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Throughout this article, all varieties are projective and defined over C and morphisms are proper unless otherwise stated.

1. Introduction

Let C be a smooth curve in P? defined by a cubic homogeneous equation f(x, y,z) = 0. Suppose that we have nine
distinct points Py, -+, Pg on C such that the divisor

9
> Pi-0x(3)]
i=1

is a torsion divisor of order m > 1 on the curve C. Then there is a curve Z C P? of degree 3m such that multp,(Z) = m
for each point P;. Let P be the pencil given by the equation

)\f’"(x, y,z) ~|—ug(x,y,z) =0cC Proj((C[x, y,z]) =~ p?,
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where g(x,y,z) = 0 is a homogeneous equation of the curve Z and (A : y) € P'. Then a general curve of the pencil
‘P is birational to an elliptic curve. The pencil P is called a plane Halphen pencil and the construction of P can be
generalized to the case when the curve C has ordinary double points and the points Py, ---, Py are not necessarily
distinct ([6]). In fact, every plane elliptic pencil is birational to a Halphen pencil. Namely, the following result is proved
by Bertini but its rigorous proof is due to [6].

Theorem 1.1.
Let M be a pencil on P? whose general curve is birational to an elliptic curve. Then there is a birational automorphism
p of P? such that p(M) is a plane Halphen pencil.

A problem similar to Theorem 1.1 can be considered for Fano varieties whose groups of birational automorphisms are well
understood. In particular, it is an interesting problem to classify pencils of K3 surfaces on three-dimensional weighted
Fano hypersurfaces.

Definition 1.1.
A Halphen pencil is a one-dimensional linear system whose general element is birational to a smooth variety of Kodaira
dimension zero.

Let X be a general quasismooth well-formed hypersurface of degree d = Z; a; in P(1, a1, a3, as, ay) that has terminal
singularities, where a; < @, < a3 < a4. Then

—Kx ~q Opt,a1,a3,a3,a9)(1) o

which implies that X is a Fano threefold. The divisor class group Cl(X) is generated by the anticanonical divisor —Kx
and there are exactly 95 possibilities for the quadruple (a1, az, a3, as), which were found by lano-Fletcher. We use the
notation 1 for the entry numbers of these famous 95 families. They are ordered in the same way as in [5], which is
nowadays standard.

Birational geometry on such threefolds is extensively studied in[1], [2], [5] and [10]. The article [5] describes the generators
of the group Bir(X) of birational automorphisms of X. Also the article [2] shows the relations among these generators.
The former article proves the following result as well.

Theorem 1.2.
The threefold X cannot be rationally fibred by rational curves or surfaces.

As for birational maps into elliptic fibrations, the hypersurface X in each family except the families of 3 = 3, 60, 75, 84,
87 and 93 is birational to an elliptic fibration ([2]). Furthermore, all birational transformations of the threefold X into
elliptic fibrations are classified in [1].

It is known that Halphen pencils on the threefold X always exist, to be precise, the threefold X can be always rationally
fibred by K3 surfaces ([2]). In this article, we will classify all Halphen pencils on hypersurfaces in the 95 families as is
done for elliptic fibrations in [1].

Let us explain five examples of pencils on the threefold X. They exhaust all the possible Halphen pencils on X. It
follows from [5] that the pencils constructed below are Bir(X)-invariant (Proposition 4.1). We will show, throughout this
article, that they are indeed Halphen pencils.

Example 1.1.
Suppose that a; = 1. Then every one-dimensional linear system in |— Kx| is a Halphen pencil. It follows from adjunction
that a general surface in | — K| is birational to a smooth K3 surface.

Therefore in the cases in Example 1.1, or equivalently 3 =1, 2, 3, 4, 5, 6, 8, 10, 14, there are infinitely many Halphen
pencils on the hypersurface X.
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Example 1.2.

Suppose that a1 # a;. Then the linear system | — a1Kx| is a pencil. If a; = 1, then the linear system | — Kx| is a
Halphen pencil and its general surface belongs to Reid’s 95 codimension 1 weighted K3 surfaces as in Example 1.1. In
fact, it is a Halphen pencil if only if a1 # a2 ([2]). We will see that it is a unique Halphen pencil except the cases with
a; =1 and the cases in three Examples below.

Note that a1 = a; # 1 exactly when J =18, 22 and 28.

Example 1.3.
Suppose that I3 = 18, 22, or 28. In such cases, a1 = a; # 1 and a3 = a1 + 1. The threefold X has sinqular points
Oy,---, 0, of type u—(1,1, a; — 1), where r = M There is a unique index j > 3 such that a; + a3 + a4 = ma;,

where m is a natural number. In particular, the threefold X is given by an equation

m

ZX;(fk(Xo,X1,X2,X3,X4) =0cC Proj(C[xO,x1,x2,X3,X4]),
k=0

where wt(xg) = 1, wt(x;) = a; and f; is a quasihomogeneous polynomial of degree a4 + a> + a3 + a4 — ka; that is
independent of the variable x;. Let P; be the pencil of surfaces in | — a1Kx| that pass through the point O; and P be
the pencil on the threefold X that is cut out by the pencil Axy' + pfy, (X0, X1, X2, X3, X4) = 0, where (A: p) € P'. It will be
proved that P and P; are Halphen pencils in | — a;Kx|.

The cases in Example 1.3 are the only cases that have more than two but finitely many Halphen pencils.

Example 1.4.
Suppose that J = 45, 48, 55, 57, 58, 66, 69, 74, 76, 79, 80, 81, 84, 86, 91, 93 or 95. We then see 1 # ay # a,. Moreover
there is a unique index j # 2 such that ay 4 a3 + a4 = ma;, where m is a natural number. Therefore the threefold X is

given by an equation
m

ZX;(fk(XO:X1:X2:X3:X4) =0cC Proj(C[xO,x1,x2,X3,X4]),
k=0

where wt(xp) = 1, wt(x;) = a; and f; is a quasihomogeneous polynomial of degree a1+a,+a3+as—ka; thatis independent
of the variable x;. Let P be the pencil on the threefold X that is cut out by the pencil )\xgz + ufu(xo, x1, X2, x3,X3) = 0,
where (A: p) € P'. It will be shown that P is a Halphen pencil in | — a;Kx].

Example 1.5.
Suppose that I = 60. Then X is a general hypersurface of degree 24 in P(1,4,5,6,9). Hence the threefold X is given
by an equation

W2f6(X, y,z, t) + Wf15(x, y,z, t) + f24(x, y,z, t) =0cC Proj((C[x, y,zt, W])

where wt(x) =1, wt(y) = 4, wt(z) =5, wt(t) = 6, wt(w) = 9 and fi(x, y,z, t) is a general quasihomogeneous polynomial
of degree k. Then the linear system on the threefold X cut out by the pencil Ax® + ufs(x, y, z, t) = 0, where (A : p) € P',
is a Halphen pencil in | — 6Kx]|.

The cases in Examples 1.4 and 1.5 have at least two Halphen pencils because they also satisfy the condition for
Example 1.2. Furthermore, we will see that these are the only Halphen pencils on the hypersurface X of each family in
Examples 1.4 and 1.5.

The main purpose of this article is to prove the following':

' Theorem 1.3 is proved in [9] and [10] for the cases 1 = 34, 75, 88 and 90.
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Theorem 1.3.
Let X be a general hypersurface in the 95 families. Then the pencils constructed in Examples 1.1, 1.2, 1.3, 1.4 and 1.5
exhaust all possibilities for Halphen pencils on the threefold X.

The following are immediate consequence of Theorem 1.3.

Corollary 1.1.

Let X be a general hypersurface in the 95 families with entry number 3.

(1) There are finitely many Halphen pencils on the threefold X if and only if a; #+ 1.
(2) There are at most two Halphen pencils on X in the case when a, # a.

(3) Every Halphen pencil on the threefold X is contained in | — Kx| if a1 = 1.

(4) The linear system | — Kx| is the only Halphen pencil on X if a1 =1 and a;, # 1.

(5) The linear system | — a1Kx| is the only Halphen pencil on the threefold X if and only if 1+ 1, 2, 3, 4, 5, 6, 8, 10,
14, 18, 22, 28, 45, 48, 55, 57, 58, 60, 66, 69, 74, 76, 79, 80, 81, 84, 86, 91, 93, 95.

Furthermore, Theorem 1.3 with Proposition 4.1 forces us to conclude:

Corollary 1.2.
Let X be a general hypersurface in the 95 families. Then every Halphen pencil on the threefold X is invariant under
the action of Bir(X).

The proof of Theorem 1.3 is based on Theorems 2.1, 2.2 and Lemmas 2.2, 2.3. In addition, we prove that general surfaces
of the pencils constructed in Examples 1.1, 1.2, 1.3, 1.4, 1.5 are birational to smooth K3 surfaces.

Theorem 1.4.
Let X be a general hypersurface in the 95 families. Then a general surface of every Halphen pencil on X is birational
to a smooth K3 surface.

When a; = 1, a general surface of a pencil contained in the linear system | — Kx| is birational to a K3 surface.
Furthermore, general surfaces in the pencils of Examples 1.1 and 1.2 are birational to K3 surfaces due to the following:

Proposition 1.1.
If a1 # a3, then a general surface of the pencil | — a1Kx| is birational to a K3 surface.

Proof.  See [2]. O

To prove Theorem 1.4, we must check that general surfaces of Halphen pencils of Examples 1.3, 1.4 and 1.5 are also
birational to smooth K3 surfaces. The proof of Theorem 1.4 is based on Corollaries 2.1 and 2.2. However, in order to
save the space, we will verify Theorem 1.4 only by showing how to apply Corollaries 2.1 and 2.2 to some cases (see
Propositions 6.7 and 6.11). Following this method, one can prove the other cases. For the proof of the other cases, the
reader is referred to [3].

Theorems 1.3 and 1.4 tell us how a general hypersurface in the 95 families can be rationally fibred by smooth surfaces
of Kodaira dimension zero.
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Corollary 1.3.

Let X be a general hypersurface in the 95 families and let t: Y — Z be a morphism whose general fiber is birational
to a smooth surface of Kodaira dimension zero. If there is a birational map a : X --» Y, then there is an isomorphism
¢ : P! — Z such that the following diagram commutes:

X———-=-=- =Y
|

[ lﬂ
\
[— 4
P ¢

where the rational map  : X --» P! is induced by one of the pencils in Examples 1.1, 1.2, 1.3, 1.4 and 1.5. In particular,
a general fiber of the morphism 7 is birational to a smooth K3 surface.

In what follows, we outline how to prove Theorem 1.3. Some of the 95 families then are fully studied for the theorem in
order to show precisely how to carry out our scheme of the proof for the theorem. For details, the reader is referred to
[3] where all the 95 families have been investigated. However, the families chosen to be studied in this article show all
the essential methods to prove Theorems 1.3 and 1.4 completely.

2. Preliminaries

Let X be a threefold with Q-factorial singularities and M be a linear system on the threefold X without fixed components.
We consider the log pair (X, uM) for some non-negative rational number p.

Let a : Y — X be a proper birational morphism such that Y is smooth and the proper transform My of the linear system
M by the birational morphism « is base-point-free. Then the rational equivalence

k
Ky +puMy ~Q (X*(Kx-f-IJM) +ZU,-E,-

i=1
holds, where E; is an exceptional divisor of the birational morphism a and a; is a rational number.

Definition 2.1.

The sinqularities of the log pair (X, pM) are terminal (canonical, log-terminal, respectively) if each rational number a;
is positive (non-negative, greater than —1, respectively). In this case we also say that the log pair (X, pM) is terminal
(canonical, log-terminal, respectively).

It is convenient to specify where the log pair (X, pM) is not terminal.

Definition 2.2.

A proper irreducible subvariety Z C X is called a center of canonical singularities of the log pair (X, uM) if there is
an exceptional divisor E; such that a(E;) = Z and a; < 0. The set of all proper irreducible subvarieties of X that are
centers of canonical singularities of the log pair (X, pM) is denoted by CS(X, uM).

A curve not contained in the singular locus of the threefold X is a center of canonical singularities of the log pair
(X, uM) if and only if the multiplicity of a general surface of M along the curve is not smaller than :—J Furthermore, we

obtain

Lemma 2.1.

Let C be a curve on the threefold X that is not contained in the singular locus. Suppose that the curve C is a center
of canonical singularities of the log pair (X, uM) and the linear system | — mKx| is base-point-free for some natural
number m > 0. If —Kx ~q pM, then —Kx - C < —K3.
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Proof. See Lemma 2.4 in [1]. O

The following result is a generalization of the so-called Noether—Fano inequality.

Theorem 2.1.

Suppose that the linear system M is a pencil whose general surface is birational to a smooth surface of Kodaira
dimension zero, the linear system | — mKx| is base-point-free for some natural m and —Kx ~g puM. If the linear system
| — mKx| induces either a birational morphism or an elliptic fibration, then the log pair (X, uM) is not terminal.

Proof. let M be a general surface in M. Suppose that the log pair (X, uM) is terminal. Then for some positive
rational number € > p, the log pair (X, eM) is also terminal and the divisor Kx + eM is nef. We have a resolution of
indeterminacy of the rational map p : X --» P! induced by the pencil M as follows:

7N

X————-—-— > P,

where Y is smooth and B is a morphism. We consider the linear equivalence
k
Ky + eMy ~q a*(Kx + e/\/l) + ZciEi,
i=1

where My is the proper transform of the surface M and ¢; is a rational number. Then each ¢; is positive. Also we may
assume that the proper transform My of the pencil M by the birational morphism « is base-point-free. In particular,
the surface My is smooth.

Let [ be a sufficiently big and divisible natural number. Then the negativity property of the exceptional locus of
a birational morphism (Section 1.1 in [11]) implies that the linear system |[(Ky + eMy)| gives a dominant rational map
&Y --» V with dim(V) > 2. One the other hand, since the proper transform My is a base-point-free pencil, the
adjunction formula implies that

I(Ky+eNh)

~ K, .
My My
However, the surface My has Kodaira dimension zero, which implies that dim(V) < 1. This is a contradiction. a

Suppose that X has a quotient sinqular point P of type 1;(1,0, r—a), where r > 2, r > a and a is coprime to r. The
weighted blow up 7t : Y — X at the point P with weights (1,a,r — a) is called the Kawamata blow up at the point P
with weights (1, a,r — a) or simply the Kawamata blow up at the point P. One can easily check that the exceptional
divisor E of the birational morphism s is isomorphic to P(1, a, r — a). Furthermore, we see

1 1 r?
Ky = (K -E, K3 =K} L E} = )
v JT(XH—r Y X+ra(r—a) a(r—a)

Unless otherwise mentioned, from this point throughout this section, we always assume that the linear system M is
a pencil with —Kx ~g pM. In addition, we always assume that a general surface of the pencil M is irreducible.

Lemma 2.2.

