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Two local inequalities

I. A. Cheltsov

Abstract. We prove two new local inequalities for divisors on smooth
surfaces and consider several applications of these inequalities.

Keywords: Tian’s a-invariant, del Pezzo surface, Cremona group.

To the memory of Vasilii Alekseevich Iskovskikh (1939-2009)

8 1. Introduction

All varieties are assumed to be projective, normal and defined over C.

In many algebro-geometric problems it is required to prove that a log pair con-
sisting of a variety (possibly singular) and an effective divisor (called the boundary)
is log canonical provided that the divisor satisfies certain numerical conditions. In
contrast to the intersection multiplicities of effective divisors, the property of being
log canonical is not easily derived from global numerical conditions. Therefore one
should use local inequalities that relate the intersection multiplicities of the bound-
ary components and log canonicity of the pair. We illustrate this with an example.

Let S be a surface, O a smooth point of S, and A; and A, curves on S such
that O € A1 N Ay, both A; and A, are irreducible, reduced and smooth at O,
and A; intersects Ay transversally at O. Let a1 and as be rational numbers.

Theorem 1.1 ([1], Corollary 5.57). Let D be an effective Q-divisor on S such that
the log pair (S,D 4+ Ay) is not log canonical at O. Suppose that Ay € Supp(D)
and a; < 1. Then multo(D - Ay) > 1.

Corollary 1.2. Let D be an effective Q-divisor on S such that the log pair
(S, D4 a1+ a2ls) is not log canonical at O. Suppose that Ay € Supp(D) 2 Ao,
a; 20, az > 0. Then multo(D - A1) >1—az or multo(D - Ag) >1—ay.

The following analogue of Corollary 1.2 is obtained implicitly in [2].

Theorem 1.3. Let D be an effective Q-divisor on S such that the log pair
(S, D4a1A1+a2l\z) is not log canonical at O. Suppose that Ay € Supp(D) 2 As,
a; = 0, ag = 0. Then multo(D - A1) > 2a; — ag or multo(D - Ag) > %ag —a
provided that a1 + “72 < 1.

The area of application of Theorem 1.3 is rather limited. Our first goal is to
prove the following generalization of Theorem 1.3 and give some applications.
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© 2014 Russian Academy of Sciences (DoM), London Mathematical Society, Turpion Ltd.



376 I. A. Cheltsov

Theorem 1.4. Let D be an effective Q-divisor on S such that the log pair
(S, D4a1A1+a2ls) is not log canonical at O. Suppose that Ay ¢ Supp(D) 2 Ao,
ar 2 0, az = 0. Then multo(D - A1) > M + Aay — az or multo(D - Ag) >
N+ Bas—a provided that aa,+Bas < 1, where A, B, M, N, a, 8 are non-negative
rational numbers with A(B—1) > 1 > max(M, N), a(A+M—1) > A2(B+N-1)8,
a(l — M)+ AB > A, and either 2M + AN < 2 or «(B+1—- MB — N) +
B(A4+1—AN —M) > AB —1 (or both).

In birational geometry one often encounters log pairs whose boundary compo-
nents are mobile linear systems. Despite their somewhat abstract appearance, such
log pairs can always be treated as ordinary ones. Moreover, one can bound the
intersection multiplicity of general elements in the mobile boundary components in
terms of the log canonicity of the log pair.

Theorem 1.5 ([3], Theorem 3.1, [4], Lemma 3.3). Let M be a linear system with-
out fixed components on S and let € be a positive rational number. Suppose that
the log pair (S,eM + a1 A1 + axl\s) is not Kawamata log terminal at O. Let M
and Moy be sufficiently general curves in M. Then we have

4(1 — al)(l — ag)

2
lto (M - M) > €
mt O( ! 2) 4(1—a1—a2)

o2
Moreover, if (1.1) is an equality, then multo(M) = 2(ay — 1), the log pair (S,
eM+ a1 Ay + azAs) is log canonical and a1 = ag > 0.

if a1 =20 or as >0,
(1.1)

if a1 <0 and as <0.

Our second goal is to prove the following analogue of Theorem 1.5 and give an
application.

Theorem 1.6. Let M be a linear system without fired components on S, and
let € be a positive rational number. Suppose that the log pair (S,eM + a1A1) is
not terminal at O and ay < 0. Let My and My be sufficiently general curves in M.
Then we have

1—2a; . 1
2 Zf aj 2 _57
multo(My - M) > fa | (1.2)
! Zf aiq < - .
g2 2

Moreover, if (1.2) is an equality, then (S,eM + a1Aq) is canonical and either
—a1 € N and multp(M) = %, or a; =0 and multo(M) = %

The author would like to thank I. Dolgachev, V. Golyshev, D. Kosta,
Yu. Prokhorov and K. Shramov for useful comments and conversations. The author
would like to thank T. Dokshitser for the proof of Lemma B.18 (see Appendix B
at the end of the paper).

8§ 2. Preliminaries

Let ¢, ¢ and vy,...,vy be non-zero polynomials in Clzy, ..., z,] such that the
locus in C™ given by the equations v; = --- = v, = 0 has dimension at most n — 2.
We denote the origin in C™ by O. Let a, b and ¢ be non-negative rational numbers.
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We define a function

[l

Q= .
ole(for] + - -+ |vy[)e

Question 2.1. When is Q2 locally integrable in a neighbourhood of O?

The answer to Question 2.1 is given in Example 2.8. By putting
co() = sup{e €Q | Q% is locally integrable near O € C"},

we see that the function Q2 is locally integrable in a neighbourhood of O if and
only if ¢o(€2) > 1. Note that ¢o(Q) € Qxo U {+o0}.

Example 2.2. Let mq,...,m, be positive integers. Then

mn(lznw (zl u>/00<|mll 7 |>

.(1 1 1>
=min| —,—,...,— |.
mi1 Mo My,

Let X be a variety with at most rational singularities. We consider a formal
linear combination Bx = >\, a;B; + Eizl ciM;, where a; and c; are rational
numbers (not necessary positive), B; is a prime Weil divisor on X, and M, is
a linear system without fixed components on X. We assume that B; # B; and
M; # M; for i # 5.

Remark 2.3. Let k be any sufficiently large positive integer. For every i € {1,...,[}
and every j € {1,...,k} let M/ be a general element in M;. Then, replacing every
M; by the divisor
M} + M} + -+ MF
k )
we can always regard By as a Q-divisor on X.

Suppose that Kx + Bx is a Q-Cartier divisor.

Definition 2.4. We say that Bx is the boundary of the log pair (X, Bx). The
boundary By is said to be mobile (resp. effective) if a; = 0 for every i € {1,...,r}
(resp. a; > 0 for every i € {1,...,7} and ¢; > 0 for every j € {1,...,1}).

Let 7: X — X be a birational morphism such that X is smooth. We put

r l
Bx = Zai?i + Zcimh
i=1 i=1

where B; is the proper transform of a divisor B; on X, and M; is the proper
transform of a linear system M; on X. Then

K% + By =n"(Kx + Bx) + ZdiEiv
i=1
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where d; € Q, and E; is an exceptional divisor of 7. We additionally assume
that 22:1 B; + 2111 E; is a divisor with simple normal crossings and M; is
base-point-free for every i € {1,...,1}. Put BX = By — Y, d;E; and take
a rational number ¢ such that 1 > e > 0. Then (X, BY) is called the log pullback
of (X, Bx).

Definition 2.5. The log pair (X, Bx) is said to be e-log canonical (resp. e-log
terminal) if a; < 1 —¢ (resp. a; < 1—¢) foralli € {1,...,r} and d; > —1+¢
(resp. d; > —1+¢) for all j € {1,...,m}.

We say that (X, Bx) has log canonical singularities (resp. log terminal singular-
ities) if the log pair (X, Bx) is 0-log canonical (resp. 0-log terminal).

Remark 2.6. Let P be a point of X and A an effective divisor on X such that
A= 22:1 €;B; = Bx, where the ¢; are non-negative rational numbers. Suppose
that the boundary By is effective, the divisor A is a Q-Cartier divisor, the log pair
(X,A) is log canonical at P € X, and the log pair (X, Bx) is not log canonical
at P € X. We put

! —min{(: € 7&0}

and note that a is well defined because ¢; # 0 for some i. Then a < 1 and the

log pair
T l
a; — QEg;
(X, E ﬁBl =+ E CiMi)

i=1 i=1
is not log canonical at P € X. We also have
" a; — ag; :
, 1-a ,
i=1 =1
and at least one irreducible component of Supp(A) is not contained in
" a; — ag;
Su —-——"B;).
(25

Let Dx be any boundary on X such that Kx 4+ Bx + Dx is a Q-Cartier divisor.
Let Z be a closed subvariety of X.

Definition 2.7. The e-log canonical threshold of Dx along Z is

CEZ(X Bx Dx) _ sup{/\ cQ the pair (X, Bx + ADx) is e-log Canonical}
) )

€ QU {£o0}.

at each point of Z

The number ¢ (X, Bx, Dx) with ¢ = 0 plays a very important role in geom-
etry. Therefore we put cz(X, Bx,Dx) = ¢%(X, Bx, Dx) for simplicity of nota-
tion. We similarly put c*(X,Bx,Dx) = ¢%(X,Bx,Dx) and ¢(X,By,Dx) =
% (X,Bx,Dx). Note that ¢4(X,Bx,Dx) = —oo if, for example, the log pair
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(X, Bx) is not e-log canonical along Z and Dx = 0. If Bx = 0, then we put
c¢%(X,Dx) = ¢%(X,Bx,Dx) for simplicity of notation. For the same reason,
we put ¢¢(X,Dx) = ¢&(X,Dx), cz(X,Dx) = cz(X,Bx,Dx) and ¢(X,Dx) =
C)((AX7 Dx)

Example 2.8. It follows from [5] that co(Q) = co(C™, a(yy = 0) — b(e = 0) + cB),
and the following conditions are equivalent.

1) The function Q2 is locally integrable in a neighbourhood of O € C™.

2) The singularities of the log pair (C”, a(gon)—b(csz)—i-%Zf:l( 11 Xv;=0))
are log terminal in a neighbourhood of O € C", where [A{ : ... : X!] is a general
point of P~! and k is any sufficiently large positive integer.

3) The singularities of the log pair (C™,a(p = 0) — b(¢ = 0) + ¢BB) are at most
log terminal in a neighbourhood of O € C", where B is the linear system generated
by the divisors v; =0,...,v, = 0.

We say that the log pair (X, Bx) has canonical singularities (resp. terminal
singularities) if the log pair (X, Bx) is 1-log canonical (resp. 1-log terminal).

Remark 2.9. Suppose that Bx is effective and (X, Bx) is canonical. Then a; =
= a, =0.

One can show that Definition 2.5 is independent of the choice of 7. We put

LCS.(X,Bx) = ( U Bi> U ( U W(Ei)> C X,

a;=>1—e d; <—1+€

LCS(X,Bx) = LCSy(X,Bx) and CS(X,Bx) = LCS;(X,Bx). The subsets
LCS.(X,Bx), LCS(X, Bx), CS(X, Bx) are called the loci of e-log canonical, log
canonical, and canonical singularities of (X, By ) respectively.

Definition 2.10. A proper irreducible subvariety Y ¢ X is called a centre of e-log
canonical singularities of the log pair (X, Bx) if one of the following conditions
holds for some choice of the birational morphism 7: X — X.

1) The inequality a; > 1 — ¢ holds and Y = B; for some i € {1,...,r}.

2) The inequality d; < —1 + € holds and Y = #(E;) for some ¢ € {1,...,m}.

Let LCS.(X, Bx) be the set of all centres of e-log canonical singularities of
(X, By). Then Y € LCS. (X, Bx) = Y C LCS.(X, Bx) and LCS. (X, Bx) =@ <=
LCS.(X,Bx) = @ <= the log pair (X, Bx) is e-log terminal.

Remark 2.11. Let 'H be a base-point-free linear system on X, H a sufficiently gen-
eral divisor in H, and Y & X an irreducible subvariety. We write Y NH = Zle Z;,
where the Z; are irreducible subvarieties of H. It follows from Definition 2.10 (see
Theorem 2.17) that Y € LCS. (X, Bx) ifand only if {71, ..., Z;} CLCS.(H, Bx|u).

We put LCS(X, Bx) = LCSo(X, Bx) and CS(X, Bx) = LCS; (X, Bx). The ele-
ments of LCS(X, Bx) are called centres of log canonical singularities of the log pair
(X, Bx). The elements of CS(X, Bx) are called centres of canonical singularities
of (X, BX )
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Example 2.12. Let x: X — X be the blow-up of a smooth point P € X. We put
Bg = Sy aigi + 22:1 c;M;, where B\Z is the proper transform of a divisor B;
on X and M; is the proper transform of a linear system M; on X. Then

K} + B)? = 7T*<KX + Bx) + (dlm(X) —-1- multp(BX))E,

where F is the exceptional divisor of x and multp(Bx) € Q. Hence the log pair
(X, Bx) is e-log canonical in a neighbourhood of the point P € X if and only if
the log pair R
(X, Bg + (multp(Bx) — dim(X) + 1)E)

is e-log canonical in a neighbourhood of E. In particular, if mult p(Bx) > dim(X)—e,
then P € LCS.(X,Bx). If the boundary By is effective and multp(Bx) <
1 —¢€, then P ¢ LCS.(X, Bx). If the boundary By is effective and mobile and
multp(Bx) < 1, then P ¢ CS(X, Bx). In the case when dim(X) = 2 and By is
effective, we have P € CS(X, Bx) if and only if multp(Bx) > 1.

If the boundary By is effective, then the locus LCS(X, Bx) C X can be equipped
with the structure of a subscheme (see [6]) in a natural way. Indeed, if By is

effective, we can put
m T

Z(X, Bx) = 7. <Z [dEi =) la; JBi) :
i=1 i=1

We write £(X, Bx) for the subscheme that corresponds to the ideal sheaf Z(X, Bx).
Definition 2.13. If the boundary By is effective, then we say that £(X, Bx) is
the subscheme of log canonical singularities of the log pair (X, Bx), and Z(X, Bx)
is the multiplier ideal sheaf of the log pair (X, Bx).

If the boundary By is effective, then it follows from the construction of £(X, Bx)
that Supp(L(X, Bx)) = LCS(X, Bx) C X.

Theorem 2.14 ([7], Theorem 9.4.8). Let H be a nef and big Q-divisor on X such
that Kx + Bx + H = D for some Cartier divisor D on X. Suppose that Bx is
effective. Then H(Z(X,Bx)® D) =0 for every i > 1.

Corollary 2.15. Suppose that Bx is effective and —(Kx + Bx) is nef and big.
Then the locus LCS(X, Bx) is connected.

Corollary 2.15 is a special case of the following result.
Theorem 2.16 ([6], Lemma 5.7). Let ¥: X — Z be a surjective morphism with con-
nected fibres. Suppose that the boundary By is effective and the divisor —(K x+Bx)
is Y-nef and ¥-big. Then the locus LQS()?,BX) is connected in a neighbourhood
of every fibre of the morphism Yon: X — Z.

Applying Theorem 2.16, one can easily prove the following result.

Theorem 2.17 ([5], Theorem 7.5). Suppose that the divisor Kx is Q-Cartier, the
boundary Bx is effective, a1 = 1, and By is a Cartier divisor with at most log
terminal singularities. Then the log pair (X, Bx) is canonical in a neighbourhood
of Bi if and only if the singularities of the log pair (B1,Y.;_,a;Bi|p,) are log
canonical.
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Note that Theorem 1.1 is a simple corollary of Theorem 2.17.

Definition 2.18. We say that the log pair (X, Bx) has purely log terminal singu-
larities if a; < 1 for every ¢ € {1,...,7} and d; > —1 for every j € {1,...,m}.

