢¢ and (. If the extension
(2.5.12)) is central, each eigenspace of z is I'-invariant, so I also acts on Txs pr diagonally, which
is impossible, since I' is not abelian. Hence, we see that im(f) ~ p,, and I” cyclically permutes
the eigenspaces of z. Let g be a lift in IV of an element of I" that has order 3. Then gzg~! = 2* for
some integer k such that k is coprime to r and k # 1 mod r. Since g cyclicly permutes eigenspaces
of z, gzg~' = zF acts on T'xs pr diagonally as

diag(¢°, ¢, ¢7) = diag (¢, ¢, ()
or as
diag(¢?, ¢ ", ¢) = diag (¢}, ¢, (7).

In both cases, we compute b = -1 mod r. This is a contradiction, since the eigenvalues of z are

distinct.
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Thus, to complete the proof, we may assume that X’ is singular at P’.

First, we suppose that » < 3. Since the size of I' is odd, the extension is central, and it
follows from [HT87| that T'x/ pr = T} @ T3, where T} and T3 are irreducible representations of the
group I” of dimensions 1 and 3, respectively. Thus, w, acts on T3 by scalar matrices. Since this
action is non-trivial, w, acts trivially on 7} by the classification of terminal singularities [Rei87].
This implies that » = 2. In this case, (P’ € X’) is a hypersurface singularity whose equation is
invariant [HT87]. On the other hand, the only I'-invariant of degree 2 on T/ ps is a multiple of x%,
where 1 is a coordinate on 7. Therefore, the local equation of X’ has the form

2] + (terms of degree > 3) = 0,

so (P € X) is a singularity of type ¢D/2 or cE/2. In these cases, the action of p, on x; must be
non-trivial [HT87], which is a contradiction.

To complete the proof, we may assume that » > 4. As above, let z be a generator of u,., and let
(. be a primitive r-th root of unity. Using the classification of three-dimensional pseudo-terminal
singularities [HT87], we may assume that either r = 4 and z acts on T pr ~ C* diagonally as
diag (§4, G, €3, gj*), or z acts on T/ pr diagonally as diag (CZ, Yy G, 1) for some integer a coprime
to r. In the former case, we have

T pr = E1 @ By @ Es,

where E), E,, Ej3 are eigenspaces of z with eigenvalues (4, ¢}, (3, respectively. Then E; and
Es & E5 are IM-invariant. Moreover, since the order of I' is odd, both eigenspaces FEo and E3 are
also I-invariant. Arguing as above, we see that we can diagonalize the I"-action on Ey, so IV acts
on T'xs pr diagonally, which is impossible, since the action is faithful, and I is not abelian.
Hence, we see that z acts on T'xs pr diagonally as diag(g‘f, <Yy Gy 1). If a =41 modr, we
obtain a contradiction exactly as in the previous case. Thus, we have a # £1 mod r. Then

TX’,P’ = Ea D E—a N7 El @ E07

where E,, E_,, E, E, are eigenspaces of z with eigenvalues (7, ¢, (., 1, respectively. Since
[ is not abelian, there exists g € I” that does not preserve the eigenspaces of z. Then g non-
trivially permutes eigenspaces F,, E_,, E1, Ey. In particular, g does not commute with z, so
gzg~! = 2* for some k € Z such that k # 1 mod r and k is co-prime to r. This shows that g
leaves invariant Ej, so g cyclically permute eigenspaces F,, E_,, F/y. Now, arguing as above, we
see that ¢ = +1 mod r, which is already excluded. The obtained contradiction completes the

proof of Lemma [2.5.11] 0

Corollary 2.5.13. Suppose that X is complex 3-fold with pseudo-terminal singularities such that
Aut(X) contains a subgroup G ~ PSLy(F7). Then G cannot pointwise fix a curve in X.

Proof. Suppose that G pointwise fixes a curve C' C X. Let P be a general point of this curve. Then
X and C are smooth at P, and G acts faithfully on T’x p. This representation is reducible, since G
preserves T¢ p. But G has no faithful reducible 3-dimensional representations by Lemma2.4.19, [

Corollary 2.5.14. Let X be a real 3-fold with pseudo-terminal singularities such that Aut(X)
contains a subgroup I' ~ p, X ps. Then I' does not fix points in X (R).

Proof. Suppose that the group I' fixes a point P € X(R). Let us use notations introduced in
the proof of Lemma [2.5.11} If X is smooth at P, then Ty p is a real three-dimensional faithful
representation of I', which is impossible by Lemma [2.4.19, Thus, it follows from Lemma [2.5.11
that (P € X) is a cyclic quotient singularity of type %(1, 1,1), so X = X'/p,, and we have

I 2 gy X pg = (p7 X pag) X py
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by Lemma [2.4.27, On the other hand, I'" acts faithfully on Txs p, and this representation is real
and three-dimensional, which is impossible by Lemma [2.4.27] O

Corollary 2.5.15. Let X be a complex 3-fold with pseudo-terminal singularities such that Aut(X)
contains a subgroup G = PSLy(F7), and let S be a G-invariant surface in X. Suppose that S is a
Q-Cartier divisor on X, and G fizes a point P € S. Then (X, S5) is not log canonical at P.

Proof. By Lemma [2.5.11] we know that either X is smooth at P, or X has a cyclic quotient
singularity of type %(1, 1,1) at P. Let f: X — X be the blow up of the point P, let E be the

exceptional divisor of this blow up, let S be the strict transform on X of the surface S , and let
m be a positive rational number such that S ~q f*(S) —mE. Then f is G-equivariant, G acts
faithfully on £ ~ P?, and S |g is a curve of degree at least 4, because E contains no G-invariant
lines, conics and cubics by Remark If X is smooth at P, then m > 4, so (X, .S) is not log
canonical at P. Similarly, if X is singular at P, then m > 2 and

Ky+ S~ f*(Kx+S)+ (% —m)E,

which implies that the pair (X, .S) is not log canonical at P. 0

Lemma 2.5.16. Let X be a complex 3-fold with terminal singularities such that Aut(X) contains
a subgroup T' ~ &,. Suppose that T fizes a singular point P € X that has index r € {2,3}. Then
one of the following cases holds:
(i) r =2 and (P € X) is a cyclic quotient singularity of type %(17 1,1);
(ii) 7 =2 and (P € X) is a moderate singularity (see Definition[2.4.1);
(iii) r =3 and (P € X) is not a cyclic quotient singularity.

Proof. We can regard X as a small neighborhood of P. Let 7w : X’ — X be a canonical index-1
cover, and let P’ := 71(P). Then X = X'/pu,., and p, acts freely on X'\ P’. Let I" be the natural
lifting of I' to Aut(X’). Then I" acts faithfully on Txs pr, and there is a natural exact sequence

l—p, —I 5T — 1.

Let z € p, be an element of order r, and let (, be a primitive r-th root of unity.

Suppose that X has a cyclic quotient singularity of index 3 at P. Then T, pr = T"®T", where T"
and T" are eigenspaces of z with the eigenvalues (3 and (3, respectively. We may further assume
that dim(7”) > dim(7"). Then 7" and T" are I'-invariant, and it follows from the classification
of terminal singularities |Rei87] that dim(7”) = 2 and dim(7") = 1. Let K be the kernel of the
representation I — GL(7"). Then K acts on 7" faithfully and I'' = ps x K, which implies that
K ~ &,. This is impossible, since &4 has no faithful representations of dimension 2.

Now we suppose that r = 2, but (P € X) is not a cyclic quotient singularity. Then, as above, we
have a decomposition Tx/ pr = T" @ T", where T" and T" are eigenspaces of z corresponding to the
eigenvalues 1 and —1, respectively. Then it follows from the classification of terminal singularities
that dim(7”) = 1 and dim(7"”) = 3, so both 7" and 7" are I"-invariant. Let K be the kernel of the
representation [V — GL(7"). Then K acts on 7" faithfully, hence it is cyclic. But the restriction
homomorphism 7|x : K — v(K) is an isomorphism, since K N p, = {1}. Thus, v(K) is a normal
cyclic subgroup of I', so K is trivial. Thus, the representation I" — GL(7") is faithful.

We claim that this representation is irreducible. Indeed, suppose that it reducible: 7" = T & T,
where T} and T3 are ["-invariant subspaces of dimension 2 and 1, respectively. As above, let K be
the kernel of the representation I — GL(7}). Then K; N, = {1} and ["/K; is a cyclic group.
Hence K; contains the derived subgroup [IV,T"], so v(K7) contains [I”,T'] ~ 2. On the other
hand, K; ~ v(K;) acts on T; faithfully. Since 2A,4 has no faithful two-dimensional representations,

we get a contradiction. Thus, the representation IV — GL(T") is irreducible.
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We may assume that there is an equivariant embedding X < T/ p ~ C*, and X is given by

QS(xlv Ta, X3, $4) = 07

where x1, T2, T3 are coordinates on 7" and x4 is a coordinate on T”. Let ¢9 be the quadratic term of
the function ¢. Then it follows from the classification of terminal singularities that ¢o(x1, 2, 23,0)
is not zero. Thus, since T” is an irreducible representation of I and ¢, is a semi-invariant of I/, we
see that the quadratic form ¢o(z1, x2, x3,0) has rank 3, so X has a moderate singularity at P. O

5.3. Actions on Gorenstein Fano 3-folds. Let X be a complex Fano 3-fold with Gorenstein
canonical singularities. Then +(X) € {1,2,3,4}. Moreover, if 1(X) = 4 then X ~ P3. Furthermore,
if 1(X) = 3, then X is a quadric hypersurface in P*.

Remark 2.5.17. Recall from Corollary [2.4.23| that Aut(P?) ~ PGL,(C) contains two subgroups
isomorphic to PSLy(F7) up to conjugation. Similarly, it follows from Lemmas [2.4.19] and [2.4.22)
that an irreducible quadric in P* does not admit a faithful action of the group PSLy(F7).

Lemma 2.5.18. Suppose that X is defined over R, and Aut(X) has a subgroup G ~ PSLy(F7).
Then 1(X) < 2, i.e., we have X¢c 2 P? and X¢ is not a quadric in P*.

Proof. If X¢ is a quadric 3-fold in P4, then X is also a quadric in P* by [ACKM?24, Corollary 2.3],
which is ruled out by Remark

Suppose that X¢ ~ P3. Then it follows from Corollary that X 2 P3. Moreover, it follows
from [CS12, Lemma 3.7] or [Edg47] that X¢ contains a unique G-invariant smooth irreducible
curve C of degree 6 and genus 3, and the group G act faithfully on this curve. Since C' is unique,
it must be defined over R, which contradicts Corollary 2.5.2]

We can also obtain a contradiction as follows. The 3-fold X¢ has a unique G-orbit of length 8,
which must be defined over R. The net of quadrics in X¢ that pass through this orbit is defined

over R, and gives a G-equivariant rational map X --» P2, whose general fiber is an elliptic curve.
This contradicts Corollaries 2.4.24] and 2.5.2 O

If «(X) =2, X is called a del Pezzo 3-fold, and d(X) = £(—Kx)? is called the degree of X.

Lemma 2.5.19. Suppose that «(X) = 2, the singularities of X are terminal, and Aut(X) contains
a subgroup G ~ PSLy(F7). Then one of the following holds:

(i) d(X) =1, and X is isomorphic to the hypersurface
{22 = y3 + )\y¢4($1, X2, :ES) + ¢6(x17 X2, 1‘3)} C ]P)(lwu 13[327 1233’ an 32)7
where ¢4 and Qg are polynomials described in Remark and X € C;
(i) d(X) = 2, and X is isomorphic to the smooth hypersurface
{22 = xé + ¢4(x17 I, .7:3)} C P(lxp ]-3327 1:237 ]-$47 22)7
where ¢4 1s the polynomial described in Remark|2.4.20;
(iii) d(X) =2, and X is isomorphic to the smooth hypersurface
{22 = ¢4($1, T2, T3, x4)} - P(lwu 19027 111737 19647 22)7

where ¢4 is the polynomial described in Remark [2.4.25;
(iv) d(X) =6, and X is isomorphic to the smooth hypersurface of degree (1,1) in P? x P?;
(v) d(X) =7, and X is isomorphic to the blow up of P in a point.

Proof. Let A be a Cartier divisor on X such that —Kyx ~ 2A. Let us use classification of del Pezzo

3-folds with terminal singularities (see e.g. [Shi89] or [KP23]). In particular, we have d(X) < 7.
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If d(X) =1, then X is a hypersurface of degree 6 in P(1,1,1,2,3), and it can be written in the
desired form by Remark . Similarly, if d(X) = 2, then X is a hypersurface of degree 4 in
P(1,1,1,1,2), and its equation can be obtained from Remarks [2.4.20| and [2.4.25|

Suppose that d(X) = 3. Then X is a cubic hypersurface in P*, the G-action lifts to P, and it
follows from Lemmathat the action of G on P* is induced by a 5-dimensional representation
of the group G. Moreover, it follows from Lemma [2.4.22] that there exists a G-invariant hyperplane
section S = X NP?, and G acts faithfully on S. This implies that S is not ruled (covered by lines),
so S is a cubic surface with at worst Du Val singularities by [Dol12, Theorem 8.1.11], which is
impossible by Lemma [2.5.5

Now, we consider the case d(X) = 4. Then X = Q; N Q, C P°, where Q; and Q, are quadric
hypersurfaces. If G leaves invariant a hyperplane section of X, we can argue as above to obtain a
contradiction. Hence, P° does not contain G-invariant points, and it does not contain G-invariant
lines. On the other hand, the action on the pencil & of quadrics generated by @)1 and ()5 is trivial,
and singular locus of a degenerate quadric Q € &2 is either a point or a line. Hence, & contains
no degenerate quadrics, a contradiction.

Consider the case d(X) = 5. If X is smooth, then Aut(X) ~ PSLy(C) and this group does not
contain G = PSLy(F7) by Corollary a contradiction. Hence, X is singular. Then X has at
most three singular points by [Prol3al, Corollary 8.7], which contradicts Lemma [2.5.11]

If d(X) = 6, then either X ~ P! x P! x P! or X is a divisor of degree (1,1) in P? x P2, Clearly,
the former case is impossible. In the latter case, X has at most one singular point, so it is smooth
by Lemma . Finally, if d(X) = 7, then X can be obtained by blowing up P? at a point. [

Corollary 2.5.20. Suppose that X is defined over R, Aut(X) contains a subgroup G' ~ PSLy(F7),
the singularities of X¢ are terminal, and «(X) = 2. Then X is the pointless real form of the divisor

(2521) {:Clyl + ZoYo + T3Yys = 0} C ]PQ X ]P2

T1,T2,T3 Y1,Y2,Y3 "

Proof. By assumption, —Kx. ~ 2A for an ample Cartier divisor A € Pic(X¢), which may not be
defined over R. By Lemma , we know all possibilities for X¢. If d(X¢) = 1, the base locus
of |A] is a single point that is defined over R and fixed by G, which contradicts Lemma . It
d(X¢) =2 and X(R) # @, then A is also defined over R (see [Car58, Ch. 4, Proposition 12]), so | A|
gives a G-equivariant double cover X — P3  which is impossible by Corollary . Moreover,
if d(X¢c) = 2 and A is not defined over R, then |A| is a twisted linear system in the sense of
[KoI16], so it gives a double cover X — Y defined over R such that Y ~ P? which is impossible
by Lemma . If d(Xc) = 7, then X is a blow up of P in a point, and this blowup must be
G-equivariant, which contradicts Corollary Thus, X is a form of the 3-fold , which
must be non-trivial by Corollary

Recall from [TZ24] Proposition 8.1] that the 3-fold has two non-trivial real forms, which
can be described as follows. Let QT be the real smooth quadric 3-fold

{x2 +yr At R0 = 0} - Pi,y,z,t,w
and let S be its hyperplane section that is cut out by w = 0. Then S¢ contains complex conjugated
lines Ly = {w = 0,z = iy, z =it} and Ly = {w = 0,2 = —iy, 2 = —it}, and the curve L; + Lo
is defined over R. Let a*: Q* — QF be the blowup of the curve L; + L,. Then we have the
following real Sarkisov link:

Q“i
X
Qj: Xi

where X is a non-trivial real form of (2.5.21]), A% is a birational morphism that contracts the

strict transform of the surface S to a smooth curve in X*. By construction, the 3-fold X+ is
23



pointless, so it follows from [TZ24, Proposition 8.1] that Aut(X™) ~ PSU3(C) x p,. On the other
hand, the real locus of the 3-fold X~ is a 3-dimensional sphere, and Aut(X~) ~ PSU(1,2) x u, by
[TZ24), Proposition 8.1]. Since Aut(X ™) has no subgroups isomorphic to G, we see that X ~ X+
as claimed. O

Remark 2.5.22. Let us use assumptions of Lemma [2.5.19] If d(X) = 6, then X is rational over C.
If d(X) =2, X is irrational [Voi88]. If d(X) =1 and X is smooth, X is irrational |Gri03, [Gri04].