Let P be a singular point of a threefold X that is a quotient singularity of type }(1,0, r—a),r>2r>aandais
coprime to r. Suppose that the log pair (X, uM) is canonical but the set CS(X, pM) contains either the point P or
a curve passing through the point P. Let t: Y — X be the Kawamata blow up at the point P and let My be the proper
transform of M by the birational morphism 5. Then pMy ~qo —Ky, where E is the exceptional divisor of .
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Proof. See [7]. O

Lemma 2.2 can be generalized in the following way ([1]).

Lemma 2.3.
Under the assumptions and notations of Lemma 2.2, suppose that we have a proper subvariety Z C E = P(1,a,r — a)
that belongs to CS(Y, uMy). Then the following hold:

(1) The subvariety Z is not a smooth point of the surface E.

(2) If the subvariety Z is a curve, then it belongs to the linear system |Opg,a,r—qa)(1)| defined on the surface E and all
singular points of the surface E are contained in the set CS(Y, uMy).

Proof. For the convenience of the reader we consider only the case when r = 5 and @ = 2. Thus we have
E = P(1,2,3). Let Q7 and Q, be the singular points of the surfaces E, and L the unique curve in |Op1,2,3(1)] on the
surface E. Then L contains the singular points Q; and Q, but the equivalence pMy|g = L holds by Lemma 2.2. Also it
follows from Lemma 2.2 that the set CS(Y, uMy) contains both the points Q; and Q, if the curve L is contained in the
set CS(Y, uMy).

Suppose that the subvariety Z is different from L, Q; and Q.. Let us show that this assumption gives us a contradiction.
Suppose that Z is a point. Then Z is a smooth point of the threefold Y, which implies the inequality multz(My) > :—J
Let C be a general curve in |Op(,2,3)(6)| on the surface E that passes through the point Z. Then C is not contained in
the base locus of My, which implies the following contradictory inequality:

1 C- My > multz(My) > i)
H H

Therefore the subvariety Z must be a curve. Then multz(My) > % Let C be a general curve in the linear system

|Or1,2,3(6)| on the surface E. Then the curve C is not contained in the base locus of the pencil My. Therefore we have
1 1
; = CMY > mUltZ(MY)C'Z > ;CZ,

which implies that C-Z =1 on the surface E. The equality C-Z =1 implies that the curve Z is contained in the linear
system |Opp1,2,3)(1)| on the surface E, which is impossible due to our assumption. a

The following result is a generalization of Lemma A.20 in [1].
Theorem 2.2.

Let By and BB, be linear systems on a threefold X such that a general surface of each linear system B; is irreducible.
Then the linear system B, coincides with the linear system B, and they are pencils if one of the following holds:

(0) There is a Zariski closed proper subset ¥ C X such that for any general divisors By € B, and B, € 15,
Supp(B1) n Supp(Bz) cr,

Note that the general divisors By and B, are chosen independently of the proper subset L.
For the remainder of the theorem, let By and B, be general surfaces of the linear systems I3, and 13,, respectively.
(1) There is a nef and big divisor D on the threefold X such that D - B, - B, = 0.

(2) The base locus of B, consists of an irreducible curve C such that By - B, = AC and B, - C < 0 for some positive
rational number A.

(3) The equivalence By = AB, holds for some positive rational number A and the base locus of By consists of an irreducible
curve C such that By - C < 0.
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(4) The surface By is normal, the equivalence B, = ABy holds for some positive rational number A and the base locus of
B consists of irreducible curves Cy, - - -, C, whose intersection form on the surface By is negative-definite.

Proof. It is easy to check. See [1] for instance. O

Theorem 2.3.
Suppose that a log pair (X, uM) is canonical with Kx + pM ~g 0. In addition, we suppose that one of the following
holds:

(1) The base locus of the pencil M consists of irreducible curves Cy,-- -, C, and there is a nef and big divisor D on X
such that D - C; = 0 for each i;

(2) the base locus of M consists of an irreducible curve C such that M - C < 0;

(3) a general surface of the pencil M is normal, the base locus of M consists of irreducible curves Cy,---, C, whose
intersection form is negative-definite on a general surface in M.

Then the linear system M is a Halphen pencil and there is an isomorphism & : X --+ X’ in codimension 1 such that it
is an isomorphism in the outside of the curves C,---, C, (or C) and the proper transform M of the pencil M by & is
base-point-free.

Proof. The log pair (X, AM) is log-terminal for some rational number A > y. Hence it follows from [11] that there is
an isomorphism & : X --» X’ in codimension 1 such that it is an isomorphism in the outside of the curves Gy, ---, C, (or
C), the log pair (X', AM x/) is log-terminal and the divisor Ky + AM x/ is nef.

Let H be a general surface in the pencil M. Since

1 ,
H= m(KX/ MMy — (K} +uMX,)),

the divisor H is nef. Hence it follows from the log abundance theorem ([8]) that the linear system |mH]| is base-point-free
for some m > 0.

Let B be the proper transform of the linear system |mH| on X. Also let B and M be general surfaces of the linear system
B and the pencil M, respectively. Then B = mM and one of the conditions in Theorem 2.2 is satisfied. Hence we have
M = B, which implies that m = 1 and My = |H| is base-point-free and induces a morphism 5’ : X’ — P'. Thus every
member of the pencil My is contracted to a point by the morphism s’.

The log pair (X', pMx/) is canonical because the map & is a log flop with respect to the log pair (X, pM). In particular,
the singularities of X’ are canonical. Hence the surface H has at most Du Val sinqularities because the pencil My is
base-point-free. Moreover the equivalence Ky» +pH ~g 0 and the Adjunction formula imply that Ki; ~ 0. Consequently,
the linear system M is a Halphen pencil. |

Corollary 2.1.

Under the assumptions and with the notation of Theorem 2.3, additionally suppose that a general surface of the pencil
M is linearly equivalent to —nKx for some natural number n. Then a general element of M is birational either to
a smooth K3 surface or to an Abelian surface.

Proof. It immediately follows from the proof of Theorem 2.3 and the classification of smooth surfaces of Kodaira
dimension zero. d

Corollary 2.2.

Under the assumptions and with the notation of Corollary 2.1, suppose that a general surface of the pencil M has
a rational curve not contained in the base locus of the pencil M. Then a general element of M is birational to a smooth
K3 surface.
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Proof. In the proof of Theorem 2.3, suppose that the surface M has a rational curve L not contained in the base locus
of the pencil M. Then the surface H contains a rational curve because the birational map & makes no change along the
curve L. On the other hand, the surface H is birational either to a smooth K3 surface or to an Abelian surface. However,
an Abelian surface cannot contain a rational curve. a

3. Scheme of the proof

Let us describe the notations we will use in the rest of the article. Unless otherwise mentioned, these notations are
fixed from now until the end of the article.

e In the weighted projective space P(1, a4, a2, a3, a4), we assume that a; < a; < a3 < a4. For weighted homo-
geneous coordinates, we always use x, y, z, t and w with wt(x) =1, wt(y) = a4, wt(z) = az, wt(t) = a3 and
wt(w) = ay.

e The number J always means the entry number of each family of weighted Fano hypersurfaces in the Big Table
of [5].

e In each family, we always let X be a general quasismooth hypersurface of degree d in the weighted projective
space P(1, a1, a3, a3, a4), where d = Z; a;.

e On the threefold X, a given Halphen pencil is denoted by M.
e For a given Halphen pencil M, we always assume that M ~qg —nKjx.

e When a morphism f : V. — W is given, the proper transforms of a curve Z, a surface D and a linear system D on
W by the morphism f will be always denoted by Zy, Dy and Dy, respectively, i.e., we use the ambient space V
as their subscripts.

e S : the surface on X defined by the equation x = 0.

e SY : the surface on X defined by the equation y = 0.
e 57 : the surface on X defined by the equation z = 0.
e S': the surface on X defined by the equation t = 0.

e 5" : the surface on X defined by the equation w = 0.

e C : the curve on X defined by the equations x =y = 0.
e C : the curve on X defined by the equations x = z = 0.
e C : the curve on X defined by the equations x = t = 0.
e ( : the curve on X defined by the equations x = w = 0.

From now, we explain our scheme of the proof for Theorem 1.3.

In each case, for a given general hypersurface X and a given Halphen pencil M, we consider the log pair (X, %M).
Note that the natural number n is given by M ~g —nKyx. To prove Theorem 1.3, we must show that the Halphen pencil
M is one of the pencils given in Examples 1.1, 1.2, 1.3, 1.4 and 1.5. To do so, we will do the following:

Step 1. We may always assume that the log pair (X, %M) is canonical for the following reason:

Due to Theorem 4.1, there is a birational automorphism p € Bir(X) such that the log pair (X, %p(./\/l)) is canonical for
the natural number i with p(M) ~g —aKx. It will turn out that the pencil p(M) is one of the pencils constructed in
Examples 1.1, 1.2, 1.3, 1.4 and 1.5 that are Bir(X)-invariant (Proposition 4.1). This implies that M = p(M).

Step 2. We observe that the set CS (X, 1 M) is not empty by Theorem 2.1.
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Step 3. We observe that the set CS(X, %M) contains no smooth point of X. For the families with J > 3 this follows
from the proof of Theorem 5.3.1 in [5]. For the families with 3 =1 and 2 we will prove it directly.

Step 4. If a; # 1 then we may assume that the set CS(X, ,1—7./\/1) contains only sinqular points of X by Corollaries 4.3
and 4.4. If a; =1 then we show that if the set CS(X, ,1—7/\/1) contains a curve, then n = 1. Therefore we may assume that
the set CS(X, :7./\/1) contains only sinqular points of X.

Step 5. If a singular point P of X satisfies the conditions of Lemmas 4.2 and 4.3 and the set CS(X, %M) contains the
point P, Lemma 4.3 implies that M is the pencil described in either Example 1.2 or Example 1.4. If a sinqular point
Q of X satisfies the condition of Proposition 4.2 but the integer ¢ in Proposition 4.2 is positive, then we can derive
a contradiction from Lemma 4.2. Therefore the set CS(X, ,17/\/1) cannot contain the point Q.

Using the Big Table in [5], we may check whether a singular point satisfies the conditions or not. Therefore we may
assume that the set CS(X, %M) does not contain such singular points.

Step 6. We take a sinqular point P in the set CS(X, %M) and then consider the Kawamata blow up m; : X; — X at
the point P. Then Lemma 2.2 implies that My, ~g —nKy,. In particular, the image on X of every element of the set
CS(Xa, %MM) must belong to the set CS(X, %M).

Step 7. If =Ky, is nef then one can observe that the linear system | — mKy, | is base-point-free for some natural m and
the linear system | — mKx| induces either a birational morphism or an elliptic fibration. In particular, if =Ky, is nef,
then the set CS (X;, LMy, ) is not empty by Theorem 2.1.

Step 8. The set CS (X1, %MX1) does not contain smooth points of the m-exceptional divisor by Lemma 2.3. Moreover
we show that the set CS (X1, %M)q) does not contain curves that are contained in the ;r1-exceptional divisor (either by
using Lemma 2.1 if —sz is small, or by some individual methods otherwise). Therefore the set CS(Xj, 1;J\/I)<1) contains
only singular points of Xj.

Step 9. If —K), is nef, we apply Steps 2-8 to the log pair (X, %MM)‘ We repeat this procedure to get a sequence of
Kawamata blow ups

T Tr—1 (L)

Xr71

k|

Xi X

X,
such that —KJ, is not nef and My, ~g —nKy,. In fact, it turns out that r is at most 4.

Step 10. The linear system | — mKy, | is not empty for a sufficiently large and divisible positive integer m. However it
may contain only one divisor. In such a case, we derive a contradiction from the fact that My, ~p —nKy,.

Step 11. If the linear system | — mKjx, | for sufficiently large and divisible positive integer m is composed from a pencil,
then we show that M is one of the pencils constructed in Examples |-V by using Theorem 2.2. Therefore we may assume
that the linear system | — mKy,| gives a rational map & : X, --» V such that dim V' > 2.

Step 12. We show the existence of a commutative diagram

such that the variety U has terminal Q-factorial singularities, the rational map ¢ is an isomorphism in codimension 1,
—Ky is nef, the linear system | — mKy| for sufficiently large and divisible positive integer m is base-point-free and the
morphism ¢ is given by | — mKy|. We see that either —Ky, is nef and big or the morphism ¢ is an elliptic fibration.

Step 13. Since the map ¢ is an isomorphism in codimension 1, the equivalence My ~g —nKy holds. Therefore the set
CS (U, I My) is not empty by Theorem 2.1.

Step 14. The set CS (X,, ,1—7./\/1)(,) is not empty because the map ¢ is a log-flop with respect to the log pair (X, ,1—7./\/1)(,).
Step 15. Now we can apply Steps 2-14 to the log pair (X, %MX,) to get a sequence of Kawamata blow ups

Tty

Xr+1 Xr

Tq—1 Tr41
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such that —Ky, is not nef, the equivalence My, ~g —nKx, holds and the linear system | — mKXq| either consists of
a single divisor or is composed from a pencil, where m is a sufficiently large and divisible positive integer. In fact, it
turns out that we need at most two Kawamata blow ups.

Step 16. |If the linear system | — mKy,| consists of a single divisor, we derive a contradiction from the fact that
My, ~g —nKx,. If it is composed from a pencil, we show that M is one of the pencils constructed in Examples 1.1-1.5
using Theorem 2.2.

4. General results

Let X C P(1, a1, a2, a3, a4) be a general hypersurface in one of the 95 families with entry number J. In addition, let M
be a Halphen pencil on the threefold X. Then the log pair (X, :I—M) is not terminal by Theorem 2.1, where n is the
natural number such that M ~g —nKjx. The following result is due to [5].

Theorem 4.1.
There is a birational automorphism t € Bir(X) such that the log pair (X, %T(M)) is canonical, where m is the natural
number such that (M) ~g —mKx.

To classify Halphen pencils on X up to the action of Bir(X), we may assume that the log pair (X, %M) is canonical.
However, it is not terminal by Theorem 2.1.

Proposition 4.1.
The pencils constructed in Examples 1.1, 1.2, 1.3, 1.4 and 1.5 are invariant under the action of the group Bir(X) of
birational automorphisms of X.

Proof. Suppose that the hypersurface X is defined by the equation
fa(x,y,z, t,w)=0C Proj((C[x, y,zt, W])

where wt(x) = 1, wt(y) = a1, wt(z) = a2, wt(t) = a3, wt(w) = a4 and f4 is a general quasihomogeneous polynomial of
degree d =) _a;.

Since the hypersurface X is general, it is not hard to see that the group Aut(X) of automorphisms of X is either trivial
or isomorphic to the group of order 2. The latter case happens when 2a4 = d. In such a case, the hypersurface X can

be defined by an equation of the form
2

we=galx,y,2,1),

where g4 is a general quasihomogeneous polynomial of degree d in variables x, y, z and t. The group Aut(X) is
generated by the involution [x : y : z: t: w]— [x:y:z:t:—w] Therefore in both cases, we can see that the pencils
constructed in Examples 1.1, 1.2, 1.3, 1.4 and 1.5 are invariant under the action of the group Aut(X) of automorphisms
of X.