Theorem 2.19 ([5], Theorem 7.5). Suppose that Bx is effective, a; = 1, and
By is a Cartier divisor. Then (X, Bx) has purely log terminal singularities in
a neighbourhood of By if and only if B has rational singularities and the log pair
(B1,Y.i_oa;Bi|B,) is log terminal.

Suppose in addition that the boundary Bx is effective and movable. Thus we
have Bx = Zizl c; M;, where the ¢; are non-negative rational numbers and the M;
are linear systems without fixed components on X.

Definition 2.20. We say that a log pair (Y, By) is birationally equivalent to
(X, Bx) if the boundary By is effective and mobile and there is a birational map
€: X --» Y such that By = 2221 ¢;i§(M;), where £(M;) is the proper transform
of the linear system M; on Y.

Thus the log pairs (X, Bg) and (X, Bx) are birationally equivalent.

Definition 2.21. Let D be a Q-Weil divisor on X. We say that D is Q-effective
if there is a positive integer n such that the linear system |nmD| is non-empty,
where m is a positive integer such that mD is an integral Weil divisor.

Definition 2.22. The Kodaira dimension of the log pair (X, Bx) is the number

(X. By) sup, en (dim(@m(k ¢ +B5) (X)) if Kz + By is Q-effective,
R DX ) =
—00 if Ky + By is not Q-effective,

where m € N is such that m(K5 + By) is a Cartier divisor.

One can show that the Kodaira dimension x(X, Bx) is independent of the choice
of 7 (see [8], Lemma 1.3.6).

Lemma 2.23 ([8], Lemma 1.3.6). Let (Y,By) be a log pair that is birationally
equivalent to (X, Bx). Then k(X,Bx) = (Y, By).

If the singularities of the log pair (X, Bx) are canonical, then it follows from [§],

Lemma 1.3.6, that

SupneN(dim((p\nm(Kx+Bx)|(X))) if Kx + Bx is Q-effective,
K(X, Bx) =
—00 if Kx + Bx is not Q-effective,

where m € N is such that m(Kx + Bx) is a Cartier divisor.

Corollary 2.24. If (X, Bx) has at most canonical singularities and Kx + Bx
is Q-effective, then k(X,Bx) > 0.
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It follows from Definition 2.22 that

( ZCM) K(X. Bx) ( Zcz )

in the case when ¢ > ¢; for every i € {1,...,1}.

Definition 2.25. The log pair (X, Bx) is called a canonical model if the divisor
Kx + Bx is ample and the log pair (X, Bx) has canonical singularities.

It follows from Definition 2.22 that k(X, Bx) = dim(X) if (X, Bx) is a canonical
model.

Definition 2.26. A log pair (Y, By ) is a canonical model of the log pair (X, Bx) if
the log pair (Y, By) is a canonical model and the log pairs (Y, By) and (X, Bx)
are birationally equivalent.

Note that the log pair (X, Bx) has no canonical model if x(X, Bx) < dim(X).

Theorem 2.27 ([8], Theorem 1.3.20). A canonical model is unique whenever it
exists.

It follows from [9] that (X, Bx) has a canonical model if and only if kx(X, Bx) =
dim(X).

§ 3. The first inequality

The purpose of this section is to prove Theorem 1.4.

Let X be a surface, O a smooth point of X, and A; and As curves on X
such that O € Ay N Ay, both Ay and As are irreducible and reduced, both Ay
and Ay are smooth at O, and A; intersects As transversally at O. Let D be an
effective Q-divisor on X whose support contains neither A nor As, and let a1, as
be non-negative rational numbers. Suppose that the log pair (X, D+ a1 A1 + a2As)
is not log canonical at O. Let A, B, M, N, «, 8 be non-negative rational numbers
with the following properties.

(i) aay + Pag < 1.

(i) A(B—1) 21 > max(M, N).
(iii) a(A+ M —-1) > A*>(B+D—-1)Band a(l - M)+ A3 > A
(iv) Either 2M + AN < 2, or

a(B+1-MB—N)+3(A+1—AN - M) > AB — 1.

Lemma 3.1. We have A+ M > 1, B> 1, and

a(B+1-MB—-N)+pA+1—-AN-M) > AB -1,
al2—M)  B(2-N) )
A+1 B+1 ~ 7
al2—-M)B+B(1—-N)A+1) > B(A+1).

B(1 - N)+ Ba > B,
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Proof. The inequality B > 1 follows from the inequality A(B — 1) > 1. Then

« 3 « I] 1
+ > +55 25
A+1 B+17 A+1 2B~ 2

because 2B > B + 1. We similarly see that A + M > 1 because

a(A+M—-1)

_— > (3>
2BE+p-1) 07"

and B+D—1 > 0. The inequality 3(1— N)+ Ba > B follows from the inequalities

BA-N) _2-M _ B(1-N)

“t T Z2aAt B

>1

because A +1>2— M.
We now show that a(2—M)B+5(1—N)(A+1) > B(A+1) using the inequality
A(B —1) > 1. Let Ly be the line in R? given by the equation

(2= M)B+y(1 - N)(A+1)—B(A+1) =0,

and let Lo be the line given by the equation (1 — M) + Ay — A = 0, where (z,¥)
are coordinates in R2. Then L; intersects the line y = 0 at the point (2L, 0), and

2—M>
Lo intersects the line y = 0 at the point (ﬁ,O). On the other hand, we have
A+1 A

2—M< 1-M’
whence we see that a(2 — M)B+ (1 - N)(A+1) > B(A+1) if
A?By(B+ N —1) = ap(A+ M - 1),

where (g, B9) is the point of intersection of L; and Ly. Moreover,

(00, o) (A(A—s—l)(i?—kN—1)7B(A—A1+M)>7

where A =2AB - ABM — A+ AM —14+ M +NA—-NAM + N — NM. We have
A*(BA-14+M))(B+N—-1)> (A(A+1)(B+N—-1))(A+ M —1)

because A(B — 1) > 1. It follows that A28y(B+ N —1) > ag(A+ M —1).

To complete the proof of the lemma, we must show that «(B+1— MB — N) +
B(A+1— AN — M) > AB — 1.
Let L} be the line in R? given by the equation

2(B4+1-MB—N)+y(A+1—AN - M) - AB+1=0,

and let Lo be the line given by the equation (1 — M) + Ay — A = 0, where
(x,y) are the coordinates in R?. Then L) intersects the line y = 0 at the point
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(ﬁﬁﬁ), and Lo intersects the line y = 0 at the point (ﬁ,()). On the

other hand, we have
AB -1 A

B+r1-MB—N ~1-M'
whence o(B+1— MB — N)+ (A+1— AN — M) > AB — 1 provided that
A2B1(B+ N —1) > a;(A+ M —1), where (a1, 1) is the point of intersection of L}
and L,. Note that

A(AB—A—2+NA+M) A+1-NA—M
(Oél,ﬁl) = A 5 A/ )

where A’ = AB —1— ABM + AM + 2M — NAM — M?. Thus, to complete the
proof, we must show that

A*(A+1-NA-M)(B+N-1)> (AAB—A—-2+NA+M))(A+M —1).
This inequality is equivalent to the inequality
2-M)(A+M-1)> A(AN +2M —2)(B+ N — 1),

which indeed holds because M <1 and AN +2M —2<0.0

Suppose that multo (D-A1) < M+Aa;—as and multo (D-As) < N+Bas—a;. We
shall see that this assumption leads to a contradiction. This will prove Theorem 1.4.

Lemma 3.2. We have a1 > =M and ay >

1-N
B -

Proof. If a; > 1, then a; > by Lemma 3.1. Suppose that a; < 1. Then
the log pair (X, D 4+ A; 4+ a2As) is not log canonical at O. Thus it follows from
Theorem 1.1 that M + Aal —ay > multo(D - Ay) > 1 — ay, whence a; > =Y M
We similarly have ay > 1=, O

1-M
A

Lemma 3.3. We have a1 <1 and as < 1.

Proof. By Lemma 3.2, a1 > 1=M and as > ===. On the other hand, ca;+Bas <
whence a1av < 1— ﬂl and agﬂ <l-ql=M Therefore a; <landas <1 becaube
B(1 — N)+ Ba > B by Lemma 3.1 and a(l — M)+ AB > A by assumption. O

Put mp = multo(D). Then myg is a positive rational number.
Lemma 3.4. We have mg < M + Aay; — as and mg < N + Bas — a;.

Proof. This follows from the inequalities my < multo(D - Ay) and my <
multo (D - Ag). O

Lemma 3.5. We have mg + a1 + as < 2.

Proof. Tt is known that mg+a+as < M+(A+1)a; and mo+a1+as < N+(B+1)ay
Then
B

(m0+a1+a2)<A+ 1+B+1> Saar+paz+———

aM BN o1 BN
A+1 B+1" A+1 B+1

It follows that mg + a1 + as < 2 because a(i+]1w) + ﬁ%+]1v) > 1 by Lemma 3.1. O




Two local inequalities 385

Let m1: X7 — X be the blow-up of O, and let F; be the exceptional curve for 7.
Then

KX1 —|—D1 +a1A% +a2A%—|—(m0+a1 + as — 1)F1 E?TT(KX + D+ a1\ +a2A2),

where D', Al, Al are the proper transforms on X; of D, A, A, respectively. In
this case the log pair (X1, D' + a1 Al + as AL + (mg + a; + az — 1)Fy) is not log
canonical at some point O; € Fy. Note that mg+a; +a2 —1 > 0.

Lemma 3.6. Either O; = Fi1 N A} or O; = Fy N AL

Proof. Suppose that O; ¢ AJUAL. Then the log pair (X1, D'+ (mo+ai+az—1)Fy)
is not log canonical at O;. On the other hand, mg = D' - F; > 1 by Theorem 1.1
because mg + a1 + as < 2 by Lemma 3.5. Then

B+ Ba a+ ApB
AB—1+(N+BQ2_Q1)AB—1

<ﬂ+Ba a+ AB

< —
AB 1 AB—1>\(M+A‘L1 a2)

because mg < M + Aay — ag and mg < N + Bas — ay. Moreover, we have

8+ Ba a+ Ap M@+ MBa+ Na+ ANS
AB -1 s 1

AB—1 " AB —1

(M + Aay —as) +(N+Baz—a)

because aa; + fas < 1 and AB —1 > 0. But we have already proved that mg > 1.
Thus we see that 34+ Ba+a+ A< AB—-1+ M@+ MBa+ Na+ ANS. But
this contradicts Lemma 3.1. [

Lemma 3.7. We have O # Fy N AL

Proof. Suppose that O; = F; NAl. Then the log pair (X1, D' +a; A+ (mo+a1 +
as — 1)F7) is not log canonical at O7. Therefore,

M—i—Aal—ag—mo:Dl-A% > 1—(m0+a1+a2—1)
by Theorem 1.1 because a; < 1 by Lemma 3.3. We have a; > %. Then

2-Ma (1 N)
A+1 B

< aay+ Paz <1

because as > % by Lemma 3.3. Hence we see that QAﬁa + ﬂ(l M) < 1. But
this contradicts Lemma 3.1. [

Thus we see that O = F1NA}L. Then (X1, D' +a; Al +as AL+ (mo+a+az—1)F)
is not log canonical at O;. It is also known that 1 > mg+a; + a2 — 1 > 0.

We already have the blow-up m: X; — X. For every positive integer n we
consider a sequence of blow-ups

Tp Tn—1 T3

Xn anl

such that 741 is the blow-up of the point F; N A} for every i € {1,...,n—1}, where
F; is the exceptional curve for m;, and A} is the proper transform of As on X;.
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For every k€ {1,...,n} and every i € {1,...,k} we put O = F, N AL and denote
the proper transforms of D, A; and F; on X}, by D¥, A% and FF respectively. Then

1—1

Kx, + D" + a1 AT + a2 A} +Z<a1+za2—z+ZmJ)F”

=T (KX +D—|—(11A1 —|—CL2A2),

where T =7, 0+ 0m om and m; = multp, (D?) for all i € {1,...,n}. Hence the
log pair

i—1
(Xn,D + a1 AT 4 a2 AR —|—Z<a1 —l—zag—z—i—ZmJ) ) (3.1)

=1 7=0
is not log canonical at some point of the set FJ' U F3' U --- U F}.

Lemma 3.8. For every i € {1,...,n} we have 1 > a; +ias —i—i—Z;;t m; = 0 and
the log pair (3.1) is log canonical at every point of the set (F*UF3U---UE™M)\ O,,.

We now see that Lemma 3.8 contradicts itself. Indeed, it follows from Lemma 3.8
that there is a positive integer n such that a; + nas —n + ZJ o Mj > 1. But this
contradicts Lemma 3.8. Therefore, to complete the proof of Theorem 1.4, it suffices
to prove Lemma 3.8. This will be done by induction on n € N. Note that the case
n = 1 is already proved.

By induction, we may assume that n > 2 and, for every k € {1,...,n — 1},
we have 1 > aq + kas — k + ZJ —omj = O and the log pair (X,“D’f + alA]f +
as AL + Zz (a1 +iag — i + ZJ 0mj)Fk) is log canonical at every point of the
set (FFUFYU---UFF)\ Og. Hence the singularities of this log pair are not log
canonical at Oy.

-N
Lemma 3.9. We have as > m
Proof. The singularities of the log pair (X,_1, D" ! + ax AL + (a1 + (n — 1)ay —
(n—1)+>0C 02m]) m_,) are not log canonical at O,,_1. Then

n—2 n—2
N—Bag—al—Zm]—:Dn_LAg*l >1- <a1+(n—1)a2—(n—1)+2mj>
7=0 §=0

by Theorem 1.1 because as < 1 by Lemma 3.3. We have as > as required. [J

B+n 1»

Lemma 3.10. We have 1 > al—i—nag—n—i—z 0mj>0.

Proof. The inequality a; + nas —n + >."_ e 0 m; > 0 follows from the fact that the
log pair (X,—1,D" ! + as A5 + (a1 + (n — 1)az — (n — 1) + ZJ omy)Fr_y) is
not log canonical at O,_1. Suppose that a; + nas — n + Z] om; > 1. Then
mo + a2 < M 4 Aa; by Lemma 3.4. Thus we see that

n—1
a1 +nM +nAa; —n > a1 +nay —n+nmg = a1+na2—n+2mj>1,
Jj=0
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whence we immediately get a; > %. On the other hand, we know that

as > B+n 7 by Lemma 3.9. Therefore,
a—M L3 A—1+M+ﬂ1—B—N
A A(An+1) B+n—-1
n+1—Mn n—N
O T —|—5B+n_1<oza1+ﬂa2

where M + 3 > 1. Hence we get aﬁ";{\fﬂl ﬁ%fx:ll, where n > 2. On the

other hand, it follows from Lemmas 3.2, 3.3 that A+ M > 1 and B > 1. Thus

we see that a’?f(“fﬂi)l) > ﬁ(%f]bv_jl)v but A*(B+ N — 1) < a(A+ M —1) by

assumption. Then

A B-1
a(A+M—-1) B(B+N-1)
>< A2 - 1 >n+ A . B-1
“\a(A+M—-1) B(B+M-1) aA+M—-1) BB+N-1)" 7

whence BA(B+ N —1) > a(B —1)(A+ M —1). We have

a(A+M-1)

1 >BAB+N—-1)>a(B-1)(A+M 1)

because A?(B + N — 1)3 < a(A + M — 1) by assumption. Then a # 0 and
A(B — 1) < 1, which is a contradiction since A(B — 1) > 1 by assumption. [J

Lemma 3.11. The singularities of the log pair (3.1) are log canonical at every
point of the set Fy, \ ((Fy, NFM_ 1)U (F, NAL)).