Now, we study properties of the linear system | — Kx| in the case when Aut(X) has a subgroup
isomorphic to PSLy(F7). We start with the following result, which can be derived from [JRO6].

Lemma 2.5.23. Suppose that Aut(X) contains a subgroup G = PSLy(F;). Then Bs(|—Kx|) = &.

Proof. Suppose that Bs(] — Kx|) # @. Then it follows from [Shi89] that one of the following holds:

e cither Bs(] — Kx|) is a smooth rational curve lying in the smooth part of X;
e or Bs(| — Kx]|) is a single point, X has a hypersurface cDV singularity at this point, and
a general surface in | — Kx| has an ordinary double singularity at this point.

In the first case, the curve is pointwise fixed by G by Lemma [2.5.1] which contradicts
Corollary [2.5.13] In the second case, we obtain a contradiction arguing as in the proof of
Lemma 2.5.111 U

Now, we describe hyperelliptic Fano 3-folds [CPS05] that admit a faithful PSLy(F7)-action.

Lemma 2.5.24 (cf. [CPS05]). Suppose that —Kx is not very ample, and Aut(X) contains a
subgroup G = PSLy(F;). Then X is isomorphic to one of the following 3-folds:
(i) a hypersurface of degree 6 in P(1,1,1,1,3) (a sextic double solid);

(ii) a hypersurface of degree 6 in P(1,1,1,2,3) (a double Veronese cone);
(iii) S x P, where S is the smooth del Pezzo surface of degree 2 described in Lemma .

Moreover, in the case the invariant Picard number p(X)¢ equals 2 and the invariant Mori
cone NE(X)Y is generated by the curves in the fibers of projections X — P! and X — S.

Proof. Let g = 5(—Kx)3+1. It follows from Lemmaand [CPS05) that dim(| — Kx|) = g+1,
and the linear system | — Kx| gives a G-equivariant double cover morphism ¢: X — Y such that
Y is a 3-fold of degree g — 1 in P9*!. Let B C Y be the branch divisor. Then B is G-invariant,
and it follows from the Hurwitz formula that

(2.5.25) Kx = ¢* (Ky + 3B) = ¢*(Ov(1)).

If g =2, then Y = P? and B is a surface of degree 6, so we get case . If g=3, then Y is a
quadric in P*, which is impossible by Remark [2.5.17, Thus, we see that g > 4. Then, according
to the classification of varieties of minimal degree [EH87], we have one of the following cases:

(a) Y is a cone in PS over the Veronese cone, and Y ~ P(1,1,1,2);

(b) Y is a rational scroll and Y ~ Ppi (&), where & is a rank 3 vector bundle over P!;

(c) Y is a cone over a rational scroll F' C P9 such that F' ~ Ppi (&), where & is a rank 2 vector
bundle over P*;

(d) Y is a cone over a rational normal curve C' C P9~! that has degree g — 1.

If X is the Veronese cone, then X ~ X C P(1,1,1,2,3), so we get case

Suppose that Y ~ Ppi(&). We may assume that E = Opi(a) @ Op1(b) @ Opr with a > b > 0.
The projection 7: Ppi (&) — P! must be G-equivariant and the action of G on P! is trivial. Thus
G acts faithfully any fiber ' ~P2. If b > 0 (b = 0 and a > 0, respectively), then Pp: (&) contains
an exceptional subscroll Z corresponding to the surjection & — Opi(a) ® Opi(b) (8 — Opi(a),

respectively). This subscroll must be G-invariant, and the intersection F'N Z is a point (line,
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respectively). But then the action of the group G on F' must be trivial, a contradiction. Therefore,
we have a = b =0, s0 Y ~ P? x P!, where G acts on P? x P! through the first factor. By ,
the divisor B C P? x P! has bidegree (4,d) for d € {0,1}. On the other hand, B is invariant, which
implies that d = 0, so X is G-equivariantly isomorphic to S x P!, where S is the smooth del Pezzo
surface of degree 2 described in Lemma , which gives case . Then p(X)¢ = p(S)¢+1 =2,
and NE(X)¢ is generated by the curves in the fibers of projections X — P! and X — S.
Therefore, we may assume that Y is a cone as in or @ Then there exists a G-equivariant
resolution of singularities j: Y — Y such that Y ~ Ppl(c? ), where & is a rank 3 vector bundle
over P!. Arguing as above, we get Y ~ P2 x P!, hence p is an isomorphism, a contradiction. [

Corollary 2.5.26. Suppose that X is defined over R, and Aut(X) has a subgroup G ~ PSLy(F5).
Then the divisor —Kx s very ample.

Proof. Suppose that —Kx is not very ample. Then it follows from Lemma that X¢ is
isomorphic to one of the complex 3-folds |(i)] listed in Lemma . In the first case, the
anticanonical linear system | — K x| gives a G-equivariant double cover X — P3, which is impossible
by Corollary The second case is ruled out by Corollary 2.5.20 In the third case, X
is smooth, and it follows from Corollary that p(X)¢ = 2 and there are two equivariant
extremal Mori contractiions ¢; : X — C and @2 : X — Y, where Y is a real form of the smooth
del Pezzo surface of degree 2 described in Lemma and C' is a smooth real conic in P2. This

is impossible by Lemma [2.5.1] and Corollary - O

Now, we suppose that the divisor —Kx is very ample. Then |— K x| gives an Aut(X)-equivariant
embedding X — P9, where g = g(X) = (—Kx)® +1 > 4 by the Riemann-Roch theorem. Let
us identify X with its image in P9*. Now, we describe trigonal Fano 3-folds [CPS05] that admits
a faithful action of the group PSLy(F7).

Lemma 2.5.27 (cf. [CPS05]). Suppose that X is not an intersection of quadrics in P91 and
Aut(X) contains a subgroup G = PSLy(F7). Then one of the following cases holds:

(i) g =3 and X is a quartic 3-fold in P*;

(i) g =4 and X 1is a complete intersection of a quadric and a cubic in P°.

Proof. Clearly, g > 3 and X C P* is a quartic in the case g = 3. Let Y C P9*! be the intersection
of all quadrics passing through X. Then Y is irreducible, normal and it is a four-dimensional
variety of minimal degree (see e.g. [CPS05]). Hence X C P’ is an intersection of a quadric and a
cubic in the case g = 4. Thus from now on we assume that g > 5.

Consider the case when Y is either a scroll or a cone over scroll. Then we have the following
G-equivariant diagram

XX _2.p!

L]

e N &
where 1 is an isomorphism if Y is a (smooth) scroll, and pu is the blowup of the vertex if Y is a
cone. Here 7 is a P3-bundle and ¢ is a fibration into cubic surfaces. Since the action of G on P!
is trivial, G acts faithfully on the fibers of ¢, i.e. on cubic surfaces. This contradicts Lemma
Thus, ¢ = 6 and Y is a cone in P7 over the Veronese surface with vertex a line, say L. In this
case the representation of G in H°(X, Ox(—Kx)) has the following decomposition:

HO(X, Ox(—Kx))=VeaViaV/,

where V; and V] are trivial representations, and Vs is an irreducible 6-dimensional representation.

The subspace P(V) C P7 is G-invariant, and P(V5) N L = &. Let S := Y NP(Vs). Then S is a
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G-invariant Veronese surface, and G acts faithfully on S. If S ¢ X, then the intersection X NS is
a G-invariant curve of degree 10, so it is a plane quintic curve in S ~ P2, which is impossible, by
Remark [2.4.20] Thus, we see that S C X.

Let & be the pencil of hyperplane sections passing through P(V5). Clearly, S is a fixed com-
ponent of &, so we can write & = F + .#, where F # 0 is the fixed part of & and .# is a
pencil without fixed components. A general member M € .# is irreducible and invariant, hence
its linear span is a 6-dimensional subspace in P". Then deg(M) > 5. On the other hand, we have

deg(M) = 10 — deg(F') < 10 — deg(S) = 6.

This gives deg(M) = 6 and F' = S. In particular, a general hyperplane section of M is a curve of
arithmetic genus < 1. Since M is acted by G, it cannot be ruled (covered by lines). Then the only
possibility is that M is a del Pezzo surface with at worst Du Val singularities (see e.g. [Doll2]
Theorem 8.1.11]). But this contradicts Lemma [2.5.5] O

Corollary 2.5.28. Suppose that X is defined over R, and Aut(X) has a subgroup G ~ PSLy(F5).
Then either g > 5 and X is an intersection of quadrics in P9, or g = 4 and X is a complete
intersection of a quadric and a cubic in P° such that the action of the group G on P° is induced
by its unique 6-dimensional faithful representation that is irreducible over C, and X (R) = @.

Proof. Suppose that X is not an intersection of quadrics in P9*!. Then it follows from Lemmal[2.5.27]
that g € {3,4}, and either X is a quartic 3-fold in P4, or X is a complete intersection of a quadric
and a cubic in P°. In the former case, the action of the group G on P* is faithful, and it is
induced by a real faithful 5-dimensional representation of the group G, which does not exist by
Lemma . In the latter case, the action of the group G on P® is induced by a real faithful 6-
dimensional representation of the group G. By Lemma [2.4.19] there are two such representations.
If it is reducible over C, then P° has no G-invariant cubic hypersurfaces. Thus, the representation
must be irreducible over C. Then P® contains unique invariant quadric, and a pencil of invariant
cubics. The unique G-invariant quadric is real, and it is pointless, so X is pointless too. 0

Now, we suppose further that g = g(X) > 5 and X is an intersection of quadrics in P9+, Then
it follows from [Prol2, Corollary 5.5] that

(2.5.29) RO (P9, Ix(2)) = %(9 —2)(g—3),

where Zy is the ideal sheaf of the 3-fold X. We also know that X is projectively normal [IP99].

Lemma 2.5.30. Suppose that X is defined over R, and Aut(X) has a subgroup G ~ PSLy(F5).
Then g(X) # 5.

Proof. Suppose that g(X) = 5. Then X is a complete intersection of three quadrics in P%, the action
of the group G on P9 is faithful, and it is induced by a real faithful 7-dimensional representation
of the group G. In every possible case, P® has no G-invariant two-dimensional real linear system
of quadrics, which is a contradiction. O

Lemma 2.5.31. Suppose that X is defined over R, and | — Kx| has at most one G-invariant
surface. Then g & {7,8,9}.

Proof. Recall that H°(X, Ox(—Kx)) is a faithful real representation of G of dimension g + 2. By
assumption, it has at most one 1-dimensional subrepresentation. Then g ¢ {8,9} by Lemma|2.4.19|
Suppose that g = 7. Then it follows from Lemma[2.4.19|that H°(X, Ox(—Kx)) splits as follows

H(X,0x(—Kx)) =V, & Vs.

Here we used notations of Lemma [2.4.19] In particular, we see that | — Kx| contains exactly one

G-invariant surface, which we denote by S. Note that the space W C Sym? (HO(X, (’)X(—KX))) of
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quadratic forms vanishing on X is invariant and 10-dimensional by ([2.5.29)). On the other hand,
we have the following splitting of G-representations

Sym? (HO(X, OX(—KX») —V, 0V, 0V BVe® Vs ® Vs ® Vs ® V.

Then for the splitting of W the only possibility is W = V; & V; @ Vg, hence X is contained in
every G-invariant quadric hypersurface in P®, and the linear system | — 2K x| does not contain
G-invariant divisors, which is not true since 25 € | — 2K x| and the divisor 25 is G-invariant. [J

5.4. Actions on real GQ-Fano 3-folds. Let X be a real geometrically irreducible 3-fold such
that X has terminal singularities, and X is GQ-factorial, i.e. every Weil divisor on X defined over
R whose class in Cl(X) is G-invariant is Q-Cartier. Suppose, in addition, that X¢ is rationally
connected, and Aut(X) contains a subgroup G ~ PSLy(F7).

Lemma 2.5.32. The 3-fold X is G-birational over R neither to a G-conic bundle nor to a G-del
Pezzo fibration.

Proof. Suppose that the assertion is not true. Then X is G-birational over R to a normal 3-
fold Y with terminal GQ-factorial singularities, and there there exists a GG-equivariant surjective
morphism 7: X — Z with normal Z such that

e cither 7 is a conic bundle, and Z is a real geometrically rational surface,
e or 7 is a del Pezzo fibration and Z¢ ~ P!.

In both cases, the G-action on Z is trivial by Lemma[2.5.1and Corollary [2.5.7 Moreover, applying
Lemma [2.5.1| again, we see that 7 is not a conic bundle.

Thus, we see that 7 is a del Pezzo fibration. Then it follows from Lemma that its fiber
over a general point in Z¢ is either P? or the smooth del Pezzo surface of degree 2 described in
Lemma [2.5.5] Moreover, if Z ~ P!, then we obtain a contradiction applying Corollary to the
fiber of m over a general point in Z(R). Hence, we have Z(R) = &, which implies that X (R) = &.

Let S be the generic fiber of 7, and let k = R(Z). Then S is a smooth del Pezzo surface over k,
and G acts faithfully on S, because it acts trivially on Z. Moreover, either S is a form of PZ, or S
is a del Pezzo surface of degree 2. In the latter case, the linear system | — K| gives a G-equivariant
double cover S — P2 ramified in a quartic curve, which implies that PGL3(k) ~ Aut(P2) contains
a subgroup isomorphic to G. On the other hand, it follows from [Hu25, Proposition 5.5] that
PGL;3(k) contains a subgroup isomorphic to G if and only if v/—7 € k (and such subgroup is
unique up to conjugation by [Beal(l, Proposition 2.2]). Since v/—7 ¢ k, we conclude that PGL3(k)
does not contain subgroups isomorphic to G, and S is a non-trivial form of PZ.

Over C, the del Pezzo fibration 7 has many sections. Let C' be one of them, and let C’ be a
complex conjugate curve. Then the curve C' + C’ is defined over R, so it defines a K-point on S
for some quadratic extension K of the field k. This implies that S ~ P2 [GS17, [Kol16], which is a
contradiction. OJ

Thus, applying G-equivariant Minimal Model Program over R, we obtain a G-birational map
from X to a real GQ-Fano 3-fold. Therefore, we assume that X is already a real GQ-Fano 3-fold.
However, for applications in Section [7} we make a little more general assumptions in the following
lemma.

Lemma 2.5.33. Let X be a Fano 3-fold with only GQ-factorial pseudo-terminal singularities and
p(X)¢ = 1. Let D be a G-invariant effective Q-divisor on X defined over R such that D ~q —Kx.
Then (X, D) is log canonical.

Proof. Suppose that the pair (X, D) is is not log canonical. Then, using |[CS16, Lemma 2.4.10] or

arguing as in the proofs of [Kaw97, Theorem 1.10] and [Kaw98, Theorem 1], we see that there are
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rational number A < 1 and an effective real G-invariant Q-divisor D’ on the 3-fold X such that
D" ~q D, the log pair (X, A\D’) is log canonical, (X, AD’) is not Kawamata log terminal, and the
locus Nklt(X, AD’) consists of the G-orbit of a real minimal log canonical center of the log pair
(X,AD"). Here, we do not assume that minimal log canonical center is geometrically irreducible.

It follows from [Kaw97] that complex irreducible components of minimal log canonical centers
of the log pair (X,\D’) are disjoint. On the other hand, it follows from the Kolldr—Shokurov
vanishing theorem that the locus Nklt(X, AD’) is connected. Thus, Nklt(X, AD’) consists of a real
geometrically irreducible G-invariant subvariety Z.

If Z is a point, we obtain a contradiction with Corollary [2.5.14] Thus, either Z is a curve or a
surface. Then it follows from Kawamata’s subadjunction theorem [Kaw9§| that Z is normal and
geometrically rational. Thus, if Z is a curve, then G acts trivially on Z, since PGL3(C) does not
contain subgroups isomorphic to G. Similarly, if Z is a surface, then G acts trivially on Z by
Corollary 2.5.7, Now, using Corollary [2.5.13] we obtain a contradiction. O

Corollary 2.5.34. Let M be a non-empty G-invariant (real) mobile linear system on X such that
M ~g a(=Kx)

for some positive real number a < 1. Then either a = 1 and (X, M) is canonical, or X is
G-birational to the pointless form of the 3-fold (2.5.21)), and X is not rational over R.