Suppose that the hypersurface X is not superrigid, i.e., it has a birational automorphism that is not biregular. Then it
is either a quadratic involution or an elliptic involution that are described in [5]. A quadratic involution has no effect on
things defined with the variables x, y, z and t (see Theorem 4.9 in [5]). On the other hand, an elliptic involution has no
effect on things defined with the variables x, y and z (see Theorem 4.13 in [5]). The pencils constructed in Examples 1.1,
1.2, 1.3 and 1.4 are defined by the variables x, y and z. Therefore such pencils are invariant under the action of the group

Bir(X) of birational automorphisms of X. Meanwhile, the pencil constructed in Example 1.5 is contained in | — a3Kx]|.
However, in the case 1 = 60, the hypersurface X does not have an elliptic involution (see The Big Table in [5]) and
hence the pencil is also Bir(X)-invariant. |

To be precise, the poorf of Theorem 1.3 shows that for a given Halpen pencil M, there is a birational automorphism 7 of X
such that the pencil 7(M) is exactly one of the Halpen pencils described in Examples 1.1-1.5. However, Proposition 4.1
proves that the pencils in Examples 1.1-1.5 are Bir(X)-invariant. Therefore every Halphen pencil on X is Bir(X)-invariant.
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Lemma 4.1.
Suppose that 3 > 3. Then the set CS(X, l—M) contains no smooth point of X.

Proof. This follows from the proof of Theorem 5.3.1 in [5]. O
Corollary 4.1.

Suppose that the set CS(X, %M) contains a curve C. Then —Kx - C < —K3.

Proof. This is an immediate consequence of Lemma 2.1. O
Corollary 4.2.

The set CS(X, %M) contains a singular point of X whenever 1 > 7.

Proof. 1f1>7, then —K3 < 1. Therefore each curve C with —Kx - C < —K3 passes through a singular point of X.
Then the result follows from Lemmas 2.2, 4.1 and Corollary 4.1. |

In fact, we have a stronger result as follows:

Theorem 4.2.
Suppose that 3 > 3 and the set CS(X, %M) contains a curve C. Then

Supp(C) ¢ Supp(s1 .52),

where Sy and S, are distinct surfaces of the linear system | — Kx|.

Proof. See Section 3.1 in [10]. O
Corollary 4.3.

The set CS(X, %M) contains no curves whenever ay #+ 1.

Corollary 4.4.

If the set CS(X, l—./\/l) contains a curve and a; # 1, then a4y =1 and M = | — Kx|.

Proof. This follows from Theorem 4.2 and Theorem 2.2 O

Suppose that J > 7. Then the set CS(X, %M) contains a singular point P of type 1;(1,:’— a,a), where r > 2, r > a and
a is coprime to r. Let m: Y — X be the Kawamata blow up at the singular point P and E be its exceptional divisor.
Then My ~g —nKy by Lemma 2.2. The cone of effective 1-cycles NE(Y) of the threefold Y contains two extremal rays

Ry and R, such that s is a contraction of the extremal ray R;. Moreover the following result holds:

Proposition 4.2.

Suppose that —K$ < 0 andJ +# 82. Then the threefold Y contains irreducible surfaces S ~g —Ky and T ~g —bKy +cE
whose scheme-theoretic intersection is an irreducible reduced curve that generates R,, where b > 0 and ¢ > 0 are integer
numbers.

Proof. See Lemma 5.4.3 in [5]. O

We can find the values of b and ¢ for a given singular point in the Big Table of [5].
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Lemma 4.2.
With the assumptions and the notation of Proposition 4.2, suppose that —K3 < 0. Then the number c is zero.

Proof. Let M; and M, be general surfaces of the pencil My. Then M; - M, = n?KZ, which implies that M; - M, ¢
NE(Y) in the case ¢ > 0 by Proposition 4.2. O

Lemma 4.3.
With the assumptions and the notation of Proposition 4.2, suppose that the inequality —K; < 0 holds. Then the pencil
My is generated by the divisors bS and T.

Proof. Let M; and M, be general surfaces in My. Then M; - M, € NE(Y) and M, - M, = n?KZ, which implies that
My - M, € R*R, because ¢ = 0 by Lemma 4.2. Moreover we have

Supp(l) = Supp(/\/h ~M2)

since T- Ry, <0and S- R, < 0. Therefore the pencil My coincides with the pencil generated by the divisors bS and
T by Theorem 2.2-(0). This completes the proof. a

5. [Easy cases

In this section, we apply our scheme to several easy cases in order to show how to prove Theorem 1.3.

Proposition 5.1.
If 3 = 3, then every Halphen pencil is contained in | — Kx]|.

Proof. The threefold X is a general hypersurface of degree 6 in P(1,1,1,1,3) with —K? = 2. It is smooth. It cannot
be birationally transformed into an elliptic fibration ([2]).
It follows from Lemma 4.1 that the set CS(X, %M) does not contain any point of X. Hence it must contain a curve Z; so
the inequality

mult;(M) > n

holds.
For general surfaces My and M, in M and a general surface D in | — Kx/|, we have

2n% = My - My - D > multy(M)(—Kx - Z) > n*(—Kx - Z).

This implies that 2 > —Kx - Z. Theorem 4.2 shows that there are different surfaces D; and D, in the linear system
| — Kx| such that the intersection Dy N D, contains the curve Z.

Let P be the pencil in | — Kx| consisting of surfaces passing through the curve Z.

Suppose that —Kx - Z = 2. For a general surface D’ in the pencil P, the inequality

2n =M - D' D > multz(My)multz(D')(—Kyx - Z) > 2n

implies that Supp(M;) N Supp(D’) C Supp(Z). It follows from Theorem 2.2-(0) that the linear system M is the pencil in
| — Kx| consisting of surfaces that pass through Z.

Now we suppose that —Kx - Z = 1. The generality of X implies that the general surface D in | — Kx| is smooth and
that Dy N D, consists of the curve Z and an irreducible curve Z such that Z # Z. Hence we have 7> = Z? = —2 on the
surface D and M|p = nZ + nZ. Therefore the inequality multz(M) > n shows that

MlD = n1Z-|—n2Z-|—A,
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where ny > n > n, and A is an effective divisor whose support does not contain Z and Z. Then we see

0< (M —nZ-Z4+N-Z=(n—ny)Z%==2(n—ny),
which implies n, > n and hence n = ny = n; and A = 0. Consequently, we see that
Mlp=nZ+nZ.
Theorem 2.2-(0) then implies the identity M =P. |

Proposition 5.2.
If 3 =11, the linear system | — Kx| is a unique Halphen pencil on X.

Proof.  The threefold X is a general hypersurface of degree 10 in P(1,1,2,2,5) with —K3} = 1. lIts singularities
consist of five points P;, - - -, Ps that are quotient singularities of type %(1,1,1). For each singular point P;, we have an

elliptic fibration as follows:

where 7; is the Kawamata blow up at P; with weights (1,1, 1) and n; is an elliptic fibration.

If the set CS(X, ,1—7/\/1) contains a curve, then we obtain M = | — Kx| from Corollary 4.4. Thus we may assume that
CS(X, ,1—7./\/1) C {P4, Py, P;, P4, Ps} by Lemma 4.1. Furthermore, it cannot consist of a single point by Lemmas 2.1 and 2.3.
Indeed if it consists of a single sinqular point, say Py, then Theorem 2.1 and Lemma 2.3 show that the set CS(Us, %MM)
must contain a curve of degree 1 on the exceptional divisor of ;1. However, Lemma 2.1 gives us a contradiction.
Therefore it contains at least two, say P; and P;, of the five singular points. Let ;7 : U — U; be the Kawamata blow up
at the singular point whose image on X is the point P;. Then the pencil | — Ky| is the proper transform of the pencil
| — Kx| and its base locus consists of the irreducible curve Cy. Since =Ky - Cy < 0 and My ~g —nKy, Theorem 2.2-(3)
completes the proof. |

Proposition 5.3.
If 3 =14, then every Halphen pencil on X is contained in | — Kx|.

Proof. Let X be a general hypersurface of degree 12 in P(1,1,1,4,6) with —K3 = 1. It has only one singular point
P that is a quotient singularity of type %(1,1,1).
We have an elliptic fibration as follows:

7N

X=—=————- > P,

where ¢ is the natural projection, 7 is the Kawamata blow up at the point P with weights (1,1,1) and n is an elliptic
fibration.

The log pair (X, %M) is not terminal by Theorem 2.1. However, it is terminal at a smooth point by Lemma 4.1.
Suppose that the set CS(X, 2M) consists of only the singular point P. Since —Kj = 0 and My ~g —nKy, every
surface in the pencil My is contracted to a curve by the morphism n. The log pair (Y, %My) is not terminal along
a curve Z' contained in the exceptional divisor of 7w by Theorem 2.1 and Lemma 2.3. The exceptional divisor of = is
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a section of n, which implies —Ky - Z’ is positive because the elliptic fibration n is given by | — Ky|. However, Lemma 2.1
shows that —Ky - 7/ < —K% = 0, which is a contradiction.

Consequently, the set CS(X, %M) must contain a curve Z. Then the inequality multz(M) > n holds. Lemma 2.1 shows
—Kx-Z< % But if the curve Z is not a fiber of the rational map ¢, then —Kx - Z > 1. Therefore it must be a fiber of
the rational map ¢.

For a general surface M in M, a general surface D in | — Kx| and a general surface D" in | — Kx| that contains the
curve Z we have

n n

R . D> =

3 M-D-D > 5
which implies that Supp(M) N Supp(D’) C Supp(Z). It follows from Theorem 2.2-(0) that the linear system M is the
pencil in | — Kx| consisting of surfaces that pass through Z. O

Proposition 5.4.
If 3 =175, then | — a1Kx| is a unique Halphen pencil on X.

Proof.  The threefold X is a general hypersurface of degree 30 in P(1,4,5,6,15) with —K3 = ;. lts singularities
consist of one quotient singular point of type %(1 ,1,3), one quotient singular point of type %(1 ,1,2), two quotient singular
points of type %(1,1,1) and two quotient sinqular points of type %(1,4, 1).

All these sinqular points except two of type %(1,4, 1) satisfy the conditions of Proposition 4.2 with positive ¢. However
Lemma 4.2 shows that ¢ must be zero. Therefore the set CS(X, %M) cannot contain these singular points. Furthermore,
it follows from Theorem 2.1 and Lemma 4.1 that the set CS(X, 1 M) must contains a singular point P of type 1(1,4,1).

The singular point P satisfies all the conditions of Lemma 4.3 and hence we can conclude that M = | — 4Kx]|. |

6. Hard cases

In order show how to prove Theorem 1.3, in this section, we select nine out of the 95 families to study in detail. The
selected families demonstrate how to apply our scheme of the proof. They have more complicated features for our scheme
than those in the previous section. In addition, they show some individual methods for each case. Throughout studying
the selected families, we will see all the techniques to prove Theorem 1.3.

J=1: Hypersurface of degree 4 in P*.

Let X be a general quartic hypersurface in P*. It is smooth and the log pair (X, %M) is canonical (Theorem 3.6 in [4]).

Proposition 6.1.
Every Halphen pencil is contained in | — Kx]|.

Let us prove Proposition 6.1. Suppose that the set CS(X, ,1—7./\/1) contains a point P of the quartic X. We are to show
this assumption leads to a contradiction.

Let My and M, be two general surfaces in M. Then the inequality multp(M; - My) > 4n? holds ([4])). On the other hand
the degree of the cycle My - M, is 4n?, which implies that multp(M; - My) = 4n?. In particular, the support of the cycle
M, - M, consists of the union of all lines passing through the point P. This implies that there are at most finitely many
lines on the quartic X passing through the point P. Moreover the equality multp(M) = 2n holds (see [1]).

Let m: V — X be the blow up at the point P and E be the exceptional divisor of ;. In addition, let B; be the proper
transform of the divisor M; by . Then the equalities multp(M; - M) = 4n? and multp(M) = 2n imply that

k
Bi-By =) mult(Bi-By)L;,
i=1

where k is a number of lines on X that passes through the point P and L; is an irreducible curve such that x(L;) is
a line on X that passes through the point P.
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Lemma 6.1.
Let Z be an irreducible curve on X that is not a line passing through the point P. Then

deg(Z) > 2multp(Z),
where the equality holds only if the proper transform Zy does not intersect the curve L; for any i.

Proof. The proper transform Zy is not contained in B; because the base locus of the pencil M, consists of the curves
Ly, -+, Li. Hence we have
0<B;-Zy < n(deg(Z) - 2multp(Z)),

which concludes the proof. |

Note that so far we have not used the generality of the quartic X beyond its smoothness. In the following we assume that
there are at most 3 lines on X passing though a given point and every line on X has normal bundle Opi (—1) ® Opi. The
former condition is satisfied on a general quartic threefold. The latter condition is also satisfied on a general quartic.
Moreover the latter condition is equivalent to the following: No two-dimensional linear subspace of P* is tangent to the
quartic X along a line. In particular, we see that no hyperplane section of X can be singular at three points that are
contained in a single line.

Lemma 6.2.

For a line L in X passing through P, mult, (M) > 3.

Proof. Let a: W — X be the blow up along the line L and F be the exceptional divisor of the blow up a. Then the
surface F is the rational ruled surface .

Let A be the irreducible curve on the surface F such that A> = —1 and Z be the fiber of the restricted morphism
7t|r : F — L over the point P. Then F|r = —(A + Z), which implies that

My = nZ + mult (M)A + 2).

Let B: U — W be the blow up along the curve Z and G be the exceptional divisor of B. Then the exceptional divisor £
of 7 is the proper transform of the divisor G on the threefold V. Hence we have

mult;(Mw) = 2n — mult, (M),
which implies that multz(My|r) > 2n — mult, (M). Therefore we have
n + mult, (M) > 2n — mult, (M),
which gives mult; (M) > 7. |

Let T be a hyperplane section of X that is singular at the point P. Then T has only isolated singularities. Moreover

we have multp(T - M;) = 4n, which implies that the point P is an isolated double point of the surface T. Put L; = 7(L;).

Lemma 6.3.
The point P is not an ordinary double point of the surface T.
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Proof. Suppose that P is an ordinary double point of T. Let us show that this assumption leads us to a contradiction.
Let H; be a general hyperplane section of the quartic X that passes through the line L;. Then

H['T:L,'—FZ[,

where Z; is a cubic curve. The cubic curve Z; intersects the line L; at the point P and at some smooth point of the
surface T, because L; does not contain three sinqular points of the surface 7. Hence we have

1
L%:Hi‘Li_Zi‘Li<—§.

The proper transform Ty has isolated singularities and is normal. Moreover the inequality L < —3 implies that [7 < —1.
Let M be a general surface in M. The support of the cycle T - M consists of the union of all lines on X passing through
the point P because multp(T - M) = 4n. Thus the equalities multp(7T) = 2n and multp(M) = 2n imply that the support
of the cycle Ty - My consists of the union of the curves Ly, -+, L. Hence we have

This implies that m; < n.
Let H be the proper transform of a general hyperplane section of X on the threefold V. Then

k k
4n:MV-T\/-H:ZmiL-H:Zmi<kn,

i=1 i=1

which implies that k > 4. Thus the threefold X has at least five lines that pass through the point P, which is
a contradiction. |

Thus the point P is not an ordinary double point on the surface T. Therefore there is a hyperplane section Z of the
quartic surface T with multp(Z) > 3. Hence the curve Z is reducible by Lemma 6.1. Moreover the curve Z is reduced
and multp(Z) = 3 by our generality assumption on X.