Proof. Suppose that there is a point @) € F,, such that F, N F_ ;| # Q # F, N A}
and the pair (3 1) is not log canonical at Q. Then the log palr (Xn,D + (a1 +
nas —n+ Z -0 mJ)Fn) is not canonical at Q. We have mg > m,_1 =D"-F, > 1
by Theorem 1.1 because a; + nas — n + E;’:—Ol m; < 1 by Lemma 3.10. Then

B+ Ba
AB -1

a+ Ap
AB -1

+ (N + Baz — a1)

0+ Ba a+ AS
AB—-1 AB-1

> <(M+Aa1—a2)

because mg < M + Aa; — as and mg < N + Bas — a1 by Lemma 3.4. We have

0+ Ba

a+ ApB M@+ MBa+ Na+ ANS
AB 1 S

AB—-1 AB—1

(M+Aa17a2) +(N+BCL2*G,1)
because aay + Bas < 1 and AB —1 > 0. On the other hand, mg > 1. Thus we see
that 8+ Ba+a+ AB < AB -1+ MB+ MBa+ Na+ ANS. This contradicts
our initial assumption. [
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Lemma 3.12. The log pair (3.1) is log canonical at the point F, N E"_.
Proof. Suppose that (3.1) is not log canonical at F,, N F*_;. Then the log pair

n—2 n—1
(Xnan_’_ <a1+(n—1)a2—(n—1)+2m])Fg1—1— <a1 +na2—n+ZmJ)Fn>

Jj=0 Jj=0

is not log canonical at the point F,, N F;'_;. Therefore,

n—1
My — My = D" - Fyg >1— (a1 + nas —n—l—ZmJ—)
j=0

by Theorem 1.1 because a; + (n — 1)ag — (n — 1) + Z;:OQ m;. Note that
M+Aa17a27mo >multo(D~A1)7mo 2D'A17m0:D1 A% 20,
whence mg + as < Aa; + M. Then

nM + nAa; —nag = nmgy = (n+ 1)mg — my,—1
n—1
= My_2 —mn,l—i—ij >n—+1—a; —nas.
j=0

It follows that a; > %. Arguing as in the proof of Lemma 3.10, we arrive at
a contradiction. O

This proves Lemma 3.8 and thus completes the proof of Theorem 1.4.

§ 4. The second inequality

The goal of this section is to prove Theorem 1.6.

Let X be a surface, O a smooth point of X, M a linear system without fixed
components on X, and A; an irreducible reduced curve on X such that O €
A \ Sign(A7). Let € and a; be rational numbers such that € > 0 and a; < 0.
Suppose that the log pair (X,eM + a1Aq) is not terminal at O. Then there is

a birational morphism 7: X — X (a composite of blow-ups of smooth points)

that contracts m irreducible curves Fy, Es, ..., E,, to the point O and induces an
isomorphism X \ J;~; E; = X \ O. For some rational numbers dy,ds, ..., d, we
have

Ky + eM+a1A) =75 (Kx +eM+a1Ay) + ZdiEi,
i=1

where M and A are the proper transforms on X of M and A; respectively, d,,, < 0,
and either m = 1, or we have m > 2 and d; > 0 for every ¢ € {1,...,m — 1}.

Lemma 4.1. Suppose that a; > 0. Then m = 1.

Proof. This is well known and easy to prove. []
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Let x: X — X be the blow-up of O and E the exceptional curve of y. Then
Kg+ eM+a1A; + (emulto(M) +a; —1)E=7"(Kx +eM +a14y),

where M and A; are the proper transforms on X of M and A, respectively.

Lemma 4.2. Suppose that m = 1. Then the inequality (1.2) holds. Moreover,
if (1.2) is an equality, then either —ay € N and multo(M) = 2, or a; = 0 and
multo(M) = L.

g

Proof. Note that 7 = x and d; = 1 — emultp(M) — a; < 0. Hence we have

1—ay)? 1— 2 —4
multo (M, - My) > multb (M) > L= @) 2‘”) >max( iy 2‘“)
g g 13

which yields (1.2). Moreover, if (1.2) is an equality, then either a; = —1 and
multo (M) = 2, or a; = 0 and multp(M) = 1. O
Proof of Theorem 1.6. The proof is by induction on m. We may assume that m > 2.
Then a; < 0 and the log pair (X,a1A; + eM + (emulto(M) + a1 — 1)E) is not
terminal at some point @ € E. Note that d; = 1 — e multo(M) — a;.

Let M, 1 and ]/\/72 be the proper transforms on X of the curves M; and M respec-
tively. Then

multo (M, - My) > multh(M) + muth( - M),

where multo (M) > % On the other hand, we have d; = 1 — emulto(M) —a; <0

and the log pair ()?75/91\ + (emultp(M) 4+ a3 — 1)E) is not terminal at Q. By

induction we have

3 — 2e multp(M) — 2a;
)

4 — demulto(M) — 4ay
)

if emulto(M)+a; >

)

muth(]/W\l . M\g) 2

w\»—‘ I\D\H

if emulto(M) + a1 <
(4.1)

If (4. 1) is an equality, then either —a; — emultop(M) +1 € N and muth(M\l)
muth(Mg) , or emulto(M) + a; =1 and multg(M;) = multg (M) = 1

Lemma 4.3. Suppose that emulto(M) + ay < 3. Then (1.2) holds. Moreover,

if (1.2) is an equality, then either —a; € N and multo(M) = 2, or a; = 0 and
multo (M) = %
Proof. Since a; < % —emulto(M) < —% and
4 — de multp (M) — 4ay
-2

2
4 2 4
:—%"' (multo(/\/l)—) 2 —ﬂ,

€ g2

multo (M - M) > mult?h (M) +

we get (1.2). Moreover, if (1.2) is an equality, then multo (M) = 2, whence (4.1) is
also an equality. By induction we see that —a; — 1 = —a; — emultp(M) +1 € N,
whence —a; € N. [
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Thus, to complete the proof of the theorem, we may assume that e multo (M) +
1
a1 2 -

Lemma 4.4. Suppose that a; > —%. Then the inequality (1.2) holds and is not
an equality.
Proof. Tt follows from the inequalities e multo (M) + a; > % and a; > —% that

3 — 2e multp (M) — 2a4 S 2 — 2aq

multo(M1 . Ml) Z mult%(M) + £2 e2

O

Thus, to complete the proof of the theorem, we may assume that a; < —%. Then
it follows from the inequality multo (M) > 1/2%1“ that

3 — 2e multp(M) — 2a4 > 9/4 —ay +a? <

—4@1
> .
g? g2

multo (M - M) > mUIt?D(M) + g2

This immediately yields (1.2).
Lemma 4.5. The inequality (1.2) is not an equality.

Proof. Assume that (1.2) is an equality. Then a; = —2 and multo(M) = 1/2%(“,
whence multo (M) = 2. Thus (4.1) must also be an equality. In this case we obtain
by induction that 2+ = e multo(M)+a; = 1. The resulting contradiction completes

the proof of the lemma. (]
Thus Theorem 1.6 is proved. [J

§ 5. Del Pezzo orbifolds

The purpose of this section is to show how to apply Theorem 1.4. All results
proved in this section are well known to experts. Nevertheless, Theorem 1.4 enables
one to shorten their proofs considerably.

Let X be a Fano variety with at most quotient singularities. The real number

let(X) = sup{A €Q

the log pair (X, AD) is log canonical }
for every effective Q-divisor D = —Kx on X

is called the global log canonical threshold of the Fano variety X (see Definition A.22
in Appendix A).

Theorem 5.1 ([10]-[12], Appendix A). The variety X possesses an orbifold Kdihler—

FEinstein metric if lct(X) > %.

We now show how to use Theorem 1.4 along with Theorem 5.1 to prove the
existence of orbifold Kahler-Einstein metrics on some Fano orbifolds.

Theorem 5.2 [2]. Let X be a hypersurface of degree 6 in P(1,1,2,3). If the set
Sign(X) consists of Du Val singular points of type As, then let(X) > %.
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Proof. Suppose that the set Sign(X) consists of Du Val singular points of type As.
Put w = 2. Suppose that lct(X) < w. Then there is an effective Q-divisor D
on X such that D = — K, and the log pair (X,wD) is not log canonical at some
point P € X.
Let C be a curve in | — Kx| such that P € C. Then C is irreducible and the log
pair (X,w() is log canonical. By Remark 2.6 we may assume that C' ¢ Supp(D).
Note that X must be singular at P since otherwise we get a contradiction:

1
1:K§:O-D>multP(D)>—:g>1.
w

Let 7: X — X be a birational morphism that contracts three irreducible curves
E1, E, F3 to the point P € X and induces an isomorphism X \ (E; U Ey U E3) =
X \ P. The surface X is smooth along the curves E, Ey, E3.

Note that E? = F3 = E3 = —2. We may assume without loss of generality that
El-Eg,:OandEl-Eg:Eg-Eg:l.

Let C be the proper transform of C on the surface X. Then C = 7*(C) — E; —
E, — E5. Let D be the proper transform of D on X. Then D = 7™(D) — a1 By —
asFs — agFs3, where a1, as, ag are positive rational numbers. We have

1—a1—a3:ﬁ-620, 2&1—&2:E~E120,
2(127@17(1325'E2>07 2(137(12:5'E3>O,
Whence 12> a1+ a3, 2a1 = az, 3a2 =
az < 3 %+ On the other hand, since

3
2a3, 2a3 2z az, 3a2 > 2a1, a1 < %, a2 < 1,

K)*( —I—ﬁ—kalEl + asFEs + azEs3 ETF*(KX —|—D),

it follows that there is a point Q € E; U Ey U E3 such that the log pair (X, D +
a1 1 + a2 Es + a3 E3) is not log canonical at @ because (X, D) is not log canonical
at P e X.

Suppose that Q € F; and Q ¢ Ey. Then (X, D + Ej) is not log canonical at Q.
Hence, o -

200 —as =D - FE > muth(D 'El) >1

by Theorem 1.1. Therefore we see that 1 > a1 > 241 — 2a; > 2a; — ap > 1,
a contradiction.

Suppose that Q € E; and Q ¢ E; U E3. Then (X, D + E3) is not log canonical
at Q. Hence, o o

2a2—a1—a3:D~E2>muth(D-Eg) >1

by Theorem 1.1. Therefore we see that 1 > ay = 2as — % — 72 >2a0—ay—ag > 1,

a contradiction. ?

There is no loss of generality in assuming that Q = E; N Ey. Then (X, D
a1E1 + a2 E») is not log canonical at ). On the other hand, we have a; + —2
a1 + az < 1 because 2a3 > as. Hence we can apply Theorem 1.4 to the log palr
(X,D+a1Ey +agEs) with M =N =0, A=2, B= ,a:landﬁ:%. Thus
we have

N+

2a9 — a1 — az = multo(D - Ey) > gag —ay

because D - E; = 2a; — ap. Then ay > 2as3 contrary to the inequality 2az > ag. O
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Theorem 5.3 [2]. Let X be a singular hypersurface of degree 6 in P(1,1,2,3)
such that the set Sign(X) consists of Du Val singular points of type A4. Then

let(X) = 1.

Proof. Let P be a singular point of X and let 7: X — X be a birational morphism
that contracts four irreducible curves Ei, Fo, E3, F4 to the point P € X and
induces an isomorphism X \ (E; UEyUE3UFEy) & X\ P. The surface X is smooth
along the curves E, By, E3, E;. We have E? = E3 = E2 = E7 = —2. We may
assume that El'E3:E1 -E4:E2-E4:OandE1~E2=E2-E3:E3-E4: 1.

There is a unique smooth irreducible curve Z C X such that 7(Z) ~ —2Kx and
FEosNEs € Z. Putw = 5 andZ = 7T( ) Then Z ~ 7 ( 2Kx)—E1—2E2—2E3—E4,
which implies that (X,wZ) is log canonical and not log terminal. In particular,
we have lct(X) < w.

Suppose that lct(X) < w. Then there is an effective Q-divisor D on X such that
D = —Kx and the log pair (X,wD) is not log canonical at some point O € X.
Remark 2.6 enables us to assume that Z ¢ Supp(D) because Z is irreducible.
Arguing as in the proof of Theorem 5.2, we can also assume that O = P.

Let D be the proper transform of D on X. Then D = n*(D) — a1 E1 — agEo —
as3FEs3 — a4 Fy, where aq, as, agz and a4 are positive rational numbers. Then the
equivalence

4
Ky +5+Za¢Ei =71*(Kx + D)
i=1
yields the existence of a point Q € E; U Ey U E3 U E4 such that the log pair
(X,D + a1 By + asEy + azE3 + a4 Ey) is not log canonical at @ because (X, D) is
not log canonical at P € X.

Let C be the curve through P in the linear system | — K x|. Then C is irreducible
and the log pair (X,wC) is log canonical. Remark 2.6 enables us to assume that
C ¢ Supp(D). Let C be the proper transform of C' on X. Then C = 7*(C) —
E,—FEy—E;—FE;and D-C > 0. Thus we have 1 —aq —aq = D - C > 0, whence
a1 + aq4 < 1. We similarly have

)

2a1—a2:ﬁ~E120, 2&2—@1—@325 E2>O
20,

2(13—(12—(14:E'E3>O7 2a4—a3—D E4

whence a; < %, as < g, ag < g and a4 < %. It follows from Theorem 2.16 that
LCS(X,D + a1 Ey + as By + a3E3 + asEy) = {Q} because w < %. We similarly see
that %al + %ag =wa + 52 < 1.

Suppose that Q € F; and Q ¢ Ey. Then (X, D + Ej) is not log canonical at Q.
Hence 2a; —as = D - E; > muth(ﬁ - E7) > 1 by Theorem 1.1. It follows that
1> gal > 2a1 — %al > 2a1 — as > 1, a contradiction.

Suppose that Q € Ey and Q ¢ E; U E3. Then 2as —a; —a3 = D - By >
muth(ﬁ - E5) > 1 by Theorem 1.1. Hence we have 1 > %ag > 2a9 — %2 — 209 >
2a9 — a1 — ag > 1, a contradiction.

Suppose that Q = E; N E3. Then we can apply Theorem 1.4 to the log pair

(X,wD + wa1 By + wayEy) with M = N =0, A=2, B = ,a:landﬁ:f
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Thus we have 2as — a; — a3 = multo(D - Es) > %ag —ay. Since D - By = 2a; — as,
we get as > 2as. This easily leads to a contradiction.

To complete the proof, we may assume that Q = E; N E3. Then (X,wD +
was By + wazE3) is not log canonical at (). Hence,

1 — — 5
2a2—§a2—a3 > 200 —a1 —ag = D-E2>muth(D~E2)> Z—a3
by Theorem 1.1. We similarly see that

— — 5
2a3—a2—a4:D-E3>muth(D~E3)>Z—ag,

whence ay > g and as > §
Let &: X — X be the blow-up of @, E the exceptional curve of &, and D the
proper transform of D on X. We put m = multg(D). Then D = £*(D) — mE.
Let El, EQ, Eg, E, be the proper transforms on X of the curves FEq, Ey, E3, E,
respectively. Then
K¢+ wD + wasEy + W(ZgEg + (wag + wag + wm — 1)E
= €*<K)? + wﬁ + wagEg + u}agEg).

Hence there is a point R € E such that the log pair ()Z' wD + wagﬁg + wa3E3 +
(waz + was + wmultg (D) — 1)E) is not log canonical at R.

