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FIVE EMBEDDINGS OF ONE SIMPLE GROUP

IVAN CHELTSOV AND CONSTANTIN SHRAMOV

ABSTRACT. We propose a new method to study birational maps between Fano
varieties based on multiplier ideal sheaves. Using this method, we prove equi-
variant birational rigidity of four Fano threefolds acted on by the group Asg.
As an application, we obtain that Bir(P?) has at least five non-conjugate sub-
groups isomorphic to Ag.
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We assume that all varieties are projective, normal, and defined over C.

1. INTRODUCTION

The group of birational automorphisms of the projective plane P2, also known
as the Cremona group Crs(C), is a classical object in algebraic geometry. Classify-
ing finite subgroups in Cry(C) up to conjugacy is an important research direction
originating in the works of Kantor, Bertini, Wiman and others. This classification
has been almost completed in [I6]. In particular, we know how to decide whether
or not two finite isomorphic subgroups in Cra(C) are conjugate.

The group of birational automorphisms of the projective space P2, the Cremona
group Cr3(C), is poorly understood. We know so little about finite subgroups in
Cr3(C) that Serre asked

Question 1.1 ([40, Question 6.0]). Does there exist a finite group which is not
embeddable in Cr3(C)?
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1290 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

It is well known that most finite groups are not embeddable in Cry(C). For ex-
ample, the only finite simple non-abelian subgroups in Cry(C) are As, Ag, PSLo(F7)
(see [16]). Prokhorov explicitly answered Question [Tl by proving the following.

Theorem 1.2 ([38, Theorem 1.3]). Let G be a finite simple non-abelian subgroup
in Cr3(C). Then G is one of the following groups: As, Ag, PSLa(F7), A7, SLa(Fs),
PSp,(F3). All the possibilities occur.

During a workshop “Subgroups of Cremona groups” at Edinburgh in Spring
2010, Serre posed

Question 1.3. What are normalizers in Cr3(C) of finite simple non-abelian sub-
groups in Cr3(C)?

An answer to Question [I.3] depends on the classification of finite non-abelian
simple subgroups in Cr3(C) up to conjugation. But Theorem gives such a
classification only up to isomorphism. So before trying to answer Question [[.3], we
must first consider

Question 1.4. How do we decide whether or not two finite isomorphic subgroups
in Cr3(C) are conjugate?

With very few exceptions (see [3I], []], [38]), we do not know how to answer
Question [[4lin full generality. In this paper, we show a new technique that can be
used to answer both Questions [[L3] and [[.4] in some cases. In particular, we use this
technique to prove

Theorem 1.5. Up to conjugation, there are at least 5 subgroups in Cr3(C) that are
isomorphic to Ag. For three of these non-conjugated subgroups, the normalizer in
Cr3(C) is Sg, and for one it is the free product of S¢ and Sg with an amalgamated
subgroup Ag.

Let us show how to translate Questions [[.4] and into a geometric language.
Let G be a finite subgroup, and let 7: G — Cr3(C) be a monomorphism. It is well
known (see [38] Section 4.2]) that there is a birational map £: V --» P? such that

the threefold V' is normal and has terminal singularities,

there exists a monomorphism v: G — Aut(V),

for every element g € G, we have T(g) =¢o U(g) o0&,

there exists a v(G)-Mori fibration 7: V' — S, i.e. a non-birational v(G)-
equivariant surjective morphism with connected fibers such that the divisor

—Ky is m-ample, and for every v(G)-invariant Weil divisor D on V, there
is 6 € Q such that

0Ky + D ~q w*(H)
for some Q-Cartier divisor H on the variety S.

Definition 1.6. The quadruple (V,§,v,7) is a Mori regularization of the pair
(G, 7).

Theorem 1.7. The normalizer of the group 7(G) in Crz(C) is isomorphic to the

group of all v(G)-equivariant birational automorphisms of the variety V.
Proof. The proof is obvious and left to the reader. ]

Let 7: G — Cr3(C) be another monomorphism, and let (V',¢’,v',7") be a Mori
regularization of the pair (G, 7).
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1291

Theorem 1.8 ([16l Lemma 3.4]). The following assertions are equivalent:

e the subgroups 7(G) and 7'(G) are conjugate in Crs(C), B
e there is a birational map p: V --» V' such that for every g € G there is
g € G such that

V' (g') =pouv(g)op™t € Aut(V').

Thus, the subgroups 7(G) and 7/(G) are conjugate in Crs(C) if and only if there
exists a G-equivariant birational map V --» V’ with respect to the actions of the
group G on V and V' induced by the monomorphisms v and v’. However, to
prove or disprove the existence of such a birational map is not easy in general. The
following two definitions help to deal with this in the case when 7(V') = S is a point,
i.e. in the case when V is a normal Fano variety with terminal singularities such
that the v(G)-invariant subgroup in C1(V) ® Q is generated by —Ky .

Definition 1.9 (cf. [7, Definition 0.3.3]). If S is a point, then V is called v(G)-
birationally rigid if for every Mori regularization (V’,¢&’,v', ') of the pair (G,7),
we have V' 22V, 7/(V') is a point, and the subgroups v(G) and v/(G) are conjugate
in Aut(V) = Aut(V").

Definition 1.10 (cf. [7} Definition 0.3.4]). If S is a point, then V is called v(G)-
birationally superrigid if for every Mori regularization (V',¢’,v',7") of the pair
(G,7), the map £~ 1 o ¢’ is biregular.