Lemma 6.4.
The curve Z is not a union of four lines.

Proof. Suppose that the curve Z is a union of four lines. Then one component of Z is a line L that does not pass

through the point P. Also L intersects M; in at least three points that are contained in the union of the lines Ly, -- -, Ly.
On the other hand, we have M;-L = n. This implies that L is contained in M; by Lemma 6.2, which is impossible because
the base locus of M is the union of the lines Ly, -, Ly. O

The curve Z is not a union of an irreducible cubic curve and a line because of Lemma 6.1. Hence the curve Z is a union
of two different lines passing through the point P and a conic that also passes through the point P, which is impossible
by Lemma 6.1.

Therefore the set CS(X, ,1—7./\/1) contains a curve Z. So we have multz(M) = n. It follows from Lemma 2.1 that deg(Z) < 4.
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Lemma 6.5.
The curve Z is contained in a two-dimensional linear subspace of P*.

Proof. Suppose that the curve Z is not contained in any plane in P*. Then the degree of the curve Z is either 3 or
4. If the degree is 3, then the curve is smooth. If the degree is 4, then the curve can be sinqular but the singularities
consist of only one double point.

Suppose that Z is smooth. Let @ : U — X be the blow up along the curve Z and F be its exceptional divisor. Then the
base locus of the linear system |a*(—deg(Z)Kx) — F| does not contain any curve but

(a*(—deg(Z)KX) - F) Dy -D, <0,

where D; and D, are general surfaces of the linear system M, which is a contradiction.

Suppose that the curve Z is a quartic curve with a double point P. Let B: W — X be the composition of the blow up
at the point P with the blow up along the proper transform of the curve Z. Let G and E be the exceptional divisors of
B such that B(E) = Z and B(G) = P. Then the base locus of the linear system |B*(—4Kx) — E — 2G| does not contain
any curve but

(B (~4K0) ~ E~26) Dy D, <0

where Dy and D, are general surfaces of the linear system My, which is a contradiction. |

Lemma 6.6.
If the curve Z is a line, then the pencil M is contained in | — Kx|.

Proof. Lets:V — X be the blow up along the line Z. Then the linear system |— K| is base-point-free and induces
an elliptic fibration n : V — P2 Therefore My is contained in fibers of n. In particular, the base locus of the pencil
M, does not contain curves not contracted by the morphism n.

The set CS(V, %M v) is not empty by Theorem 2.1. However, it does not contain any point because we assume that the
set CS(X, %M) does not contain points. Hence there is an irreducible curve L C V such that mult, (M) = n and n(L)
is a point.

The pencil My is the pull-back via the morphism n of a pencil P on P? with P ~g Op(n). Hence the equality

mult; (My) = n implies that the multiplicity of the pencil P at the point n(L) is n, which implies that n = 1. a
Thus we may assume that the set CS(X, %./\/1) does not contain lines. Moreover the pencil M is contained in | — Kx|
if Z is a plane quartic curve by Theorem 2.2. Therefore we may assume further that Z is either a plane cubic curve or
a conic.

Lemma 6.7.

If the curve Z is a cubic, then M is a pencil in | — Kx]|.

Proof. Let P be the pencil in | — K| that contains all surfaces passing through the cubic curve Z, and let D be
a general surface in P. Then D is a smooth K3 surface but the base locus of the pencil P consists of the curve Z and
some line L C X. We have

M b= nZ + multy(M)L+B =nZ + nlL,

where B is a pencil on D without fixed components. On the other hand, we have [? = —2 on the surface D. This implies
that mult, (M) = n and B = @. Hence we have M =P by Theorem 2.2. |

Therefore we may assume that the curve Z is a conic. Let I be the plane in P* that contains the conic Z.

Lemma 6.8.
IfNNX =2 then M is a pencil in | — Kx|.
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Proof. Let a: U — X be the blow up along the curve Z and D be a general surface of the pencil | — Ky|. Then D
is a smooth K3 surface but the base locus of the pencil | — K| consists of the irreducible curve L such that a(L) = Z
and —Ky|p = L. Therefore we have MU|D = nl, but [ = —2 on the surface D. Hence we have My = | — K| by
Theorem 2.2. a

In the case when the set-theoretic intersection 1 N X contains a curve different from a conic Z, the arguments of the
proof of Lemma 6.7 easily imply that M is a pencil in | — Kx|.
Thus we have completed the proof of Proposition 6.1.

1 = 2: Hypersurface of degree 5 in P(1,1,1,1,2).

The threefold X is a general hypersurface of degree 5 in P(1,1,1,1,2) with —K3 = 2. It has only one sinqular point O
at (0:0:0:0:1) which is a quotient sinqularity of type %(1,1 1). The hgpersurface X can be given by the equation

whi(x,y.z,t) + wh(x, y,z,t) + f5(x,y,z,t) =0,

where f; is a homogeneous polynomial of degree i.

There is a commutative diagram

y~—o>"

where
e ( is the natural projection,

e 7 is the Kawamata blow up at the point O with weights (1,1,1),

y is the birational morphism that contracts 15 smooth rational curves Ly, ---, L5 to 15 isolated ordinary double
points Py, .-+, Pi5 of the variety Y, respectively,

a; is the blow up along the curve L;,

Bi is the blow up at the point P;,

e w; is a birational morphism,

e w is a double cover of P* branched over a sextic surface R C IP?,
e x; is the projection from the point w(P;),

e 1); is an elliptic fibration.

The surface R is given by the equation
f3(x. y.z, t) —4fi(x,y, 2, t)fs5(x,y,z,t) =0C P’ = PrOJ((C[X,y,Z, t])
It has 15 ordinary double points w(Py),--- , w(Pis) that are given by the equations
f3(x, y,2z, t) =fi (x, y,z, t) = f5(x, y,z, t) =0cP.

We may assume that the curves in 3 defined by f; = f; = 0 and f5 = f; = 0 are irreducible.
For convenience, let M and M’ be general surfaces in the pencil M.




Halphen pencils on weighted Fano threefold hypersurfaces

Lemma 6.9.
The set CS(X, %M) does not contain any smooth point of X.

Proof. Suppose that the set CS(X, %M) contains a smooth point P of X. Let D be a general surface of the linear
system | — Kx| that passes through the point P. The surface D does not contain an irreducible component of the cycle
M - M' if none of s(L;) passes through the point P. In particular, in such a case, we see

multp(/\/l : M') <M-M-D=—-n’K} = gnz.

This is impossible by Theorem 3.1 in [4]. Thus we may assume that the curve s1(L;) passes through the point P.
Let us use the arguments of the article [5]. Put L = 7(L4) and

M| = L + mult, (M)L,

where L is a pencil on the surface D without fixed curves. Then the point P is a center of log canonical singularities of
the log pair (D, 2M|p) by the Shokurov connectedness principle ([4]). This implies that

multp (A1 A2} = 4n (0 — mult, (M) )
by Theorem 3.1 in [4], where Ay and /\; are general curves in L. The equality
Ai-Ag = gfﬂ — mult, (M)n — gmunﬁ(M)
holds on the surface D because [ = —% on the surface D. Hence we have

gnz — mult, (M)n — gmult%(/\/l) > 4n(n - multL(M)),

which gives mult; (M) = n. Thus the set CS(X, %M) contains the curve 7(L4).

The set CS(X, ,1—7./\/1) contains the point O by Lemma 2.2. So My, ~g —nKy, because mult, (M) = n, which implies that
each surface of My, is contracted to a curve by the elliptic fibration n; ow;. On the other hand, the set CS(W;, ,17/\/1 w;)
contains a subvariety of the threefold W, that dominates the point P.

Let E; be the exceptional divisor of ;. Then £; = P' x P' and the pencil M, |, does not have fixed components
because Ej is a section of the elliptic fibration ny o wy and the base locus of the pencil My, can only contain curves
contracted by the elliptic fibration 1y o wy. Thus the set CS(W;, ,1—7/\/1 w,;) contains a point Q of the surface £ such that
moa(Q)=P.

The point Q is a center of log canonical sinqularities of the log pair (E;, %MW1|E1) by the Shokurov connectedness
principle ([4]). Let Ay and A, be general curves in My, |g,. Then the inequality

2n? = multO(A1 .Az) > 4n?
holds by Theorem 3.1 in [4], which is a contradiction. O

Lemma 6.10.
If the set CS(X, ,17/\/1) contains a curve N\ not passing through the singular point O, then the pencil M is contained in
| — Kx|.
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Proof. We have multa(M) = n and —Ky - A < 2 by Corollary 4.1.

Suppose that —Kx - A =2 and (A is a line. Then the line () passes through a unique singular point of R. Hence
we may assume that the curve A intersects (L;) only for i = 1.

Let D be the pencil in the linear system | — Kx| consisting of surfaces that pass through the curve A and D be a general
surface of the pencil D. Then the surface D is smooth in the outside of the singular point O, the point O is an ordinary
double point of the surface D and the base locus of the pencil D consists of the curve A and the curve m(L;). Put
L = n(Ly). Then

M| = multa (M)A + mult, (M) L+ £ = n(A+ L),

where L is a pencil with no fixed curves. It gives M = D by Theorem 2.2 since the inequality L? < 0 holds on the
surface D.

We may assume that either the equality —Kx - A =1 holds or ¢)(A\) is a conic, both of which imply that A is smooth. Let
0 : X — X be the blow up along the curve A and G be its exceptional divisor.

Suppose that —Kx - A = 2. Then A is cut out as a set by the surfaces of the linear system | — 2Kx| that pass through
the curve A. Moreover the scheme-theoretic intersection of two general surfaces of the linear system | — 2Kx| passing
through the curve A is reduced at a generic point of the curve A. This implies that the divisor 0*(—2Kx) — G is nef by
Lemma 5.25 in [5]. However, we obtain an absurd inequality

3% = (U*(—2KX) - c) My - M, > 0.

Therefore the equality —Ky - A = 1 holds, which implies that | — K| is a pencil.

Suppose that ¢(A\) is not contained in the plane fi(x,y,z,t) = 0. Then (/) contains a unique singular point of the
surface R C IP?. Hence we may assume that the curve A intersects 7t(L;) only for i = 1. This implies that the base locus
of the linear system | — K| consists of irreducible curves A and L; such that (o o)(A) = L/J( ) and o(Ly) = 7(Ly). Let
D be a general surface in | — Ky|. Then we can consider the curves A and [ as divisors on D. We have

w

A = -2, E:_i’ ALy =1,

which implies that the intersection form of A and Z1 is negative-definite. Since
MX‘D = —nKj ‘ =n(A+1Ly),

it follows from Theorem 2.2 that My = | — Kx|.

Finally, we suppose that the line )(A) is contained in the plane fi(x,y,z,t) = 0. In particular, the line ¢(A) is not
contained in the surface R because the curve f3 = f; = 0 is irreducible. Moreover the line () contains exactly three
singular points of the ramification surface?; otherwise the point O would belong to the curve A. Thus the curve A
intersects exactly three curves among the curves Ly, -- -, Ly5; otherwise A would contain the point O.

We may assume that A intersects the curves x(Lq), 7(L;) and 7r(L3). This means that the points w(P7), w(P), w(Ps) are
contained in ¢y(A\). The base locus of | — K| consists of the curves Ly, L5, L5 such that o(L;) = n(L;). The curves Ly,
[,, L5 can be contracted on the surface D to a singular point of type D4, which implies that their intersection form is
negative-definite. Hence we have My = | — K| by Theorem 2.2 . O

The equivalence My ~g —nKy holds by Lemma 2.2. This implies that the set CS(Y, %M y) contains no point of Y due to
Lemmas 2.3 and 6.9. Let My be the push-forward of the pencil My by the birational morphism y. Then My, ~o —nKy/,
the log pair (Y’, 1 My/) has canonical singularities but it follows from Theorem 2.1 that the singularities of the log pair
(Y, L My) are not terminal.

2 In fact, we may assume that no three points of the set Sing(R) are collinear.
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Lemma 6.11.
If the set CS(Y’, %M y’) contains an irreducible curve T with —Ky, - " # 1, then the pencil M is contained in | — Kx|.

Proof. Let D be a general divisor in | — Ky/|. In addition, let My = y(My) and M, = y(M). Then
202 =DMy M), > multr(/\/ly/ : /\/I’Y,)D- r>—n?Ky T,

because multr(My/) = n. Therefore the inequality —Ky, - " < 2 holds.

Suppose that —Kys - [ = 2 but the curve () is a line. Let T be the linear subsystem of the linear system | — Ky/|
consisting of surfaces passing through the curve I and T be a general surface in the pencil 7. Then the base locus of
the pencil 7 consists of the curve I and the rational map induced by the pencil 7 is the composition of the double cover
w with the projection from the line w(l'). On the other hand, we have

2m=D-T My 2multr(T~/\/lyr)D~F2—an~F.

This implies that the support of the cycle T - My is contained in I'. Thus we have My, =7 by Theorem 2.2.

For now, we suppose that —Ky, - ' = 2 but the curve w(I") is a conic. Then I" is smooth and w|r is an isomorphism.
Moreover the curve I contains at most 2 singular points of the threefold Y’ if the curve w(I") is not contained in the
plane f1(x, y,z, t) = 0 and the curve I" contains at most 6 singular points of the threefold Y’ otherwise. We may assume

that [ passes through Py, ---, Py, where 0 < k < 6. The equality kK = 0 means that [ lies in the smooth locus of the
threefold Y’
Let B : V — Y’ be the blow up at the points P;,---, P, and E; be the exceptional divisor of the blow up B with

B(E;) = P;. The exceptional divisor E; is isomorphic to P' x P'. The proper transform Iy intersects the surface E;
transversally at a single point, which we denote by Q;.

Let v: W — V be the blow up along the curve I'y and G be the exceptional divisor of the birational morphism v. In
addition, let A; and B; be the fibers of the natural projections of the surface E; that pass through the point Q;, and A,
and B; be the proper transforms of the curves A; and B; on the threefold W, respectively. Then we can flop the curves
A; and B;.

Let vy : U — W be the blow up along the curves Ay, By, - -+, Ac, Bi. Also let F; and H; be the exceptional divisors of v
such that vi(F;) = A; and v;(H;) = B;. Then all the exceptional divisors are isomorphic to P! x P'. There is a birational
morphism v} : U — W’ such that v;(F;) and v (H;) are rational curves but v} o v is not biregular in a neighborhood of
A; and B;. Let E/ be the proper transform of E; on the threefold W’. Then we can contract the surface E/ to a singular
point of type 3(1,1,1).