Let Z be the proper transform of Z on X. Then
0<Z~D:2—a2—a3—muth(D):2—a2—a3—m

whence m+as+as < 2. In particular, we see that was +was+wm—1 < 2w—1 < %
It follows that LCS(X, wD+was B +wag B3+ (waz+waz+w multg(D)—1)E) = {R}
by Theorem 2.16. We similarly see that
2a3—a27a47m:E3~1520, 2@27&17&37WZE2'5>O7
WhenceE-ﬁ:mgé.
Suppose that @ ¢ E2 U E3. Then the log pair

(X,wD + (wag + was + wmulto (D) — 1)E)

is not log canonical at R. Therefore,

5 1 ~ ~ 5
1>§>m:DE>multR(DE)>Z

by Theorem 1.1. The resulting contradiction shows that either R = E, N E, or
R=FE3NE.

We may assume without loss of generality that R = E5NE. Then the singularities
of the log pair (X,wD + wasFs + (way + was + wmultg(D) — 1)E) are not log
canonical at the point R. Hence it follows from Theorem 1.1 that

5 6 ~ ~ 5
Z—a2>5—@2:2—5—61222—ag—a3>m:D~E>multR(D-E)>Z—a2

because m + as + a3z < 2. The resulting contradiction completes the proof. [
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Theorem 5.4 [13]. Let X be a quasi-smooth hypersurface of degree 95 in the
weighted projective space P(11,21,29,37). Then let(X) = L.

Proof. We may assume that X is defined by a quasi-homogeneous equation,
t2y +t2° + 2y* + 252 = 0 C Proj(Clz, y, 2, 1)),

where wt(x) = 11, wt(y) = 21, wt(z) = 29, wt(t) = 37. Let O, be the point of X
given by the equations y = z = ¢t = 0. We similarly define the singular points O,,
O, and O, of X. Then O,, O,, O, O, are singular points of X of types ﬁ(5,2),
2(1,2), 55(11,21), -(11,29) respectively.

Let C, be the curve cut out on X by the equation x = 0. Then C, = L,; + R,
where L,; and R, are irreducible reduced curves on X such that L,; is given by
the equations * = ¢t = 0 and R, by the equations x = yt + 22 = 0. We have
let(X, 2C,) = 1? whence let(X) < L. Let Cy be the curve cut out on X by the
equation y = 0. Then Cy = L,, + R,, where L,, and R, are irreducible reduced
curves on X such that L,, is given by the equations y = z = 0 and R, by the
equations y = 2zt + 2% = 0. Let C, be the curve cut out on X by the equation
z =0. Then C, = Ly, + R., where R, is the irreducible reduced curve given by
the equations z = zy> +t? = 0. Let C; be the curve cut out on X by the equation
t = 0. Then C; = L, + Ry, where R; is the irreducible reduced curve given by
the equations t = y* + 2°2z = 0. It is easy to compute the intersection numbers
of the divisors D, Ly, Ly, Ry, Ry, R., Ry on X:

1 2 18
D-Ly=——, D-Rp=——, D-Rj=——,
tT 729 7.37 v 99.37
3 2 12
D-Ly,=——, D-R.=5—, D -Ri=—F>-,
Y2 1137 R 711 Ry 11-29
2 6 2
L1R1:77 LZR = 55> Lz'Rzziv Lleia
¢ 21 v2 T T g7 v 11 LT 09
52 47 48
RR=-_"_ 2 _-__—  R_-__"_
@ 21.37" %t 21.29" ¥ 29 .37’
. _ % p2_ 16 o _ 104
Yz 11-37’ 211217 tT11-29°

We have thﬂRm = {Oy}, Lyszy = {Ot}, LyszZ = {Om}7 LmtﬁRt = {Oz},

and
3 3 3 11
. 3 3 3 s 1
mln(l(:t(X, 2le)7lct(X, 29C'Z>,lct<X7 37Ct)> Z

Put w = L. Suppose that lct(X) < w. Then there is an effective Q-divisor D =
—KxonX such that the log pair (X, wD) is not log canonical at some point P € X.

By Remark 2.6 we may assume that the support of D does not contain at least
one irreducible component of each of the divisors Cy, Cy, C, Cy. Since D - Ly =
m and D - R, = 37 57, we see that P # O,. We similarly have P # O,. Since
D L, = m and D - R; = %, we see that P # O, because the curve R; is
singular at O, and its orbifold multiplicity at O, is equal to 4.
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We put D = mL, + €2, where m is a non-negative rational number and (Q is an
effective Q-divisor whose support does not contain L. Then m < {7 because the
log pair (X,wD) is log canonical at O,. Therefore we have

34+ 4Tm 4
21-29 T 11’

whence P € L,; by Theorem 1.1. We similarly see that either P = O; or P ¢
C,uCy,uC,UC.

Suppose that P # O;. Let £ be the pencil cut out on X by the equation
Ayt + pz?> = 0, where [\ : pu] € P, Then the base locus of £ consists of the
curve L,, and the point O,. Let E be the unique curve through P in £. Then
E is cut out on X by the equation z? = ayt for some non-zero a € C because
P¢C,uUC,UC,UC,.

Suppose that « # —1. Then F is isomorphic to the curve given by the equations
yt—2% = t*y+xy* + 252 = 0. Therefore E is smooth at P. Note that E = L, +C,
where C' is an irreducible reduced curve and it is known that P € C. We have
D-C=D-E—-D-Ly. ==% and C-C > 0. This easily leads to conclusions
that contradict Theorem 1.1.

Suppose that « = —1. Then F = L,, + R, + M, where M is an irreducible
reduced curve containing P. It is easy to see that M is non-singular at P. We have
D-M=D-E-D-L,.—D-R, = =% and M - M > 0. Arguing as in the
previous case, we again easily arrive at a contradiction to Theorem 1.1.

Thus we see that P = O,. Put D = A + aL,, + bR,, where a and b are
non-negative rational numbers and A is an effective Q-divisor whose support con-
tains neither Ly, nor R;. Then a > 0. Indeed, otherwise we obtain a contradiction:
2 =37D- L. > multp, (D) > &.

Note that R, ¢ Supp(A) because a>0. If b >0, then Ly is not contained in
the support of D It follows that =D Lyt 2b(RyLyt) = whence b < &5

(D - mth) ' th =

3159 21>
We similarly see that
18 6a b multo,(D)—a—b _ 5a 4
=D-R, > — :
29 - 37 VAT 37 T RRTETS

whence a < 1595 One can easily check that A-L,, = 17°5= 37 +aﬁ — and AR,

2L Using Theorem 1.4 for the log pair (X,wA + waL vz + WbRy )

737+b2137 37
with M = 3%, N =2 A= %, B—gf,az%andﬁ—

i??gi > awa + Bwb > 1, a contradiction. [J

197, we see that

Theorem 5.5 [13]. Let X be a quasi-smooth hypersurface of degree T9 in the

weighted projective space P(13,14,23,33). Then lct(X) = 2.

Proof. The surface X can be defined by a quasi-homogeneous equation
22t + y*z + 2t* + 2°y = 0 C Proj(Clz, y, 2, 1]),

where wt(z) = 13, wt(y) = 14, wt(z) = 23, wt(t) = 33. Let O, be the point on X
given by the equations y = z = ¢t = 0. We similarly define the singular points O,,
O, and Ot of X. Then Oz, Oy, O, O are singular points of X of types %(1,2),

L(13,5), 5(13,14), 2 (14, 23) respectively.

) 23 ) 33
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Let C, be the curve cut out on X by the equation x = 0. Then C, = L., + R,
where L., and R, are irreducible reduced curves on X such that L,; is given by
the equations = z = 0 and R, by the equations z = y* + 2t = 0. Let Cy be the
curve cut out on X by the equation y = 0. Then C, = L,; + Ry, where L,; and
R, are irreducible reduced curves on X such that L, is given by y =t =0 and R,
by y = 224+ 2t = 0. Let C, be the curve cut out on X by the equation z = 0. Then
C, = L, + R,, where R, is an irreducible reduced curve given by the equations
z = a*y +t2> = 0. Let C; be the curve cut out on X by the equation t = 0. Then
Cy = Ly + Ry, where R, is the irreducible reduced curve given by the equations
t =25 +y3z = 0. It is easy to compute the intersection numbers of the divisors
D, L., Ly, Ry, Ry, R, Ry on X:

43 40 4
iz:_m7 Ri:—mv sz'Rx=§,
4 16
D'Lmz:m> . z:m7
20 2 8 95
=g LeR=1 DR=g R=qg
Lyt~Rt:2%7 D-Rt:%7 Ry-RI:Lm~Ry:%, Rz-Lyt:%.

We have szmRI = {Ot}7 L:L‘szz = {Oy}, LytﬁRy = {Ow}7 LytﬂRt = {Oz}

Then
4 65 4

21 4 33 4 69
-3 < 1Ct<X725Ct) =10 < lct<X72302> =30

. . 65
In particular, it follows that lct(X) < 33.

Put w = %. Suppose that lct(X) < w. Then there is an effective Q-divisor D =
—Kx on X such that the log pair (X, wD) is not log canonical at some point P € X.

By Remark 2.6 we may assume that Supp(D) does not contain at least one
irreducible component of each of the curves C,, Cy, C,, C;. Arguing as in the
proof of Theorem 5.4, we obtain that P = O, (see [13]). The curve L,, must
be contained in Supp(D) since otherwise we have a contradiction: multp, (D) <
33(D-L,,) = % < %. Thus we see that R, ¢ Supp(D). Put D = A+aL,, +bR,,
where a and b are non-negative rational numbers and A is an effective Q-divisor
whose support contains neither L., nor R,. Then we have

16 multp, (D) —a _ 3a 32
=D -R,>a(Ly, Ry)+ ——— > — + ——,
2333 o )+ 33 ~ 33733 65
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whence a < 2%L. If b # 0, then L,; ¢ Supp(D). It follows that 13 53 =D Ly >

4485
b(Ry - Ly) = 22, whence b < 2. Note that 33(A - L,.) = -4 4+ a2 — b and
_ 8 _ 8 _ 43 _ 38 _ 700771
33(ARy) - ﬁ+b2 —a. Put M = 14, N = 137 A— 147 B = bER o = 301108
and 8 = 16590056594 and apply Theorem 1.4 to the log pair (X,wA + waLg, + wbR,).
Then % > awa + Bwb > 1, a contradiction. [

Theorem 5.6. Let X be a quasi-smooth hypersurface of degree 79 in P(11,17,

24,31). Then lct(X) = 32,

Proof. The surface X can be defined by a quasi-homogeneous equation,
t2y +t2° + 2y* + 252 = 0 C Proj(Clz, y, 2, 1)),

where wt(z) = 11, wt(y) = 17, wt(z) = 24, wt(t) = 31. We define points O, O,
O, Oy as in the proof of Theorem 5.4. Then O, Oy, O,, O are singular points
of X of types 11(2,3), £(1,2), 5;(11,17), 57(11,24) respectively.

Let C, be the curve cut out on X by the equation x = 0. Then C, = L,; + R,
where L,; and R, are irreducible reduced curves on X such that L,; is given by
the equations z = ¢t = 0 and R, by the equations z = yt + 2% = 0. Let C, be the
curve cut out on X by the equation y = 0. Then Cy = L, + R, where L, and
R, are irreducible reduced curves on X such that L, is given by the equations
y = z = 0 and R, by the equations y = 2t + 2 = 0. Let C, be the curve cut
out on X by the equation z = 0. Then C, = L. + R, where R, is an irreducible
reduced curve given by the equations z = xy® +t?> = 0. Let C; be the curve cut
out on X by the equation ¢ = 0. Then C; = L,; + R;, where R; is an irreducible
reduced curve given by the equations ¢ = y* + 2%z = 0. It is easy to compute the
intersection numbers of the divisors D, Ly, Ly, Ry, Ry, R;, R on X:

D~Lmt:ﬁ, D~Rm:%, D~Ry:%,
4 8
D Lye =357 ST T
DRi= i’ Ly Re=rn DLyo-Ry= oo
Lo Ro= 2o L Ri=g, LDy=-por
40 35 38
R, =~ 17-31° R@zf:_24.31’ 52:_11-31’
, 14 , 10

=T 11-177 Tt T 3011

We have thﬁRx = {Oy}, LyzﬁRy = {Ot}, Lyszz = {Ol}, thﬂRt = {Oz}
Then

4 33 4 4 4
let| X, — = — in{let| X, — let| X, — let| X, — .
ct( ’11036) 16<m1n<ct< ,17C’y),ct( ,24Cz>,ct< ,31C't)>

. . 33
In particular, it follows that lct(X) < §5.
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Put w = 33 Suppose that lct(X) < w. Then there is an effective Q-divisor D =
—KxonX such that the log pair (X, wD) is not log canonical at some point P € X.

By Remark 2.6, we may assume that Supp(D) does not contain at least one
irreducible component of each of the curves C,, Cy, C,, C;. Arguing as in the
proof of Theorem 5.4, we obtain that P = O; (see [13]).

Note that the curve L,. must be contained in Supp(D) since otherwise we have
31(D - Ly.) = i+ < 38: a contradiction. Thus we see that R, ¢ Supp(D). Put
D =A+aL,, +bR,, where a and b are non-negative rational numbers and A is
an effective divisor whose support does not contain the curves L,. and R,. Then

—7 =D Ly 2b(Ry Lyt) = 17, when b < 1 . On the other hand, we have

5 D 5 b  multp,(D)—a—-b _ 4a n 16

631 vzt T 31 31 ' 31-33

Whence a < 2. It is known that 31(A - Ly.) = ;5 + a2 — b and 31(A - R,) =
ﬁ —I—bﬁ —a. Thus we can apply Theorem 1.4 to the log pair (X, wA+waL,,+wbR,)

; _ 4 _ 8 _ 38 — _ 1444 _ 187
with M = 7, N = &%, A= 1, B = 17, a = 5= and f = 3. We get
% > awa + Bwb > 1, a contradiction. [

Theorem 5.7 [13]. Let X be a quasi-smooth surface of degree 95 in the weighted
projective space P(13,17,27,41). Then lct(X) = 2.

Proof. The surface X can be defined by a quasi-homogeneous equation
22t +y*z + 2t + 2% = 0 C Proj(Clz, y, 2, 1)),

where wt(z) = 13, wt(y) = 17, wt(z) = 27, wt(t) = 41. We define points O, O,,
O, O, as in the proof of Theorem 5.4. They are singular points of X of types
+(1,2), £(13,7), 5-(13,17), (17, 27) respectively.

Let C; be the curve cut out on X by the equation x = 0. Then C, = L., + R,
where L,, and R, are irreducible reduced curves on X such that L,; is given
by the equations z = z = 0 and R, by the equations z = y* + 2t = 0. Let Cy be
the curve cut out on X by the equation y = 0. Then Cy = L, + R,, where L,
and R, are irreducible reduced curves on X such that L,; is given by the equations
y =1t =0 and R, by the equations y = 2% + 2t = 0. Let C, be the curve cut out
on X by the equation z = 0. Then C, = L,, + R, where R, is an irreducible
reduced curve given by z = t? + 2%y = 0. Let C; be the curve cut out on X by
the equation ¢ = 0. Then C; = L, + R;, where R; is an irreducible reduced curve
given by t = x% + y3z = 0. It is easy to compute the intersection numbers of the
divisors D, Ly, Lyt, Ry, Ry, R, R on X:

3 1 4
Dolo: =gz Polw=g3 D-Re=grp
6 6
D-R.=———,
DRy = 13-41° R 13-17
2 55 37
D R =—"— 2 = . —
tT 3o e 17-417 v 13-27°
) 56 , 48

T 070417 TV T 1341
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28 16 4

2 _ 2 _ . _
=gy =gy =gy
2 2 2
Lyt'Ry:Ba sz'Rz:ﬁy Lyt'thg-

‘We have szﬂRw = {Ot}, szmRz = {Oy}, LytﬁRy = {Ow}, LytﬂRt = {Oz}
Then
65 3 o1
— = lct<X,13C'x> < —

24
3 41 3 21 3
—1Ct<X7170y> < § _ICt(X7410t> < Z _ICt(X7270Z>

It follows that let(X) < %

Put w = $2. Suppose that lct(X) < w. Then there is an effective Q-divisor D =
—KxonX such that the log pair (X, wD) is not log canonical at some point P € X.