Proof. Assume either ¢ < 1 or the singularities of (X, M) are worse than canonical. Then by
Lemmas |2.4.16| and |2.5.32| there is a G-equivariant real birational map X --» X’ such that X is
a real Gorenstein GQ-Fano 3-fold. In this case ¢(X) > 2, so it follows from Corollary that
X is the pointless form of the 3-fold , so X is not rational over R. U

Corollary 2.5.35. Let M be a non-empty real G-invariant linear subsystem in | — Kx| that has
positive dimension. Suppose X is rational over R. Then M is mobile, and (X, M) is canonical.

Proof. 1f M has a fixed component, its mobile part is Q-rationally equivalent to a(—Kx) for some
rational a < 1, which contradicts Corollary [2.5.34] so the assertion follows by Corollary[2.5.34 I

Corollary 2.5.36. Let M be a non-empty real G-invariant linear subsystem in | — Kx| that has
positive dimension, and let S be a general surface in M. Suppose that X is rational over R. Then
(X, S) is purely log terminal, and S is an irreducible K3 surface with at most Du Val singularities.

Proof. By Corollary [2.5.35] the linear system M is mobile, and the log pair (X, M) has canonical
singularities. Moreover, general member of the linear system M is irreducible by Bertini theorem,
since otherwise M would be composed from a mobile pencil P, so M ~ nP for some n > 1, which
would contradict Corollary [2.5.34]

Now, applying [Kol97, Theorem 4.8] or [Ale94, Lemma 1.12], we see that (X, S) has purely log
terminal singularities. Then S has Kawamata log terminal singularities by [Kol97, Theorem 7.5],
and they are Du Val, since Kg ~ 0 by the adjunction formula. Finally,the equality h'(Og) = 1
follows from the exact sequence

0 — Ox(Kx) — Ox — O — 0
and vanishings H°(Ox(Ky)) = H'(Ox(Kx) = 0. O

Let us conclude this section with one useful technical result similar to [Prol2, Lemma 4.7], whose
proof is almost identical to the proof of [Prol2, Lemma 4.7].

Lemma 2.5.37. Suppose that | — Kx| has a G-invariant real surface S. Then S is reduced, and

e cither Sc is an irreducible smooth K3 surface,

e or S is reducible over R, and G acts transitively on the set of its real components.
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Proof. By Lemma [2.5.33] (X, S) is log canonical. Hence, S is reduced. Let D be the G-orbit of
an irreducible component of S. Then D is G-invariant, so D ~q a(—Kx) for some a € Q- such
that @ < 1. Moreover, if D # S, then a < 1, so (X, %D) is not log canonical, which contradicts
Lemma [2.5.33] Hence, we see that D = S, so GG acts transitively on the set of real irreducible
components of the surface S. If S is reducible over R, we are done. Thus, we may assume that S
is irreducible over R. Let us show that S is a smooth K3 surface.

We claim that S is geometrically irreducible. Indeeed, suppose it is not. Then S¢ = S' + S”,
where S” and S” are irreducible G-invariant complex surfaces that are swapped by the complex
conjugation. Let f: X — Xc be the GQ-factorialization of the 3-fold Xc, let S" and S” be the
strict transforms on the 3-fold X of the surfaces " and S”, respectively. Then (X, 5" + S”) has
log canonical singularities, and

§ 45"~ K ~q [*(~Kx).

Now, let h: S — ' be the normalization, and let Bg be the divisor on S known as the different
of the log pair (X, 5"+ 5”), which is defined as in [Kaw07]. Then Bg, is a non-zero effective Weil
divisor on S’ such that Bg ~ —Kg, and (5, Bg,) has log canonical singularities [Kaw(7], so the
divisor Bg is reduced. Now, replacing S’ by its minimal resolution, and replacing Bg by its log
pull back, we obtain a smooth surface faithfully acted by G whose anticanonical linear system
contains a non-zero reduced G-invariant divisor. This is impossible by Corollary

Hence, we see that S is geometrically irreducible. Moreover, the arguments we used to show this
also imply that S is normal. If S is smooth, then, arguing as in the proof of Corollary [2.5.36] we
see that S is a K3 surface, so we are done. Thus, we may assume that .S is singular. Then it follows
from Corollary that S¢ has a non-Du Val singular point P. If P is not G-fixed, its G-orbit
contains at least 7 points by Corollary 2.4.18 but Sc can have at most two non-Du Val singular
points [Ume81], see also [Sho92, Theorem 6.9] and [Fuj00]. Thus, P is fixed by G. Then it follows
from Lemma that either X¢ is smooth at P, or X¢ has cyclic quotient singularity of type
$(1,1,1) at P. Then (X, S) is not log canonical by Corollary which is not the case. O

6. GORENSTEIN CASE

Let X be a real Fano 3-fold with terminal Gorenstein singularities such that Aut(X) contains a
subgroup G ~ PSLy(F7). Suppose that X is a GQ-Fano 3-fold. In this section, we will prove

Theorem 2.6.1. The 3-fold X is not rational over R.

Let us prove Theorem [2.6.1] Suppose that X is rational over R. Let us seek for a contradiction.

6.1. Real Gorenstein GQ-Fano 3-folds. By Lemmal[2.5.18 and Corollary [2.5.20] we have ¢(X) =
1, i.e. the anticanonical class — K x,. is a primitive element of the lattice Pic(X¢). By Lemma
and Corollary [2.5.26] | — Kx| gives a G-equivariant embedding X < P91, where g = g(X) =

( Kx)?+1 > 3. We identify X with its anticanonical image in P9*1. Then it follows from
Corollary m g that g > 5 and X is an intersection of quadrics in P91, Tt follows from [Nam97,
JRI1] that X¢ admits a Q-Gorenstein smoothing to a smooth complex Fano 3-fold V such that
(—Ky)? = (—Kx.)? =29 —2>10 and p(V) = p(Xc) > p(X). Moreover, it follows from [Nam97]
that

(2.6.2) [Sing(Xc)| < 20+ 12 (V) = p(V) <19+ (V).
Furthermore, — Ky, is divisible by «(V') in Pic(X¢), so ¢«(V) = «(X) = 1 by Corollary [2.5.20

Lemma 2.6.3. Suppose g € {6,7,8,9,10}. Then | — Kx.| has at most one G-invariant surface.
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Proof. Suppose that | — Kx.| contains more than one G-invariant surface. Then | — K x| contains
two distinct G-invariant real surfaces S and S’. These surfaces generate a pencil M C | — K|,
and every surface in this pencil is G-invariant. Moreover, by Corollary and Lemma [2.5.37]
general surface in M is a smooth geometrically irreducible K3 surface. In fact, the same holds for
any real surface in the pencil M.

Indeed, suppose that S is not a smooth geometrically irreducible K3 surface. Then it follows
from Lemma that S is reducible over R, and G transitively permutes its components.
On the other hand, X¢ does not contain planes [Prol5], so it follows from Corollary and
deg(S) = 29 — 2 € {10,12, 14,16, 18} that either g(X) =8 and S = S;+---+ Sz, or g(X) =9
and S = S; + --- 4+ Sg, where each S; is a geometrically irreducible quadric surface. Let H be
a general hyperplane section of X, and let C; := S;|g. Then H is a smooth K3 surface, and
each C; is a smooth conic on H. In particular, we see that C? = —2 on the surface H by the
adjunction formula. Since GG acts doubly transitive on the irreducible components of S, we have

C; - Cj = Cy - Cy for every possible i # j. Thus, if g(X) = 8, then
14=2g(X)—2=(C1 4+ Cp)==2-T+7(7T—1)Cy - Cy,

which gives C - Cy = % Similarly, if g(X) =9, then
16=2g(X)—2=(Cy+---+Cs)*=—-2-8+8(8—1)C; - Oy,

which gives C - Cy = ‘—;. However, C - Cs is an integer. The obtained contradiction shows that S
is a smooth geometrically irreducible K3 surface. In particular, X is smooth along S.

Note that G acts faithfully on S by Corollary 2.5.13] Thus, it follows from Lemma that
Pic(S¢)¥ = Z[L] for some ample divisor L on the surface S¢ such that L? is even. Set Z = S'|s.
Then Z is a G-invariant real curve in S, so Z¢ ~ nL for some n > 1. Then

n?L? = 7% =29 — 2 € {10,12, 14, 16, 18}.
In particular, if n # 1, then ¢ =9, L? =4, and n = 2.

We claim that Z is reduced and G-irreducible. Indeed, if this is not the case, then Z¢ = Z; + 7,
where Z; and Z5 are G-irreducible curves such that Z; ~ Zy ~ L. Thus, if Z; # Z,, then the
intersection Z; N Z5 is G-invariant subset that consists of at most 4 points, which is impossible by
Lemma Similarly, if Z; = Z,, then Z? = L - Z; = 4, so it follows from Corollary and
adjunction formula that Z; is a real geometrically irreducible curve of arithmetic genus 3, which
is impossible by Corollary 2.5.2] Thus, Z is reduced and G-irreducible.

Assume that the curve Z¢ is not irreducible. Write Z¢ = C1+- - -+C,,, where m > 1 and each C;
is a complex irreducible curve. Then m divides deg(Z) = 2g—2, so it follows from Corollary
that one of the following three cases holds:

e g =9, m =8, each curve C; is a smooth conic;
e g =8, m =7, each curve C; is a smooth conic;
e g =8, m = 14, each curve Cj is a line.
Moreover, if m = 7 or m = 8, then G acts doubly transitive on the set {C1,...,C,,}, which gives

29 —2=27%= (Cl+~~-+Cm)2 = —=2m+m(m — 1)Cy - Cy,
which is impossible, since C] - Cy is a non-negative integer. Thus, we conclude that g = 8, m = 14,
and each curve C} is a line. Then

14 14
1 = deg(Ch) :—KX|S-C’1:Z-01:C'12+ZC’¢-01 :_2+Zci'017
i—2 i—2

which gives (Co + -+ 4+ Cpy) - C; = 3, 80 |(Co U -+~ U Ciy) N Cy| < 3. On the other hand, the
stabilizer of the curve (' in G is isomorphic to 2l4, and it does not fix points in S¢, because 2, has
30



no two-dimensional faithful representations. Thus, the stabilizer acts faithfully on C; ~ P!, and
it leaves invariant the subset (Cy U --- U C14) N C1, which is impossible, because 24 has no cyclic
subgroups of index < 3.

Therefore, Z¢ is irreducible. Then p,(Z) = g(X) by the adjunction formula, and G acts faithfully
on Z by Lemma[2.5.4] Hence, it follows from Lemmathat Z is a smooth curve of genus g(X).
Thus, applying Corollary [2.5.2] we see that g(X) = 8, because the curve Z is real. In particular,
we conclude that X¢ is singular, since otherwise it is known to be irrational [IP99].

Note that H°(X, Ox(—Kx)) is a real faithful 10-dimensional G-representation. By our assump-
tion, it has a 2-dimensional trivial subrepresentation, which corresponds to the pencil M. If it had
a 3-dimensional trivial subrepresentation, we would have a G-invariant surface S” € | — K x| that is
not contained in the pencil M, so the intersection S¢ N Z¢ would be a finite G-invariant subset in
Z¢ such that |S¢ N Zc| < S”- Z¢ = 14, which is impossible by Lemma [2.5.1] Hence, it follows from
Lemma that H°(X, Ox(—Kx,)) splits as a sum of two trivial 1-dimensional representations
and one irreducible 8-dimensional representation. In particular, X¢ has no G-orbits of length 7.

On the other hand, we have h'?(V) = 5, so gives |Sing(Xc)| < 24. Hence, it follows from
Corollary and Lemma that the singular points of the 3-fold X¢ form one G-orbit of
length 14, 21 or 24. Thus, there is a real surface S* € M such that Sgé contains all singular points
of X¢. On the other hand, we have shown that any real surface in M is smooth and contained in
the smooth locus of X, a contradiction. 0

Corollary 2.6.4. One has g € {7,8,9}. If | — Kx.| has a G-invariant surface, then g # 10.

Proof. By Lemma [2.5.31) and Lemma we have g € {7,8,9}. If g = 10 and | — K x| contains
a G-invariant surface, then | — Kx.| contains at least two G-invariant surfaces by Lemma [2.4.19]

which contradicts Lemma 2.6.3] O
Lemma 2.6.5. One has p(X) =1 and p(Xc) < 2.

Proof. By [JR11] (see also [KP25, Proposition 2.5]), there is natural identification Pic(X¢) ~
Pic(V') that preserves the intersection form. Thus, the group G and the complex conjugation
both act on Pic(V') such that every invariant element in Pic(V') is a multiple of — K. Moreover,
if p(X) > 1, the action of the group G on Pic(X¢) is faithful, so it follows from Lemma
that p(V) = p(Xc) > 7, which is impossible by [Prol3b, Theorem 1.2]. Thus, we see that
p(X) =1, and G acts trivially on Pic(X¢). Therefore, we see that the Gal(C/R)-invariant part
of Pic(V') is generated by — Ky, so it follows from [Prol3bl Proposition 5.2] and [Prol3b, Lemma
4.4] that p(Xc) = p(V) < 2 unless V is an intersection of divisors of degree (1,1,0), (1,0,1),
(0,1,1) in P? x P2 x P2. In the latter case, it follows from [ProI3bl Proposition 6.4] and [Prol3b)
Proposition 6.3] that the action of the group Gal(C/R) on Pic(V') ®z R preserves the cone of nef
divisors. This cone is generated by 75 (Opz2(1)), m3(Op2(1)) and 75(Op2(1)), where each 7;: V — P?
is the projection to the i-th factor of P? x P2 x P2. Hence, one of these generators must be
Gal(C/R)-invariant, which is impossible, since the Gal(C/R)-invariant part of Pic(V') is generated
by — Ky [

If p(X¢) = 2, it follows from [Prol3b, Theorem 1.2] that one of the following cases holds:

(i) V is a complete intersection of three divisors of degree (1,1) in P? x P3;
(i) V is a blowup of a smooth quadric 3-fold in P* along a twisted quartic curve;
(iii) V is either a smooth divisor of degree (2,2) in P? x P? or a double cover of a smooth
divisor degree (1,1) in P? x P? ramified in an anticanonical surface.

In the first two cases, Aut(V') has been studied in [CLMP24] and [Mal24]. In particular, we know
from [CLMP24] that there exists a unique smooth complex complete intersection of three divisors

of degree (1,1) in P> x P? that admits a faithful action of the group G.
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Corollary 2.6.6. One has p(X) = p(Xc) = 1.

Proof. Suppose that p(Xc) = 2. If V is a blow up of a quadric 3-fold in P* along quartic curve,
it follows from [Prol3b, Theorem 6.5] that there is a G-equivariant birational morphism X¢ — @
such that @ is a quadric in P4, which is impossible by Remark . This excludes case .

Suppose that we are in case . Then it follows from [Prol3b, Theorem 6.5] that X¢ is also
an intersection of three divisors of degree (1,1) in P? x P3. Let pr;: X¢ — P3 be the projection
to the first factor. Then pry is G-equivariant and birational. Moreover, away from finitely many
points in P2, pr; is a blow up of G-invariant (possibly reducible) sextic curve C. If the G-action
on P3 leaves a hyperplane invariant, it follows from Lemma that C' is contained in this
hyperplane, so —Ky. is not nef. Hence, the G-action on P? is induced by an irreducible 4-
dimensional representation of the central extension of the group G. Then it follows from by [CS12]
Lemma 3.7] that C' is a smooth irreducible curve of genus 3, so X¢ is smooth, and pr; is a blow
up of the curve C. Observe that P contains a unique G-orbit of length 8 [CS12, Lemma 3.2]. By
Lemma [2.5.1] this orbit is not contained in C. Thus, X¢ has a unique G-orbit of length 8. By
Corollary the action of G' on the points of this orbit is doubly transitive, hence all these
points are real, which contradicts Corollary

Thus, we are in case[(iii)] Then it follows from the proof of [Pro13b|, Theorem 6.5] that either X¢
is a divisor of degree (2,2) in P? x P2, or there exists a G-equivariant double cover X¢ — W such
that W is a smooth divisor of degree (1, 1) in P? x P2, and the ramification divisor is contained in
the linear system |— Ky/|. In both cases, the G-action lifts to P? x P2. Moreover, if P? x P? contains
a G-invariant divisor of degree (1, 1), then the action of the group G on P? x P? is twisted diagonal,
which implies that the only G-invariant divisor of degree (2,2) is a multiple of the invariant divisor
of degree (1,1). Hence, we conclude that X¢ is a divisor of degree (2,2) in P? x P2, and G acts on
P? x P? diagonally. In this case, X¢ is the only G-invariant divisor of degree (2,2) in P? x P2, In
suitable coordinates on P2 x P2 Xc is given by the following equation (cf. [GPII]):

z1,32,85 < Lyt a3
T1T2Y; 4+ T3Y1y2 + TaTays + T3Y1Ys + T3Y2ys + 21235 = 0.
Then X¢ is smooth, so it is irrational (see e.g. [AB92]), which contradicts to our assumption. [
Thus, p(V) = (V) = 1. Using the classification of smooth Fano 3-folds, we get g € {6, 10,12}.
Lemma 2.6.7. One has g # 12.