Let v : W' — V' be the contraction of E7,---, E; and G’ be the proper transform of the surface G on the threefold V".
Then there is a birational morphism B': V' — Y’ that contracts the divisor G’ to the curve . Hence we constructed the
commutative diagram

Y <— V.

The threefold V' is projective. Its singularities consist of 15 — k ordinary double points and k sinqular points of type
%(1,1,1). However, it is not Q-factorial because the threefold Y’ is not Q-factorial.
The construction of the birational morphism B’ implies that

M\// ~Q —nBl*(Ky/) — nG' ~Q —nK\/l.
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Let D’ be a general surface of the linear system |8"*(—4Ky/) — G’|. Then the divisor D’ is nef by Lemma 5.25 in [5]. The
construction of the birational morphism B’ implies that

0> (44 5)n = (B"(-4K) = ) - (B"(-nKy) = nG) = D' My My, >0,

where My, and M, are the proper transforms of My, and Mj, by the birational morphism B’. We have obtained
a contradiction. d

Lemma 6.12.
If the set CS(Y’, %M y’) contains a curve [T with —Kz - T =1, then the pencil M is contained in | — Kx|.

Proof. The curve w(l) is a line in P3. The restricted morphism w|r : [ — w() is an isomorphism. The curve I
contains at most one sinqular point of Y’ if w(l') is not contained in the plane f(x,y,z,t) = 0 and the curve w(')
contains at most three sinqular points of the threefold Y’ otherwise. We may assume that [ contains Py, - - -, Py, where
0 < k < 3. Here, the equality k = 0 means that I lies in the smooth locus of the threefold Y”.
Suppose that the line w(I") is not contained in R. Let D be a general surface in | — Ky/| that passes through the curve
[". Then

My

)= multr (My ) + multg (My)Q + L,

where £ is a pencil without fixed curves and Q is a smooth rational curve different from ' such that w(Q) = w(I').
Moreover the surface D is smooth in the outside the points Py, ---, Py but the points Py, --- , P, are isolated ordinary
double points of the surface D. We have Q? = —2 + g on the surface D and

(n - muth(Myr))()z - (multr(Myr) - n)r Q+L-Q=L-Q>0,

where L is a general curve in L. Therefore the equality multo(My/) = n holds. This easily implies that M- is a pencil
in | — Ky/| because of Theorem 2.2.

Finally, we suppose that w(l') is contained in the ramification surface of w. It implies that w(I') is not contained in
the plane fi(x,y,z,y) = 0. The proof of Lemma 6.11 shows the existence of a birational morphism v : W' — V' that
contracts a single irreducible divisor G’ to the curve I, the surface G’ contains k singular points of the threefold V' of
type %(1,1,1) and U’ is the blow up of [ at a generic point of I'.

Let D' be a general surface in | — Ky/|. Then wo B'(D’) is a plane that passes through w(I"). It implies that the base
locus of the pencil | — Ky/| consists of an irreducible curve I'" such that /(") =T and

D’~F’:—K3,:—2+g.

Then one can easily see that M» = | — K\/| by Theorem 2.2. Hence the linear system M is a pencil in | — Kx|. O

Proposition 6.2.
Every Halphen pencil is contained in | — Kx|.

Proof. Let My, be the push-forward of the pencil My, by the morphism w;. Due to the previous arguments, we may
assume that

P, e (CS(Y’,%MW) c {P1,~-~ ,P15},

which implies that My, ~g —nKy, by Theorem 3.10 in [4]. Therefore each member in the pencil My, is contracted to
a curve by the elliptic fibration n;. Therefore the base locus of the pencil My, does not contain curves that are not
contracted by n1. On the other hand, the sinqularities of the log pair (Us, %MM) are not terminal by Theorem 2.1.




Halphen pencils on weighted Fano threefold hypersurfaces

The proof of Lemma 6.9 implies that the set CS(Us, %MU1) does not contain a smooth point of the exceptional divisor of
Bi. Therefore the set CS(U;, %MU1) contains a sinqular point of the threefold U;, which implies that

{P.r}ces(v. imy) P P},

for some i # 1. Thus each member in the pencil My, is contracted to a curve by the elliptic fibration n;, which implies
that M is a pencil in | — Kx|. O

1 = 4: Hypersurface of degree 6 in P(1,1,1,2,2).

The weighted hypersurface X is defined by a general quasihomogeneous polynomial of degree 6 in P(1,1,1,2,2) with
-K3 = % The singularities of the hypersurface X consist of points Py, P,, P5 that are quotient singularities of types
1(1,1,1). The hypersurface X can be given by the equation

w’t + (tz + thi(x, y,z) + fa(x, y,z)) w+fe(x,y,z,t)=0
such that Py is given by the equations x = y =z = t = 0, where f; is a general quasihomogeneous polynomial of degree

i
There is a commutative diagram

U X Yy

/ // \\

7 \
7 AN
w X// \l’u n
\ 7
Ve AN
w e N
+ \

P1,11,2) = — ———— = — = — — — ~ P2,

where
e ¢ is the natural projection,
e 7 is the composition of the Kawamata blow ups at the points Py, P, and Ps,
e ) is an elliptic fibration
e « is the Kawamata blow up of the point Py,
e ¢ and x are the natural projections,
e 3 is a birational morphism,

e w is a double cover ramified along an octic surface R C P(1,1,1,2).

The surface R is given by the equation

2
(tz Fth(x, y,2) + fax, y,z)) — 4thy(x,y,2,1) = 0 C P(1,1,1,2) = Proj(Clx, y, z, 1]),
which implies that the surface R has exactly 24 isolated ordinary double points given by the equations
t=1t>+ th(x,y,z) + fa(x,y,z) = fo(x, y,z, t) = 0.

The birational morphism B contracts 24 smooth rational curves Ci,---, Cy4 to isolated ordinary double points of the
variety W that dominate the singular points of R.

It easily follows from Theorems 2.1, 4.2, Lemmas 2.1, 2.3 and 4.1 that either the set CS(X, %M) contains an irreducible
curve passing through a singular point of X or the set CS(X, :,_M) consists of a single singular point of X. In particular,
we may assume that the set CS(X, ,1—7/\/1) contains the point P;.
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Proposition 6.3.
Every Halphen pencil on X is contained in | — Kx|.

Proof. Suppose that the set CS(X, %M) contains an irreducible curve Z that passes through P;. Then it follows
from Theorem 4.2 that the linear system M is a pencil in | — Kx| in the case when —Kx - Z = % Therefore we may
assume that the curve Z is contracted by the rational map ¢ to a point. Also we may assume that either —Ky - Z = %
or —Kx-Z=1.

Let B be the pencil in | — Kx| consisting of surfaces passing through Z. In addition, let B and B’ be general surfaces in
B. Then the cycle B - B’ is reduced and contains the curve Z. Put Z = B - B’ and let Z,y be the image of the curve Z;,
by the birational morphism B. Then w(Zy) is a ruling of the cone P(1,1,1, 2). In particular, the curve w(Zy) contains at
most one singular point of the surface R.

There are exactly 24 rulings of the cone P(1,1,1,2) that pass through the sinqular points of the surface R. Thus we
may assume that the curve Zyy is irreducible in the case when the curve w(Zy) passes through a singular point of the
surface R. Moreover the surface By that is the image of the surface By by B has an isolated ordinary double point at
the point B(G;) in the case when wo B(C;) € w(Zw). Therefore the cycle Z consists of two irreducible components.

Let Z be the irreducible component of Z that is different from Z. Then the generality of the hypersurface X implies that
72 < 0 on the surface B, but M|g = nZ + nZ. On the other hand, we have

/VIB:m1Z+m2Z+F,

where and my and m; are natural numbers and F is an effective divisor on B whose support contains neither the curve
Z nor the curve Z. We also have

my > multz(M) > n

and
(n—my)Z =F + (my —n)Z.

Together they imply that m, = m1 = n and the support of the cycle M- B is contained in Z U Z. Therefore the identity
M = B follows from Theorem 2.2.

For now, we suppose that the set CS(X, :7./\/1) consists of the point P;. It follows from Lemma 2.2 that My ~g —nKy.
Therefore the set CS(U, %MU) is not empty by Theorem 2.1. Let E be the exceptional divisor of a. Then £ = P? and
the set CS(U, 1;J\/IU) contains a line L on the surface E by Lemma 2.3.

Let Z be the curve S{,NE. Then Z does not contain the curve L, the surface S|, contains every curve C; and the curve Z
is a smooth plane quartic curve. The hypersurface X is general by assumption. In particular, the surface Sj; is smooth
along the curve G, the morphism B|5rU contracts the curve C; to a smooth point of the surface S, which is the image of
S}, by B. Moreover we may assume that the intersection L N Z contains at least one point of the curve Z that is not
contained in U?%, C;. Indeed, it is enough to assume that the set U (C; N Z) does not contain bi-tangent points of the
plane quartic curve Z.

Let M’ be a general surface in M and D be a general surface in | — 2Ky|. Then

2n% = D - My - M}, > 2mult, (My - M) > 2mult, (My)mult,(M[)) > 2n?,

which implies that the support of the cycle M, - M;, is contained in the union of the curve L and U, C;. Hence we have

24

SL :D+Zm,~C,~,

i=1

My

where m; is a natural number and D is a pencil without fixed components. Let P be a point of LNZ that is not contained
in U#, C.. For general curves Dy and D; in D,

24
n® = mi =Dy D, > multp(D)multp(D2) > n?,

i=1
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which implies that my = my; = --- = my = 0. Therefore we have My - M|, = n?L, which is impossible because the
suppose of the cycle M - M’ must contain a curve on X. |

J = 16: Hypersurface of degree 12 in P(1,1,2,4,5).

The threefold X is a general hypersurface of degree 12 in P(1,1,2,4,5) with —K3 = 2. Its singularities consist of three
quotient sinqularities of type %(1, 1,1) and one point O that is a quotient singularity of type %(1, 1,4).

There is a commutative diagram

where
e ( is the natural projection,
e a is the Kawamata blow up at the point O with weights (1,1, 4),

e B is the Kawamata blow up with weights (1,1, 3) at the singular point of the variety U that is contained in the
exceptional divisor of a,

e y is the Kawamata blow up with weights (1,1, 2) at the singular point of W that is contained in the exceptional
divisor of B,

e 1 is an elliptic fibration.

The hypersurface X can be given by the equation
w2z + f(x,y,z, h\w + fa(x, y, z, 1) = 0,

where f; is a quasihomogeneous polynomial of degree i. Moreover there is commutative diagram

A
PA,1,2,4)— — — — — — — — — — — — =P(1,1,2),

where
e & and x are the natural projections,
e i is a birational morphism,
e w is a double cover of P(1,1,2,4) ramified along a surface R of degree 12.

The surface R is given by the equation
f(x,y,z, 1) —4zfp(x,y,z, t) =0 C P(1,1,2,4) = Proj((C[x, y,z, t])
which implies that R has 21 isolated ordinary double points, given by the equations z = f; = f;, = 0. The morphism 7

contracts 21 smooth rational curves Gy, G, - - -, Cx to isolated ordinary double points of V which dominate the singular
points of R.
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Proposition 6.4.
The linear system | — Kx| is a unique Halphen pencil on X.

First of all, Corollary 4.4 and Lemma 4.1 imply that the set CS(X, 1 M) can contain only singular points of X. Furthermore,
if it contains a singular point of type %(1 ,1,1), then we see that the singular point satisfies all the conditions of Lemma 4.3
and hence M = | — Kx/|. Therefore to prove Proposition 6.4, we may assume that

Cs(X, %M) = {0}.

Let E be the exceptional divisor of the birational morphism a. It contains one singular point P of U that is a quotient
singularity of type %(1,1,3). The surface E is isomorphic to P(1,1,4). The set CS(U, %MU) contains the point P by
Theorem 2.1 and Lemma 2.3. Furthermore, the following shows it consists of the point P.

Lemma 6.13.
The set CS(U, %MU) cannot contain a curve.

Proof. Suppose that the set CS(U, %MU) contains a curve Z. Then Z is contained in the surface E. Furthermore,
it follows from Lemma 2.3 that Z is a curve in the linear system |Op(114(1)]. Therefore for a general surface M in M,
we have

Supp(MU~E) =7

because MU|E ~Q |(9]p(1,1,4)(n)| and multz(/\/’u) 2 n.
Let M[, be a general surface in My and D be a general surface in | — 4Ky|. Then

n?=D-My- M, > multz(My - M) > multz(My)multz(M],) > n?,

which implies that mult, (M, - M{)) = n? and

Supp(/\/lu : M,’J) c ZUOC,—.

i=1

We consider the surface S*. The image S} of S{; to V' is isomorphic to P(1,1,4). The surface S{, does not contain the
curve Z due to the generality in the choice of X, but it contains every curve C;. Moreover the surface Sj, is smooth
along the curves C; and the morphism 7|s; contracts the curve C; to a smooth point of Sf,. Hence we have

My

21
=D + Zm,—(:,—,
s 5

where m; is a natural number and D is a pencil without fixed components. Therefore the inequality m; > 0 implies that
CiNZ # @ and there is a point P’ of the intersection ZN S, that is different from the singular point P. We may assume
that my > 0. Let Dy and D, be general curves in D. Then

n in the case when P’ ¢ U*,C,
multp (Dy) = multp (Dy) >
n — m; in the case when P’ €

and the curves D; and D, pass through the point P because the point P is a base point of the pencil M. Therefore
we have
n? 2 n?
T Y _m{ =Dy - Dy > multp(Dy)multp(Dy) > (n — my)* > T m?,
i=1

which is a contradiction. |
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Let F be the exceptional divisor of the birational morphism B. It contains the singular point Q of W that is a quotient
singularity of type %(1,1,2). The set CS(W, 1;J\/IW) consists of the singular point Q by Theorem 2.1, Lemmas 2.3 and
21.

Let G be the exceptional divisor of y and Qy be the unique singular point of G. The set CS(Y, %M y) must consist of
the point Q; by Theorem 2.1 and Lemma 2.3 because every member in My is contracted to a curve by the morphism n.
Let 0 : V} — Y be the Kawamata blow up at the point Q. Then My, ~g —nKy, by Lemma 2.2, the linear system
| — Ky, | is the proper transform of the pencil | — Kx| and the base locus of the pencil | — Ky, | consist of the curve Cy,.
Therefore the inequality —Ky, - G, < 0 implies M = | — Kx| by Theorem 2.2.

J = 18: Hypersurface of degree 12 in P(1,2,2,3,5).

The threefold X is a general hypersurface of degree 12 in P(1,2,2,3,5) with —K3 = 1. The singularities of X consist of
six points Oy, O,, O3, O4, Os and Os that are quotient singularities of type %(1, 1,1) and one point P that is a quotient
singularity of type 1(1,2,3).

There is a commutative diagram

B
Us=—"""W
al n
X==——->PF.22),

where
e ( is the natural projection,
e «a is the Kawamata blow up at the point P with weights (1,2, 3),

e [ is the Kawamata blow up with weights (1,2, 1) of the singular point of the variety U that is a quotient singularity
of type 1(1,2,1),

e 1 is an elliptic fibration.