By Remark 2.6, we may assume that Supp(D) does not contain at least one
component of each of the curves Cp, Cy, C,, C;. Arguing as in the proof of
Theorem 5.4, We have P Oy (see [13]). If Ly. € Supp(D), then 22 < multo, (D) <
41(D - Ly.) = 15 < %, a contradiction. Therefore L., C Supp( ), whence R, ¢
Supp(D). We put D =alL,, + bR, + A, where a and b are non-negative rational
numbers and A is an effective Q—divisor whose support contains neither L, nor R,.
Then we have

4 multp, (D) —a _ 3a 24
- _D. > - ) Ty
oap = P Ba>allex o)+ 1 “ 116

whence a< s Ifb#0, then g4z = D - Lyt > b(Ry - Ly) = % It follows that
On the other hand, 41(A-L,.) = < +a32 —b and 41(A- R ) =S+ —a.

< 18
Therefore one can apply Theorem 1 4 to the 1og palr (X, wA+waLg, +wbR,) with
6 3 48 29952 5729
M= N=3, A=3, B=%, a= 572, 8= {2% We get
306379

— 1,
1053270 awb + fwa >

a contradiction. [J

Theorem 5.8 [13]. Let X be a quasi-smooth hypersurface of degree 99 in the
weighted projective space P(14,17,29,41). Then lct(X) = %.

Proof. The surface X can be defined by a quasi-homogeneous equation,
t?y +tz* + 2y® + 2°2 = 0 C Proj(Clz, y, 2, t]),

where wt(z) = 14, wt(y) = 17, wt(z) = 29, wt(t) = 41. We define points O, O,
O, O, as in the proof of Theorem 5.4. Then O, O, O, O, are singular points
of X of types £;(3,13), (12,7), 55(11,17), 55 (14,29) respectively.

Let C; be the curve cut out on X by the equation x = 0. Then C, = L,; + R,
where L,; and R, are irreducible reduced curves on X such that L,; is given by
the equations z = ¢ = 0 and R, by the equations = yt + 2% = 0. Let C, be the
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curve cut out on X by the equation y = 0. Then Cy = L,, + R, where L, and
R, are irreducible reduced curves on X such that L, is given by the equations
y = z = 0 and Ry by the equations y = 2t + 2> = 0. Let C, be the curve cut
out on X by the equation z = 0. Then C, = L. + R, where R, is an irreducible
reduced curve given by the equations z = xy* 4+ t> = 0. Let C, be the curve cut
out on X by the equation ¢ = 0. Then Cy = L, + R;, where R; is an irreducible
reduced curve given by the equations ¢ = y° + 2z = 0. It is easy to compute the
intersection numbers of the divisors D, Ly, Ly., Ry, Ry, R,, R on X:

2 4 10

Dolot=175g Ple=gmgp PM=gay
1 2
Prboe =g DT aay
D Ri= s L Re=ro Ly Ry=,
Lyz'Rz:%, th'Rt*%v ?ct77174.429
4
12 135
=i Bi=i

We have LwtﬁRw = {Oy}, Lyszy = {Ot}, Lyszz = {Ow}, thﬂRt = {Oz}
Then

Ict <X7 1270y> = %1) < min(lct <X, ;C’z> ,let <X, 2290Z> ,let (X, 4216}>).
It follows that let(X) < %.

Put w = 2. Suppose that lct(X) < w. Then there is an effective Q-divisor D =
—Kx on X such that the log pair (X, wD) is not log canonical at some point P € X.

By Remark 2.6 we may assume that the support of D does not contain at least
one component of each of the curves Cy, Cy, C,, C;. Arguing as in the proof of
Theorem 5.4, we see that P = O;. Put D = aL,, + bR, + A, where a and b
are non-negative rational numbers and A is an effective Q-divisor whose support

contains neither Ly, nor R,. If a = 0, then 1 = 41(D - L,.) > multp,(D) > 2

51°
a contradiction Therefore a > 0 Hence we have R, ¢ Supp(A). If b > 0, then
ﬂ =D Ly 2b(Ry- Lyy) = 17, whence b < 74 We similarly see that
10 5a b multp, (D) —a—b _ 4a 4
—p.pz0 b o, ( ) da 7
29 -41 41 41 41 41  21-41
whence a < jpz. One has 41(A-Ly.) = & +a23 —b and 41(A-R,) = £ +b52 —a.

Putting M = %, N = %, A= ?i, B = ?‘71, a = 288949, 8= % and applying

Theorem 1.4 to the log pair (X,wA + waL,, + wbR;), we get

2414323

S
35810 = wat Wb > 1,

a contradiction. (J
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Note that every del Pezzo surface satisfying the hypotheses of at least one of
Theorems 5.2-5.8 admits a Kahler-Einstein metric by Theorem 5.1.

§ 6. The icosahedral group

The purpose of this section is to give an application of Theorem 1.6.
We fix embeddings of groups As = Gy C Aut(P'), A5 & Gy C Aut(P?) and the
induced embedding

As x A5 =2 Gy x Gy C Aut(P' x P?) = PSL(2,C) x PSL(3,C).

Put G = G1 X Go and X = P! x P2, Let m1: X — P! and m9: X — P2 be the
natural projections. Then P(X,G) D {my,m2}, where P(X,G) is the G-pliability
of X (see Definition A.9). Here is the main result.

Theorem 6.1. We have P(X,G) = {m,m}.

Corollary 6.2. Let v: X --» P3 be an arbitrary birational map. Then the subgroup
v0Govy~t C Bir(P?) is not conjugate to any subgroup of PSL(3,C) = Aut(P?) C
Bir(P3).

Theorem 6.3. There is a group isomorphism BirG(X) =~ Ay X Ss.

Proof. Let £ be an arbitrary G-equivariant birational automorphism of X. Using
the notation in the proof of Theorem 6.1, we put X = X, 7 = m and v = &.
Arguing as in the proof of Theorem 6.1 (see below), we obtain a commutative
diagram

where o € Aut® (P1). Then it follows from Remark A.26 and Theorem B.10 that
either ¢ induces an isomorphism of the generic fibre of 71, or £o7 induces an isomor-
phism of the generic fibre of 7, for some birational automorphism 7 € Bir®?(P2).
It follows that either ¢ is biregular or £ o 7 is biregular (see [14], Theorem 1.5, and
[15], Example 5.4). Then

Bir®(X) = Aut® (P') x Bir®2 (P?).
Moreover, Aut® (P')22 Ay and it follows from Theorem B.10 that Bir®? (P?)=<S;. 0]
Proof of Theorem 6.1. We suppose that P(X,G) # {m,m2} and derive a contra-

diction. One can find a G-Mori fibration 7: X — S which is not square birationally
equivalent to 7, or my but admits a G-equivariant birational map v: X --+ X. In
the case when dim(S) # 0, we put Mg = |[7*(D)| for some very ample divisor D
on S. In the case when dim(S) = 0, we put My = | —mK 5| for a sufficiently large

and divisible positive integer m. Put Mx = v(Mx).

Lemma 6.4. For each of i € {1,2} there is a A\; € Q such that \; > 0 and
Kx + MMx = 7f(H;), where H; is a Q-divisor on P*.
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Proof. The existence of such positive rational numbers A; and \s is obvious in the

case when dim(S) = 0. Hence we may assume that either S = P! or dim(S) = 2.
The fibration 7 is not square birational to 7. Thus the existence of A1 is obvious.

The fibration 7 is not birationally equivalent to 7o, whence Ao exists in the case

when dim(S) = 2. Therefore we may assume that dim(S) = 1. Then S = P!
Suppose that Ay does not exist. Then there is a commutative diagram

X-- "= - X

| X
l < — — — — — 2
P =< ¢ P

where ( is a rational dominant map. The normalization of a general fibre of ( is
a rational curve since the general fibre of 7 is a rational surface. On the other hand,
the map ¢ is Go-equivariant. This contradicts Theorem B.10, which says that P2
is Go-birationally rigid. O

Let D be a general fibre of ;. Then it follows from Theorems A.15, B.10 that
either the log pair (D, \; M x|p) has canonical singularities, or there is a birational
involution 7 € Bir®(X) such that the log pair (D, \;7(Mx)|p) has canonical sin-
gularities, where A} € Q is such that Kx + A\{7(Mx) = nj(H]) for some Q-divisor
H} on P

Corollary 6.5. We may assume that (D, \iMx|p) has canonical singularities.

There is a commutative diagram

w
/\\ﬁ
X<--%---%

where o and 3 are G-equivariant birational morphisms and W is a smooth variety.
Let My be the proper transform of My on W. Take a rational number €. Then

k r
o (Kx +eMx) + Y _aiF, = Ky +eMw = 8*(Kg +eMg) + > bEE;
i=1 =1

where a§ is a rational number, b is a positive rational number, F; is an exceptional
prime divisor for the morphism «, and E; is an exceptional prime divisor of the
morphism £.

Lemma 6.6. We have A1 > Aso.

Proof. Suppose that Ao > A;. Then the divisor H is Q-effective and numerically
effective. By Lemmas A.13, A.14 we may assume that there is an [ € {1,...,k}
such that Fi,..., F; are all a-exceptional divisors which are not exceptional divisors
for 8, and all the rational numbers ai‘z, e ,al)‘2 are negative. Put Z; = «a(F;) for
every i € {1,...,7}. Then m3(Z;) is either an irreducible curve or a closed point.
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Suppose that dim(m3(Z;)) = 1. Let T'; be the fibre of w5 over a generic point
of m3(Z;). Then

2= )\QMX . Fz 2 )\2 multzi (Mx)‘ZZ n Fz| 2 12)\2 multzl. (MX)

because each Gi-orbit in P! consists of at least 12 points (see [16]). It follows
that ¢ > [.

Thus we have shown that m2(Z;) is a closed point for every ¢ € {1,...,1}. Tt
follows from Proposition 1 in [17] that there is a commutative diagram

where S is a smooth surface, w is a Ga-invariant birational morphism, v is the
induced birational morphism, U is a smooth threefold, v and ¢ are G-invariant
birational morphisms, and dim(z o v(F;)) = 1 for every i € {1,...,k}, where F is
the proper transform of F; on U. We put V =P x S.

Let My and My be the proper transforms of Mx on the varieties U and V'
respectively. Then

k s
Ky + MMy = (Ky + XoMy) + > c*Fi+ Y d* B,

=1 =1

where c)‘2 and al)‘2 are rational numbers and B; is a d-exceptional divisor. Note that
F; need not be exceptlonal for v. Namely, if F'; is not y-exceptional, then c>‘2 =0.

Let R be the Ga-invariant divisor on S such that Ky + oMy = *(R). We
have D = P2. Identifying S with the proper transform of D on V, we have R =
Kg 4+ AaMy|s, and the linear system My |s is the proper transform of Mx|p.
On the other hand, k(D, oM x|p) = 0 because the singularities of the log pair
(D, \1Mx|p) are canonical and Ao > )\1 Then the divisor R is Q-effective.

By Lemmas A.13, A.14 we have ¢;? < 0 for some t € {1,...,I}. On the other
hand, we have dim(c o y(F};)) = 1. Arguing as in the case when dim(ma(Z;)) = 1,
we arrive at a contradiction. [J

We thus see that H; = rF for some positive rational number r because Ay < A1.

Then
k

Kw +MMw =a*(rD)+ > _a}'F;.
i=1

We put a; = a?l for every i € {1,...,k} and define

J={PcP'|Jic{l,....k}: PcmoalF,), m oalF)#P a; <0}.
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Let D, be the fibre of 7r1 over the point A\ € P'. Then Dy = P? and we have
a*(Dy) = Dy + ZZ 1 l , where D) is the proper transform of Dy on W and
b} is a non-negative 1nteger Note that b} # 0 if and only if there is a A € J
with «(F;) C Dy. Note also that J # @ by Corollary 6.5 and Lemmas A.13, A.14.
For every A € J we put

oy = max{—z)l;

)

Oé(Fl) C Dy, a; < O} > 0.

We also put dy = 0 for all A € P! \ J. Then it follows from Definition 2.7 and
Corollary 6.5 that J = —Cb)\ (X, \MiMx, Dy).

Lemma 6.7. We have ) o, 05 > 7

Proof. Suppose that >, ;dx < 7. Then

Kw-l—)\leEOz*((T—Z(S)\)D) Zd,\D,\+Z al+5>\b)‘ F;,

reJ reJ

where a; + 6,0} > 0 for every i € {1,...,k}. It follows that x(X,\Mg) =
K(X, M Mx) = (W, A\ My ) = 1. This is a contradiction because we have either
/-@(X,MM;() <0or K(X,/\lMX) =3.0

Corollary 6.8. For every set {cx}reg of rational numbers with )\ ,cx < 1
we have (CS(X,)\lMX —Dzes cADA) + .

Let Z = P! be a fibre of ma, and let C' be a line in D = P2. Then NE(X) =
R>0Z ® Rx(C and K)Q( =97 + 12C. Let M; and M5 be general divisors in M x.
We put To = A\2M; - My. Then

Ty=Zx+ Y Crx=9Z+ (12+6r)C,
AePt

where C' is an effective cycle whose components lie in the fibre of m; over a point
X € P!, and Zx is an effective cycle none of whose components lie in a fibre of ;.
We have 12 + 6r < 12 +6)_,. ;6x by Lemma 6.7. Take 3\ € Q3¢ such that
Cy\ = 3,C. Then

S A<12+6r <1246 0y

AeT Aep? AT

because Z and C generate the cone of effective cycles NE(X). We denote the
G1-orbit of the point A € P! by OX. Then

Y Ao <12+6r <1246 Y 6,05,

o), xeJg Ol xeg

whence there is a point w € P! such that 3,|OL| < 12 + 64,|0L|, where |OL| > 12
(see [16]).
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Corollary 6.9. Thereisat € {1,...,k} such that a(F) C D, and B, < 1—65—;3,
where
Qg
by

a;
= —§, = mind —
mm{b

%

a(F;) € D, a; < 0} =cp_ (X, \iMx, D,),

the log pair (X, \\Mx —6,D,,) is canonical along D,,, but a(F;) € CS(X, M M x +
dwDy).

Arguing as in the proof of Lemma B.13, we see that there are no Gs-
invariant curves on D,, = P2 of degrees 1, 3 or 5. Moreover, there is a unique
Go-invariant conic I'y C D,, = P2. T’y is non-singular and irreducible. The action
of the group Gg on the curve I'; = P! induces an embedding Gy C Aut(I'y) =
PGL(2,C). Every Go-orbit in D,, = P? consists of at least 6 points. Every Ga-orbit

in T'y consists of at least 12 points (see [16]).
Lemma 6.10. We have dim(a(F;)) = 0.

Proof.  Suppose that «(F;) is an irreducible curve. Put A = «(F;). Then
multy (Mx) > )\% Replacing, if necessary, the divisor F; by its G-orbit, we may
assume that the subvariety A is a Ga-invariant curve. Let L be a general line
in D, 2 P2, Then we have

3 L-A

i
N Mx > /\17

whence A = T's. We put C, = mA + A, where A is an effective cycle such that
A ¢ Supp(A). Therefore

1+ 24, if 6, <
m =
46, if 4§, >

€

by Theorem 1.6. On the other hand, it was shown above that (3, > 2m and
Bu <1464, (see Corollary 6.9). We have

1 1426, if 6, <
a 35w 2
2 44, if 6, >

whence 6, = % and m = 2. This contradicts Theorem 1.6. (]

We put P = a(F};) and denote the Ga-orbit of the point P € D, by O%.
Lemma 6.11. We have multp(Zx) < % and multp(C,) < ’%‘“
Proof. Put r = |O%|. Then r > 6. We have

9= (ZX +> CA> Dy =Zx-Dy> Y multg(Zx)

A€P

=rmultp(Zx) > 6multp(Zx),

whence multp(Zx) < % Let us show that multp(C,,) < %“



406 I. A. Cheltsov

The curve C,, may be regarded as an effective G-invariant Q-divisor of degree 3,
on P? = D,,. Then C, = mI's + A, where m € Q is such that %“ >m >0, and A
is an effective Q-divisor whose support does not contain I's.