Proof. Suppose that g = 12. Let E be a real surface in X, let S be its G-orbit, and let N be the
number of iurreducible components of S. Then S is a Q-Cartier divisor, so S is a Cartier divisor,
since X has terminal Gorenstein singularities. Then S ~ a(—Kx) for a € Z~, and

N(—=Kx)*-E=(-Kx)*-S =a(—Kx)* = 22a.

Thus, since N divides |G| = 168, we conclude that (—Kx)? - E is divisible by 11. Therefore, for
every complex surface F' C X, its degree deg(F) = (—Kx)? - F is also divisible by 11.

Now, using [Pro16, Lemma 8.2] or results presented in Section[4.2] we see that r(Xc) = 1. Hence,
it follows from [Prol5] that X is smooth. Then it follows from [KPS1§| that the Hilbert scheme of
conics on X is isomorphic to P2, and G acts faithfully on it. This contradicts Lemma2.5.7. O

Hence, g = 10 or g = 6. We will deal with these two cases in Sections [6.2] and [6.3] respectively.

6.2. Fano 3-folds of genus 10. Let us use all assumptions, results and notations from Section|6.1]
Suppose that ¢ = 10. Then it follows from Lemmas[2.4.19|and [2.6.3|that | — K x| has no G-invariant
divisors. Moreover, if X is smooth, then it follows from [KPSIS8| Corollary 4.3.5] that there exists
a group monomorphism Aut(Xc) < Aut(A), where A is an abelian surface. This contradicts

Lemma [2.5.8, Thus, we see that X is singular.
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Recall that p(X¢) = 1. If X¢ is Q-factorial, it follows from [Prol5, Theorem 1.3] that X¢ has at
most two singular points, so each singular point of X¢ is fixed by the group GG, which contradicts
Lemma . Hence, we see that X¢ is not Q-factorial. Let f: X = Xcbea Q-factorialization.
Then —K; ~ f*(—Kx,), and X is an almost Fano 3-fold such that p(X) > 1.

Lemma 2.6.8. Let E be an irreducible surface in X¢. Set B = f(E). Then deg(E) > 3, and
deg(FE) is divisible by 3.

Proof. Let S be the real G-irreducible surface such that E is an irreducible component of S¢, and
N be the number of irreducible components of the surface S¢c. Then S ~ a(—Kx) for some positive
integer a such that N deg(E) = deg(S) = a(—Kx)? = 18a. Thus, since N divides 2|G| = 336, we
conclude that deg(FE) is divisible by 3. O

In particular, in the notations of Section , the almost Fano 3-fold X does not contain planes.
Therefore, it follows from the results presented in Section that there exists an extremal con-
traction h: X — Z such that one of the following 3 cases holds:

(i) h is birational, it contracts a surface to a curve, and Z is an almost Fano 3-fold,

(ii) A is a fibration into del Pezzo surfaces, Z ~ P! and p(X) = 2;
(iii) h is a conic bundle, and Z is a smooth del Pezzo surface.

Let D be the effective divisor in X¢ spanned by all lines in X¢. Then D is defined over R, and
it is G-invariant.

Lemma 2.6.9. One has
(2.6.10) D ~a(—Kx), a € {2,3},
and D is reduced and G-irreducible.

Proof. If (2.6.10) holds, then D is reduced and G-irreducible, because | — Kx| does not contain
G-invariant divisors by Corollary . To show 7 consider a smoothing X — B of X¢ (see
[Nam97]). Thus B is a smooth curve and the fiber over some point o € 9B is isomorphic to Xc,
and the fiber over each point b € B \ {0} is a smooth Fano 3-fold X, with p(X,) = p(X¢c) = 1,
(%) = «(X) =1, and g(X;) = g(X) = 10. Let $ be the relative Hilbert scheme of lines in
the fibers of X/ and let 4 be the corresponding universal family. Thus, we have the following
diagram

p u q
N,
e

The schemes $ and 4 are flat over B of relative dimension 1 and 2, respectively. Then p is
birational on the fibers over b € B \ {0} and p(4ly) is the divisor spanned by all lines in X,.
Similarly, p(&,) = D is the divisor spanned by all lines in X¢. Hence we have

deg(D) = D - (~Kx)? < p(th) - X, - (= Kx)* = p(t0) - X, - (— Kx)” = deg (p(thy)).

Observe that D is a Cartier divisor and D ~ a(—Kx) for some positive integer a, because ¢(X) = 1.
Thus, the anticanonical degree of D is (—Kx)?> - D = 18a, so it is enough to show that the
anticanonical degree of the divisor N spanned by all lines in general (smooth) member ¥ = X,
equals 54. This is asserted by [IP99, Theorem 4.2.7], so a < 3 as claimed. Since [[P99, Theorem
4.2.7] is presented without a proof, let us explain how to compute a. By Lemma 5 in Lecture 4 in

[Tyu73], we know that a = k — 1, where k is the number of lines in Y intersecting a general line
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in Y. To compute k, fix a general line £ C Y. Recall from [IP99, Theorem 4.3.3] that we have the
following commutative diagram:

where () is a smooth quadric 3-fold in P4, a is a blow up of a smooth curve Z C Q of degree 7
and genus 2, w is a composition of flops, Y is a Fano 3-fold with terminal Gorenstein singularities
of genus 8 anticanonically embedded in P, both 8 and 7 are small birational morphisms, ¢ is a
blow up of the line ¢, the map @) --» Yj is given by the linear subsystem in | — K| consisting
of all surfaces passing through Z, and Y --» Yj is the linear projection from ¢. Then the curves
contracted by v are strict transforms of the lines in Y intersecting ¢. Let S be the strict transform
on () of the d-exceptional surface. Then S is a smooth del Pezzo surface of degree 4 that is cut
out on @ by another quadric hypersurface [IP99 Theorem 4.3.3]. Then Z C S, and « induces an
isomorphism of S with its proper transform S c Q Furthermore, S = 3(S ) is a normal surface of
degree 3 in Yj. Since S is a smooth del Pezzo surface, S is a smooth and S ~ Fy. This implies that
the morphism [ contracts K% - K % = 4 disjoint smooth rational curves, and w is a composition of

Atiyah flops along them. Thus, the small morphism v also contracts 4 disjoint curves, so k = 4,
and a = 3 as claimed in [IP99, Theorem 4.2.7]. O

Lemma [2.6.9] gives

Lemma 2.6.11. The morphism h is not birational.

Proof. Suppose that h is birational. Let E be the h-exceptional surface, let £ = f (E), let S be
the real G-irreducible surface such that E is an irreducible component of the surface Sc¢, and let N
be the number of irreducible components of the surface S¢c. Then, as in the proof of Lemma [2.6.8],
we get S ~ a(—Kx) for some positive integer a. On the other hand, we know that h contracts F
to a curve, so E is spanned by lines. Hence, S C Supp(D), so S = D and a = 3 by Lemma .
Thus, we have N deg(E) = 54. On the other hand, it follows from Corollary that one of the
following two cases holds:

e cither N = 1, F is G-invariant, and F is real;

e or N =2, F is G-invariant, and FE is not real.
If N =1, then E ~ 3(—K5 %), which is impossible, since —K g is nef and big. Hence, we get N = 2,
the surface E is G-invariant, but E is not real. We also have (—Ky)? - B = deg(E) = 27. Hence,
it follows that (—Kz)* > (-Kz)* +2(-K%) - E—-2=18+2(~Kg)*- E—2 > 70, which
is a contradiction, since (—Kz)? < 64. O

Thus, we see that either A is a conic bundle or h is a del Pezzo fibration.
Lemma 2.6.12. The morphism h is a conic bundle.

Proof. Suppose h is a fibration into del Pezzo surfaces. Let F be its general fiber. Set F' = f (ﬁ ).
Then F' is a smooth del Pezzo surfaces of degree

deg(F) = (- Kx.)'F = (- Kg)*- F = (=Kp)? € {1,2,3,4,5,6,8,9}.

But G acts trivially on Cl(X¢) by Lemma[2.4.19| since p(X) = r(X¢) = 2. Thus, both f and h are

G-equivariant. Then the G-action on Z ~ P! is trivial by Lemma2.5.1} so F' is G-invariant, and G

acts faithfully on F', which gives deg(F') € {2,9} by Lemma Let F’ be the surface obtained
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from F' by the complex conjugation. Then F' + F’ is real and G-invariant, so F'+ F' ~ b(—Kx) for
some positive integer b. Then 2deg(F) = 2(—Kx.)*- F = (-Kx)*- (F + F') = b(—Kx)? = 18b,
which gives deg(F') = 9 and b = 1. This is impossible, since | — K x| has no G-invariant surfaces. O

Thus, we see that h: X — Z is a conic bundle, and Z is a smooth del Pezzo surface.
Lemma 2.6.13. FEither Z ~P? or Z ~ P! x P..

Proof. Suppose that Z % P? and Z % P! x P!. Then Z contains a (—1)-curve C. Thus, it follows
from Lemma [2.4.15| that there is the following commutative diagram:

where X is also an almost Fano 3-fold,  is either an isomorphism or a composition of flops, f’
is a pluri-anticanonical morphism, ¢ is a divisorial extremal contraction, A’ is a conic bundle, and
Z — 7' is the contraction of the curve C. Here, f’ is also a Q-factorialization of X, so existence
of such commutative diagram contradicts Lemma [2.6.11] O

We see that p(Z) < 2. Then p(X) < 3. Hence, as in the proof of Lemma [2.6.12] we see that the
group G acts trivially on Cl(X¢). This implies that f and h are both G-equivariant. Moreover,

the group G acts faithfully on Z by Lemma [2.5.1] Then Z ~ P? by Lemma [2.5.5, so p(X) = 2.

Hence, applying the involution of the complex conjugation, we obtain the following Sarkisov link:

XX ~ X'
hj\ lh,
f f!

P2 X P2

where Y is a non-biregular composition of flops, f’ is a Q-factorialization of the Fano 3-fold X,
and A’ is a conic bundle, which is an extremal contraction. N

Let d be the degree of the discriminant curves of the conic bundles i and /', let H be a general
surface in |h*(Op2(1))|. Then H - (—K5)* = 12 —d. Set H = f(H), and let H' be the surface
obtained from H by the complex conjugation. Then H + H' ~ A\(—Kx) for some integer A > 1.
On the other hand, we have

12—-d= ﬁ : (_Kf()2 =H- (_KXC)2 =H- (_KXC)Zv

which gives 2(12 — d) = 18\. Then d = 12 — 9], so that either d = 3 and A = 1. But Z ~ P? has
no G-invariant curves of degree 3. The obtained contradiction shows that g # 10.

6.3. Gushel-Mukai 3-folds. Let us use assumptions, results and notations from Section [6.1]
Now, we suppose that g = 6, so X is a rational real GQ-Fano 3-fold of degree (—Kx )3 = 2g—2 = 10,
which is anticanonically embedded in P7, and X is an intersection of quadrics in P”. Here, as always,

we assume that G = PSLy(F7). In the following, we will use notations of Lemma [2.4.19]

Lemma 2.6.14. The linear system | — Kx.| does not contain G-invariant divisors.
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Proof. Suppose that there is a G-invariant surface S € | — Kx.|. Then S is the only G-invariant
surface in | — K x| by Lemma , so S is defined over R. Moreover, it follows from Lemma
that either Sc¢ is a smooth K3 surface, or S is reducible over R, and G acts transitively on
the set of its irreducible components. The latter option is impossible by Corollary [2.4.18] since
deg(S) = (—Kx)?-S = 10. Hence, we see that Sc is a smooth K3 surface. Furthermore, we
know that the group Pic(S) is torsion free, and it follows from Lemma that Pic(S¢)” ~ Z.
Moreover, Pic(Sc)¢ is generated by —Kx,|s. since (—Kx.)? - S = 10.
On the other hand, we have H°(X¢, Ox.(—Kx.)) = Vi @& V7 by Lemma[2.4.19 Then

HY(P", Opr(2)) = V0V, 8V Vs @V, &V, @ V.

Thus, it follows from that H°(P", Zx(2)) = Vg, where Zx is the ideal sheaf of the 3-fold
X. Since X is projectively normal, we see that | — 2K x| contains a pencil of G-invariant surfaces,
which is generated by 2S5 and another real G-invariant surface, which we denote by ). Then
S ¢ Supp(Q), because S is the only G-invariant surface in | — Kx|.

Set Z = Q|s. Then Z ~ 2(—Kx)l|s, so Z* = 40 on the surface S. Note that Z¢ is G-irreducible,
because Pic®(Sc) is generated by —Kx,|s., and | — Kx_|s.| does not contain G-invariant curves.
Moreover, since Z¢ is a curve of degree 20, the curve Z¢ must be irreducible by Corollary [2.4.18]
But its arithmetic genus is 21, which contradicts Corollary 0

By Lemmas [2.4.19| and [2.6.14] we have H°(X¢, Ox(—Kx.)) = Vs. Now, as above, using GAP
[GAPOS| and (2.5.29)), we see that

(2.6.15) HO(P", Ix(2)) = Vg,
where Ty is the ideal sheaf of the 3-fold X.
Lemma 2.6.16. The 3-fold X¢ is not Q-factorial.

Proof. Suppose that X¢ is Q-factorial. Then Cl(X¢) = Pic(X¢) = Z|—Kx]|. Thus, if S is a very
general surface in | — Kx.|, then S is a smooth K3 surface, and Pic(S) = Z[—Kx|s] by [RS09].
Hence, it follows from [BKM25, IDK18| that X is a Gushel-Mukai 3-folds, which means that

X:G/r(\2,/5)ﬂIP’7ﬂQCIP10,

where Gr(2,5) is a cone over the Grassmannian Gr(2,5) C P and Q is a quadric hypersurface.
Moreover, it follows from [DKI8, Corollary 2.11] that ) can be chosen to be G-invariant, so
HY(P7, Zx(2)) contains a one-dimensional subrepresentation of the group G, which contradicts

-6.19). O

Remark 2.6.17. In the proof of Lemma [2.6.16, we can also obtain a contradiction as follows. If X
is a Gushel-Mukai 3-fold, it follows from [DKI8, BKM25] that either there exists a G-equivariant
double cover m: X — Y; such that Y; is a del Pezzo 3-fold of degree 5, or

X =Cr(2,5nP"'NQ c P,

where Gr(2,5) is the Grassmannian Gr(2,5), and @ is a quadric hypersurface. The former case is
impossible by Lemma [2.5.19] In the latter case, it follows from [DKI8] that the G-action lifts to
the del Pezzo 4-fold Y := Gr(2,5) N P7. If Y is smooth, it follows from [PVdAV99, Theorem 6.6]
that we have the following exact sequence of groups:

1 — (G)* x G™ — Aut(Y) — PSLy(C) — 1,

which leads to a contradiction. Hence, Y is singular. Then dim(Sing(Y")) < 1, since the singu-
larities of X are isolated. Let M be the pencil of skew-symmetric matrices corresponding to the

pencil of hyperplane sections that cut out Y in Gr(2,5) C P?. Then M contains a matrix M
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that corresponds to a singular hyperplane sections of Gr(2,5) C P?, and rk(M) < 2. Thus, there
exists a hyperplane section H of the Grassmannian Gr(2,5) C PY that contains Y such that H is
a Schubert divisor. Then Sing(H) is a plane, and the intersection Sing(H) NY is a G-invariant
line. But Sing(H)NY NQ C Sing(X), so Sing(H) NY NQ is a G-invariant set that consists of at
most two singular points of X¢, which contradicts Lemma [2.5.11

Recall that p(Xc) = 1. On the other hand, the 3-fold X¢ is not Q-factorial by Lemma [2.6.16]
In particular, we see that X¢ is singular.

Lemma 2.6.18. Let E be an irreducible (complex) surface in Xc. Then deg(F) = 5, and deg(F)
is divisible by 5. Moreover, if E is G-invariant, then deg(E) > 10.

Proof. Let S be the G-irreducible real surface such that E is an irreducible component of the
surface Sc, and N be the number of irreducible components of the surface S¢c. Then S ~ a(—Kx)
for some positive integer a. Hence, we have N deg(E) = deg(S) = a(—Kx)? = 10a. Thus, since
N divides 2|G| = 336, we conclude that deg(F) is divisible by 5.