The hypersurface X can be given by the equation
w?z + wiz(x,y,z, t) + fia(x, y,z, t) =0,

where f;(x, y,z, t) is a general quasihomogeneous polynomial of degree i. Let P be the pencil of surfaces that are cut
out on the hypersurface X by the equations Ax?> + pz = 0, where (A: p) € P".

Proposition 6.5.
A general surface of the pencil P is birational to a K3 surface. In particular, the linear system P is a Halphen pencil.

Proof. A general surface of the pencil P is not ruled because X is birationally rigid ([5]). Hence a general surface of
the pencil P is birational to a K3 surface because it is a compactification of a double cover of C2 branched over a sextic
curve. O

The hypersurface X can also be given by the equation
xgu(x,y,z, t,w) +tgo(x,y,z,t, w) + wgs(x,y,z,t,w) + ygs(y,z) = 0

such that the point O, is given by the equations x = y = t = w = 0, where g; is a general quasihomogeneous polynomial
of degree i. Let P; be the pencil of surfaces that are cut out on the hypersurface X by the pencil Ax?* + py = 0, where
(A: ) € P'. We will see that the linear system Py is a Halphen pencil. The base locus of Py does not contain the
points O,, O3, O4, Os and Os. Similarly, we can construct a Halphen pencil P; such that P; C | — 2Kx| and the base
locus of the pencil P; contains the point O;.
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Proposition 6.6.
The linear systems P, Py, P2, P3, Pa, Ps and Pg are the only Halphen pencils on X.

We may assume that the singularities of the log pair (X, 1 M) are canonical. Moreover it follows from Lemmas 4.1 and
Corollary 4.3 that

(CS(X, %M) c {01,02,03,04,05,06, P}.

Lemma 6.14.
If O; € CS(X, I M), then M =P

Proof. Let m; : V; — X be the Kawamata blow up at the point O; with weights (1,1,1). Then My, ~qg —nKy, by
Lemma 2.2.

The linear system | — 2Ky,| is the proper transform of the pencil P; and the base locus of | — 2Ky,| consists of the
irreducible curve Cy, such that 7(Cy,) is the base curve of the pencil P;.

Let D be a general surface in | —2Ky,|. Then the surface D is normal and C\z/i < 0 on the surface D. On the other hand,
we have Cy, = —Ky,|p, which implies that M, = | — 2Ky,| by Theorem 2.2. O

Proposition 6.7.
A general surface of each pencil P; is birational to a K3 surface. In particular, P; is a Halphen pencil.

Proof. We use the same notations as in the proof of Lemma 6.14. The pencil | — 2Ky,| satisfies the condition of
Theorem 2.3. Therefore it is a Halphen pencil. The intersection of the surface D and the exceptional divisor E; = P?
of the birational morphism 7t is a conic on E;. An irreducible component of the intersection D - E; is a rational curve
not contained in the base locus of the pencil | — 2Ky,|. Therefore the surface D is birational to a K3 surface by
Corollary 2.2. |

Let £ be the exceptional divisor of the birational morphism a. It has two singular points Q and O that are quotient
singularities of types %(1,2, 1) and %(1,1,1), respectively.
Let C be the base curve of the pencil P and L be the unique curve in of the linear system |Op1,2,3(1)| on E.

Lemma 6.15.
If the set CS(U, 1 My) contains the point O, then M = P.

Proof. let m: V — U be the Kawamata blow up at the point O with weights (1,1,1) and F be the exceptional
divisor of the birational morphism x. Let £ be the proper transform of the linear system | — 3Ky| by the birational
morphism ;1. We have My ~g —nKy by Lemma 2.2, Py ~g —2Ky and

1
L ~g 7' (=3Ky) = 5

The base locus of the linear system £ consists of the irreducible curve Cy. Moreover for a general surface T of the
linear system £, the inequality T - Cy > 0 holds, which implies that the divisor 7*(—6Ky) — F is nef and big.
Let M and D be general surfaces of the pencils M and Py, respectively. Then

(7 (-6K0) = F) -M-D = (7' (=6Ky) = F) - (' (=nKu) = SF ) - (" (=2Ku) = F ) = 0,

which implies that My =Py by Theorem 2.2-(1). |
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For now, to prove Proposition 6.6, we may assume that CS(X, 1 M) = {P}. Since My ~g —nKy by Lemma 2.2, the
set CS(U, %M)U is not empty by Theorem 2.1. Therefore Lemma 6.15 enables us to assume that the set CS(U, 1;J\/IU)
consists of the point Q. The equivalence My ~g —nKy by Lemma 2.2 implies that every surface in the pencil My is
contracted to a curve by the elliptic fibration n. Moreover the set CS(W, %M w) is not empty by Theorem 2.1.

Let G be the exceptional divisor of the birational morphism B and Q; be the singular point of the surface G. Then the
point Q; is the quotient sinqularity of type %(1, 1,1) on the variety W. Moreover it follows from Lemma 2.3 that the set
CS(W, I My) contains the point Q.

Let y: Y — W be the Kawamata blow up at the point Q; with weights (1,1, 1). The base locus of the pencil Py consists
of the irreducible curves Cy and Ly. Let D be a general surface of the pencil Py. Then explicit local calculations show
that D ~g —2Ky. On the other hand, the surface D is normal and the intersection form of the curves Cy and Ly on the
surface D is negative-definite. Hence we obtain the identity My =Py from Theorem 2.2 because My|p = n(Cy + Ly).
Therefore we see that M = P, which completes our proof of Proposition 6.6.

J = 25: Hypersurface of degree 15 in P(1,1,3,4,7).

The threefold X is a general hypersurface of degree 15 in P(1,1, 3, 4,7) with —K3 = %. It has two singular points. One

is a quotient sinqularity P of type %(1,1,3) and the other is a quotient singularity Q of type %(1,3, 4).

There is a commutative diagram

Y
N
Upo Uoo P(1,1,3),
Bo Bp ///7
Bo ////
Up UQ ///lp/

where
e ¢ is the natural projection,
e ap is the Kawamata blow up at the point P with weights (1,1, 3),
e qp is the Kawamata blow up at the point Q with weights (1,3, 4),
e B is the Kawamata blow up with weights (1,3, 4) at the point whose image to X is the point Q,
e Bp is the Kawamata blow up with weights (1,1, 3) at the point whose image to X is the point P,

e Bo is the Kawamata blow up with weights (1,3, 1) at the singular point O of type }(1,3,1) contained in the
exceptional divisor of the birational morphism ap,

e yp is the Kawamata blow up with weights (1,1, 3) at the point whose image to X is the point P,

e yo is the Kawamata blow up with weights (1, 3, 1) at the sinqular point of type }(1 ,3,1) contained in the exceptional
divisor of the birational morphism By,

e 1 is an elliptic fibration.

Proposition 6.8.
The linear system | — Kx| is a unique Halphen pencil on X.
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In what follows, we prove Proposition 6.8. For the convenience, let D be a general surface in | — Kx|.
It follows from [5] that | — Kx| is invariant under the action of the group Bir(X). Therefore we may assume that the log
pair (X, %M) is canonical. In fact, we can assume that

o #C8(X, %M) c {r.o}
by Lemma 4.1 and Corollary 4.4.

Lemma 6.16.
If the point Q is not contained in CS(X, 2 M), then M = | — Ky|.

Proof.  The set CS(Up, 1My,) is not empty by Theorem 2.1 because My, ~g —nKy, by Lemma 2.2. Let Py be
the singular point of the variety Up contained in the exceptional divisor of the birational morphism ap. It is a quotient
singularity of type %(1, 1,2). Lemma 2.3 implies that the set CS(Up, %Mup) contains the point P;.

Let tp : Wp — Up be the Kawamata blow up at the point P; with weights (1,1,2). We can easily check that | — Ky, |
is the proper transform of the pencil | — Kx| and the base locus of the pencil | — K| consists of the irreducible curve
Cw,. We can also see Dy, - Cy, = —Kﬁvp = —114 < 0. Hence Theorem 2.2 implies the identity M = | — Kx| because
Mw, ~g nDw, by Lemma 2.2. |

The exceptional divisor £ = P(1,3,4) of the birational morphism ap contains two sinqular points O and Qy that are
quotient singularities of types %(1,3, 1) and %(1,2, 1). Let L be the unique curve of the linear system |Opp,3,4(1)| on the
surface E.

Due to Lemma 6.16, we may assume that the set CS(X, ,17./\/1) contains the singular point Q. The proof of Lemma 6.16
also shows that the set CS(Up, 1;J\/IUO) cannot consist of the single point P whose image to X is the point P. It implies

1
CS(Uo ~Mue) n{0.01} 2
by Theorem 2.1 and Lemma 2.3.

Lemma 6.17.
If the set CS(Uo, %MUO) contains both the point O and the point Qy, then M = | — Kx|.

Proof. et yg: Wy — Ugo be the Kawamata blow up with weights (1,2,1) at the point whose image to Ug is the

point Q.
The proper transform Dy, is irreducible and normal. The base locus of the pencil | — Ky, | consists of the irreducible
curves CWO and LWQ. On the other hand, we have

My, by = —nKy, - = nCw, + nlw,,
0 (o

but the intersection form of the curves LWO and CWO on the normal surface DWo is negative-definite. Then Theorem 2.2
completes the proof. |
It follows from Lemma 2.3 that we may assume the following possibilities:

o CS(Ug, tMy,) = {P, 0};

e CS(Uo, %Muo) ={0};

° (CS(UQ, %MUQ) = {P, 01};
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e CS(Ug, T My,) = {O1}.

The exceptional divisor F = (1, 3, 1) of Bo contains one singular point Q; that is a quotient sinqularity of type %(1 ,2,1).

Lemma 6.18.
If CS(Ug, L My,) = {0}, then M = | — Kx|.

Proof. The set CS(Ugo, %MUOO) contains the singular point Q, by Theorem 2.1 and Lemma 2.3.
Let y : W — Ugo be the Kawamata blow up at the point Q, with weights (1,2,1). Then My ~g —nKw by Lemma 2.2
and the base locus of the pencil | — K| consists of the curves Cy and Ly. The proper transform Dy is irreducible and

normal, the equivalence My, 5 = nCy + nly holds, but the equalities
w
7 5 2
2= 1% =-Z, Ly =%
Cv=-77 bw=—g Cw-lw=3

hold on the surface Dy . So, the intersection form of the curves Cyy and Ly, on the normal surface Dy is negative-definite,
which implies M = | — Kx| by Theorem 2.2. O

Lemma 6.19.
If CS(Ug, +My,) = {P, 0}, then M = | — Kx|.

Proof. We have My ~g —nKy, which implies that every surface of the pencil My is contracted to a curve by the
morphism n. In particular, the set CS(Y, %M y) does not contain curves because the exceptional divisors of Bp o yp are
sections of .

Due to Theorem 2.1 and Lemmas 2.3, 6.18, we may assume that the set CS(Y, 1;J\/Iy) contains the singular point P, of
Y contained in the exceptional divisor yp. Let op : Yp — Y be the Kawamata blow up at the point P, with weights
(1,2,1). Then My, ~g —nKy, but the base locus of the pencil | — Ky, | consists of the irreducible curves Cy, and Ly,.
The proper transform Dy, is normal and MYP|DY;> = nCy, + nly,. The intersection form of the curves Cy, and Ly, on
the normal surface Dy, is negative-definite because the curves are contained in a fiber of o 0p|DYP that consists of
three irreducible components. Therefore we obtain the identity M = | — Kx| from Theorem 2.2. |

Thus to conclude the proof of Proposition 6.8, we may assume the following possibilities:
° (CS(Uo, %MUO) = {P, 01};
o CS(Ug, ;Mu,) = {On}-

The hypersurface X can be given by the equation
Wiy + wt? + wify(x, y,z) + wig(x, y, 2) + tha(x, y, 2) + fis(x, y,2) = 0,

where f; is a general quasihomogeneous polynomial of degree i.

Lemma 6.20.
The case CS(Ug, *tMuy,) = {1} never happens.

Proof. Suppose that CS(Uj, %MUQ) = {O1}. Let 7 : V — Up be the Kawamata blow up at the point Q; with
weights (1,2,1).

Let G be the exceptional divisor of the birational morphism . The proof of Lemma 6.18 implies that the set CS(V, %M v)
does not contain the singular point of V' contained in the exceptional divisor G. So, the log pair (V, 1;J\/IV) is terminal
by Lemma 2.3 and Corollary 4.1.
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We have i
(ag o m)*( — Kx) ~q Sv + ;G+ ;EV,
(a0 07 (~ Kn) ~a St + DG+ 2Ey,
1 (ag o )" ( —3Kx) ~¢ S} + §C+ ;EV,
(agom)*( —4Kx) ~g Sy + ;G+ ;EV,
[ (a0 0 7)"( ~7Ky) ~q SV

The equivalences imply

(oo om) (7] €ISl

(ao o) (25 ) €lasvl,
| oo (%) e syl
& on)*(%v) € 105y,

and hence the complete linear system | — 20Ky | induces a birational map y; : V --» X’ such that X’ is a hypersurface
in P(1,1,4,5,10), which implies that the divisor —Ky is big.

The base locus of the pencil | — Ky| consists of the irreducible curves Cy and Ly. It follows from [11] that there is an
isomorphism ¢ : V --» V' of codimension 1 such that { is reqular in the outside of Cy UL, and the anticanonical divisor
—Ky~ is nef and big. The singularities of the log pair (V/, ,1—7/\/1\//) are terminal because the rational map ¢ is a log flop
with respect to the log pair (V, ,17/\/1 v), which contradicts Theorem 2.1. |

Now we suppose CS(Up, %MUQ) ={P,04}. Let 0 : U — Upp be the Kawamata blow up with weights (1,2,1) at the
point Q7 whose image to Up is the point Q;. Let £ and E be the exceptional divisors of ap and o, respectively. Then

' Sy ~q (apoBgo U)*( - KX) - ;E— ;EU - %EU ~q —Kw,
SY ~a lap 0 Bo o o) — Kx) = 5 E— 2By = 4 Eu,

157 ~q (ap 0 Bo 0 0)'( —3Kx) — SE — SE, — SEu,
Sty ~q (ap 0 Bg o )" —4Kx) — ;E— ;EU,

| St~ (ap 0 Bo 0 0)'(— 7Ky) - %EU.

The equivalences imply that the pull-backs of rational functions

yz y3w y4tw

i ’

X X107 X715

Yy
X

are contained in the linear system |aSy|, where a = 1, 4, 10 and 15, respectively. Therefore the linear system | — 60Ky |
induces a birational map x; : U --» X” such that the variety X” is a hypersurface of degree 30 in P(1,1,4,10,15),
which implies that the anticanonical divisor —K, is big. However, the proof of Lemma 6.18 shows that the singularities
of (U, %MU) are terminal. Then we can obtain a contradiction in the same way as in the proof of Lemma 6.20.

J = 32: Hypersurface of degree 16 in IP(1,2,3,4,7).