From now on we will identify the group G with its image v(G) to simplify the
notation. Note that if S is a point and V' is G-birationally superrigid, then it follows
from Definitions [LI and [LT0 that V' is G-birationally rigid. Denote by Aut®(V)
(by BirG(V), respectively) the groups of G-equivariant ‘biregular (birational, re-
spectively) self-maps of V. Note also that the group AutG(V) (the group BirG(V),
respectively) coincides with the normalizer of G in Aut(V) (in Bir(V), respectively).

Corollary 1.11. Suppose that S is a point, the threefold V is G-birationally rigid,

and V2 V'. Then 7(G) and 7'(G) are not conjugate in Crz(C).
Corollary 1.12. Suppose that S is a point and V is G-birationally superrigid.
Then the normalizer of the group 7(G) in Crs(C) is isomorphic to Aut® (V).

Let us consider examples of Mori regularizations in the case when G is one of
the following groups: A7, SLy(Fg), and PSp,(F3). Note that in the latter case, the
variety S must be a point, since A7, SLy(Fs), and PSp,(F3) are not embeddable in
CI‘2 ((C)

Example 1.13. If G = A; or G = PSp,(F3), then there is a monomorphism
v: G — Aut(P?) (see [15]).

Example 1.14 ([38, Example 2.11]). Put G = SLy(Fg). One can show that there
is a monomorphism «: G — Aut(LGr(4,9)) and that Pic(LGr(4,9)) = Z[H], where
H is an ample divisor such that |H| gives an embedding ¢: LGr(4,9) — P'°, which
implies that the monomorphism a induces a monomorphism 3: G — Aut(P'®).
Put V = ((LGr(4,9)) NI, where II is the unique B(G)-invariant linear subspace
II C P such that dim(II) = 8. Then V is a smooth Fano threefold such that
Pic(V) 2 Z and —K3 = 12 (see [35]), and V is rational (see [25, Corollary 4.4.12]).
The monomorphism 3 induces an isomorphism v: G — Aut(V).
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1292 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Example 1.15. Suppose that V is a complete intersection in P° that is given by
5
in = U4($0,.’L’1,$2,$3,$4,.’L’5) =0C ]P)5 = PI'Oj (C[$0,$1,$2,$3,$4,$5]),
=0
where o4 is the elementary symmetric form of degree 4. Put G = PSp,(F3). Then
there is a monomorphism v: G — Aut(V') (see [23, Chapter 5]). It is known that
the threefold V' is rational (see [23] Section 5.2.7]) and the G-invariant subgroup in
the group Cl(V) is Z (cf. Theorem [[.20).

The threefold constructed in Example is known as the Burkhardt quartic
(see [23)]).

Theorem 1.16 ([38, Theorem 1.5], [4]). Suppose that G is one of the following
subgroups: Az, SLa(Fg), or PSp,(F3). Let V' be a normal rational threefold with at
most terminal singularities that admits a faithful action of the group G such that
there exists a G-Mori fibration w: V — S. Then S is a point and

o if G2 Ay, then V = P3 (see Evample [L13),

o if G = SLy(Fg), then V is the threefold constructed in Example [[14),

o if G = PSp,(F3), then either V =2 P2 or V is the threefold constructed in

Ezample [[L15]

Now let us consider examples of Mori regularizations in the case when G = Ag.

Example 1.17. Put V = P? and G = Ag. Then there exists a monomorphism
2.A¢ — SL4(C) (see [15]), which induces a monomorphism v: G — Aut(V) =
PGL4(C). Furthermore, up to conjugation, this is the unique subgroup isomorphic
to A6 in PGL4((C)

Example 1.18. Put G = Ag. Then there exists a monomorphism G — SO5(R),
which implies the existence of a monomorphism v: G — Aut(V), where V is a
smooth quadric threefold.

Example 1.19. Put G = Ag. Suppose that V is the complete intersection

5 5

Zmi = fo’ =0CP> Proj((C[xO,xl,:vg,atg,x4,x5]>.
i=0 i=0

Then V' has exactly 10 isolated ordinary double points (and hence V is rational)

and there exists a natural monomorphism v: G — Aut(V). Furthermore, one

has Cl(V) = Z5 (see [18], [19]), which implies that the G-invariant subgroup of
the group Cl(V) is Z.

The threefold constructed in Example is known as the Segre cubic (see [23]
Section 3.2]).

Let us show how to prove that V is G-birational superrigid in the case when S
is a point.

Theorem 1.20. Put G = Ag. Suppose that V is the threefold constructed in
Ezample LT85 Then rkClG(V) =1, the variety V is G-birationally superrigid, and
Bir® (V) 2 Sg.

Proof. The required assertions are probably well known to experts, but we failed
to find any relevant reference. The fact that the G-invariant subgroup of the group
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1293

CI(V) is Z follows from the isomorphism V/F = P(1,2,2,3), where F is a subgroup
in G such that F = S, and F fixes a point in Sing(V). The isomorphism Bir® (V) =
Se follows from the G-birational superrigidity of the threeefold V', Corollary 12,
and the classification of primitive subgroups in SL5(C) (see [I7]). The fact that V
is G-birationally superrigid easily follows from the proof of [33, Theorem 5] (cf. [42]
Section 9]), but we decided to prove this here to illustrate how to proof G-birational
superrigidity using only a classical technique that goes back to [24].