Suppose that F is G-invariant. If E is real, then S = E and N = 1, so deg(F) is divisible by
10. If E is not real, then N = 2, so deg(E) = 5a, but a # 1 by Lemma because S is
G-invariant. Hence, we see that deg(E) > 10. O

Let f: X — Xc be a Q-factorialization of Xc. Then X is a complex Q-factorial almost Fano
3-fold such that p(X) > 1. Since =K ~ f*(—Kx,), Lemma [2.6.18| gives

Corollary 2.6.19. IfE 1S a surface in )Z(c, then (— K);C)2 - Eis positive and divisible by 5.

Thus, using Corollary 2.6.19] and applying results of Section [4.2] either we get the diagram
f o n

(2.6.20) Xe¢ X Z
such that 7 is an extremal non-divisorial contraction with dim(Z) € {1, 2}, or we get the diagram
(2.6.21) X—Mm x—" M X
/ \n\\
Xc A

such that each )Zz is a Q-factorial almost Fano 3-fold, each h; is an extremal birational contraction
of a surface to a curve, and 7 is an extremal non-divisorial contraction such that dim(Z2) € {0, 1, 2}.
Setting Xy = X, we may further assume that includes as a special case when n = 0.
Furthermore, if dim(Z) € {1, 2}, then it follows from [Prol6] that

(i) either 7 is a fibration into del Pezzo surfaces, Z ~ P!, and p(X,) = 2;
(ii) or n is a conic bundle, and Z is a smooth del Pezzo surface.

Ifn>1 welet h=h,o---oh;, and we let EZ be the strict transform on X of the h;-exceptional
surface for every i € {1,...,n}. If n =0, we let h = Idg.

Lemma 2.6.22. The group G acts non-trivially on Cl(Xc).

Proof. Suppose that G acts trivially on Cl(X¢). Then is G-equivariant. Let us show that
this leads to a contradiction.
Suppose that 7 is a del Pezzo fibration. Then G acts trivially on Z by Lemma [2.5.1 Let F' be
a general fiber of the composition morphism ¢ o h: X — P!. Then it follows from the adjunction
formula that F' is smooth del Pezzo surface, which implies that (—Kr)? < 9. But Corollary
gives (—Kp)? = (=Kg_)? - F > 10, which is a contradicts. Hence, 7 is not a del Pezzo fibration.
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Now, we suppose that 7 is a conic bundle. Then Z is a smooth del Pezzo surface, general fiber
of n is isomorphic to P!, so G acts faithfully on Z, but G acts trivially on Pic(Z), because G acts
trivially on C1(X¢). Hence, we have Z ~ P? by Lemma [2.5.5]

Let L be a general line in Z, and let H = (po h)*(L). Then H is a smooth surface, and
n o h induces a conic bundle ¢: |y: H — L. Moreover, we have —Ky ~ —Kg|y — C, where
C' is a general fiber of the conic bundle ¢. Hence, we see that — Ky is ¢-ample. In particular,
each singular fiber of the conic bundle ¢ is a union of two smooth rational curves that intersect
transversally at one point. Note that ¢ has 8 — K% singular fibers. On the other hand, we have

(-K3)* H=(-Kg+C)?=4+Kj < 12.

Hence, by Corollary , either (—KXC)Z-H =10 and K% = 6, or (_KXC)Q'H =5and K% = 1.
Thus, we see that 8 — K7, € {2,7}.

If n =0, let A be the dlscrlmmant curve of the conic bundle . If n > 1, let A be the union of the
dlscrlmlnant curve of the conic bundle n and all curves in Z that are images of the h-exceptional
surfaces. Then A is G-invariant, and LN A is the discriminant divisor of the conic bundle ¢. Thus,
we see that deg(A) = 8 — K% € {2,7}, which is impossible, since Z does not contains G-invariant
curves of degree 2 or 7 by Remark 2.4.20]

Thus, X,, is a Fano 3-fold with Q-factorial terminal Gorenstein singularities, and p(X ) = 1.
In particular, we have n > 1 It follows from Corollary that (—Kg)* - E; > 10 for each

h-exceptional surface E;. Recall from Section 4.2 that each h is a blow up of the ideal sheaf of a
(possibly singular) irreducible curve C; C X, Wthh is contained in the smooth locus of X;. Since
h; is G-equivariant, we see that the curve C; is G-invariant. Moreover, the group G acts faithfully
on C; by Corollary 2.5.13] Thus, if C; is smooth, we have its genus is at least 3 by Lemma [2.5.1]
Moreover, if C; is singular, it has at most planar singularities, so p,(C;) > 24 by Corollary [2.5.3|
This implies that each C; is smooth. Indeed, if C} is singular, then it follows from Section [4.2 that

64 > 104 2(—K)? - By + 2p.(Cy) — 2 > 76,

which is impossible, since (—K )21)3 < 64 by Remark - Similarly, using Lemma [2.4.14, we see

that every curve C; is smooth. In particular, if X,, is smooth, then X is also smooth. Similarly,
using results presented in Section we see that

64> (—Kg)' > +Z Ei+2g(C) —2) = (= Kg)® + 24n = 10 + 24n,

where g(C;) is the genus of the curve C;. This gives n =1 or n = 2.
Suppose that n = 2. Then (=Kg )* > 10 4 24n = 58, so X, ~ P3 by Remark [2.4.9, Moreover,
we have
64> (—Kg) +2(—Kg)? By +2g(Cy) —242(—Kg)? - Ea+28(Cy) —2 > 46 +2( g(Cy) +(Ch)).
so g(Ch) + g(C2) < 9. Hence, we see that g(C1) = g(Cs) = 3 by Lemma [2.5.1 On the other
hand, it follows from Sectlonthat 68 —8deg(Cy) = (—Kg,)> = 14+2(—Kg)*- - Ey > 24, which
implies that deg(Cs) < 4. But C is a G-invariant curve in P?. Now, it follows from [BL12] or
[CS12, Lemma 3.7] that C5 is a plane quartic curve, which implies that X; is not an almost Fano
3-fold, which is a contradiction.
Hence, we see that n = 1. Then, since (—K)? - E; > 10, we have

(—Kg,)?=10+2(-Kg)* B +2g(Ch) — 2 > 28+ 2g(Ch),

which gives g(Cy) < 18, and (=K 5)2- Ey € {10,15,20,25}, because (— K ¢)?- Fy is divisible by 5 by
Corollary 2.6.19] Then g(C) € {3,8,10,15,17} by Lemma/2.5.1] and it follows from Remark
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that
(—Kg,)? € {2,4,6,8,10,12,14,16,18,22, 24, 32,40, 54, 64} .

Moreover, (—K )}1)3 # 54, since otherwise X, would be a quadric in P* by Remark [2.4.9, which
contradicts Remark [2.5.17, Now, going through all remaining possibilities, we get (—K )?1)3 = 64,
and either (—Kg)?- Ey = 20 and g(Cy) = 8, or (—K)? - By = 25 and g(C) = 3. Thus, X; ~ P
by Remark 2.4.9] Moreover, it follows from Section {£.2] that

10 = (—Kx)’ = (=K3)’ = (=Kg,)’ + 2(=Ky,) - C1 +2g(C) — 2 = 62 — 8deg(C1)g + 2g(C),
which implies that 4 deg(C}) = 26 4+ g(C1) € {29, 34}, which is a contradiction. O

Since the group G ~ PSLy(F) acts non-trivially on Cl(X¢), it follows from Lemma [2.4.19| that
the rank of the group Cl(X¢) is at least 7. Thus, we see that p(X) > 7.

Lemma 2.6.23. The morphism 1 is not a del Pezzo fibration. Ifn is a conic bundle, then Z ~ P2,

Proof. Suppose that one of the following cases holds:

(i) either n is a del Pezzo fibration,

(ii) of 1 is a conic bundle and Z 2 P2.
In the first case, we let m = noh. In the second case, there exists a conic bundle §: Z — P!, and
we let m = fonoh. In both cases, let F be a general fiber of the morphism 7: X — P!, Then F is
smooth, and, by adjunction formula, we have —Kp ~ —Kg|p, which implies that F' is a smooth
del Pezzo surface of degree (~Kr)* = (=Kx_ )*- F. Thus, it follows from that Corollary m
and classification of smooth del Pezzo surfaces that (—Kr)* = 5.

Now, let F’ be any scheme fiber of the morphism 7. Then 5 = (=K3)? - F = (=K3)? - F/,

so, applying Corollary to irreducible components of the fiber F’, we conclude that F” is

irreducible and reduced. Then p(X) < p(F')+1 = 6, which is a contradiction, since p(X) > 7. O
Either Z is a point and p()?n) =1, or 77 is a conic bundle, Z ~ P? and p()?n) = 2. Then n > 5.
Lemma 2.6.24. The morphism 1 is not a conic bundle.

Proof. Suppose that 7 is a conic bundle. Then Z = P2, Let L is a general line in Z, let L’ be some
line in Z, let H = (noh)*(L) and H = (no h)*(L'). Then H is irreducible, and it follows from
Corollarythat (-K3)* H =(—K%)* H >0, and (—Ky)*- H is divisible by 5. Moreover,
if (-K%)*- H = 5, then applying Corollary to irreducible components of H', we see that H’
is reduced and irreducible. Similarly, if (—K)*- H = 10, then H’ can have at most two irreducible
components.

Now, we observe that H is a smooth surface, and 7o h induces a conic bundle ¢|z: H — L. By
adjunction formula, we have —Ky ~ —Kg|y — C, where C is a general fiber of the conic bundle
¢. Hence, we see that — Ky is ¢-ample. In particular, each singular fiber of the conic bundle ¢ is
a union of two smooth rational curves that intersect transversally at one point. Let k = 8 — K%
Then ¢ has k singular fibers, and (—=K3)? - H = (—Ky + C)* = 4+ K} < 12. Hence, it follows
from Corollary that one of the following two cases holds:

(i) either (-K5)*- H =10, K} =6, k = 2;
(ii) or (-K%)>  H=5,K} =1, k=T.
Suppose that (—Kg)*+ H = 10, K% = 6, k = 2. Then H’ can have at most two irreducible

components for any choice of the line L' C Z. On the other hand, if no h(E;) is a curve in Z, then

the fiber of the conic bundle ¢ over every point of the intersection no h(E;) is a singular fiber of ¢.

Moreover, if o h(E;) and 1 o h(E;) are both curves for ¢ # j, then n o h(E;) # no h(E;). Hence,
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since k = 2 and n > 5, we conclude that at least 3 surfaces among El, cee En are mapped by noh
to points in Z. Without loss of generality, we may assume that 7o h(El) and 1o h(E,) are points.
Now, choosmg L’ to be a line in Z that contains these points, we see that Supp(H’) contains both
surfaces E1 and EQ, and H' # E1 + EZ, which is a contradiction.

Hence, we conclude that (—Ky)?-H =5, K =1, k = 7. Then H’ is irreducible and reduced
for any choice of the line L' C Z. Thus, arguing as in the previous case, we see that 7o h(E,) is a
curve for every i € {1,...,n}, and at least one of these curves is must be line in Z. Now, choosing
L' to be this line, we see that H’ is reducible, which is a contradiction. O

Thus, Z is a point, so p(X,) = 1 and n = p(X) — 1 > 7. Moreover, we have (—Kg )* < 64,
since X, is an almost Fano 3-fold. Hence, it follows from Section and Corollary [2.6.19| that

64 > (—K)}n)?)Z (—K;()3+Z(2(—K)~()2-E—2) > (—K);)g—l—Sn:lO—l—Sn,

since each (—K)?- E;is a positive integer divisible by 5. Thus, we conclude that n = 6, p()z) =7
and (—K)*- E; =5 for i € {1,...,6}. Let I be a subgroup in G such that I' o~ p; X pg.

Lemma 2.6.25. The group Cl(Xc)" is of rank 1

Proof. Observe that Cl(X¢) ®z R is a faithful 7-dimensional real representation of the group
G, which has trivial one-dimensional subrepresentation corresponding to the divisor class —Kx,.
Therefore, it follows from Lemmal[2.4.19 that either C1(X¢)®7zC splits as a sum of a one-dimensional
representation and an irreducible 6-dimensional representation of the group G, or Cl(X¢)®zC splits
as a sum of a one-dimensional representation and two irreducible complex-conjugate 3-dimensional
representations of the group G. In both cases, we compute that Cl(X) ®z C contains a unique
one-dimensional subrepresentation of the group I', which implies the required assertion. 0

Set £y = f (El), let S be the I'-orbit of the surface E;, and let N be the number of irreducible
components of the surface S. Then it follows from Lemma [2.6.25| that S ~ a(—Kx) for some
positive integer a. Therefore, we have N deg(E;) = deg(S) = a(—Kx)? = 10a. Thus, since N

divides |I'| = 21, we conclude that deg(E;) is divisible by 10. But deg(E;) = (—K5)* - Ey =5,
which is absurd. The obtained contradiction completes the proof of Theorem [2.6.1]

7. NON-GORENSTEIN CASE

This section is devoted to the proof of the following result.

Theorem 2.7.1. Let X be a real non-Gorenstein GQ-Fano 3-fold such that X is rational over R.
Then G % PSLy(F5).

Thus, throughout this section, we will always assume that X is a real non-Gorenstein GQ-Fano
3-fold with G = PSLy(F7). We will further assume that X is rational over R, and the canonical
class Ky is not Cartier. Let us seek for a contradiction.

7.1. Non-Gorenstein singular points.

Proposition 2.7.2. Any non-Gorenstein singularity of Xc¢ is either a cyclic quotient singularity
of type (1, 1,1), or a moderate singularity of index 2 and axial weight 2 (see Definition W

Proof. Let X be the set of all non-Gorenstein points, let > = > U---U>X); be the orbit decomposi-
tion, and let N; := |%;|. For a point P, € €, let r; be its index and let Q; ; € B(X¢), j=1,..., k;
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be all “virtual” points in the basket over P;, and let 7; ; be the index of ); ;. We may assume that

r; = 1;1 (see Construction . By Corollary we have
M ki 1
2 ; T
Assume that the singularity P; € X is worse than cyclic quotient of index 2. By Lemma P;
is not a fixed point, hence by Corollary we have N; > 7. If r; > 3, then the only possibility
isr;, =3 and k; = 1, i.e. P; is a cyclic quotient singularity of index 3. Moreover, N; = 7 or 8§,
hence the stabilizer of P; is isomorphic to either &4 or p, x pg. This contradicts Lemmas
and [2.5.16] Hence r; = 2. Then M =1, k; = 2 and N; = 7. By Lemma [2.4.17] the stabilizer G p, of
P, is isomorphic to &4. Then P; € X is a moderate singularity by Lemma [2.5.16] Its axial weight

equals k; = 2. This completes the proof of Proposition [2.7.2] O
Corollary 2.7.4. The diwvisor 2Kx 1is Cartier.

Corollary 2.7.5. Let ¥ be the set of non-Gorenstein singular points of Xc. Then all the points
i X are of the same analytic type. Moreover, they of index 2 and one of the following holds:

2| Type b)
7 moderate G-orbit of real points
of axial weight 2
2k, 1<k <7 %(1, 1,1) k pairs of complex conjugate G-fixed points
T+2k, 0 < k<4 %(17 1,1) unton of k pairs of complex conjugate G-fixed points
and G-orbit of length 7 of a real point

14 %(1, 1,1) union of two G-orbits of length 7 of real points

14 %(1, 1,1) union of two complex conjugate G-orbits of length 7

14 %(1, 1,1) G-orbit of a (possibly complex) point

TABLE 1.

Proof. 1t follows from (2.7.3) that || < 16, so the assertion follows from Proposition and
Corollaries 2.4.18 and [2.5.141 O

7.2. Non-empty anticanonical linear system. The goal of this subsection is to prove

Proposition 2.7.6. The linear system | — Kx| is not empty.

Suppose that | — Kx| is empty. Let us seek for a contradiction. From Corollaries [2.4.7|and [2.7.5|
we obtain the following possibilities:

(—Kx)? non-Gorenstein points of X¢ dim(|] — 2K x|)
1° % 13 cyclic quotient singularities of type %(1, 1,1) 2
20 1 7 moderate singularities of index 2 and axial weight 2 3
3° 1 14 cyclic quotient singularities of type £(1,1,1) 3
4° % 15 cyclic quotient singularities of type %(1, 1,1) 4

TABLE 2.
41



Since G has no non-trivial real representations of dimension less than 6, we see that G acts
trivially on | — 2K x|. This means that every surface in | — 2K x| is G-invariant.