Suppose that P € I's. Then

208, —2m)=T9-A > Z multg(A) = r(multp(C,) — m) > r(multp(C,) —m)
QeOp

and r > 12 (see [16]). Therefore we have

< 2ﬂw+(r—4)m< 280+ (r—=4)Bu/2 _ Bu

Itp(Co
maltp (G r r 2

because r > 4. Thus, to complete the proof, we may assume that P ¢ T's.
Suppose that multp(C,) > '%“ Then multp(A) > % and there is a rational
number 4 such that multp(pA) > 2 and p < z-. In particular, we see that
0% C LCS(P?, puA).
Suppose that there is a Gy-invariant reduced curve Q C P? such that pA =
vQ+ T, where v > 1 and T is an effective Q-divisor with Q ¢ Supp(Y). Then

4> pBy —2mu=pA-H=wQ+7YT)-H>2vQ-H>Q-H,

where H is a general line on P?. Hence ) = I'y, a contradiction.
Thus we see that the scheme L(P2?,uA) is zero-dimensional and its support
contains O%. By Theorem 2.14 there is an exact sequence of groups

C* = HO(Op2(1)) — H(Op 2 uay) — 0,

whence r < 3. On the other hand, we have shown above that » > 6. The resulting
contradiction proves the lemma. []

Lemma 6.12. We have multp(Mx) < %.

Proof. Suppose that multp(Mx) > 2‘;?. Then

3
% > multp(Cy) = AN multp(M; - My) — multp(Zx) > A2 multh(Mx) — 3

5
>Ji+26w+§

by Lemma 6.11. But 5, < 1+ 64,, by Corollary 6.9, a contradiction. [J

Put Xo = X and ©g = P. Then one can find positive integers N and K,
N > K > 2, such that there is a sequence of blow-ups

YN, N-1 YN-_1,N-2 V3,2 P21 Y1,0
XN%XNfl X2 Xl XO

with the following properties. The morphism ;o blows up the point ©y and, for
every i € {2,..., K}, ;1 blows up a point ©;_1 € G;_1 = P?, where G;_1 is the
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exceptional divisor for 1¢;_; ;—o. The morphism ¥k 11 x blows up an irreducible
curve O C Gg = P? and, for every i € {K +2,...,N}, 9;;_1 blows up an
irreducible curve ©;_1 C G;_1 with ¥;_1,;-2(0;_1) = ©;_1, where G;_1 is the
exceptional divisor of ;1 ;2. The divisors Gy and F}; induce the same discrete
valuation of the field of rational functions on X. For N > j > i > 0 we denote
the proper transforms of G;, Mx and D,, on the variety X; by GZ , Mx, and DJ
respectively and put ¢;; = ¥;y1,50---01; 1, where ; ; = idx,. Then

N
KXN + /\IMXN = ’(ﬂ}kvjo(TDw) + Z CiGiv,

i=1

where ¢; € Q and ¢y = a;. We similarly have 1/)}*V7O(Dw) =D + Zivzl d;GY, where

d; € N and dy = b¥. Note that ¢y < 0 and §, = —Z—Z. We may assume that
0y = 35 = % < &t for every i < N. The curves ©;, i > K, might a priori
t i

be singular. But Lemma 6.12 yields that O is a line in Gx = P? and, for every
i>K, ©; is a section of the induced morphism ;1 ;_2|g, ,: Gi—1 — ©;_2 = P,
whence, in particular, ©; = P! for i > K.

Let T" be a directed graph whose set of vertices consists of the exceptional divisors
G1,...,G N and the set of edges is defined by the formulae

(Gj,Gi) el = j>i, ej—l C G3‘71 C Xj_l,

where (G;,G;) is an edge from the vertex G; to the vertex G;. Let P; be the
number of directed paths from Gy to G; in I'. Then

K N
CN = ZR(2 — l/i) + Z Pz(l — Vi),
i=1 i=K+1
where v; = Ay multp, , (Mx,_,). Note that (G;,G;—1) € T foreveryi € {1,...,N}.
Put ¥y = Zf{zl P, and ¥; = Z?;KH P;. Let M be the largest positive integer
such that M < K and Py;_; € EM~1. We put ) = Zf\il P;. Then

(220 + 21 — CN)2

multp(Zx)Eo + multp(Cw)Z() >

Yo+ 21
by [18]. Note that dy > Xf < Xo. On the other hand,
B 1 1 CN
\ <—<z w=—-—3—
multp(C,,) 5 S5 + 30, 5 3dN

by Lemma 6.11 and Corollary 6.9. Therefore we see that

(220 + 21 - CN)2
Yo + X ’

1
(multp(Zx) + 2)20 - 3CN 2

where ¢y < 0 and multp(Zx) < % Thus 2¥g — 3ey > W

Lemma 6.13. We have multp(Zx) < %.
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Proof. Since the log pair (X, A\;Mx) is not log canonical at the point P € D,,,
the log pair (X, \qMx + D,,) is not log canonical at P. Hence it follows from
Theorem 2.17 that (D, A1 Mx|p,) is not log canonical at P. There is a rational
number g such that 0 < g < Ay and the log pair (D, uMx|p,) is not log canonical
at P. Then LCS(D,,uMx|p,) is connected by Theorem 2.16. Arguing as in
the proof of Lemma 6.11, we see that either the subscheme L£(D,, M Mx|p,) is
zero-dimensional or P € I's. If £L(D,,, \1Mx|p,,) is zero-dimensional, then |0%| = 1
by connectedness. This contradicts the inequality |O%| > 6. Hence we see that
P €Ty. Then |O%] > 12 (see [16]). We have

9:<ZX+ZC’A>-DW

AePt
=Zx-Dy> Y multg(Zx) = [0p|multp(Zx) > 12multp(Zx),
Qe0?

whence multp(Zx) < %. O

Thus we see that ¢y <0, X9 > 1, 31 > 1 and

5 (280 + 31 —en)?
250 — 3en >
470 T 0N S+ 5y

This is easily seen to be a contradiction. Theorem 6.1 is proved.

Appendix A. Non-rationality
Let X be a variety, 7: X — S a morphism, and G a finite subgroup of Aut(X).

Definition A.1. The morphism 7 is called a G-Mori fibration if the following
conditions hold. The morphism 7 is G-equivariant, the variety X has terminal
singularities, every G-invariant Weil divisor on X is a Q-Cartier divisor, 7 is sur-
jective and 7, (Ox) = Og, the divisor —Kx is m-ample, dim(S) < dim(X) and
dimg(Pic®(X/S) ® Q) = 1.

Suppose that 7 is a G-Mori fibration. Then X is rationally connected if and
only if S is rationally connected (see [19], [20]).

Remark A.2. G acts naturally on .S, but this action need not be faithful. One can
show that every G-invariant Weil divisor on S is a Q-Cartier divisor (see [21]).

Suppose additionally that X is rationally connected. Then
dimg(Pic%(X) ® Q) = dimg(Pic?(S) ® Q) + 1.
Definition A.3. The fibration 7 is G-birationally rigid if, given any G-equivariant

birational map £: X --» X’ to a G-Mori fibration 7’: X’ — S’, there is a commu-
tative diagram
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where o is a birational map and p € Bir®(X) is such that the rational map £ o p
induces an isomorphism of generic fibres of the G-Mori fibrations 7 and 7’.

Definition A.4. The fibration 7 is G-birationally superrigid if, given any G-
equivariant birational map & X --+ X’ to a G-Mori fibration 7': X’ — §’, there
is a commutative diagram

X---sx
S—— -5 - -5

where o is a birational map and ¢ induces an isomorphism of generic fibres of the
G-Mori fibrations 7 and 7’

For simplicity we say that X is G-birationally rigid (resp. G-birationally super-
rigid) if dim(S) = 0 and 7: X — S is G-birationally rigid (resp. G-birationally
superrigid).

Remark A.5. Suppose that dim(S) = 0. Then X is G-birationally superrigid if and
only if X is G-birationally rigid and Bir®(X) = Aut(X).

We also say that a fibration 7: X — S is birationally rigid (resp. birationally
superrigid) if it is G-birationally rigid (resp. G-birationally superrigid) when G is
the trivial group.

Example A.6. It was shown in [18] that 7: X — S is birationally rigid if the
following conditions hold. The variety X is smooth, dim(X) = 3, dim(S) = 1,
K% is not an interior point of the closed cone of effective cycles on X and K% -F <2,
where F' is a general fibre of 7.

We say that X is birationally rigid (resp. birationally superrigid) if dim(S) =0
and the fibration 7: X — S is birationally rigid (resp. birationally superrigid).
Example A.7. It was shown in [22] that a general hypersurface of degree n > 4
in P™ is birationally superrigid.

It follows from Definition A.3 that if the G-Mori fibration 7: X — S is G-
birationally superrigid and X % P", then there is no G-equivariant birational map
X --» P" where n = dim(X).

Definition A.8. The fibration 7 is square birationally equivalent to a G-Mori fibra-
tion ' X’ — S’ if there is a commutative diagram

X—=—-—- > X'
S———- > 5’

where ¢ is a birational map and £ is a G-equivariant birational map that induces
an isomorphism of generic fibres of the G-Mori fibrations 7 and ’.



410 I. A. Cheltsov

The following definition was introduced in [23].

Definition A.9. Let V be a variety and let I" be a finite subgroup of Aut(V).
Then the set

P(V, G) _ {T: Y T ’ tl.lere. is a G—equivariant}/*
birational map Y --» V'

where 7 is a G-Mori fibration, is called the G-pliability of V. Here the equivalence
relation ¥ is determined by the square birational equivalence of G-Mori fibrations.

We put P(V) = P(V,G) if G is trivial. The following conditions are equivalent:
the fibration 7: X — S is G-birationally rigid, the set P(X,G) consists of the
fibration 7: X — S, we have |P(X,G)| = 1.

Remark A.10. In the notation and under hypotheses of Definition A.9, it follows
from [9] that the following conditions are equivalent: P(V,I') # &, the divisor — Ky
is not pseudo-effective, the variety V is uniruled.

Example A.11. Let X be a quartic in P* given by the equation
w2$2 +wyz + ng(:'J? z,t, U}) + g4(y7 2, t, ’LU) =0C ]P4 = PI‘Oj((C[(E, Y, 2,t, ’LU]),

where g; is a sufficiently general homogeneous polynomial of degree i. It was shown
in [23] that |P(X)| = 2.

Let 7: X — S be a G-Mori fibration such that there is a G-equivariant birational
map v: X --» X. If dim(S) #0, then we put Mg =|7*(D)| for an arbitrary very
ample divisor D (whose class in Pic(S) is G-invariant) on S. If dim(S) = 0, then
we put Mg = | — mKx| for a sufficiently large and sufficiently divisible positive
integer m. Put Mx =v(Mx).

Lemma A.12. Suppose that dim(S) # 0. Then either there is a commutative
diagram

X---"-- - X
wi J«ﬂ (A1)
S§<--~--8

where (* is a rational dominant map, or there is a A € Q such that Kx + AMx =
7*(H), where H is a G-invariant Q-divisor on S such that either the log pair
(X, MM x) is not canonical or the divisor H is not Q-effective.

Proof. Note that the commutative diagram (A.1) exists if and only if the linear
system M x lies in the fibres of 7. Hence we may assume that M x does not lie in
the fibres of w. Then there is a A € Q such that Kx + AMx = 7*(H), where H is
a G-invariant Q-divisor on S. By Lemma 2.23, k(K x + AM x) = —oo. But we have
Kk(Kx +AMx) = 0 in the case when (X, AMx) is canonical and H is Q-effective
(see Corollary 2.24). O
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Let € be a positive rational number. There is a commutative diagram

1%
N
X<--%---X

where « and (8 are G-equivariant birational morphisms and W is a smooth variety.
Let My be the proper transform of Mg on W. Then

k T
o (Kx +eMx)+ Y _aiF = Ky +eMw = 8 (Kg +eMg) + Y b E;,
1=1

i=1

where af is a rational number, b is a positive rational number, and F; and E;
stand for the G-orbits of exceptional prime divisors for the morphisms a and 3
respectively.

Lemma A.13. Suppose that dim(S) # 0. Then either there is a commutative
diagram

X-- - - X
S<--—--5

where C is a rational dominant map, or there is a A € Q such that Kx + AMx =
7*(H), where H is a G-invariant Q-divisor on S such that either there is an
1€ {1,...,k} for which af‘ < 0 and F; is not [-exceptional, or the divisor H is
not Q-effective.

Proof. Arguing as in the proof of Lemma A.12, we may assume that there is
a A € Qsuch that Kx + A Mx = 7n*(H), where H is a G-invariant Q-divisor on S.
Suppose that H is not Q-effective and we have ag\ >0 for all i € {1,...,k} such
that F; is not §-exceptional. Then

ﬁ((woa)*(H) —i—ga;\Fi) = ﬁ((ﬂ'oa)*(H)—F > am> = K5 + M5y, (A.2)

a}>0
whence K5 4+ AM 5 is Q-effective, a contradiction. [J

We note that Lemma A.13 is an analogue of Proposition 2 in [17].

Lemma A.14. Suppose that dim(S) = 0. Then there is a A € Q such that
Kx + M Mx = 7*(H), where H is a G-invariant Q-diwvisor (whose class in Pic(S)
is G-invariant) on S. Moreover, either dim(S) =0 and v is an isomorphism. or
there is an i € {1,...,k} such that a;-\ < 0 and F; is not B-exceptional, or else the
divisor H is not Q-effective.
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Proof. Recall that M5 = | —mKx|, where m is a sufficiently large and sufficiently
divisible positive integer. Clearly, M x does not lie in the fibres of 7. In particular,
there is a A € Q such that Kx +AMx = n*(H), where H is a G-invariant Q-divisor
on S. Then

dim(X) if A> 1

m’

dim(S) > K(X, MM x) = K(X,IM5) =<0 if A==L,
—00 if u<%,

by Lemma 2.23. Thus we see that A\ <

Suppose that H is Q-effective and a > 0 for every i € {1,...,k} such that F;
is not [-exceptional. Then the numerical equivalence (A.2) holds and, therefore,
Ky 4+ MM is Q-effective. Thus we see that A = % It follows that

(moa) —|—Za’\F ZbA

Suppose that dim(S) = 0. It follows from Lemma 2.19 in [24] that Zz LA Fy =
>, b}E;, whence the log pair (X, \Mx) is terminal. Therefore v is an isomor-
phism by Theorem 2.27.

To complete the proof, we may assume that dim(S) # 0. Then

dimg (Pic® (S) ®Q) +1+k = dimg(Pic?(X)®Q) +k = dimg(Pic’ (W)@ Q) =1+,

whence k < r — 1. For every ¢ € {1,...,r}, we see that either E; is a-exceptional
or «(E;) is a divisor that lies in the ﬁbres of 7.