Suppose that V' is not G-birationally superrigid. Then [I2, Theorem 4.2] implies
the existence of a G-invariant linear system M on the threefold V' such that M
does not have fixed components, and the log pair (V,; AM) is not canonical, where
A € Q is such that Ky + AM ~g 0.

Let M7 and M> be sufficiently general surfaces in the linear system M, and let
H be a general surface in | — Ky/|. Consider V as a quartic threefold in P*.

Suppose that there is an irreducible curve C C V such that the log pair (V, AM)
is not canonical along the curve C. Then the multiplicity of the linear system
| M| along the curve C' is greater than 1/ (see e.g. [14], Exercise 6.18]). Let Z be
the G-orbit of the curve C. Put d = —Ky - Z. Then

4/X* = My - My - H > d multe (M; ) multe (Ms) > d/N?,

which implies that d < 3. So, the curve Z is contained in a hyperplane in P*,
which is impossible, because the corresponding five-dimensional representation of
the group G is irreducible.

Thus, the centers of canonical singularities (see [7, Definition 1.3.8]) of the log
pair (V, AM) are points. Take any point P € V such that the singularities of the log
pair (V, AM) are not canonical at the point P. Suppose that P € V is a smooth
point, and let Hp be a general hyperplane section of V' C P* passing through P.
Then

4/X% = My - My - Hp > multp(M; - My) > 4/\?

by [13, Corollary 3.4]. The obtained contradiction shows that the quartic V' is
singular at P.

Let ¥ be the G-orbit of the point P € V. Then there is a subset I' C ¥ such
that |I'| = 4, and the set T is not contained in any two-dimensional linear subspace
of P4

Let @ C | —2Ky| be a linear subsystem that consists of all surfaces in | — 2Ky/|
that pass through every point of the set I'. Then the base locus of the linear system
Q is the set T.

Let 7: U — V be a blow up of the set T', let M be the proper transforms of
the linear system M on the variety U, and let E1,..., E4 be exceptional divisors
of m. Then there is m € Z such that M ~ 7*(M) — mezl E;. Moreover, it
follows from [7, Theorem 1.7.20] that m > 1/A (cf. [I3, Theorem 3.10]). Let T be
the intersection of two sufficiently general surfaces in Q, and let T be the proper
transform of the curve T on the threefold U. Then

0>8/A—8m>8/A—m Y multo(Y)=M-T >0,
oer

where M is a general surface in M. The obtained contradiction completes the proof.
|
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Corollary 1.21. Up to conjugation, there are at least 2 subgroups in Crz(C) iso-
morphic to Ag.

Corollary 1.22. Suppose that G = PSp,(F3) and V is the threefold constructed in
Ezample [LI5 Then the G-invariant subgroup of the group CI(V') is Z, and V is
G-birationally superrigid.

Now applying Theorem [[.8] Corollary [[LTI] and Theorem [[.T6] we obtain

Corollary 1.23. Up to conjugation, the group Crs(C) contains exactly 1 subgroup
that is isomorphic to SLa(Fg), exactly 2 subgroups that are isomorphic to PSp,(Fs),
and ezxactly 1 subgroup that is isomorphic to Az.

The proof of Theorem goes back to the classical result of Iskovskikh and
Manin about the non-rationality of every smooth quartic threefold (see [24]). Of
course, the quartic threefold constructed in Example is not smooth, but this
problem is dealt with by using technique introduced in [13] and [33]. So the proof of
Theorem is a nice illustration of how to answer Question [[.4]in one particular
case. Unfortunately, this approach is hard to apply to Fano varieties of large anti-
canonical degree. The main purpose of this paper is to introduce a new technique
to prove G-birational rigidity or G-birational superrigidity of the threefold V in the
case when S is a point. This technique does not always work, but sometimes it
does. We will use this technique to prove

Theorem 1.24. Suppose that G = Ag. If V = P? (cf. Evample [LIT), then the
threefold V is G-birationally rigid (but not G-birationally superrigid) and BirG(V)
1s a free product of two copies of Sg with amalgamated subgroup Ag. If V is either
the Segre cubic or a smooth quadric threefold, then V is G-birationally superrigid
and Bir® (V) 2 Se.

Corollary 1.25. Up to conjugation, there are at least 5 subgroups in Crz(C) iso-
morphic to Ag.

Unfortunately, we are unable to classify all subgroups in Cr3(C) that are iso-
morphic to Ag up to conjugation, similar to what was done in Corollary [[.23] for
A7, SLy(Fg), PSp,(F3). The main problem is that S is not necessarily a point
if G = Ag, since Ag is embeddable in Cry(C). If G = Ag and dim(S) = 1, i.e.
7: V — S is a del Pezzo fibration, then V =2 P? x P! by Theorem [B.Il However, if
G = Ag and dim(S) = 2, i.e. 7: V — S is a conic bundle, then we do not have any
decent description of the threefold V', and this is the main reason why we are unable
to classify all subgroups in Crz(C) that are isomorphic to Ag up to conjugation.