Let S be a general surface in | —2K x|. Then the action of the group G on S is faithful. Moreover,
(X, S) is purely log terminal by [Amb99, Main Theorem]. By [Sho92, § 3] or [Kol92, Theorem 17.6]
the surface S is geometrically irreducible, normal, and S has Kawamata log terminal singularities.

Lemma 2.7.7. Suppose that S¢ contains a non-Gorenstein singular point P of the 3-fold X¢.
Then P is not G-fized, and Sc has cyclic quotient singularity of type i(l, 1) at the point P.

Proof. Let G p be the stabilizer in GG of the point P. If the G-orbit of P has length 7, then G ~ &4
by Corollary [2.4.18] Similarly, if the G-orbit of P has length 14, then G ~ 2.

First, we suppose that X has cyclic quotient singularity of type (1, 1,1) at P. Let g: X — Xc
be the blow up of the point P, let E' be the g-exceptional d1v1sor Then ¢ is Gp-equivariant,
Gp acts faithfully on £ ~ P2, X is smooth near E, and E|g ~g Op2(—2). Let S be the strict
transform on X of the surface S. Then and S ~qg f*(S) — mE for some integer m > 1, and

Ky + 8 ~g g (Kx +8)+ (% —m>E,

so m = 1, because (X, S) has purely log terminal singularities. Thus, S | is a G p-invariant conic,
and Gp # G by Remark [2.4.20] Hence, P is not fixed by G. Thus, either Gp ~ &, or Gp ~ y.
In both case, the group Gp does not fix points in £, so the conic S |z is smooth. This implies that
S is smooth along S |p. Since (E|z)? = —4, we conclude that S¢ has cyclic quotient singularity of
type (1 1) at the point P.

To complete the proof, we may assume that S¢ has moderate singularity of index 2 and axial
weight 2 at the point P. Then Gp ~ &,4. In this case, there exist Gp-equivariant birational
morphism (often called the Kawamata blowup [Kaw93]) f: X —> X whose exceptional locus is
an irreducible surface £ ~ P(1,1,4) with discrepancy a(X, E) = =. In fact, the morphism fis a
Welghted blowup of (P € X) with weights 1(1,1,1,2) in suitable coordlnates Set P = Sing(E).

Then P = Sing(X ) N E, and X has cyclic quotient singularity of type 1(1,1,1) at P. We have

2
S ~ f*(S) — mE for some positive integer m, so

K¢+ S ~g ff(Kx+S)+ (% —m)E,

which gives m = 1, since the pair (X, S) is purely log terminal. Let ¢ be the ample generator of
CI(E) ~ Z, and let L = S|g. Since the singularities of X are isolated, we have L ~ E|g ~ 4¢ and

3

In particular, L is an (effective) Cartier divisor on F ~ P(1,1,4). Note that the group Gp ~ &,
faithfully acts on E ~ P(1,1,4), and the curve L is Gp-invariant. Let ¢): F --» P! be the natural
projection. Then v is equivariant, and Gp acts faithfully on P!.

We claim that L is reduced and irreducible. Indeed, otherwise L has a component L; such that
Ly ~ (. But then v¥(L;) is a point on P! whose orbit has length < 4, which is a contradiction.
Hence L reduced and irreducible. In this case L must be smooth. In particular, it does not pass
through P. Then S must be smooth near E. This means that the induced morphism S — S is
the minimal resolution of P, and L its irreducible exceptional divisor. Finally, we compute

(L-L)g=(L-Elg)g=L-E=(L-Elg)p=—(4 -4)p = —4,

so L is a (—4)-curve in S. Hence, (P € S) is a cyclic quotient singularity of type +(1,1). O
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In the proof of the following lemma we use Lemma [2.7.7], but, in fact, we do not need this, since
the proof only uses the fact that S has Kawamata log terminal T-singularities [KSB&S].

Lemma 2.7.8. The surface Sc does not contain non-Gorenstein singularities of the 3-fold Xc.

Proof. Suppose that S¢ contains a non Gorenstein singular point of X¢. By Lemma [2.7.7, Sc has
cyclic quotient singularities of type (1 1) at every non-Gorenstein singular point of X¢, and S¢
does not contain G-fixed non—Gorenstem singular points of X¢. Moreover, all other singular points
of the surface S¢ are Du Val, since they are Gorenstein. In particular, 2Kg is an ample Cartier
divisor, since Kg ~ —Kx|g by the adjunction formula.

Suppose that (—Kyx)? # % Then we can apply [KM98, Theorem 1] with M = Kj. Since the
Kawachi’s invariant of every non-Du Val point of the surface S equals 1 (see [KM98, Theorem 2),
it follows from [KM98, Theorem 1] that S contains an effective Weil divisor C' such that Kg-C' < 3.
But Kg-C > %, since 2K is an ample Cartier divisor. This is a contradiction.

Hence, we see that (—Kx)® = 5. Then | —2Kx| is a nef, so the restriction | — 2K x| |s is a pencil
in [2Kg|. In fact, one can show that | — QKXHS = |2K|, but we do not need this. So far, we
considered S as a complex surface. However, we can choose S € | — 2K x| to be real, since the net
| — 2K x| is defined over R. Thus, from now on, we assume that S is real.

Write | — QKXHS = M + F, where M is a mobile part of | — 2Kx||,, and F' is its fixed part.
By construction, both M and F' are real and G-invariant. Thus, it follows from Lemmas [2.4.19
and [2.4.22] that every curve in M is G-invariant. Let M be a general real curve in M. Then it
follows from the Hodge index theorem that

M?* = M?*- K%< (M- Kg)

But M- Kg < (M +F)-Kg=2K2=2,since M + F ~2Kg. So, M - Kg < 2 and M? < 4.

Suppose that M is geometrically irreducible. Then G acts faithfully on M by Corollary [2.5.13]
Let f: M — M be the normalization. Then f is G-equivariant, and f is defined over R. On the
other hand, it follows from the subadjunction lemma [KMMS87, Lemma 5.1.9] that

2g(M)—2 < (Ks+ M)-M <6,

S g(M ) < 4, which contradicts Lemma m Hence, M is not geometrically irreducible.
Write M¢c = My + - - -+ M, were each M; is an irreducible complex curve, and n is the number
of irreducible components of M¢. Since 2Kg-M < 4, we see that n < 4, because 2Kg ~ —2Kx|g is

an ample Cartier divisor. Thus, it follows from Corollary 2.4.18 that each curve M; is G- 1nvar1ant
and G acts faithfully on M; by Corollarym Since M? < 4 there is Mj, such that M2 < <2

Then My - Kg < 2, since M - Kg < 2. Let fg: Mk — M}, be the normalization. Then it follows
from the subadjunction lemma that Qg(]\/[k) 2 < (Ks+ Mg) - M, < 4, which gives g(M) < 3. On

the other hand, f; is G-equivariant, and G acts faithfully on Mj, which contradicts Lemma 2
The obtained Contradlctlon completes the proof of the lemma. D

Corollary 2.7.9. The surface S has Du Val singularities, and H'(Og) = H°(Os(Ks)) = 0.

Proof. Recall that S has at most Kawamata log terminal singularities by [Amb99, Main Theorem],
which are Gorenstein by Lemma [2.7.8] Hence, they are Du Val.
The equalities H!(Og) = 0 and H°(Og(Ks)) = 0 follows from exact sequences

0— Ox(2Kx) — Ox — Os — 0,
0— ﬁx(Kx) — ﬁX(—Kx) — ﬁg(Ks) — 0,

and vanishings H(Ox(nKx)) =0 for any n and ¢ = 1, 2. O
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Let h: S — S be the minimal resolution of singularities of the surface S. Then Kg ~ h*(Kg),
the morphism h is G-equivariant, h'(Og) = h°(Oz(K3)) = 0, and K% = 2(-Kx)* € {1,2,3}.
Thus, using the Riemann-Roch theorem and the Kawamata—Viehweg vanishing theorem, we get

dim(|2Kg[) = K% = 2(—Kx)*.

As above, we see that every divisor in [2Kg| is G-invariant. Moreover, if |2K3z| has no fixed
components, and D; and Dy are general curves in [2Kg|, the intersection Dy N Dy is finite, not
empty and G-invariant, which contradicts Lemma @, since |Dy N Dy| < Dy - Dy = 4K% < 12
Thus, we conclude that the linear system |2Kg| has a fixed component.

Write |2K3| = M|+ F, where | M| is the mobile part of the linear system [2Kg|, and F is its
fixed part. This means that 2Kz ~ M+ F, where M and F' are non-zero effective divisors on S the
linear system that |M| is free from base curves, h’(O5(2K3)) = h°(Oz(M)) and h°(O5(F)) = 1.
Then every curve in [ M| is G-invariant, and the divisor F' is G-invariant. But M?- K2 < (M- K 5)2
by the Hodge index theorem. Moreover, we have 2K§ =M -Ks+F-Kg > M- Kg, because
2Kz ~ M + F. Thus, we have M? - K% < (M- Kg)? < 4(K§)2, so M? < 4K§ < 12. Therefore, if
M; and My are general curves in |M|, then |M;N M| < M- My < 4K§; < 12, so that MiNMy = @
by Lemma [2.5.4] which gives M? = M, - My = 0. Then

12>4K2>2M -Kzg=M>+M-F=M-F,

because 2Kz ~ M+ F and 2K§ > M- Kg. On the other hand, we may assume that M is a general
curve in |M|, so M NSupp(F) is finite and G-invariant. But |M N Supp(F)| < M- F < 4K§ < 12.
Hence, we have M N Supp(F) = @ and M - F = 0 by Lemma[2.5.4]

Set D = M + F. Then D ~ 2Kg, and D is not connected. On the other hand, it follows from

the Kawamata—Viehweg vanishing theorem and Serre duality that H(S, U35(—Kgz)) = 0, so the
restriction map H%(S, Oz) — H°(D, Op) is surjective and h°(D, Op) = 1, a contradiction.
The obtained contradiction completes the proof of Proposition [2.7.6]

7.3. Anticanonical map. From Proposition we know that | — Kx| # @. In this section,
we study the map given by | — Kx/|. First, we show that dim(| — Kx|) # 0. To do this, we need

Lemma 2.7.10. Suppose that | — Kx| contains a G-invariant surface. Then the 3-fold X¢ has no
non-Gorenstein singular points that are fized by G.

Proof. Let S be a G-invariant surface in the linear system | — Kx|, and let P be a non-Gorenstein
singular point of the 3-fold X¢ that is fixed by G. Then P € S¢, and it follows from Corollary
that X¢ has a cyclic quotient singularity of type %(1, 1,1) at the point P. By Corollary , the
singularities of the pair (X¢, Sc) are not log canonical at P, which contradicts Lemma 2.5.33] [

Now, we are ready to prove
Proposition 2.7.11. One has dim(| — Kx|) # 0.

Proof. Suppose dim(] — Kx|) = 0. Let S be the unique surface in | — Kx|. Then S is G-invariant,
so it follows from Lemma that X¢ has no non-Gorenstein singular points that are fixed by
G. Hence, applying Corollaries [2.7.5] and [2.4.7, we get (—Kx)* = 3. But S is singular at every
non-Gorenstein point of X¢, so it follows from Lemma that S is reduced, it is reducible,
and GG acts transitively on the set of its irreducible components. Let ¢ be the number of these
components, and let S’ be an irreducible component of S. Then ¢ > 7 by Corollary 2.4.18] and
2(—Kx)?- S is a positive integer, because 2K x is a Cartier divisor by Corollary . This gives
6=2(—Kx)?-S=(2(—Kx)?9')t >t >7, which is absurd. O
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Now, using Corollaries [2.5.35| and [2.5.36], we obtain the following 4 corollaries.

Corollary 2.7.12. The linear system | — Kx| has no fized components.
Corollary 2.7.13. The log pair (X, | — Kx|) is canonical.

Corollary 2.7.14. Let S be a general surface in | — Kx|. Then (X, S) is purely log terminal, and
S is a K3 surface with at most Du Val singularities.

Corollary 2.7.15. The linear system | — Kx.| contains at most one G-invariant divisor.

Proof. Suppose that | — Kx.| contains two G-invariant surfaces S; and Ss, let M be the pencil
generated by them, and let S be a general surface in this pencil. Then, since G has no non-
trivial one-dimensional subrepresentations, every surface in M is G-invariant, so, in particular,
the surface S is also G-invariant. Then, by Corollary 2.5.36] the surface S is a K3 surface with at
most Du Val singularities. On the other hand, the surface S is singular at every non-Gorenstein

singular point of the 3-fold X, which contradicts Corollary [2.5.10] O
Corollary 2.7.16. One has dim(| — Kx|) > 5.

Proof. Note that H°(X, Ox(—Kx)) is a real representation of the group G, which has at most one
trivial 1-dimensional subrepresentation by Corollary [2.7.15] Thus, since h°(X, Ox(—Kx)) = 2 by
Propositions [2.7.6| and [2.7.11], it follows from Lemma [2.4.19| that h%(X, Ox(—Kx)) > 6. O

Corollary 2.7.17. All non-Gorenstein singular points of X¢ are cyclic quotient singularities.

Proof. Let P be a non-Gorenstein singular point of X¢, and let S be a general surface in the linear
system | — Kx|. Then it follows from by Corollary that (X, .S) is purely log terminal, and S
has only Du Val singularities. Moreover, the surface S contains P, and it is singular at this point.

Suppose X¢ has a non-Gorenstein singular point P that is not a cyclic quotient singularity.
Then, by Corollary Xc has a moderate singularity of index 2 and axial weight 2 at P, the
point P is real, and its G-orbit has length 7. Now, by [Rei87, § 6.4B]| the singularity P € S is not
of type Ay nor Ay. Let m: S — S be the minimal resolutions of singularities. Then the rank of
the Picard group Pic(S) is at least 1 + 3 -7 = 22, which is a contradiction, since the rank of the
Picard group of a smooth K3 surface is at most 20. U

Remark 2.7.18. If the inequality ([2.4.8)) holds for X¢, then Corollary immediately follows
from and Corollaries [2.4.7], [2.7.5] [2.7.16] which also imply that X¢ cannot have 14 non-
Gorenstein singular points. Moreover, if p(X¢) = 1, then it follows from [Bay94] [San95l [San96
Tak02al, [Tak02b] that X¢ has at most 7 non-Gorenstein singular points.

We see that | — Kx| is mobile, and all non-Gorenstein singular points of X are cyclic quotient
singularities of type 3(1,1,1). Set n = 3(—Kx)*+2—2, where N is the number of non-Gorenstein
singular points of X. Then by Corollary we have dim(| — Kx|) = n, hence | — Kx| defines a
rational map 1: X --» P*. Let X = im(z)) C P". Note that n > 5 by Corollary and the
map 1 is undefined at every non-Gorenstein singular point of the 3-fold X, because these points
are contained in the base locus of | — Kx|. We will see soon that these are the only base points
of | — Kx/|, the indeterminacy of ¢ can be resolved by blowing them up, X is a Fano 3-fold with
Gorenstein canonical singularities, and — K~ ~ Opn (1) |-

Namely, let 7: Y — X be the blow up of all non-Gorenstein singular points of the 3-fold X, and
let Fy,..., Ex be the (irreducible) exceptional divisors of Y/ Xc. Then 7 is G-equivariant, each
E;~P? and (—-Ky)? = (-Kx)? -5 =2n—-4>6.
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Lemma 2.7.19. The base locus of the linear system | — Kx.| consists of non-Gorenstein singular
points of the 3-fold X¢, the divisor — Ky is big and nef, and 1) om is a morphism given by | — Ky|.
Thus there exists G-equivariant commutative diagram

where ¢ is a crepant birational contraction and X is a Fano 3-fold with Gorenstein canonical
singularities such that —Kx ~ Opn(1)]5.

Proof. Let S be a general surface in | — Kx|. Then it follows from Corollary [2.5.36 that S is a

geometrically irreducible surface, which is a K3 surface with at most Du Val singularities. Let S
be the strict transform on Y of the surface S. Then

N
Ky—|—SN(Q)7T Kx+S +Z<——mz)
i=1

where each m; € Q- such that 2m; € Z. By Corollary , each m; = 1, so | — Ky| is the
strict transform of the linear system | — Kx|, and the surface S is smooth near each m-exceptional
s ; ~ P2 because S|g, ~g Opz(1).