The hypersurface X is given by a general quasthomogeneous polynomial of degree 16 in P(1,2,3,4,7) with —K3? = Z.
The singularities of the threefold X consist of four quotient singular points of type %(1 ,1,1), one quotient singular point




Halphen pencils on weighted Fano threefold hypersurfaces

of type %(1,2,1) and one quotient sinqular point P of type %(1,3,4). There is a commutative diagram

U<B—Y
al \\17
X—— - o >P(1,2,3),

where
e ¢ is the natural projection,
e «a is the Kawamata blow up at the point P with weights (1, 3, 4),

e B is the Kawamata blow up with weights (1,1, 3) at the singular point Q of the variety U that is a quotient

singularity of type %(1,1,3) contained in the exceptional divisor of «,

e 1 is an elliptic fibration.

The hypersurface X can be given by the quasthomogeneous equation
Wzy + ng(x, y,2z, t) + f16(x, y,z, t) =0

where fq and f16 are quasihomogeneous polynomials of degrees 9 and 16, respectively. Let D be a general surface in
| —2Kx]|. It is cut out on the threefold X by the equation

A+ py =0,

where (A : y) € P'. The surface D is irreducible and normal. The base locus of the pencil | — 2Kx| consists of the curve
C, which implies that C =D - S.

The set CS(X, :,_M) cannot contain any sinqular point of type %(1,1,1) because of Lemma 4.2 (see the Big Table in
[5]). If it contains the singular point of type 1(1,2,1), we obtain M = | — 2Ky| from Lemma 4.3. It then follows from
Corollary 4.3 and Lemma 4.1 that we may assume

Cs (X, %M) ={r}

Furthermore, the set CS(U, %MU) is not empty by Theorem 2.1 because —Ky, is nef and big.

The exceptional divisor £ = P(1,3,4) of the birational morphism « contains two singular points O and Q that are
quotient singularities of types %(1,1,2) and }(1,1,3), respectively. Let L be the unique curve contained in the linear
system |Opp,3,4(1)| on the surface E. Let F be the exceptional divisor of B. It contains a singular point Q; that is
quotient singularity of type %(1,1,2).

Then it follows from Lemma 2.3 that either Q € CS(U, 2My) or CS(U, 1 My) = {O}.

Lemma 6.21.
If the set CS(U, %MU) consists of the point Q, then M = | — 2Kx]|.

Proof. It follows from Lemma 2.2 that My ~q —nKy, which implies that every surface in the pencil My is contracted
to a curve by the morphism n and the set CS(Y, %M y) contains the point Q.

Let m: V — Y be the Kawamata blow up at the point Q; with weights (1,1,2). Then the transform Dy is normal but
the base locus of the pencil | — 2Ky| consists of the irreducible curves Cy and Ly.

The intersection form of the curves Cy and Ly on the surface Dy is negative-definite because the curves Cy and Ly are
components of a fiber of the elliptic fibration no s|p, that contains three irreducible components. On the other hand,
we have

My

= —-nKy| =nCy+nly.

Dy Dy
Therefore it follows from Theorem 2.2 that M = | — 2Kx]|. |
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From now on, we may assume that the set CS(U, 1 M) contains the point O due to Lemma 2.3. Let y : W — U be the
Kawamata blow up at the point O with weights (1,1,2) and G be the exceptional divisor of the birational morphism y.
Then the surface G = P(1,1,2) and

n n n
My ~g —nKy ~q v (—nKy) — §G ~qg (aoy)(—nKx) — 7y*(E) — §G.

In a neighborhood of the point P, the monomials x, z and t can be considered as weighted local coordinates on X such
that wt(x) =1, wt(z) = 3 and wt(z) = 4. Then in a neighborhood of the singular point P, the surface D can be given by
equation

M+ u(e1x9 + 62x° + 63225 + €42° + est?x + etx° + e7tzx° + hie(x, z, t) + higher terms) =0,

where €¢; € C and hy6 is a quasihomogeneous polynomial of degree 16. In a neighborhood of the singular point O, the
birational morphism « can be given by the equations

o=l £3 2.4
X=Xxz7,z=2z7, t=1z7,
where %, § and Z are weighted local coordinates on the variety U in a neighborhood of the singular point O such that

wi(%) =1, wi(2) = 2 and wt(f) = 1.
In a neighborhood of the point O, the surface E is given by z = 0, the surface Dy, is given by

AR+ u(e1)'<92 + 675 + 6325 + €2 + esF2k2 4 €515°7 + €125 + higher terms) =0,

and the surface Sy is given by the equation ¥ = 0.
In a neighborhood of the singular point of G, the birational morphism y can be given by

. R R |
X=Xxz3,z=23, t=1z3,

where X, Z and t are weighted local coordinates on the variety W in a neighborhood of the singular point of G such

that wt(x) = wt(z) = wt(f) = 1. The surface G is given by the equation z = 0, the proper transform Dy is given by

AP+ (51)’(923 + 62°%° + €325 + € + e51°%2 + 61%°2° + €;12%° + higher terms) =0,

the proper transform Sy is given by the equation x = 0 and the proper transform Ey is given by the equation z = 0.
Let P be the proper transforms on the variety W of the pencil | — 2Kx|. The curves Cy and L, are contained in the
base locus of the pencil P. Moreover easy calculations show that the base locus of the pencil P does not contain any
other curve than Cyy and L. We also have

2
EW ~Q y*(E) — §F,

* 2 2
DW ~Q (O’OY) (—ZK)()—7Y*(E)—§G,
* 1 1
S e (aov) (— k) = 1 (E) - 26,

Also we have Cy + Ly = Sy - Dy and 2Ly = Dy - Ey.
The curves Cy and Ly can be considered as irreducible effective divisors on the normal surface Dy. Then it follows

from the equivalences above that
12 :_§ C2 :_l Cw- L :E
wT g W T Ty W T gy
which implies that the intersection form of Cy and Ly on Dy is negative-definite. Let M be a general surface of the
linear system M. Then

M E—nKW‘ EnSW‘ =nCw + nly,
Dy Dy Dy

which implies that M = | — 2Kx| by Theorem 2.2.
Consequently, we have proved:
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Proposition 6.9.
The linear system | — 2Kx| is the only Halphen pencil on X.

J = 56: Hypersurface of degree 24 in P(1,2,3,8,11).

The threefold X is a general hypersurface of degree 24 in P(1,2,3,8,11) with —K{ = 2. Its singularities consist of
three points that are quotient singularities of type %(1, 1,1) and the point O = (0 : 0:0: 0 : 1) that is a quotient
singularity of type %(1,3, 8).

Before we proceed, let us first describe some birational transformations of the hypersurface X with elliptic fibrations,
which are useful to explain the geometrical nature of our proof. There is a commutative diagram

A R B P(1,2,5,14,21)
/ w //

7

B 4 < 4

U w Y V- ===V /

s ¢
s/
al l” lu/
[,
X m o e >P(1,2,3) - — — — — — =P(1,2,5)

where
e ¢y and ¢ are natural projections,

e «a is the Kawamata blow up at the point O with weights (1, 3, 8),

B is the Kawamata blow up with weights (1, 3,5) at the sinqgular point Q contained in the exceptional divisor £

of a that is a quotient singularity of type %(1,3, 5),

y is the Kawamata blow up with weights (1,3, 2) at the singular point Q; of contained in the exceptional divisor
F of B that is a quotient sinqularity of type %(1,3,2),

v is the Kawamata blow up with weights (1,1,2) at the singular point Q, of contained in the exceptional divisor
of B that is a quotient singularity of type 3(1,1,2),

& is the Kawamata blow up with weights (1,1, 2) at the point Q; whose image to W is the point Q,

w is the Kawamata blow up with weights (1,3,2) at the point Q; whose image to W is the point Q;,

e 11 and v are elliptic fibrations,

the maps ¢ and x are isomorphisms in codimension 1,

the birational morphism o is given by the plurianticanonical linear system of Z’,
e the rational map p is a toric map,

The exceptional divisor E of the birational morphism a contains two singular points P and Q of U that are quotient
singularities of types %(1,1,2) and %(1,3, 5), respectively. Meanwhile, the exceptional divisor F of the birational
morphism B also contains two singular points Q; and Q, of W that are quotient singularities of types %(1,3,2) and
%(1 ,1,2), respectively.

Remark 6.1.

The divisors =K/, —Kyy and —Ky are nef and big. Thus the anticanonical models of the threefolds Z’, U and W
are Fano threefolds with canonical sinqularities. The anticanonical model of Z’ is a hypersurface Z’ of degree 42 in
P(1,2,5,14,21). The anticanonical model of U is a hypersurface of degree 26 in P(1,2,3,8,13) and the anticanonical
model of W is a hypersurface of degree 30 in (1,2, 3,10, 15).
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For the convenience, we denote the pencil | — 2Kx| by B. In addition, a general surface in B is denoted by B and
a general surface in M by M
It follows from Corollary 4.3 and Lemmas 4.1, 4.2 that we may assume that CS(X, 1 M) = {O}.

Lemma 6.22.
If the set CS(U, %M v) contains the point P, then M = B.

Proof. Let Br: Up — U be the Kawamata blow up at the point P and Ep be its exceptional divisor. For a general

surface D in | — 8Kx/|, we have
8 2
Dyn ~q (@ Bp)'(~8Kx) — 5=BH(E) — 5Ep.
Since the base locus of the proper transform of the linear system | —8Kx| on Up does not contain any curve, the divisor
Dy, is nef and big.

Since My, ~g nSy, by Lemma 2.2 and By, ~g 2Sy,, we obtain

Dy, - Buy - Sup = Zn(B,*:,(—SKU) - %Ep) : (B,’;(—KU) - %Epf - 0.

It implies M = B by Theorem 2.2. |

Due to Theorem 2.1 and Lemma 2.3, we may assume that the set CS(U, %MU) consists of the singular point Q. Thus it
follows from Theorem 2.1, Lemmas 2.1, 2.3 that

1
o+ (CS(W, EMW) c {01, Qz}~

Now we consider some local computation. We may assume that X is given by the equation

Wzy +whs(x, y,z, t) + falx,y,z, t) =0,
where fi(x,y,z,t) is a general quasihomogeneous polynomial of degree i. The surface B is given by the equation
A2 4 py = 0, where (A : p) € P'. The base locus of B consists of the irreducible curve C that is given by x = y = 0.
We have B-S = C.
In a neighborhood of O, the monomials x, z and t can be considered as weighted local coordinates on X such that
wt(x) = 1, wt(z) = 3 and wt(z) = 8. Then in a neighborhood of the singular point O, the surface B can be given by
equation

M+ (€1X13 + 62X + 6322%7 + 422Xt + €52 + e5tx° + e7tzx% + €5t + €92° + other terms) =0,

where €; € C. In a neighborhood of the sinqular point Q, the birational morphism a can be given by the equations

oo
o

S
X = Xt

L Zz=2ZIT, t=11,
where X, Z and t are weighted local coordinates on U in a neighborhood of the singular point Q such that wt(x) =
wt(z) = 3 and wt(f) = 8. Thus in a neighborhood of the singular point Q, the divisor E is given by the equation t =

the divisor Sy is given by x = 0 and the divisor By is given by the equation

1,
0,
AP+ (61)?13? 4+ 652X + 61X + 125 + e + €2°1 + other terms) =0,

which implies that By ~g 25y and the base locus of By is the union of Cy and the curve L C E that is given by
x =1=0. We have E = P(1,3,8) and the curve L is the unique curve in [Opy34(1)| on the surface E. The surface
By is not normal. Indeed, By is singular at a generic point of L. We have Sy - By = Cy + 2L and E - By = 2L, which
implies that Sy - Cy =0and Sy - L = &
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Lemma 6.23.
If the set CS(W, %M w) consists of the point Q,, then M = B.

Proof. In a neighborhood of Q,, the birational morphism B can be given by the equations
cxl 3 o 58
X=Xxz8, z=278, t =178,

where %, 7 and f are weighted local coordinates on W in a neighborhood of Q, such that wt(%) = 1, wt(?) = 1 and
wt(f) = 2. Thus in a neighborhood of the singular point Q,, the divisor F is given by the equation Z = 0, the divisor Sy
is given by % = 0, the divisor E}y is given by # = 0 and the divisor By is given by the equation

M+ u(eyfé)?z + €37%7 + €921 + other terms) =0,

which implies that By ~g 2Sw, the base locus of By is the union of Cy, Ly and the curve L' C F that is given by
x=2z=0.

The surface F is isomorphic to P(1,3,5) and the curve L’ is the unique curve of the linear system |Op(135/(1)| on the
surface F. The surface By is smooth at a generic point of L’. We have

SW’BW:CW+2LV\/+L,, Ew - By = 2Ly, F’BW:2L,,

which implies that
Sw-Cw=0, Sw-Ly=0, Sy-L' = 11—5
because

1 1
Sw ~g (@0 B (=Kx) — 37 B°(E) — gF,

2 2
Bu ~a (a0 B)'(~2Kx) = 1B'(E) — 5F,

5

Ew ~q B*(E) — §F’
Let R be the exceptional divisor of v. Let O; be the singular point of Z that is contained in R. Then R = P(1,1, 2) and
O, is a quotient singularity of type %(1, 1,1) on the threefold Z. In a neighborhood of Oy, the birational morphism v can
be given by the equations

% =515, 2 =215, 1=13,

where %, 2 and ? are weighted local coordinates on Z in a neighborhood of O; with weight 1. Thus in a neighborhood
of the singular point Oy, the divisor R is given by the equation # = 0, the divisor S is given by & = 0, the divisor £,
does not pass through the point O, the divisor F7 is given by z = 0 and the divisor By is given by the equation

M+ (eg?é + €2*1? + other terms) =0,

which implies that Bz ~g 257, the base locus of B7 consists of C7, L7, L, and the curve L” that is given by the equations
£ =1=0. The curve L” is the unique curve in |Opu1,2(1)| on the surface R. The surface Bz is smooth at a generic
point of L”. Therefore we obtain

S; By =Cr+2l,+L,+", E;-B;=2l;, F;-B;=2l,, R-B; =2L",

which gives

1 1 1
Sz C2=0, Szolz=—3 Szly=—35, Sz-Ll'=5
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because
E ~q (a0 Bov)(=Kx) — 117(8 o v)*(E) — %v*(F) - %R,
Bz ~q (a0 Bov)(—2Kx) - %(Bo V) (E) — g"*(F) - %R,
‘ Ez ~q (Bov)'(E)— gv*(F) - %R,
G

In particular, the curves Ly and L, are the only curves on the variety Z that have negative intersection with the divisor
—Kz.
Due to Lemma 2.3, either the set CS(Z, 1 M) contains the point O; or the log pair (Z, 1My) is terminal.
We first suppose that the log pair (Z, %MZ) is not terminal. Then the set CS(Z, ,1—7./\/12) must contain the point O;.
Let m : Z, — Z be the Kawamata blow up at the point Oy and H be the exceptional divisor of ;r;. Then our local
calculations imply that Bz, ~g 257, and the base locus of B, consists of the curves Cz,, Lz, L’ZZ and ng. Furthermore,
we have

Sz, -Br = Cz +2lz, + 15, + 1, Ez -Bz, =21z,

Fz,-Bz, =2y, Ry Bz =2L},

which implies that

1 ’ 3 "
522 -Gz, =0, SZZ Lz, = -3 522 'LZz i SZz 'LZZ =0,

5
because ) ] ] ] :
Sz, ~g (@oBovom) (—Kx)— ﬁ(ﬁ ovom)(E)— g(v o 7m)*(F) — §7T§‘R — §H'
5 2
Ez, ~q (Bovom)'(E) - o (vom)'(F) - SmR,
) * 1 * 1
Fz, ~q (vom)*(F)— §7T2R— EH'
1
RZZ ~Q JT;R— EH,

The curves L, and L}, are the only curves on the variety Z, that have negative intersection with the divisor —Kz,.
Moreover we see
(B2 + (B ovom) (—16Ky) + (vo ) (~18Kw)) - Lz, =0,

(BZ2 + (Bovom) (—16Ky) + (vo 712)*(—18KW)) L, =0,

and hence the divisor Dz, := Bz, + (B o vom)" (—16Ky) + (v o )" (—18Kw ) is nef and big because —Ky and —Kyy are
nef and big. Therefore we obtain
Dz, - Bz, - Mz, =0,

and hence M = B by Theorem 2.2.