Remark 1.26. Suppose that G = Ag and dim(S) = 2. Then the monomor-
phism v: G — Aut(V) induces a monomorphism ¢: G — Aut(S), because 7 is
G-equivariant and G is simple. On the other hand, the group G faithfully acts on
P2 x P! so that its action of the first factor is induced by a three-dimensional repre-
sentation of the group 3.Ag, and its action on the second factor is trivial. Keeping
in mind that V is rational, it is very tempting to expect that there always exists a
commutative diagram

V- > P2 x P!
lfr lprl
§-——5--»P
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where « is some G-equivariant birational map, 3 is some ¢(G)-equivariant birational
map, and prq : P2 xP' — P2 is the projection to the first factor. We do not have any
strong evidence for such expectation, but we failed to construct a counterexample
either.

Let us describe the strategy for proving Theorem[L.24l Let X be a Fano threefold
with Gorenstein terminal singularities, and let G be a subgroup in Aut(X) such

that rkClG(X ) = 1. We suppose that X is not G-birationally superrigid and seek
a contradiction. It is well known that in this case there are a movable G-invariant
linear system M without fixed components and A € Q such that Kx + AM ~g 0
and the log pair (X, AM) has non-canonical singularities (see [12, Theorem 4.2], [7]
Theorem 1.4.1]). Since X is Gorenstein, the singularities of the log pair (X, 2AM)
must be worse than log canonical by Corollary Now, although the last condition
is much weaker than non-canonicity of the log pair (X, AM), we are in a position
to use the machinery of multiplier ideal sheaves to obtain a contradiction. Namely,
we choose p1 < 2A such that the log pair (X, uM) is strictly log canonical and pick
up a minimal center S of log canonical singularities of (X, uM) (see Section [2 for
definitions). The minimality of the center S implies that the G-orbit of S is either
a finite set or a disjoint union of irreducible curves. We use Lemma 213 to observe
that one may assume that every center of log canonical singularities of the log pair
(X, uM) is g(S) for some g € G. Then applying the Nadel-Shokurov vanishing
theorem (see Theorem [24] [30, Theorem 9.4.8]) we obtain an upper bound on the
number of irreducible components of the G-orbit of S. If S is a point, the latter
appears to be mostly enough to obtain a contradiction with the structure of G-orbits
on X. If S is a curve, the Kawamata subadjunction theorem (see Theorem 2.8 [28],
Theorem 1]) implies that S is smooth, and we proceed with applying the Nadel-
Shokurov vanishing theorem, the Riemann—Roch theorem, the Clifford theorem (see
Theorem [ZT9] [22, Theorem 5.4], [2, Section III.1]), and the Castelnuovo bound
(see Theorem 220 [22, Theorem 6.4], [2, Section III.2]).

Using these, we obtain various restrictions on the number of irreducible com-
ponents of S, the degree of the curve S, and the genus of the curve S. In many
cases these restrictions appear to be incompatible with a faithful action of G on
X. Namely, suppose that X is one of the three threefolds from Theorem and
G = Ag. Then all possibilities for S are ruled out by the above arguments, ex-
cept for the cases when either X is the Segre cubic and S is its singular point, or
when X =2 P? and S is a line whose G-orbit consists of 6 lines. In the former case
the contradiction is obtained by brute force (see Lemma [5.7). So we have to deal
with the case when X = P? and S is a line whose G-orbit consists of 6 lines. If
S is not a center of canonical singularities of the log pair (P3, A\M), then we use
Lemma 217 to obtain a contradiction. However, we cannot obtain a contradiction
here in general, because P? is not G-birationally superrigid! Indeed, for every line
L C IP? whose G-orbit consists of 6 lines, there exists a non-biregular G-equivariant
birational involution P? — P3 discovered by Todd in [45] that is undefined along
every line in the G-orbit of L (see Lemma 5 for a description). There are 12 such
lines in P3 in total. These 12 lines split in two G-orbits, and each G-orbit gives
us a non-biregular G-equivariant birational involution P? --» P3, which we denote
by ¢ and «/, respectively. Applying ¢ and ¢/ to M if necessary, we may assume
that lines whose G-orbit consist of 6 lines are not centers of canonical singulari-
ties of the log pair (X, AM) (see Lemma [7]). Combining this with what we have

Licensed to University of Edinburgh. Prepared on Sun Oct 23 06:33:40 EDT 2016 for download from IP 129.215.4.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1296 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

already proved, we see that the singularities of the log pair (X, AM) are canoni-
cal up to the action of (G,¢,+'), which implies that P3 is G-birationally rigid and
Bir®(P?) = (Aut®(PP3),+,/'). Finally, we observe that

Aut®(P?) = (G, 1) = (G, 1) = Sg

and use this to prove that (Auté(]P’?’), t,t') is the free product of two copies of Sg
with amalgamated subgroup Ag. Let us illustrate the described strategy by proving

Theorem 1.27. Suppose that G is one of the following subgroups: Az, SLa(Fg),
PSp,(F3). Then V is G-birationally superrigid.

Proof. If V = P3| then either G = A; or G = PSp,(F3), and the proof of Theo-
rem [[24] implies that V is G-birationally superrigid, since A7 and PSp,(F3) contain
subgroups isomorphic to Ag. In fact, the G-birational superrigidity of the threefold
V in the latter case is much easier to prove than Theorem [[24] but we leave the
details to the reader.