Consider the map ¢ = o7 : Y --» P"; it is given by the linear system | — Ky |. Let G; be the
stabilizer of the surface F; in G. By Lemma [2.4.17 we have G; ~ &4, G; ~ 204 or G; = G Then
it follows from Corollary that G; acts faithfully on E; ~ P?, and E; contains no G;-invariant
points otherwise G; would act faithfully on the tangent space to E; at a fixed point). This implies
that E; also contains no G;-invariant lines. Since —Ky|g, ~ Op2(1), we see that the linear system
| — Ky| has no base points in £y U...U E,. This implies that the base curves of the linear system
| — Ky| are disjoint from E;U...U Ey. Then —Ky is nef and big, because (—Ky ) =2n —4 > 6.
Moreover, the map ¢ is regular near each E;.

Thus, Y is a weak Fano 3-fold with Gorenstein terminal singularities. For m > 0, the linear
system |m(—Ky )| gives a morphism ¢: Y — Y such that Y is a Fano 3-fold with at worst canonical
Gorenstein singularities. Then —Ky ~ ¢*(—Kjy). On the other hand, | — K5 is base point free
by Lemma [2.5.23] so | — Ky| is base point free as well. Moreover, by Corollary that the
divisor — Ky is very ample. Thus, since dim(| — Ky|) = dim(| — Ky|) = n by the Riemann—Roch
theorem, we see that | — Kx| and | — Ky | are strict transforms of the linear system | — K|, which
implies that Y ~ X, so the assertion follows. 0J

Set g = g(X) = %(—K%) + 1. Then n = g+ 1. Applying Corollary [2.5.28, we see that X is an
intersection of quadrics in P*, and g > 5.

Lemma 2.7.20. One has 6 < g < 37 and g € {7, 8, 9}.

Proof. By Lemma [2.5.30, we have g # 5. Moreover, it follows from Corollary [2.7.15] that the
linear system | — K| contains at most one G-invariant divisor. Hence, by Lemma [2.5.31] we have
g & {7, 8, 9}. Finally, we recall from [Pro05] that g < 37. O

7.4. Terminal Gorenstein model. Let us use assumptions and notations from Section[7.3] The
goal of this section is to prove the following result.

Proposition 2.7.21. The birational morphism ¢ is small.

Corollary 2.7.22. The Fano 3-fold X has terminal Gorenstein singularities.
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Suppose that ¢ is not small. Let Fy,..., F, be all (irreducible) exceptional divisors of Y¢/X¢
and set E; = ¢(E;) for every i € {1,...,N}. Then each E; is a plane in P" that is contained in
X, and the induced morphism E; — F; is an isomorphism. For i # j, the intersection E; N Ej is
either empty, or consists of a single point, or consists of a single line.

Lemma 2.7.23. For every j € {1,...,k}, the image ¢(F}) is a curve. Therefore, the singularities
of X are pseudo-terminal.

Proof. Since X is a GQ-Fano 3-fold, F; must intersect one of the surfaces Ej,..., Ex, and the
intersection must be a curve. Since this curve is contracted by the anticanonical morphism ¢, it
has trivial intersection with —Ky. On the other hand, since it is contracted by =, it must have
positive intersection with — Ky, which is absurd. ([l

For every i € {1,...,k}, we set C; = ¢(F;) and d; = deg(C;). Note that we do not claim that
the curves (1, . .., C}, are all distinct, since it may happen that ¢(F;) = ¢(F}) for ¢ # j. We have

(2.7.24) > d;i < 19.

Indeed, let H be a general hyperplane section of the 3-fold X C P”, and let H be its strict transform
on the 3-fold Y. Then H has Du Val singularities, H is a smooth K3 surface, and F|g, ..., Ex|g
are disjoint (—2)-curves in H. Moreover, each F;|y is a disjoint union of d; > 1 (—2)-curves.
Furthermore, all these d; + - - 4+ di, (—2)-curves Fi|y, ..., Fx|pg are contracted by the birational
morphism ¢|g: H — H. This gives ([2-7.24), since rk Pic(H) < 20. In particular, k < 19.

Lemma 2.7.25. If E; is G-invariant, then E; is disjoint from Fy, ... F}.

Proof. We may assume that F; is G-invariant, and F; N F] # @. Let us seek for a contradiction.
Note that Fi|g, is a curve of degree d; in E) ~ P2, since ¢ induces an isomorphism E; ~ Fj.

It follows from Lemma that £, has no G-orbits of length less than 21, which implies that
the plane E; has no G-invariant curves that are union of less than 21 lines. Moreover, it follows
from Corollary that the G-orbit of each E; consists of 1 or 7 planes. This gives £, N E; = @
for every i # 1.

By Corollary , the G-orbit of Fj consists of 1, 7, 8 or 14 surfaces, since k < 19 by .
Thus, the stabilizer of the surface F; in G does not leave invariant any line in F; ~ P2, This gives
dy = deg (F1| El) > 2. If the G-orbit of F; consists of 8 surfaces, then the stabilizer of the surface
F1 in G does not leave invariant any conic in Fy, so d; > 3 in this case. Therefore, by ,
either F} is G-invariant, or the G-orbit of the surface F; consists of 7 surfaces.

By Corollary 2.7.5 E; is not real. We may assume that its complex conjugate is Fy. Then Fj is
also G-invariant. Moreover, we have Fy N E; = @& for every ¢ # 1, since we already proved that the
planes £, and F; are disjoint for 4 # 1. In particular, we see that F} N E, = @, which implies that
F is not real. We may assume that its complex conjugate is F. Then dy = deg (F2|E2) =d; > 2,
and Fy N By = @, since F} N Ey = &. On the other hand, the G-orbits of the surfaces F; and F3
are different and have the same length. So, it follows from that F} and F5 are G-invariant.
Furthermore, the surfaces F; and F, are disjoint, since otherwise

@%qf)(FlﬂFQ):ClmCQCElﬂEQZQ.

Then the surfaces m(F}) and 7(F3) are disjoint as well, because F} is disjoint from all m-exceptional

surfaces except Ej, and F; is disjoint from E;. But m(F}) + w(Fy) is real and G-invariant, which

implies that m(F)) + 7(F2) ~g a(—Kx) for some a € Q-¢. In particular, 7(F}) + w(F3) is ample,

so it is connected, which is a contradiction. O
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Lemma 2.7.26. If the G-orbit of E; in X¢ consists of 7 surfaces, then the surface E; is disjoint
from Fy, ..., F.

Proof. We may assume that the G-orbit of F; consists of the m-exceptional surfaces Fy, ..., E;. In
the following, we will work with the geometric model of the 3-fold X. Suppose that £ N F} # &.
Let us seek for a contradiction.

We claim that the planes E1, ..., E; are disjoint in codimension 1. Indeed, suppose they are
not. Since G acts doubly transitively on the set of these 7 planes, we see that L;; := EN Ej is a
line for every i # j in {1,...,7}. These lines form one G-orbit, i.e. G transitively permutes them.
Moreover, each plane among F, ..., E; contains 3 or 6 such lines, since the stabilizer of the plane
does not leave invariant any line in the plane. Lets count these lines.

Let m be the number of planes among E-, ..., E; that pass through the line Ly,. If F; contains
three lines in the G-orbit of the line Lo, then m = 3 and we have (7-3)/m = 7 such lines in total.
If E, contains 6 lines in the G-orbit of the line Ly, then m = 2 and we have (7 - 6)/m = 21 such
lines. But each line L;; is one of the curves C, ..., Cy, so k > 21, which contradicts . So,
there are 7 lines L;; in total, and there are 3 planes among E., ..., E; that contain each line.

Now, if two such lines intersect (by a point), lets us call their unique intersection point “vertex”.
Lets count the number of vertices. The stabilizer of the plane ! E, in G is isomorphic to &, and
it does not fix points in E1 Thus, each plane among F1, ..., E; contains exactly 3 vertices, and
there are 5 planes among E1, ..., E; contains each vertex. Countlng, we see that we have (7-3)/5
vertices in total, which is absurd. This contradiction shows that the planes E, ..., E7 are disjoint
in codimension one, i.e., if two of them intersect, they intersect by a point.

Recall that Fi|g, is a curve of degree d; in E; ~ P2, since ¢ induces an isomorphism E; ~ E.
Then d; > 2, because the stabilizer of the surface £ in G does not leave any line in E; invariant.
Furthermore, the surface F; does not intersect any surface among FEs, ..., Fr, since otherwise the
planes E1, ..., E; would not be disjoint in codimension one. Therefore, using , we see that
d; = 2, and the G-orbit of the surface F consists of exactly 7 surfaces.

Now, we restrict everything to H. The restrictions Ei|g,..., Fr|y are disjoint (—2)-curves
in H. Similarly, each restrictions F;|g splits as a union of two disjoint (—2)-curves which both
intersects the (—2)-curve E;|y transversally in one point. Note that Fi|y N Fjlg = @ for i # j,
because otherwise we would have C; = C}, so the intersection E;n E would contain the curve

C; = Cj, which is impossible, since the planes E.,..., E; are disjoint in codimension one. Thus,
the smooth K3 surface H contains the following 21 (—2)-curves: Eil|y, ..., E7|lg, Filg, ..., F7|u.
They generate a sublatice in Pic(H) of rank 21. This is impossible, since rk Pic(H) < 20. O

Lemma 2.7.27. 1¢(X) = 1.

Proof. Since X is a real GQ-Fano 3-fold, some surfaces among Fi,..., Ex must intersect some

surfaces among Fi, ..., Fy. Thus, it follows from Corollary [2.7.5] and Lemmas 2.7.25 and [2.7.26
that N = 14, and the 3 fold X¢ has 14 singular quotient singularities of type = ( 1,1,1), which form

one G-orbit. Since X is a GQ-Fano 3-fold, we have r(X) = 1. O
Set D =FE;+ -+ Eyy. Then D ~q g_Ll(—Ky). In particular, D is ample, so it is connected

in codimension one. Hence, there are i,j € {1,...,14} such that i # j and E; N E; is a line.
Lemma 2.7.28. If E; N F; # &, then E; N F; is a line in E; ~ P2

Proof. Suppose that Fy N F} # @. Set_Z = B, N F,. Then Z is a curve of degree d in E; ~ P?,
so Cy :_¢(Z ) is a curve of degree d in E;. If d # 1, then C} is not contained in any other plane

among Es, ..., E14, so the G-orbit of the curve C; consists of at least 14 curves of degree d > 2,
which are curves among C', ..., C}, which contradicts (2.7.24]). 0
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Therefore, since every surface among Fi, ..., Fj, must intersect some surface among Fy, ..., Fy,
hZ 7.28

it follows from Lemma that all curves C4, ..., Cy, are lines. Moreover, if E; ﬂEj is a line for
some i # j, then this line is one of the lines C1, ..., C. In fact, we can say more:

Lemma 2.7.29. Every line among C4, ..., Cy, is contained in at least 3 planes among Ei,...,Eu,
and every plane among E1, ..., Ey4 contains at least 3 lines among C1, ..., Cy.

Proof. We may assume that C; is contained in ;. Let G be the stabilizer of the plane E; in G.
Then Gy ~ 24, and the plane F; contains neither Gy-invariant lines nor G;-fixed points, which
implies that the Gy-orbit of the line C; contains at least 3 lines in F;. Similarly, if C} is contained
in at most two planes among E, ..., E14, then the G-orbit of C| contains at least (14 -3)/2 = 21
lines. This is impossible by . ([l

Corollary 2.7.30. The singularities of the log pair (X, D) are worse than log canonical at general
point of every line among C4, ..., Cy.

Proof. See e.g. [Kol92, Proposition 16.6]. O
Corollary 2.7.31. One has g = 6.
Proof. Suppose that g # 6. Then g > 10 by Lemma [2.7.20, Note that D ~g g%l(—Ky). Thus,

applying Lemma [2.5.33] we get a contradiction, since (X, D) is not log canonical. ([l
Lemma 2.7.32. The linear system | — K| does not contain G-invariant surfaces.
Proof. Suppose that the linear system | — K| contains a G-invariant surface S. Then S cannot
have more than (—Kv)? = 2g — 2 = 10 geometrically irreducible components, which implies, in
particular, than planes Fy, ..., E4 are not contained in .

We claim that S does not Contaln any line among Cf, . .., Cy. Indeed, if it does, then it follows

from Lemma [2.7.29) m that S contains all planes E1, .. E14, since S is cut out by a hyperplane in
P". But we just showed that this is not the case.

Let S be the strict transform on X of the surface S. Then S and S are isomorphic in codimension
one, they are reduced by Lemma Moreover, both of them are reducible (over R), since
otherwise S would be a smooth K3 surface by Lemma [2.5.37, which is impossible, since Sc is

singular at every non-Gorenstein singular point of X B
By Lemma [2.5.37] the group G acts transitively on the set of irreducible real components of S.
Let ¢t be the number of these irreducible components, and let S’ be one such component. Then
tdeg (3/) =deg (S) = (—Kx)*- S = (—Kx)’ =29 — 2 =10,
which contradicts Corollary [2.4.18] O
Thus, applying Lemma [2.4.19, we get

Corollary 2.7.33. The action of the group G on P7 is induced by its unique real irreducible
representation of dimension 8.

Choose A < 1 such that (X, AD) is log canonical at general point of every line among C1, . .., Cy,
but it is not Kawamata log terminal at general point of one of these lines. Then
k
NKIt(X,AD) c | C;,
i=1
and one of the lines O, ..., Cy is a center of log canonical singularities of the log pair (X, AD).

Without loss of generality, we may assume that this line is C;. Then C; C Nklt(X, AD).
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Arguing as in the proof of Lemma [2.7.29] we see that the G-orbit of C} contains another line
among C, ..., Cy that intersects C. Without loss of generality, we may assume that Cy NCy # @.
Then it follows from [Kaw97] that the point C;NCs is a minimal center of log canonical singularities
of the pair (X, AD). Arguing as in the proofs of [Kaw97, Theorem 1.10] and [Kaw98, Theorem 1],
we can find a rational number N < 1 and an effective G-invariant Q-divisor D’ on X such that
D ~q D, the log pair (X, XE/) has log canonical singularities at the G-orbit of the point C; N Cy,
the locus Nklt(X, \' E/) contains the G-orbit of the point C7 N Cs, and it does not contain curves.
This also follows directly from |CS16, Lemma 2.4.10].

Let £ be the subscheme in X given by the multiplier ideal sheaf of the log pair (X, )\’E/). Then
L is zero-dimensional, its support contains the G-orbit of the intersection point C; N C5, and it
follows from Nadel vanishing theorem [Laz04, Theorem 9.4.8] applied to the log pair (X, ND)
that the restriction homomorphism of G-representations H°(O«(—K)) — H°(O,) is surjective.
Thus, the G-orbit of the point C; N Cy has length < 8. So, by Corollary [2.7.33] the G-orbit of the
point O} N C5 consists of 8 points that are in general linear position in P7.

By construction, we have
14

CinCy | JE:
i=1

We may assume that C; N Cy is contained in Ey. Let Gy be the stabilizer of the plane E; in G.
Then G, ~ 24, and F; does not contain G;-orbits of length 1 and 2, which implies that E; contains
at least 3 points of the G-orbit of the point Cy N Cy. Let G be the unique subgroup of G such
that G, contains G and G ~ &,. Then the Gj-orbit of the plane E; consists of the plane E; and
some other plane among E1,...,Eis. Without loss of generality, we may assume that this plane
is E5. Then Ey N Ez = J, because E; does not contain G;-invariant lines and G-fixed points.
On the other hand, E; U E2 cannot contain the G-orbit of the point ¢ C1 N Cy, because points of
this G-orbit are in general linear position. Thus, each plane £, and E, contains exactly 3 points
of the G-orbit of the point C; N 5, and two points of this orbit are not in E, U FEy. Then the
set of these two points is G-invariant, so the stabilizer of one of them must contain Gy, but its
stabilizer in G is isomorphic to p; X ps. This is a contradiction, since p, X ps has no subgroups
isomorphic to 4. The proof of Proposition is complete.

7.5. Non-Gorenstein reduction. Let us use all assumptions and notations from Section [7.3]
By Proposition the birational morphism ¢: Y — X is small (or an isomorphism), so X
has terminal Gorenstein singularities. Thus, it follows from [Nam97, [JRI1] that X admits a Q-
Gorenstein smoothing to a smooth Fano 3-fold V such that (—Ky)? = (—K+x)? =29 —2 > 10 (see
Lemma and p(V) = p(X¢). In particular, since (—Ky)* < 64, we have g = g(X) < 33.
Moreover, it follows from [Nam97] that

(2.7.34) [Sing(Xc)| <20+ 1" (V) = p(V) <194 1"(V).

If V is a smooth Fano 3-fold of Fano index «(V), then —K= is also divisible by (V) in Pic(X).
Thus, it follows from Corollary [2.5.20] that +(V') = 1.