Suppose that Fj is not S-exceptional. Then (Fy, Ey,...,E,) = PiCG(W) ® Q,
where (F1, Eq, ..., E,) is the linear span of F|, Ey,..., E.. We have

dimg((E1, ..., Er) N {(F1,..., Fp) =k —1
since the divisors F1,..., Fj are linearly independent in PicG(W) ® Q. Therefore,
dimg(((E1), ..., a(E,))) =7 — k + 1 = dimg(Pic (X) ® Q),

where we assume that «(F;) = 0 in the case when E; is a-exceptional. On the
other hand, (a(Ey), ..., a(E,)) # Pic®(X) ® Q because a(E;) lies in the fibres of
if F; is not a-exceptional.

Thus we see that F) is (-exceptional. We similarly see that all the divisors
Fy, ..., F, are (-exceptional. There is no loss of generality in assuming that
F; = E; for every ¢ € {1,...,k}. Then dimg({a(Ext1),...,a(Ey))) =r —k =
dimg(Pic®(S) ® Q) and a(Ex11), . .., a(E,) lie in the fibres of .

Let M be a general very ample divisor on S, and let IV be the proper transform
of M on W. Then 7*(M) € (a(Ek41),-..,a(E;)) and N ~ (moa)*(M). Note that
the divisor N is not B-exceptional. On the other hand, (moa)*(M) € (En,..., E,),
a contradiction. [

Suppose additionally that dim(S) = 0.
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Theorem A.15 ([12], Theorem 1.26; see Lemmas A.13, A.14). The following con-
ditions are equivalent. The Fano variety X is G-birationally rigid. For every G-
invariant linear system M without fixed components on X, there is a G-equivariant
birational automorphism & € Bir® (X) such that the log pair (X, \(M)) has canon-
ical singularities, where A € Q is such that Kx + A(M) = 0.

Corollary A.16. The following conditions are equivalent. The Fano variety X is
G-birationally rigid. For every G-invariant linear system M without fized compo-
nents on X, there is a G-equivariant birational automorphism & € BirG(X) such
that k(X, (M) = 0, where A € Q is such that Kx + A\(M) = 0.

Corollary A.17. The following conditions are equivalent. The Fano variety X
is G-birationally superrigid. For every G-invariant linear system M without fized
components on X, the log pair (X, AM) has canonical singularities, where X\ € Q
is such that Kx + M = 0.

We now give an elementary application of Corollary A.17.

Lemma A.18. Suppose that X is a smooth del Pezzo surface and |X| > K% for
every G-orbit ¥ C X. Then X is G-birationally superrigid.

Proof. Suppose that X is not G-birationally superrigid. Then, by Corollary A.17,
there is a G-invariant linear system M without fixed components on X such that
the log pair (X, AM) is not canonical at some point O € X, where A € Q is such

that Kx + M = 0.
We denote the G-orbit of O by X. Then multp(M) > 1 for every point P € X.
We have
K%

2
% Bl K%

=M - My > Z multp (M - M) > Z mult? (M) > =25

PES Pex
where M; and M, are sufficiently general curves in M, a contradiction. [J
Let us show how to apply Lemma A.18.

Theorem A.19. Let G be a finite subgroup of Aut(P?) = PGL(3,C) such that
G =2 Ag. Then P? is G-birationally superrigid.
Proof. Let ¥ be an arbitrary G-orbit in P2. Then it follows from [25] that [2] > 12.
Hence P? is G-birationally superrigid by Lemma A.18. O

Let T be a subset of Bir®(X).

Definition A.20. The subset I' untwists all G-mazimal singularities if, for every
G-invariant linear system M without fixed components on X, there is a £ € T
such that the log pair (X, A{(M)) has canonical singularities, where \ is a rational
number such that Kx + A{(M) = 0.

Lemmas A.13, A.14 yield the following corollary.

Corollary A.21. Suppose that T' untwists all G-mazimal singularities. Then X
is G-birationally rigid, and the group BirG(X) is generated by I' and AutG(X).
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It follows from Theorem A.15 that X is G-birationally rigid if and only if the
group BirG(X ) untwists all G-maximal singularities.

Definition A.22. The global G-invariant log canonical threshold of a variety X is
the number

let(X, Q) = sup{A €eQ

the log pair (X, AD) has log canonical singularities}

for every G-invariant effective Q-divisor D = —Kx

We give an example of the calculation of the number lct(X,G) (see [15],
Lemma 5.7).

Theorem A.23. Let X be a smooth del Pezzo surface with K% = 5. Then
Aut(X) = S5, we have lct(X, As) = 2, and X is As-birationally superrigid, where
Pic (X) = Z.

Proof. The isomorphisms Aut(X) 2 S5 and Pic*® (X) = Z are well known (see [26],
[27]). Let P be a point of X and let H C Aj be the stabilizer of P. We denote
the As-orbit of P by ¥. Then |H| = % = % and H acts faithfully on the
tangent space of X at P. It follows that |X| # 5 because A4 has no faithful
two-dimensional representations. Since Aj is simple, we have |X| > 6. In particular,
X is G-birationally superrigid by Lemma A.18. This also follows from [28] or [29].

The surface X contains 10 smooth rational curves Li, Ls,...,Lig such that
Ly-Ly =Ly Ly =-=1Ly-Lig=—1and Y12 L ~ —2Kx. In particu-
lar, we have lct(X, As) < 2 because the divisor Zgl L; is As-invariant.

It follows from [30] that there is a birational morphism x: X — P? which blows
up the four singular points of the curve W C P? given by the equation

28 8 20+ (2% + 9% 4 22) (2t + ¢yt + ) = 120222 € P? = Proj(Clz, v, 2]).

Let Z be the proper transform of W on X. Then Z ~ 2Kx, and the only
Ss-invariant curves in the linear system | — 2K x| are Z and 2321 L;. Let P be
the pencil on X generated by the curves Z and Z}il L;. Then every curve in P is
As-invariant (see [30]).

Suppose additionally that || = 6. Let T be a curve in P such that X NT # .
Then ¥ C Sign(7T') because H is non-Abelian and, therefore, has no faithful one-
dimensional representations. It follows from [30] that P contains five singular
curves: the curve Zgl L;, two irreducible rational curves Ry and Ry having 6 nodes
each, and two reduced curves F; and F5 consisting of 5 smooth rational curves each.
Thus we see that either ¥ = Sign(R;), or X = Sign(R2).

The six-dimensional representation of As induced by the action of Ay on |— K x| is
the sum of two inequivalent irreducible three-dimensional representations (see [26]).
This yields As-equivariant projections ¢: X --» P? and ¢: X --» P? respectively.
It follows from [26] that ¢ and v are morphisms of degree 5, and the actions
of As on P? induced by ¢ and 1 coincide with the actions of Az induced by the
two non-isomorphic irreducible three-dimensional representations (see the proof of
Lemma B.13) respectively.

Suppose that lct(X, As) # 2. Then there is an effective As-invariant Q-divisor D
on X such that LCS(X,AD) # & and D = —Kx, where A is a positive rational
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number and A < 2. Hence h!(Ox(—Kx)®Z(X,AD)) = 0 by Theorem 2.14, where
Z(X, D) is the multiplier ideal sheaf of the log pair (X, AD) (see Definition 2.13).

Suppose that X contains an Ag-invariant reduced curve C' with AD = uC + Q,
where p is a positive rational number, u > 1, and €2 is an effective Q-divisor on X
whose support contains no components of C'. Then C' ~ —mKx for some positive
integer m. Therefore we have 5 = —Kx - D > 57“ > 57’", whence m = 1. On the
other hand, the equality m = 1 is impossible.

Thus we obtain that the set LCS(X, AD) contains no curves (see Definition 2.10).
Since h!(Ox (—Kx)®Z(X,AD)) = 0, it follows that | LCS(X, AD)| < 6, but the set
LCS(X, AD) is As-invariant. In particular, we have either LCS(X, AD) = Sign(R;),
or LCS(X, AD) = Sign(Ra).

To complete the proof, we may assume that Supp(D) contains neither R nor Ry
(see Remark 2.6). We may also assume that LCS(X, AD) = Sign(R;) = 3. Write
Sign(R;) = {01,02,03,04, 05,06}, where the O; are the singular points of Rj.
Suppose that P = O;. Then we have

6
10=R,-D > Zmultoi (D) multo, (R;) > 12multp(D),
=1

whence multp(D) < 2.

Let m: U — X be the blow-up of the points O1, Oz, O3, O4, Os, Og. Then
6
Ky + XD+ (Amulto, (D) — 1)E; = 7*(Kx + AD),

i=1
where Ej; is an exceptional curve of 7 with 7(E;) = O; and D is the proper transform
of D on U. Moreover, the log pair (U,AD + Z?Zl()\ multo, (D) — 1)E;) is not log
canonical at some point ) € F;. It follows from Theorem 2.16 that

6
LCS (U, AD + ) (Amulto, (D) — l)Ei) NE, = Q.

i=1
On the other hand, the As-orbit of () contains at least two points of the exceptional
curve F; since the stabilizer H acts faithfully on the tangent space of X at P,
a contradiction. (]

The number lct(X, G) plays an important role in geometry (see Theorem 5.1).
For simplicity we put let(X) = let(X,G) in the case when G is trivial. Then
let(P™) = H%H (see [12]).

Example A.24. Let X be a general hypersurface of degree n > 6 in P". It was
shown in [17] that let(X) = 1.

Note that Definition A.3 makes sense in the case when X is defined over an
arbitrary perfect field, not necessarily algebraically closed.

Definition A.25. The variety X is said to be wniversally G-birationally rigid
if X ® Spec(C(U)) is G-birationally rigid for every variety U. Here C(U) is the field
of rational functions on U, and we regard G as a subgroup of Aut(X ® Spec(C(U))).
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It follows from Definition A.4 that all G-birationally superrigid varieties X are
universally G-birationally rigid because the variety X ®Spec(C(U)) is G-birationally
superrigid for every variety U.

Remark A.26. Suppose that dim(X) # 1 and X is G-birationally rigid. Then the
group Aut(X) is finite (see [31]). Moreover, X is universally G-birationally rigid
if, for example, the group Bir%(X) is countable (see [32]).

Take a positive integer r > 2. For every ¢ € {1,2,...,7r} let X; be a Fano
variety and G; a finite subgroup of Aut(X;) such that dimg(Pic% (X;) ® Q) = 1
and every G;-invariant Weil divisor on X; is a Q-Cartier divisor. Suppose that
each X; is G;-birationally rigid and has at most terminal singularities. Put X =
Xix XX, G=G1 X xGp, S1=Xox---xX,, § =X X ---x X, and
S;i=X1 x---x X;1 XX'H—l X - X Xy foreveryz'e {2,...,7‘—1}.

The natural projection m;: X — S; is a G-Mori fibration and we have
{m1,...,m} CP(X,G), where P(X,G) is the G-pliability of X' (see Definition A.9).

Theorem A.27. For every i € {1,2,...,7} suppose that X; is universally G;-
birationally rigid and 1ct(X;,G;) > 1. Then P(X,G) = {m,..., 7}

Proof. Suppose that there is a G-equivariant birational map v: X --+ X for some
G-Mori fibration 7: X — S. We must prove the existence of an ¢ € {1,2,...,7}

such that dim(S) = dim(S;) and there is a commutative diagram

X777V77>X777p77>-/¥
Fo-----Zo— - -5,

where p is a G-equivariant birational automorphism and ¢ is a birational map.
Arguing as in the proofs of Theorem 1 in [17] and Theorem 6.5 in [33] and using
Lemma A.14 instead of Proposition 2 in [17], we see that dim(S) # 0 (compare with
the proof of Theorem 6.1). Then, arguing as in the proofs of Theorem 1 in [17]
and Theorem 6.5 in [33] and using Lemma A.13 instead of Proposition 2 in [17], we

obtain the existence of the commutative diagram (A.3). O
We now give some applications of Theorem A.27 (see Examples A.7, A.24).

Example A.28. It is known that the simple group Ag is a group of automorphisms
of the curve

1023y 4 922° + 92y° + 272° = 4522y%2% 4 1352y2* C P? = Proj(Clz, y, 2]).

Hence there is a monomorphism Ag x Ag — Aut(P? x P?), which in turn induces
a monomorphism ¢: Ag x Ag — Bir(P*) since the variety P? x P? is rational. Then
it follows from Theorem A.27 that the subgroup ¢(Ag X Ag) is not conjugate to
a subgroup of Aut(P*) because P? is Ag-birationally superrigid by Theorem A.19
and we have lct(P?, Ag) = 2 (see [15]).

For further applications of Theorem A.27 see [17] and [33].
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Appendix B. The Cremona group

Let G be a finite group. We put Cra(C) = Bir(P?) and assume that there is
a monomorphism ¢: G — Cry(C).

Problem B.1. Find all subgroups of Cry(C) (up to conjugacy) that are isomorphic
to ¢(G).

The purpose of this appendix is to solve Problem B.1 in the case when G is
a simple non-Abelian subgroup of Crz(C) (see Theorem B.7).

Theorem B.2. Up to conjugacy, Cra(C) contains precisely 3, 1, 2 subgroups
isomorphic to As, Ag, PSL(2,F7) respectively. An explicit description of these
subgroups follows from Theorems B.8-B.10.

Let ¢': G — Cry(C) be a monomorphism. We note that if p(G) = ¢/(G), then
there is an automorphism x € Aut(G) such that ¢’ = ¢ o x.

Definition B.3. The pairs (G, ¢) and (G, ¢') are said to be conjugate if there is
a birational automorphism e € Cry(C) and a commutative diagram

(C;)%'/X

Cry(C) ————— Cr,(C)

G

where w, is the inner automorphism w.(g) = o goe~! for all g € Cry(C).

If ¢' = ¢ oy for some inner automorphism x € Aut(G), then the pairs (G, ¢)
and (G, ¢') are conjugate.

Problem B.4. For every o € Aut(G) decide whether (G, ) and (G, o o) are
conjugate.

It follows from [27], Lemma 3.5, that there is a smooth rational surface X,
a monomorphism v: G — Aut(X) and a birational map ¢: X --» P2 such that
0(g9) = Eowv(g) o &t € Bir(P?) for all g € G. Note that the triple (X, &,v) is not
uniquely determined by the pair (G, ¢).

Definition B.5. The triple (X, &, v) is called a regularization of the pair (G, ).
Let (X’,¢’,v") be a regularization of (G, ¢').

Theorem B.6 ([27], Lemma 3.4). The pairs (G,¢) and (G,¢’) are conjugate if
and only if there is a birational map p: X --+ X' such that v'(g) = pov(g)op™t €
Auwt(X") for all g € G.

In particular, Theorem B.6 implies that to solve Problems B.1, B.4, we may
assume the existence of a morphism 7: X — S, which is a v(G)-Mori fibration.
Note that either S = P!, or S is a point.

Theorem B.7 ([27]). Let G be a non-Abelian simple group. Then G is isomorphic
to one of the following groups: As, Ag, PSL(2,F7).
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We identify the subgroup v(G) of Aut(X) with G.

Theorem B.8. Suppose that G = PSL(2,F7). Then S is a point and the surface
X is G-birationally superrigid. Moreover, either X = P? and G is conjugate to
a subgroup of Aut(X) that leaves the smooth curve

23y + 13z + 232 = 0 C Proj(Cla, vy, 2]) = P? (B.4)

invariant, or X is a double covering of P? branched along the curve (B.4). For
every o € Aut(QG), the pairs (G, @) and (G, p o o) are conjugate if and only if the
automorphism o is inner.

Proof. It is easy to see that S is a point and either X = P? and G is conjugate
to a subgroup of Aut(X) that leaves the curve (B.4) invariant, or X is a double
covering of P? branched along the curve (B.4).

Note that any G-orbit in X consists of at least two points. Indeed, since G
is simple, it has no faithful two-dimensional representations and no subgroups
of index two. If X = P2 then any G-orbit in X contains at least 12 points
(see [16], [25]). In particular, we see that X is G-birationally superrigid by
Lemma A.18.