It follows from Theorem and Corollary [[22] that we may assume that G =
SLo(Fg) and V is the threefold constructed in Example [[I4l Suppose that V
is not G-birationally superrigid. Then it follows from [12, Theorem 4.2] or [7}
Theorem 1.4.1] that there is a (non-empty) G-invariant linear system M on V such
that M does not have fixed components, and (V, AM) is not canonical, where A is a
positive rational number such that AM ~g —Ky . By Corollary there is p € Q
such that g < 2X and (V, uM) is log canonical and not Kawamata log terminal
(see [29, Definition 3.5]).

Let S be a subvariety in V' that is a minimal center of log canonical singularities
of the log pair (V, uM) (see [27], [28], [10, Definition 2.8]), and let Z be the G-orbit
of the subvariety S. Then S is either a point or a curve, since M does not have fixed
components. Moreover, the subvariety Z C V is a disjoint union of its components
(see Lemma [Z7] [27), Proposition 1.5]).

Arguing as in the proof of [27, Theorem 1.10] or [28, Theorem 1], we can construct
a G-invariant effective Q-divisor D on V such that D ~g —§Ky for some positive
rational number 6 < 2, the log pair (V, D) is log canonical, the subvariety S is
a minimal center of log canonical singularities of the log pair (V, D), and the only
centers of log canonical singularities (see [27, Definition 1.3]) of the log pair (V, D)
are irreducible components of Z (see Corollary and Lemma [ZT3]).

Let Zz be its ideal sheaf and put ¢ = h®(Oy (~Ky) ® Zz) = 0. Then

(1.28) 10z @00 (- Kv)) =1 (Ov(-Kv)) —a=9-4<9

by the Nadel-Shokurov vanishing theorem (see Theorem 24 [30, Theorem 9.4.8])
and the Riemann—Roch theorem. Let r be the number of irreducible components

of the curve Z. Then r ¢ {2,3,...,8}, since G cannot act transitively on a finite
set consisting of at least 2 and at most 8 elements (see [15]). Note that Z = S if
r =1

Suppose that S is a point. Then either Z = S or |Z| = r = 9 by (L28). If
Z = 8, then G must act faithfully on the tangent space to V at the point S, which
is impossible, since SLy(Fg) has no non-trivial three-dimensional representations
(see [I5]). Thus, we see that |Z| = 9. Let Fsg be the stabilizer subgroup in G of
the point S. Then |Fss| = |G|/9 = 56, and hence one has Fsg = Z3 : Z7 (see [15]).
On the other hand, the group Fs¢ must faithfully act on the tangent space to V
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1297

at the point S, which is impossible, since Z3 : Z; has no faithful three-dimensional
representations.

Thus, we see that S is a curve. Put d = —Ky - C. By the Kawamata subadjunc-
tion theorem (see Theorem [Z8] [28, Theorem 1]), the curve S is a smooth curve
of genus g such that d > 2¢g — 2. In particular, the divisor —Ky|s is not special.
Thus, it follows from (L.28) and the Riemann-Roch theorem that

(1.29) 9—gq=r(d—g+1),

where either r =1 or r = 9. If r = 9, then it follows from ([29) that d = ¢g and
q = 0, which is impossible, since d > 2g — 2. Thus, we see that » = 1, which simply
means that Z = S. Then G acts faithfully on S, since G is simple and there are no
points in V that are G-invariant. Moreover, it follows from (L29)) that d = 8+g—gq.
Keeping in mind that d > 2g — 2, we see that ¢ < 10. Then g = 7 by the refined
Hurwitz bound (see [6, Theorem 3.17], Theorem 2I8]). In particular, we see that
d=15—¢q,sinced=8+g—q.

Let M; and M» be general surfaces in M, and let H be a general surface in
| — Ky|. Then it follows from [13, Theorem 3.1] that multg(M; - My) > 4/u2,
where p < 2\. Thus, one has

12

4HNS| |HNS|
» > ~

=M -Mp-H> > multg(M - M) > 2 U

O€HNS
which implies that |H 0S| < 12. But |H N S| = d = 15 — ¢, which implies that
q > 4. The latter is impossible, since SLs(Fg) has no non-trivial representations of
dimension at most 6. ]

The reader may find it useful to compare the proof of Theorem (that uses
a classical approach to birational rigidity) with the proof of Theorem (that
uses our new approach). Note that the proof of Theorem does not use any
information about the geometry of the variety V acted on by the group SLy(Fg).
Applying Theorem [ 7] and Corollary and using the classification of primitive
subgroups in SLy(C) and SL5(C) (see [17]), we obtain

Corollary 1.30. Let G be a subgroup in Crz(C) that is isomorphic to either A;
or PSpy(F3). If G = Ag, then its normalizer in Cr3(C) is isomorphic to Sy. If
G = PSp,(F3), then its normalizer in Cr3(C) is G itself.

The plan of the paper is as follows. In Section 2] we collect the well-known pre-
liminary results on the log canonical singularities, make some remarks on varieties
with group action and recall some general classical theorems. In Section[3we collect
the necessary facts about the structure of the groups Ag and 2.Ag and the relevant
representation theory. In Sections E [ and [B] we study the projective space P3,
the Segre cubic and the smooth quadric threefold according to the plan explained
above, proving Theorems (4.8 (4.9 and [6.2] respectively. These four theorems
imply Theorem [[24l In Appendix [Al we answer (negatively) a question on the
existence of equivariant birational maps between two certain remarkable threefolds
acted on by the group I' = PSLy(FF;;) posed in [38, Remark 2.10]. Appendix [Bl
written by Yu. Prokhorov, classifies terminal threefolds X acted on by the group
G = Ag such that X admits a G-Mori fibration 7 : X — P!,

We would like to thank T. Dokchitser, I. Dolgachev, Yu. Prokhorov, L. Rybnikov
and E. Smirnov for very useful discussions and comments. We would like to thank
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the referee for many valuable and useful comments that helped us to improve the
paper significantly.