Corollary 2.7.35. One has |Sing(X¢)| < 29.
Proof. Follows from ([2.7.34]) the classification of smooth Fano 3-folds of Fano index 1. U

By Corollaries 2.7.5] and 2.7.17], all non-Gorenstein singular points of the 3-fold X are cyclic
quotient singularities of type %(1, 1,1). As in Corollary let 3 be the set of these singular
points, and let N = |X|. Then N € {2,4,6,7,8,9,10,11,12,13,14,15}, and all possible decompo-
sitions of ¥ into G-orbits are described in Corollary 2.7.5 Let Ei, ..., Ex be the m-exceptional
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surfaces, and we set F; = - p(E;) for every i. Then each E; ~ 22, each E; is a plane in X, and the
induced morphism F; — E; is an isomorphism. Note that if E; N E; # @ for ¢ # j, then E; N E;
is a singular point of X.

Corollary 2.7.36. Let P be a point in X. Then at most two planes among E-, ..., Ey contain P.

Proof. Suppose that three planes among E1, ..., Ey contains P. Let us seek for a contradiction.
Without loss of generality, we may assume that P = E; N EyN E;3. Let Tp C PN be the embedded
tangent space to X at P. Then Tp ~ P* and E; UE,UE; C TpNX. Set Z =Tp N X. Since
X is an intersection of quadrics, Z is an intersection of quadrics as well, and dimensions of its
irreducible components are at most two. Now, intersecting Z with a general hyperplane H C Tp,
we obtain three skew lines H N Ey, HN Ey, HN E5in H ~ P3 such that they are contained in the
intersection of quadrics H N Z, whose irreducible components are at most one-dimensional. This
is impossible, since three skew lines in P? are contained in a unique quadric. O

By Theorem [2.6.1) X is not G-birational to a real GQ-Fano 3-fold with terminal Gorenstein
singularities. However, X could be G-birational to another real non-Gorenstein GQ-Fano 3-fold,
but everything we proved so far for X would be true for any real non-Gorenstein GQ-Fano 3-fold
that is G-birational to X. In particular, we know from Lemma that the dimension of its
anticanonical linear system is bounded above by 38.

Proposition 2.7.37. Suppose that
(2.7.38) dim (] — Kx|) > dim (| — Kx/|)

for any real non-Gorenstein GQ-Fano 3-fold X' such that X' is G-birational to X. Then ¢ is not
an isomorphism, g € {6,10,11,12}, N € {7,14}, and one of the following cases holds:

o N =17, and X s the G-orbit of a real point,

e N =14, and X is union of two complex conjugate G-orbits of length 7,

o N =14, and X is the G-orbit of a (possibly complex) point.

In the remaining part of the section, we prove Proposition [2.7.37] Replacing (if necessary) X
by a real non-Gorenstein GQ-Fano 3-fold that is G-birational to X, we may assume that ([2.7.38))
holds. Let us show that X satisfies all conditions of Proposition [2.7.37 We start with

Lemma 2.7.39. The map ¢ is not an isomorphism.

Proof. Without loss of generality, we may assume that the surface F;+- - -+ E}, is G-irreducible for
some k € {2,7,14} such that k < N. Let f: X — X be the blow up of the points 7(E,), . .., 7(E}),
and let El, . Ek be the f-exceptional surfaces that are mapped to w(Ey), ..., w(Ey), respectively.
Then fis G- equlvarlant X is smooth near F; U- UE’k, and there exists a G equrvarlant birational
morphism ¢g: Y — X such that 7 = fog. If K = N, then X = Y, and g is just an identity map.
If £ < N, then g is a blow up of N — k non-Gorenstein singular points of the 3-fold X.

Suppose ¢ is an isomorphism. Then — Ky is ample, so — K ¢ is also ample. The G-invariant Mori

cone of X is two- dimensional, and one of its generators is the ray contracted by f. Let h: X > X
be the G-equivariant contraction of another ray. Then h is birational by Lemma [2.5.32] so either
h is small or h contracts a G-irreducible surface.

Suppose that h is small. Let C be an irreducible curve contracted by h. Then it follows from
[KM92, Theorem 4.2] and [KM92, Corollary 4.4.5] that —K ¢ .C'=1 s0k<N,and C contains

at least one non-Gorenstein singular point of X. Then the strict transform on Y of the curve C
has non-positive intersection with — Ky, which is impossible, since — Ky is net ample.
We see that h contracts a G-irreducible surface F. Then X’ is a GQ-Fano 3-fold, and it follows

from Theorem that X’ is non-Gorenstein. We know that all non-Gorenstein points of X
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are cyclic quotient singularities of type (1, 1,1), and they form the base locus of the non-empty
mobile linear system | — Kx/|. If h(F') is a curve, then this curve is contained in the base locus of
the strict transform on X’ of the linear system | — Ky |, which is contained in | — Ky|. Thus, we
have dim(| — Kx|) = dim(] — Ky|) < dim(| — K'x|), which contradicts (2.7.38). Hence, we see that
h(F') is the G-orbit of a point. But F' N El # @, and F N El is a curve, because El is contained
in the smooth locus of X. This is a contradiction, since El ~ P? has no contractible curves. O

Since ¢ is small, two distinct planes among Ej, ..., Ey are either disjoint or intersect by a point.
Moreover, if two such planes intersect by a point, this point is a singular point of the 3-fold X.

Lemma 2.7.40. Suppose that E; is G-invariant. Then E; is disjoint from FExc(¢)

Proof. We may assume that E is G-invariant, and there exists a curve C' C Y such that E1NC' # @,
but ¢(C) is a point in E;. Let us seek for a contradiction.

By Lemma [2.5.4 - the (complex) plane E; does not contains G-orbits of length less than 21. On
the other hand, by Corollary - the G-orbit of each plane E; consists of 1, 7 or 14 planes. Thus,
we see the plane E, is disjoint from the remaining planes E, ..., Ey.

Now we observe that ¢(C) is a singular point of the 3-fold 7 and £ N C is a single point,
because ¢ induces an isomorphism F; — E;. Therefore, the plane E; contains at least 21 singular
points of the 3-fold X. Since the plane E; is not real, its complex conjugate is disjoint F; and
also contains at least 21 singular points of the 3-fold X, which contradicts Corollary [2.7.35] 0

It follows from Lemma [2.7.40] that X¢ has non-Gorenstein singular points that are not G-fixed.

Lemma 2.7.41. The 3-fold X¢ has no G-fized non-Gorenstein singular points.

Proof. Suppose that G fixes a non-Gorenstein singular point P; € X¢. Then P; is a not real, and
we let P, be its complex conjugate, which is also fixed by the group G. Without loss of generality,
we may assume that P, = 7(F;) and P, = m(Es).

Let f: X — X be the blow up of the points P; and P, and let E1 and E2 be the f-exceptional
surfaces that are mapped to P1 and P, respectively. Then f is G-equivariant and defined over R,
the 3-fold X is smooth near E; U EQ, and there exists a G-birational morphism g: Y — X that
contracts Ej3, ..., Ex to non-Gorenstein singular points of the 3-fold X. We claim that X is a Fano
3-fold. Indeed, 1f there exists a curve C' C X such that —K5 .C <0, then C'N (E1 U Eg) # @, 50
its strict transform on Y has non-positive intersection w1th — Ky, which implies that it is one of
the curves contracted by the birational morphism ¢, but these curves are disjoint from F; U Fy by
Lemma so C' is disjoint from U~E2, which is a contradiction.

Since the G-invariant part of the Pic(X) has rank 2, it follows from Lemma that there
exists a G-equivariant birational morphism A : X — X’ such that either h is small, or A contracts a
G-irreducible surface different from E; + E27 and X’ is a GQ-Fano 3-fold. However, it follows from
Lemma [2.7.40| that % is not small. Indeed, if & is small then it follows from [KM92, Theorem 4.2]
that h contracts a curve C' C X such that —K5 C = =, which implies that the strict transform of
this curve on Y has trivial intersection with the divisor —Ky and, therefore, must be ¢-exceptional,
which is impossible by Lemma because C N (Ey U Ey) # @.

Thus, we see that h contracts a G-irreducible surface, and X’ is a GQ-Fano 3-fold. Now, arguing
as in the proof of Lemma [2.7.39 we see that h contracts a G-irreducible surface to a curve in X',
which implies that dim(] — Kx|) < dim(| — Kx/|). This contradicts our assumption (2.7.38). O

Thus, by Lemma and Corollary Xc¢ has 7 or 14 non-Gorenstein singular points,

which form one or two G-orbits. In our notations, N =7 or N = 14.

Lemma 2.7.42. The 3-fold X¢ has at least 21 singular points.
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Proof. Let k = |Sing(X¢)N Ey|, and let G} be the stabilizer of E; in G. Then E; does not contain
G1-orbits of length 1 and 2. Thus, k£ > 3. On the other hand, at most two planes among £ Ei, ....,Ey
can pass through a singular point of X by Corollary |2 m Thus the union £, U...UEy contains
at least (N - k)/2 singular points of the 3-fold X. So, we are done in the case N = 14.

Suppose that N = 7. If E4,..., E; are disjoint, then F; U...U E; contains 7 - k > 21 singular
points of the 3-fold X. If E;,..., E7 are not disjoint, then, since G acts doubly transitively on
them, we have k = 6, and F, U ... U E; contains 21 singular points of the 3-fold X. U

Corollary 2.7.43. One has g € {6,10,11,12}.

Proof. By (2.7.34) and Lemma [2.7.42, we have p(V) + 1 < hb?(V), where V is a smooth complex
Fano 3-fold of Fano index 1 such that (—Ky)? = 2g — 2. By Lemma [2.7.20, g € {6,10,11,...,33}.
Now, going through the list of smooth Fano 3-folds of index 1, we get g < 12. OJ

Thus, to finish the proof of Proposition [2.7.37it is enough to prove the following result.
Lemma 2.7.44. Suppose that N = 14. Then ¥ is not a union of two real G-orbits of length 7.

Proof. Suppose that ¥ is a union of two real G-orbits of length 7. We may assume that one of these
two orbits consists of the points 7(E,), ..., 7(E;). Let f: X — X be the blow up of these points,
and let Ey, ..., E; be the f-exceptional surfaces that are mapped to 7(E}), . . (E7)  respectively.
Then f is G—equivariant and defined over R, the 3-fold X is smooth near El .U E5, and there
exists a G-equivariant birational morphism g: Y — X such that 7 = f o g, which blows up all
non-Gorenstein singular points of the 3-fold X. Note that —K 5 is nef and big.

First, we consider the case when —K§ is ample. Arguing as in the proof of Lemma we
see that there exists a G-equivariant birational morphism h: X -+ X " such that either h is small
or h contracts a G-irreducible surface different from E; + - - - + E7, and X’ is a GQ-Fano 3-fold.
In the latter case, it also follow from the proof of Lemma [2.7.39 m 9 that h contracts this surface to a
curve, so dim(| — Kx|) < dim(] — Kx|), which contradicts (2.7.38). Therefore, i must be small.
Let C be an irreducible curve in )N(C that is contracted by h. Then, by [KM92, Theorem 4.2], C is
smooth, and it contains one non-Gorenstein singular point of Xc. Without loss of generality, we
may assume that g(Es) € C. Let C be the strict transform of this curve on Yg. Then C' N Ey is a
single point. On the other hand, the stabilizer of Eg in G does not fix points in Eg, so the G-orbit
of the curve C' contains another curve ¢’ such that g(Es) € C N €’ and both of these curves are
contracted by h, which is impossible by [KM92, Theorem 4.2] and [KM92, Corollary 4.4.5].

Hence, we see that —K ¢ is not ample. Now, using Proposition , we see that the linear
system |m(—Kg)| gives a small birational morphism. Thus, it follows from Lemma that
there exists the following G-Sarkisov link:

X f v 0 v ! Xl

such that 6 is a small non-biregular birational map that is a composition of flops, and

e cither [’ is a small birational contraction (flip),
e or f’is a divisorial birational contraction, and X’ is a real GQ-Fano 3-fold.

Note that the curves flopped by # are disjoint from the non-Gorenstein singular points of the 55(&
because otherwise their strict transforms on Y would have a negative intersection with — Ky .
Therefore, arguing as above, we see that f’ is not small, so f’ contracts a divisor, and X’ is a real
GQ-Fano 3-fold. By Theorem [2.6.1, X" is non—Gorenstein, so all non-Gorenstein singular points of
X¢ are cyclic quotient singularities of type 3 (1 1,1), and the union of these points is the base locus
of the non-empty mobile linear system | — K x/|. Moreover, it follows from that | — Ky/|

is the strict transform of the linear system | — Kx].
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Let E' be the G-irreducible real surface contracted by f’. Then f’ (E’ ) is contained in the
base locus of the linear system | — Kx/|, which implies that either f’ (E’ ) is the G-orbit of a
non-Gorenstein singular point of X¢, or f’(@ ) is a union of two G-orbits of two non-Gorenstein
complex conjugated singular points of X{. In both cases, it follows from [Pro21l Theorem 8.3.1]
that f’is a blow up of these non-Gorenstein singular points of X" (see also [Kaw90]).

Let N’ be the number of geometrlcally irreducible components of EC, let E = B+ -+ E7,
and let E’ be the strict transform on X of the surface E'. Then N’ € {2, 7, , 14} by Corollary

We have E ~g a(—Kg) — bE for some a,b € Q. Moreover, a > 0, since E # E'. Now, since 9 is
a composition of flops, we have

N' = E(—Kg)? = (a(—Kg) — bE) - (—Kg)? = <29 + ;>a — 7,
—ON' = (E')’-(~=Kg) = (a(-Kg) —bE)* - (—Kg) = <2g + g>a2 — 146% — 14ab,

where g € {6,10,11,12} by Corollary [2.7.43] m Solving these equations with rational a > 0 and b,
we see that N' =7, b =1and a = ;75 +3 Set ' = f(E'). Then E' ~g a(—Kx). On the other

hand, both 2E" and 2K x are Cartier d1v1sors, which gives (49 + 3)(2E") ~ 28(2(—Kx)), because
the group Pic(X) is torsion free. Since 4¢g + 3 and 28 are coprime, we see that 2K x is divisible by
49 + 3 > 27 in Pic(X), which is impossible by [San96]. O

7.6. Equivariant Sarkisov link. We continue our analysis in Section [7.3] We may assume
that (2.7.38) holds. Then, by Proposition [2.7.37, we may assume that ¢ is not an isomorphism,
g € {6,10,11,12}, and one of the following holds:

e N =7 and ¥ is a G-orbit of length 7 consisting or real points;

e N = 14, and X is union of two complex conjugate G-orbits of length 7;

e N =14, and ¥ is a G-orbit of length 14.
Thus, we have p&(Y) = 2. Hence, it follows from Lemma [2.5.32] and [KM92, Theorem 4.2] that
the commutative diagram in Lemma can be expanded to the following G-Sarkisov link:

where y is a composition of flops, Y’ is an almost Fano 3-fold, ¢’ is a small contraction, 7’ is
a divisorial birational contraction, and X’ is a real GQ-Fano 3-fold. Then X'’ is non-Gorenstein
by Theorem We know that all non-Gorenstein singular points of X(. are cyclic quotient
singularities of type (1, 1,1). Moreover, arguing as in the proof of Lemma , we see that 7’
is the blow up of all non—Gorenstein singular points of X',

Let N’ be the number of non-Gorenstein singular points of the 3-fold X’. Then N’ € {2,7,14}
by Corollary R.7.5l Let E and E’ be the G-irreducible real surfaces contracted by = and =’
respectively. Denote by Fi, be the strict transform in Y of the surface E’. Then

Ey ~g a(—Ky) — bE
for some rational numbers a and b such that a > 0, because Fi{, # E. Moreover, we have

N' = By (—Ky)? = (a(~Ky) — bE) - (—Ky)? = (29 - 2>a ~ N,

“ON' = (By) (—Ky)) = (a(~Ky) — bE)* - (—Ky) = (2g—2> — 2®N — 2abN.
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Solving these equations with rational a > 0 and b for every possible N € {7,8}, N' € {2,7,14}
and g € {6,10,11,12}, we get N =N’ b=1and a = g%. Set £ = ¢(E) and E = o(FY). Then

R — N
E+E ~ ng(—KY);

which implies that £ + E is Cartier. Hence, since Pic(X) has no torsion, we get
— =
(g-D(E+E)~N(-Kx).
If g— 1 and N are co-prime, then — K+ is divisible by ¢ — 1 > 5 in Pic(X), which is impossible,

since L@) <4. Thus, N=14 and g =11, s0 5(E + E ) ~ 7(—Kx). Then — K~ is divisible by 5
in Pic(X), which is impossible. The obtained contradiction completes the proof of Theorem [2.7.1]
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