For now, we suppose that the log pair (Z, %MZ) is terminal. We will derive a contradiction from this assumption, so
that the set CS(Z, %Mz) must contain the point O;.

The log pair (Z, €B;) is terminal for some rational number € > % but the divisor Kz + €B7 has non-negative intersection
with all curves on the variety Z except the curves L, and L. It follows from [11] that there is an isomorphism { : Z --» Z’
of codimension 1 and the divisor —K is nef. Then the singularities of the log pair (Z/, %Mzr) are terminal because
the sinqularities of the log pair (Z, %Mz) are terminal and the rational map ¢ is a log flop with respect to the log pair
(Z, I My).
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We obtain 1 1 1
Sz ~g (a0 Bov)(—Kx) = 5 (Bov)'(E) — gv'(F) = 3R
* 1 2 5
~o (aoBo V) (~Ky) = =Bz — F, — =R,
13 5 2
5% ~Q (GOBO V)*(_ZKX) _ ﬁ(ﬁo V)*(E) _ gv*(F) _ gR
13 15 21
~g (@0 Bov)(—2Kx) — ﬁEZ — ﬁFZ — ﬁR’
= . 3 3
S5 ~o (a0 Bov) (=3Kx) = 17 (Bov)'(E) = gv'(F) = 3R
3 6 4
~o(@oBovy(=3Ky) = g Bz — g Fz = R,
8
St~ (a0 Bov)'(=8Ky) = 3 (Bov)'(E)
8 5 7
L 7 (GOBOV)*(_8KX)—HEz—ﬁFz—ﬁR.
from )
1 5
Fz~q V'(F) = 3R, Ez~q (Bov)'(E) = gv'(F) = 3R.

3
Thus the pull-backs of the rational functions %, % and Y4; are contained in the linear systems [25;], [55,| and [14S,],

respectively. In particular, the complete linear system | — 70K| induces a dominant rational map Z --» P(1,2,5, 14).
Thus the anticanonical divisor —Kz is nef and big. It contradicts Theorem 2.1 because the log pair (Z/, %MZ/) is
terminal. |

Due to the lemma above, we may assume that the set CS(W, 1;J\/IW) contains the point Q;. In particular, the set
CS(y, %My) is not empty and each member of the linear system My is contracted to a curve by the morphism n.

Let G be the exceptional divisor of y. Then G contains two sinqular points Q7 and @, of Y that are quotient singularities
of types %(1, 1,1) and %(1,1,2), respectively. Then

cs(v, %My) c o . @}

where Q, is the point on Y whose image to W by y is the point Q.
In a neighborhood of Qy, the birational morphism B can be given by the equations

<1
I
>
Nt
ool—
N1
I
Nt
~
=)
~I
Il
~
oo

where %, 7 and t are weighted local coordinates on W in a neighborhood of Q; such that wt(%) = 1, wt(2) = 3 and
wt(f) = 2. Thus in a neighborhood of the singular point Q, the divisor F is given by the equation # = 0, the divisor Sy
is given by ¥ = 0, the divisor Eyy does not pass though the point Q; and the divisor By is given by the equation

M2+ u(eg? + €28 + other terms) =0.

Therefore By ~g 2S5y and the base locus of By is the union of Cy, Ly and the curve L’ that is given by the equations
% =1 =0. We have
SW'BW: Cw+2Lw+L,, Ew - By = 2Ly, F'BWIZL,,

which gives us

1
Sw-Cw=5Sw-Ly=0, SW~L’:E.
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In a neighborhood of Q,, the birational morphism y can be given by the equations

I
[S1N]

>
Il
>
~>
SR
Nzt
Il
N>
~1
Il
~>
N>

where %, 2 and  are weighted local coordinates on Y in the neighborhood of @5 such that wt(%) = 1, wt(2) = 1 and
wt(?) = 2. Thus in a neighborhood of the singular point Q, the divisor G is given by the equation 2 = 0, the divisor Sy
is given by ¥ = 0, the divisor Fy is given by the equation # = 0 and the divisor By is given by the equation

A+ u(eﬁ + €92°%% + other terms) =0.

Thus By ~g 2Sy and that the base locus of By is the union of the irreducible curves Cy, Ly and L}. We have

Sy ~q (a0 B o V) (~Ky) — 1-(BoV)'(E) ~ £v'(F) ~ G,
Ev o (Bo V) (E) = ov'(F),
Fy ~a v'(F) ~ G,
and
Sy Cy=Sy-Ly=5Sy-L},=0,

which simply means that Cy, Ly and L} are components of a fiber of n.

Lemma 6.24.
If the set CS(Y, 1My) contains Q), then M = B.

Proof. let o;: Y, — Y be the Kawamata blow up at the point Q) and let H, be the exceptional divisor of g,. Then
our local calculations imply that By, ~g 2Sy, and the base locus of By, is the union of curves Cy,, Ly, and L’Yz‘ Thus we
have

Syz . BYZ = Cyz + ZLYZ + L,Yz' Eyz . Byz = 2Ly2, Fyz . Byz = ZL,YZ'

which implies that

, 1
Sy, Cy, =0, Sy, Ly, =0, Sy, L), = -3
because
Sy, ~g (@aoBoyom)(—Kx)— W(Bo yo o) (E) — g(yo o) (F) — 502(6) - §H2,
5
Ey, ~g (Boyom)'(E) — glve a)"(F),
) . 2 2
Fr. ~a (vo o) (F) = £03(G) = SHa,
1

Gy, ~o 03(G) = 3He,

The curve L, is the only curve on Y; that has negative intersection with —Ky,. Moreover we have (Sy, +(y00)*(—5Kw))-
Ly, = 0, which implies that the divisor Sy, + (y 0 3)*(—5Kw) is nef and big because —Ky is nef and big. Therefore

(S, + (v 0 02)"(=5Kw)) - By, - My, =0

by Lemma 2.2 and hence M = BB by Theorem 2.2. |
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Lemma 6.25.
The set CS(Y, %M y) cannot contain the point Q.

Proof. Suppose that the set CS(Y, %My) contains the point Q. Let g7 : Y3 — Y be the Kawamata blow up at the
point Q.

Let D be a general pencil in the linear system | — 3Kx|. Then the base curve of D is the curve C given by x = z = 0.
Moreover the base locus of Ty, consists of the curve (_fyr Thus we see that Cy1 = Sy, - Dy, for a general surface Dy,
in Dy,. On the other hand, we have Dy, - Cy, < 0, which implies that n = 3 and My, = Dy, by Theorem 2.2. However,
Dy, +q —3Ky,. a

Consequently, we may assume that the set CS(Y, %M v) consists of the point O, whose image to W is the point Q. It
implies that CS(W, %MW) = {01, Q;}. We have M ~g —nKy by Lemma 2.2.

Let H be the exceptional divisor of . Then it follows from the local computations made during the proof of Lemma 6.23
that By ~g 2Sy. The base locus of By is the union of the irreducible curves Cy, Ly, L}, and the curve L” such that

" =Sy - H. We have
1

Sy-Cy =0, SV~LV=—1§, Sy - L :—%, SV~L”:§.
Let O be the sinqular point of V that is contained in H. Then w(0) is the singular point of Z contained in the exceptional
divisor of v. It follows from Lemma 2.3 that either the set CS(V, %Mv) contains the point O or the log pair (V, %Mv)
is terminal.

Suppose that the set CS(V, %M v) contains the point O. Then the set CS(Z, %MZ) contains the point w(0). The proof
of Lemma 6.23 shows that M = B if the set CS(Z, %Mz) contains the point w(0) = O.

From now, we suppose that the sinqularities of the log pair (V, %Mv) are terminal. The singularities of the log pair
(V, eBy) are log-terminal for some rational number € > % but the divisor Ky + €By has non-negative intersection with
all curves on the variety V except the curves Ly and L},. Then there is an isomorphism x : V' --» V' of codimension
1 and the divisor —Ky/ is nef. Hence the linear system | — rKy/| is base-point-free for r > 0 by the log abundance
theorem ([8]).

It follows from the proof of Lemma 6.23 that the pull-backs of the rational functions % and % are contained in the linear
systems |2Sy| and |5Sy|, respectively. In particular, the complete linear system | — 10Ky/| induces a dominant rational
map V --» P(1,2,5), which implies that the linear system | — rKy/| induces a dominant morphism to a surface. In fact,
the linear system | — rKy/| induces the morphism v. The singularities of the log pair (V/, 1M,/) are terminal because
the sinqularities of the log pair (V, %Mv) are terminal and the rational map x is a log flop with respect to the log pair
(v, ,1—7/\/1\/)‘ However, the sinqularities of the log pair (V/, %M v/) cannot be terminal by Theorem 2.1. We have obtained
a contradiction.

Summing up, we have proved:

Proposition 6.10.
The linear system | — 2Kx| is a unique Halphen pencil on X.

J =79: Hypersurface of degree 33 in P(1,3,5, 11, 14).

The threefold X is a general hypersurface of degree 33 in P(1, 3,5, 11, 14) with —K3} = 71—0‘ It has two sinqular points. One
is a quotient singularity of type %(1,1,4) and the other is a quotient sinqularity O of type 11—4(1,3, 11). The hypersurface
X can be given by the equation

w’z + Wf1g(X, y,z, t) + f33(x, y,2z, t) =0,

where f; is a quasihomogeneous polynomial of degree i. Let P be the pencil cut out on X by
M3 +pz =0,

where (A: p) € P,
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There is a commutative diagram

where
e ¢ is the natural projection,
e a is the Kawamata blow up at the point O with weights (1,3,11),

e B is the Kawamata blow up with weights (1, 3, 8) at the sinqular point of type %(1 , 3, 8) contained in the exceptional
divisor of the birational morphism «a,

e y is the Kawamata blow up with weights (1, 3, 5) at the singular point of type %(1 ,3,5) contained in the exceptional
divisor of the birational morphism B,

e 1 is an elliptic fibration.

If the set CS(X, ,1—7./\/1)() contains the singular point of type %(1,1,4), then M = | — 3Kx| by Lemma 4.3. Therefore we
may assume that CS (X, 1 M) = {O} due to Lemma 4.1 and Corollary 4.3.

The exceptional divisor E of a contains two quotient singular points P and Q of types %(1,1,2) and 111(1,3, 8), respec-
tively.

Lemma 6.26.
The set CS(U, %MU) consists of the point Q.

Proof.  Suppose that CS(U, 1 My) # {Q}. Then the set CS(U, 1 M) contains the point P. Let 7p : Up — U be the
Kawamata blow up at P with weights (1,1,2). Then My, ~g —nKy, by Lemma 2.2.
Let D be the proper transforms of | — 11Kx| on the threefold Up and D be a general surface of the linear system D.
Then the base locus of the linear system D does not contain curves, which implies that the divisor D is nef. Thus we
obtain an absurd inequality
2

0<D-M M = T,

where M and M, are general surfaces of the pencil M,. |

The exceptional divisor F of the birational morphism B contains two singular points Q; and Q, that are quotient

singularities of types %(1,1,2) and %(1,3,5) respectively.

Lemma 6.27.
If the set CS(W, ,17./\/1 w) contains the point Q,, then M =P.

Proof. Suppose that the set CS(W, %M w) contains the point Qy. Let m: Wiy — W be the Kawamata blow up of O,
with weights (1,1,2) and G be its exceptional divisor. Then My, ~g —nKy, by Lemma 2.2.
Let £ be the linear system on the hypersurface X cut out by

20 + My"0 + 28 + At + Ltty?x + Astyx + Aewitz = 0
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where (Ao : --- : Ag) € P°. Then the base locus of £ does not contain curves. Then it follows from simple calculations
that the base locus of the linear system Ly, does not contain any curve and for a general surface B in £, we obtain

* 30 * 8 2
Bu, ~q (aoBon)'( =30Ky) — T (Bon) (E) - ;37 (F) - 5G.
In particular, the divisor By, is nef and big.
Let M be a general surface of the pencil My, and D be a general surface of the linear system | — 5Ky, |. Then
Bw, - M- D =0, which implies that M =P by Theorem 2.2 because the linear system | — 5Ky, | is the proper transform
of the pencil P. O

Proposition 6.11.
A general surface in the pencil P is birational to a smooth K3 surface.

Proof. We use the same notations in the proof of Lemma 6.27. The surface G is isomorphic to the projective space
P(1,1,2). Let T be a general surface in the pencil P and let A = G - Ty,. Then by simple calculation, we see that the
curve A on G is defined by the equation

X’ + X2 gt + e3x5°t + ey t* = 0 C Proj(C[x, g, 7)) = P(1,1,2),

where each ¢; is a general complex number. It has two nodes at the points (1:0:0) and (0:1:0). But it is smooth at
the point (0: 0: 1) which is a A; singular point of the surface G. Let G be the blow up of the surface G at these three
points. The genus of the normalization A of the curve A is

) L A)A Ke+0) A1
pg(A):w+1:%+1_2:01

and hence the curve A is a rational curve not contained in the base locus of the pencil Py,. Therefore Corollary 2.2
completes the proof. |

We may assume that CS(W/, %MW) = {Q,} due to Theorem 2.1 and Lemma 2.3. Let Oy and O, be the quotient singular
points of the threefold Y contained in the exceptional divisor of y that are of types 1(1,1,2) and 1(1,3,2), respectively.
Then

o #Cs(v. %My) c{o.0.}

by Theorem 2.1, Lemmas 2.2 and 2.3. The proof of Lemma 6.25 implies that the CS(Y, %M y) does not contain the point
O;. Now the proofs of Lemma 6.21 shows M = | — 3Kx|.
Therefore we have proved:

Proposition 6.12.
The linear systems | — 3Kx| and P are the only Halphen pencils on X.
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