2. PRELIMINARIES

Throughout the paper we use the standard language of the singularities of pairs
(see [29] and [I4] Section 6]). By strictly log canonical singularities we mean log
canonical singularities that are not Kawamata log terminal (see [29, Definition 3.5]).

Let X be a variety with at most Kawamata log terminal singularities (see [29]
Definition 3.5]), and let Bx be a formal linear combination with non-negative ra-
tional coefficients of non-empty (but not necessarily complete) linear systems on X.
Then we may write Bx = 22:1 a;B;, where a; € Q, and B; is either a prime Weil
divisor on the variety X or a linear system without fixed components. We assume
for simplicity that B; # B; if i # j.

Remark 2.1. Usually By is assumed to be an effective Q-divisor. But sometimes it
is necessary to assume that some or all components of Bx are linear systems without
fixed components (see [I4, Section 6]). We will need such a log pair throughout the
paper, but do not want to stress on using them, since all properties of standard
log pairs we plan to use hold for these generalized log pairs (see [29, Definition 4.6]
and [I4] Definition 6.16]). Moreover, we can always treat Bx as a Q-divisor by
replacing each its mobile components by a weighted sum of its sufficiently general
members (see [29, Theorem 4.8]).

Suppose that Kx + By is Q-Cartier. Let 7: X — X be a birational morphism
such that X is smooth. Then

KX —+ 20431 ~Q W*(KX +BX> + ZdzEu
i=1 =1

where B; is the proper transforms of B; on the variety X, and E; is an exceptional
divisor of the morphism 7, and d; is a rational number. We may assume that
Sy B; + >, E; is a divisor with simple normal crossing and that every mobile
linear system among By, ..., B, (if any) is free from base points.

Lemma 2.2. Suppose that X has terminal singularities. Let n be a positive integer
such that nKx is a Cartier divisor. Then (X, (1 + n)ABx) is not log canonical if
(X, \Bx) is not canonical.

Prglof. There are positive rational numbers ¢y, ..., ¢, such that K5 ~q 7*(Kx) +
Yot ¢iE;, because X has terminal singularities and, in particular, Kx is a Q-
Cartier divisor. Moreover, the numbers ncy, ..., nc, are positive integers, since

nKx is a Cartier divisor. On the other hand, we have

s m
Z aiBi ~Q " (Bx) — Z miEi
i=1 i=1
for some non-negative rational numbers myq,...,m,. Then d; = ¢; — m; for every
ie{l,...,r}

Suppose that (X, ABx) is not canonical. Then there exists s € {1,...,m} such
that c¢s — ms = ds < 0 (see [I4], Definition 6.16]). Thus, we have

cs — (1+n)ms =cs —ms —nms < —nm; < —1,
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because m; > ¢ > 1/n, since ncs is a positive integer. On the other hand, we have

K+ (14n) ZaiBi ~ T (KX +(1+ H)Bx> + Z (ci — (1 +n)m;) E;,
i=1 i=1

where ¢; — (1 + n)ms; < —1. Therefore, the log pair (X, (1 + n)ABx) is not log
canonical. O

Corollary 2.3. Suppose that X has terminal Gorenstein singularities and (X, ABx)
is not canonical. Then (X,2ABx) is not log canonical.

Suppose that (X, Bx) is log canonical. Put a; = a; if B; is a prime Weil divisor
and a; = 0 if B; is a linear system without fixed components. Put I(X,Bx) =
7T*(2111 [di|E; — 22:1 La;] B;).

Theorem 2.4 ([30, Theorem 9.4.8]). Let H be a nef and big Q-divisor on X, and let
D be a Cartier divisor on X such that D = Kx+Bx+H. Then h'(Z(X,Bx)®D) =
0 for every i > 1.

Let £(X, Bx) be a subscheme of X that corresponds to the ideal sheaf Z(X, Bx).
Put LCS(X, Bx) = Supp(L(X, Bx)). Note that £(X, Bx) is reduced, because
(X, Bx) is log canonical.

Theorem 2.5 ([4Il Lemma 5.7], [27, Theorem 1.4]). Let (: X — Z be a sur-
jective morphism with connected fibers, and let F' be a fiber of (. Then the locus
LCS(X, Bx) N F is connected if —(Kx + Bx) is n-nef and n-big.

Recall that there are standard names for Z(X, By ), £(X, Bx) and LCS(X, Bx).
Namely, the ideal Z(X, Bx) is known as the multiplier ideal sheaf (see [30, Sec-
tion 9.2]), the subscheme £(X, Bx) is known as the log canonical singularities sub-
scheme (see [7, Definition 1.7.5]), and the locus LCS(X, Bx) is known as the locus
of log canonical singularities (see [41}, Definition 3.14]).

Theorem 2.6 (|14, Theorem 6.29]). Suppose that ay =1 and By is a prime Weil
divisor. Suppose that By is a Cartier divisor on X and By is a normal variety that
has at most Kawamata log terminal singularities. Then (X, Bx) is log canonical
along By if and only if the log pair (B1,Y.;_, a;Bi|p,) is log canonical.