Consider an arbitrary automorphism o € Aut(G) such that the pairs (G, ) and
(G, o o) are conjugate. By Theorem B.6, there is a birational map p: X --+ X
such that v o g(g) = powv(g)op~! for all g € G. We have p € Aut(X) because
X is G-birationally superrigid. Put G = (G, p) (where, as above, we identify G
with the subgroup v(G) of Aut(X)). Then G is a finite subgroup of Aut®(X). It
follows that G = G because Aut®(X) = G if X = P2, and Aut(X) = Aut®(X) =
PSLL(2,F;) x Zy if X 2 P2. In particular, we see that p € G and, therefore, o is an
inner automorphism of G. [J

Theorem B.9. Suppose that G = Ag. Then X = P? and X is G-birationally
superrigid. For every o € Aut(G), the pairs (G, ) and (G, o o) are conjugate if
and only if o is an inner automorphism. Moreover, the subgroup G is conjugate
to a subgroup of Aut(X) that leaves invariant the curve

1023y + 922° 4+ 92y° 4 272° = 4522y%2% + 1352y2* C P? = Proj(Clz, y, 2]). (B.5)

Proof. Denote the curve (B.5) by C. Arguing as in the proof of Theorem B.8, we
see that X = P? and G is conjugate to a subgroup that leaves C invariant. Hence
we may assume that C is G-invariant. By Theorem A.19, X is G-birationally
superrigid.

Let p be any element of Aut®(X) and g any element of G. Then g(p(C)) =
p(g'(C)) = p(C) for some g’ € G. On the other hand, C is the only G-invariant
sextic in P2, Thus we see that p(C') = C. It follows that p € G because G = Aut(C).
We complete the proof by arguing as in the proof of Theorem B.8. [J

Theorem B.10. Suppose that G = As. Then the pairs (G, ) and (G,p o o) are
conjugate for every o € Aut(G). Moreover, one of the following possibilities holds.

1) X is a blow-up of P? at any four points in general position, S is a point,
X is G-birationally superrigid, and Aut(X) = Ss.
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2) X 2 P2, X is G-birationally rigid, and
As = Aut®s (P?) ¢ Bir®s (P?) = S;.

3) X @ TF,, wheren € NU{0} is even, there is a birational map p: X --»P* x P!
inducing a monomorphism U: G — Aut(P! x P!) such that v(g) = powv(g)op?
for all g € G, and T is induced by the natural action of As x idp1 on P! x P!,

Note that Theorems B.8-B.10 completely solve Problems B.1 and B.4 in the case
when G € {A5, Ag, PSL(?, F’y)}

Proof of Theorem B.10. Suppose that G = As.

Lemma B.11. If S is a point, then either K% =5 or X = P2. If S is not
a point, then S = P! and X = TF,, where n € NU {0}.

Proof. 1f S is a point, then either K% = 5 or X = P? (see [27]). If S = P!, then
X = F, by Lemma 5.6 in [27], where n € NU {0}. O

Note that if K% = 5 and S is a point, then Aut(X) = S and X is a blow-up
of P? at four arbitrary points, no three of which lie on a line (see [26], [27]).

Lemma B.12. Suppose that K% =5 and S is a point. Then X is G-birationally
superrigid. Moreover, the pairs (G, ) and (G, o o) are conjugate for every o €
Aut(G).

Proof. The surface X is G-birationally superrigid by Theorem A.23. It is well
known that Aut(G) = Ss and every element of Aut(G) is induced by an inner
automorphism of S5. Therefore the pairs (G, ¢) and (G, o o) are conjugate for
every o € Aut(G). O

Note that if X =2 P2, then the embedding A5 = G C Aut(X) = PSL(3,C) is
induced by a non-trivial three-dimensional representation of As.

Lemma B.13. Suppose that X = P2, Then As = Aut®(X) ¢ Bir®(X) = S5 and
X is G-birationally rigid. Moreover, the pairs (G,y) and (G,p o o) are conjugate
for every o € Aut(G).

Proof. By [25] there are no G-invariant curves of degrees 1, 3 or 5 in P2. On the
other hand, there is a unique G-invariant conic in P?. We denote this conic by C.
Note that C is irreducible. The action of G = Ay on the curve C = P! induces an
embedding C C Aut(C).

It is well known that there is a unique G-invariant curve in P? which is the union
of 6 distinct lines. We denote these lines by Li,...,Lg. Then C N (L; U---U Lg)
is the unique G-orbit in P? that lies in C' and consists of 12 points (see [16]).
It is also well known that every G-orbit in P? consists of at least 6 points, and there
is a unique G-orbit of 6 points.

Take any element o of Aut(G). Then o is induced by an inner automorphism
of S5. Thus, if Bir%(X) = Ss, then the pairs (G, ¢) and (G, ¢ o o) are conjugate.
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Let p be an arbitrary element of Aut®(X), and g an arbitrary element of G.
Then gop = pog’ for some ¢’ € G. Hence we have g(p(C)) = p(¢'(C)) = p(C) and,
therefore, p(C') = C. Let A be the unique G-orbit in P? that lies in C and consists
of 12 points. Then g(p(A)) = p(¢’'(A)) = p(A) and, therefore, p(A) = A. Note that
the subgroup of those elements of Aut(C) that leave A invariant is finite. Hence
p € G. Thus we see that Aut®(X) = G.

To complete the proof, we must show that X is G-birationally rigid and
Bir(X) = Ss.

Let X be the G-orbit of some point in P2. Suppose that |S| < 9. Then, by [16]
or [25], we have ¥NC = @ and |X| = 6 (see §6). Note that ¥ is uniquely determined
by the equality |X| = 6.

Let v: W — X be the blow-up of all points of 3. Then it follows from
Proposition 1 in [34] that Aut(W) = S; and W is isomorphic to the Clebsch
cubic surface (see [27]). We put 7 = v o0 6 o~~! where 6 is an odd involu-
tion in Aut(W) = S5. Then 7 ¢ Aut(P?). Note that the involution 7 induces
a monomorphism v’: G — Aut(P?) such that v'(g) = Tov(g)o7 ! for every g € G.
Then v’ is induced by a three-dimensional irreducible representation of A5 and this
representation is not isomorphic to the representation that induces v (see [27], §9).

Let E be a reduced vy-exceptional divisor with 7(E) = X. Then there is a com-
mutative diagram

where 1) blows down the curve 0(E) to the set 3 (see the proof of Theorem A.23). If
the group generated by 7 untwists all G-maximal singularities (see Definition A.20),
then Bir®(X) = (Aut®(X), 7) 2 S5 by Corollary A.21 and X is G-birationally rigid
by Corollary A.16. Hence, to complete the proof, we must show that the group
generated by 7 untwists all G-maximal singularities.

Let M be a G-invariant linear system without fixed curves on X such that
the log pair (X, uM) is not canonical at some point O € X, where u € Q and
Kx + pM = 0. We denote the G-orbit of O by A. Then multp(M) > % for every
point P € A. Let My and M5 be general curves in M. Then we have

9 K2
—=—=M M > § mult p (M - My)
H H PeA
A
> E multp(M7) multp(Ms) = E mult?p(M) > %,
PeA PeA K

whence |A| < 9. Therefore A = ¥. Putting H = v*(Op2(1)), we have

0*(H) ~5H —2E,  0*(E) ~ 12H — 5E (B.6)
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since the involution € acts non-trivially on Pic(W). Put M’ = 7(M). Then
Kx+p/' M’ = 0 for some positive rational number p'. Therefore it follows from (B.6)
that
. 3

- 15/p — 12multo(M)’

W

whence p/ > p. We similarly deduce from (B.6) that mult p(M') = 2—5 multo (M)
for every point P € . This proves that the log pair (X, i’ M) has canonical singu-
larities at every point of ¥. Arguing as at the beginning of the proof of the lemma,
we see that the singularities of the log pair (X, /M) are canonical everywhere. It
follows that the group generated by 7 untwists all G-maximal singularities. [

Hence, to complete the proof of Theorem B.10, we may assume that X = F,,,
where n € NU {0}.

Lemma B.14. Suppose that there are a monomorphism v: G — Aut(P'), an outer
isomorphism v € Aut(G) and a birational map x: X --+ P! x P such that

xov(g)ox™ (a,0) = ((g)(a), L o v(g)(b))

for all g € G and (a,b) € P! x PL. Then the pairs (G,¢) and (G, o o) are
conjugate for every o € Aut(G).

Proof. The birational map y induces a monomorphism ©: G — Aut(P! x P!) such
that v(g) = x ov(g) o x~! for all g € G. In this case ¥ is induced by the twisted
diagonal action of As on P! x P*. We identify the subgroup ©(G) with G.

Take an automorphism 7 of P! x P! such that 7(a,b) = (b,a) for all (a,b) €
P! x P'. Then (G,7) = S5. It follows that the pairs (G, ) and (G, ¢ o o) are
conjugate for every o € Aut(G) because every automorphism of Aj is induced by
an inner automorphism of S5. [

Thus, to complete the proof of Theorem B.10, we may ignore any difference
between the monomorphisms v and v o o, where o € Aut(G).

Lemma B.15. Suppose that n # 0. Then n is even and there is a commutative
diagram

X---<- > P! x P!
2 P!

where p is a birational map that induces a monomorphism v: G — Aut(P! x P1)
satisfying v(g) = pow(g) o p~t for every g € G, and v is induced by the natural
action of the group As x idp1 on P! x P!,

Proof. Let Z be the unique section of 7 such that Z2 = —n. Then Z is a G-invariant
curve. It is well known that Z contains G-orbits consisting of 12, 20 and 30 points

(see [16]).
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Let ¥ be a G-orbit such that ¥ C Z and |X| = 30. Then there is a commutative
diagram

U
X
x---Yo.x
P! P!

where 1 is a birational map, 71 is a P!-bundle, « is the blow-up of ¥, and 3 is the
blow-down of the proper transforms of all fibres of 7 that pass through points of X.

The birational map ¢ induces a monomorphism v;: G — Aut(X;) such that
v1(g) =Y owv(g) o™t for all g € G. We identify the subgroup v;(G) with G. Put
Z1 =¢(Z). Then we have

Zy-Z1=4-7Z—30=-—n-—30<0,

whence X7 2 F,, 430 and Z; is G-invariant. The curve Z; contains G-orbits con-
sisting of 12, 20 and 30 points (see [16]).

Let X1 be a G-orbit with ¥ C Z; and |X1]| = 20, P; a point of 31, and H; the
stabilizer of P; in G. Then H; = Zs. Let Ly be the fibre of w1 such that P; € L;.
Then hy(Ly) = Ly for every hy € Hy. Thus there is a point Q1 € Ly \ Py such that
hl(Ql) = Ql for every hi € Hy.

We denote the G-orbit of @1 by A;. Then |A;| = 20 and Ay N Z; = & because
7y is G-invariant and @1 ¢ Z;. Thus there is a commutative diagram

U
70X
X - -2 x,
Trll \LT(Q
P! P!

where 1, is a birational map, 7 is a P'-bundle, oy is the blow-up of A;, and 3 is
the blow-down of the proper transform of the fibres of 71 passing through the points
of Al.

The birational map 1; induces a monomorphism vs: G — Aut(X3) such that
va(g) = b1 ovi(g) o by ! for every g € G. We identify the subgroup vy (G) with G.
Put Zs = 1(Z1). Then we have

Zy - Zy=—n—10<0,

whence Xo 2 F,, 119 and Zs is G-invariant. The curve Zs contains G-orbits con-
sisting of 12, 20 and 30 points (see [16]).

Let ¥ be the unique G-orbit with X3 C Zy and |X2| = 12, P, a point of Xo,
and Ho the stabilizer of P, in G. Then Hy = Zs. Let Lo be the fibre of w9 such
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that Py € Lo. Then ho(Ls) = Lo for every hy € Hs. Hence there is a point
Q2 € Lo \PQ such that h2(Q2) = QQ for every ho € Ho.

We denote the G-orbit of Q2 by As. Then |Az] = 12 and Ay N Zs = & because
Zs is G-invariant and Q2 ¢ Zs. Thus there is a commutative diagram

U2
V B2
X2___¢_2__>X/
P! P!

where 1) is a birational map, 7’ is a P'-bundle, a» is the blow-up of Ay, and 35 is
the blow-down of the proper transforms of the fibres of ms that pass through the
points of As.

The birational map 9, induces a monomorphism v': G — Aut(X’) such that
V'(g) = by o w3(g) 0 1hy * for every g € G. We identify the subgroup v'(G) with G.
Put Z' = ¢9(Z3). Then Z' - Z' = —n + 2 < 0, and the curve Z’ is a G-invariant
section of /. Note that X’ = F,,_s.

We put v = 49 0 91 0. Then the triple (X', £ o v,v’) is a regularization of the
pair (G, ¢). Thus we have constructed a commutative diagram

X---"- = X'
P! P!

where v is a birational map, 7’ is a P'-bundle, X’ = F,,_,, and there is a section Z’
of ' such that Z’'- Z/ = —n + 2 and the curve Z’ is G-invariant. If n = 2, then we
are done. We similarly see that n # 3. Hence n > 4. Repeating the construction
above |n/2] times, we complete the proof. O

To complete the proof of Theorem B.10, we may put X = P! x P! and assume
that m: P! x P! — P! is the projection onto the first factor.

Lemma B.16. Suppose that there is a G-invariant section Z of the fibration .
Then there is a commutative diagram

X-—-Z—=plxp!
P! P!

where p is a birational map inducing a monomorphism v: G — Aut(P! x P') such
that ©(g) = powv(g) o p~t for every g € G, and v is induced by the natural action
of the group As x idp1 on P! x P!,



424 I. A. Cheltsov

Proof. Let ¥ be a G-orbit such that ¥ C Z and |X| = 60. Then there is a commu-
tative diagram

U
> N
X___’l_/)__)XI
P! Pl

where 1 is a birational map, 7’ is a P'-bundle, « is the blow-up of 3, and 3 is the
blow-down of the proper transforms of the fibres of 7 that pass through the points
of ¥. The birational map ¢ induces a monomorphism v’: G — Aut(X’) such that
v'(g) = wouv(g)oy~1 for every g € G. We identify the subgroup v'(G) with G. Put
Z' =¢(Z). Then Z'-Z' = Z-Z — 60 and the curve Z' is a G-invariant section of 7’
Weput m=—-2'-27Z". If m > 0, then X’ @ F,, and we are done by Lemma B.15.
If m < 0, then we can repeat the construction above [m/60] times to complete the
proof. [J

We define a biregular involution 7 of the surface P* x P! by putting 7(a, b) = (b, a)
for all (a,b) € P! x P!. Then 7 induces a monomorphism v': G — Aut(P! x P!)
such that v/(g) = 7 ov(g) o 7 for every g € G. Hence the triple (P! x P* £ o 7,0")
is a regularization of the pair (G, ¢).

Lemma B.17. The monomorphism v is induced by the natural action of the group
idp1 XAs if and only if v’ is induced by the natural action of Ag X idp:.

Proof. This is obvious. [

We fix a monomorphism ¢: G— Aut(P!) and an outer automorphism v € Aut(G).
It follows from Lemmas B.14, B.16, B.17 that we can assume that v(g)(a,b) =
(t(g)(a),cov(g)(b)) for every g € G and every (a,b) € P! x PL.

Lemma B.18. There is a G-invariant section of .

Proof. An explicit calculation shows that there is a G-invariant curve Z C P! x P!
such that
Z ~ 7 (Opi (7)) @ (70 7)"(Op1 (1))

In particular, it follows that Z is a G-invariant section of 7. [J

Theorem B.10 is proved.
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