Let Z be a center of log canonical singularities of the log pair (X, Bx) (see
[27), Definition 1.3]), and let LCS(X, By) be the set of all centers of log canonical
singularities of the log pair (X, Bx).

Lemma 2.7 (|27, Proposition 1.5]). Let Z and Z' be elements of the set LCS(X,
Bx), and let Y be any irreducible reduced component of Z - Z'. Then'Y € LCS(X,

Bx).

Suppose that Z is a minimal center in LCS(X, Bx) (see [27], [28], [10, Defini-
tion 2.8]).
Theorem 2.8 ([28, Theorem 1]). Let A be an ample Q-Cartier Q-divisor on X.
Then

e the variety Z is normal and has at most rational singularities,
o there exists an effective Q-divisor Bz on Z such that (Kx +Bx +A)|z ~q
Ky + Bz, and (Z,Byz) has Kawamata log terminal singularities.

Let G C Aut(X) be a finite subgroup.
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Lemma 2.9. Suppose that X is a curve. Let ¥ C X be a C:}—orbit, If |1Z] =1,
then G is cyclic. If G = As, then |X| € {12,20,30,60}. If G = Ag, then |X| €
{60,72, 90, 120, 180, 360} .

Proof. If ¥ is a point, then G acts faithfully on the tangent space to X at the point
3. O

Lemma 2.10. Suppose that X is a curve of genus g and G_%’ Ag. If g < 34, then
g €{10,16,19,25,31}. If g = 10, then X does not contain G-orbits of length 120.

Proof. Let F C G be a stabilizer of a point in X. Then F = 7, for some k €
{1,2,3,4,5,6} by Lemma[20 Put X = X/G. Then X is a smooth curve of genus
g. The Riemann-Hurwitz formula gives

29 — 2 = 360(27 — 2) + 180az + 240a3 + 270a4 + 288as + 300ag,
where ay, is the number of G-orbits in X with a stabilizer of a point isomorphic to
Zy,.
Suppose that g < 34. Note that g # 0 by the classification of finite subgroups of
PGLy(C) and g # 1 since G is non-solvable. Since a; > 0, one has g = 0, and

(2.11) 2g — 2 = —T720 + 180asy + 240a3 + 270a4 + 288as + 300ag,
which implies that g € {10, 16,19, 25,31}. The only solution to (ZII]) for g = 10 is
(az,as,aq,as,a¢) = (1,0,1,1,0), which completes the proof. |

Remark 2.12. We do not claim that every case listed in Lemma [2.10] is realized.
The obtained restrictions on the genus are enough for our purposes.

Suppose, in addition, that Bx is G-invariant. Then ¢(Z) € LCS(X, Bx) for
every g € G, and the locus LCS(X, Bx) is G-invariant. It follows from Lemma [Z.7]
that ZNg(Z) # @ if and only if Z = g(Z) for every g € G, because Z is a minimal
center in LCS(X, Bx).

Lemma 2.13. Suppose that the divisor Bx is ample. Let € be an arbitrary ratio-
nal number such that € > 0. Then there exists an effective G-invariant Q-divisor
D on the variety X such that the set LCS(X, D) consists of all components of the G-
orbit of Z, the log pair (X, D) is log canonical, and the equivalence D ~q (1+¢€)Bx
holds.

Proof. See the proofs of 27, Theorem 1.10], [28, Theorem 1], [10} Lemma 2.11]. O

Suppose, in addition, that X is a Fano variety. Put

lct(X,@) = sup {)\ 0)

eR.

the log pair (X , )\D) has log canonical singularities }

for every G-invariant effective Q-divisor D ~g —Kx

Remark 2.14. If X is smooth, then it follows from [J, Theorem A.3] that lct(X, G) =
ag(X), where a5 (X) is the G-invariant a-invariant of the variety X introduced in
[43] and [44].

Suppose that X = P! x P!

Lemma 2.15. Suppose that G = As. Let ¥ C X be a G-invariant subset. Then
|Z| > 12.
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Proof. The required assertion follows from Lemma 2.9 |

Let Ly and Lo be fibers of the projection to the first and the second factor,
respectively.

Lemma 2.16. The inequality 1ct(X,G) > 1 holds if and only if the linear systems

|L1|, |L2|, |L1 + La| contain no G-invariant curves.

Proof. 1f there is a G-invariant curve in |Li| or |La| or |Ly + La|, then let(X, G) =
1/2 (see [8, Theorem 1.7]).

Suppose that |Ly|, | La|, |L1 + L2| contain no G-invariant curves, but let(X, G) <
1. There are A € Q and an effective G-invariant Q-divisor D on X such that A < 1
and D ~q 2(Ly + Ls), but (X, AD) is not Kawamata log terminal. We may assume
that (X, A\D) is log canonical.

Suppose that there is a G-invariant curve C' C X such that AD = uC + €, where
p > 1, and Q is an effective G-invariant Q-divisor, whose support does not contain
any component of the curve C. Then C' ~ aL;+bLy for some non-negative integers
a and b. Then either a > 2 or b > 2. But

2>2)\:)\(D-L1):(uC+Q)~L1>C-L1:b,

which implies that b < 1. Similarly, we see that a = C' - Ly < 1, which is a contra-
diction.

We see that the locus LCS(X, AD) is a finite G-invariant set. Thus, the locus
LCS(X, AD) consists of a single point O € X by Theorem[ZHl Let H be the unique
curve in |L; + Lo| that is singular at O. Then H must be G-invariant, which
is a contradiction, because the linear system |L; + Lo| contains no G-invariant
divisors. O

Let us identify X = P! x P! with a smooth quadric surface in P3, and let us
identify G with a subgroup in Aut(P?3) such that X is G-invariant. Let ¢: SL4(C) —
Aut(P?) be the natural projection. Then there is a finite subgroup G' C SL4(C)
such that G = ¢(G). Put W = C*.

Lemma 2.17. Suppose that G = G = A5 and that W = C* is an irreducible
representation of the group G. Assume that Bx ~g mLq + (8 — m)Lg, where m
is a rational number such that 1 < m < 2. Then the locus LCS(X, Bx) consists of
finitely many points.

Proof. Let U be a two-dimensional representation of the group 2.As. Then the
center of the group 2.Aj5 acts trivially on U®U", and URQU"Y = W as representations
of As. Therefore, one has

H(X,0x(Ly 4+ nLy)) = U ® Sym™(U")

as representations of As.

Suppose that the locus LCS(X, Bx) does not consist of finitely many points.
Then there is a G-invariant curve C' C X such that Bx = uC + Q, where pu > 1
and Q is an effective G-invariant Q-divisor, whose support does not contain any
component of the curve C'. Then C' ~ aL; + bLsy for some non-negative integers a
and b. Then either a > 2 or b > 2, since the linear systems |L1|, |L2| and |L; + Lo|
do not contain G invariant divisors (indeed, W is an irreducible G representation,
so that P(IW) does not contain G-invariant hyperplanes, and both U and U" are
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irreducible G-representations, so that P(U) = P! and P(UY) = P' do not contain
G-invariant points). On the other hand,

9> m=By - Ly— (MC+Q>-L2>C~L2:a,
which implies that either a = 0 or a = 1. Similarly, we see that
7>8—m=BX-L1=(MC+Q)-L1>O-L1=b,

which implies that b < 6. If a = 0, then C € |[bLs|, and thus C is G-invariant. The
latter is implied by Lemma (actually, Lemma shows that the linear system
|bLs| does not contain G-invariant curves for b < 11). If @ = 1, then C € |L; +
bL,|. Now a direct computation] shows that U @ Sym" (U V) does not contain one-
dimensional G-invariant subspaces for b < 6. The obtained contradiction completes
the proof. O

Let C be a smooth irreducible curve of genus g.

Theorem 2.18. Suppose that g > 2. Then

320 if g = 9,
432 if g = 10,
240 if g = 11,
<
[Aut(O)] <4 199 if g =12,
360 if g = 13,
504 if g = 15,

and the inequality |Aut(C)| < 84(g — 1) holds for any g > 2.

Proof. The inequality |Aut(C)| < 84(g — 1) is the famous Hurwitz bound (see [0}
Theorem 3.17]). The exact bounds for particular genera may be found in [6] Ta-
ble 13). O

Let D be an effective divisor on the curve C.
Theorem 2.19 (|22, Theorem 5.4]). If h'(Oc(D)) # 0, then

W(0c(D) < TEP 1y

Suppose that there is an embedding ¢: C' — P™ such that ¢(C) is a curve of
degree d.

Theorem 2.20 ([2, Section II1.2]). If ((C) is not contained in any hyperplane
in P, then

< m(m — ;)(n— 1)
wherem = [(d—1)/(n—1)] ande=d—1—m(n —1).

+ me,

*We used Magma software [5] to carry it out.
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3. ALTERNATING GROUP
Let Sg be the group of permutations of the set {1,2,3,4,5,6}.

Definition 3.1. Let H C Ag be a subgroup that is isomorphic to Az, Sy or Ay.
Then we say that the embedding H C Ag is standard if one of the following condi-
tions is satisfied:
e if H = Ay and H is conjugate to the subgroup of even permutations of
{1,2,3,4,5},
e if H = S, and H is conjugate to the subgroup of permutations of the set
{1,2,3,4} such that the odd permutations of {1,2,3,4} are twisted by
the transposition (5, 6),
e if H = A, and H is conjugate to the subgroup of even permutations of
{1,2,3,4}.
We say that the embedding H C Ag is non-standard if it is not standard[f
Let 2.Ag be the group such that there exists a non-splitting exact sequence of
groups
1 Zs = 2.Aq
Note that «(Zs) is the center of the group 2.Ag.

Definition 3.2. Let H C 2.Ag such that 3(H) is isomorphic to As, S4 or Ay. Then
we say that the embedding H C 2.Ag is standard if S(H) C Ag is standard, and we
say that the embedding H C 2.Ag is non-standard if 5(H) C Ag is non-standard.

Let G be a finite subgroup in Aut(P3) such that G = As.

Ag 1.

Lemma 3.3 ([15]). Every mazimal proper subgroup of the group G = Ag is iso-
morphic to either As, Sy, or (Zs X Z3) X Zs. Moreover, up to conjugation, the group
G contains one subgroup isomorphic to (Zs x Z3) x Zy, one subgroup isomorphic to
(Zs x Z3) % Za, and two subgroups isomorphic to Sy (respectively, Az, Ay).

Put W = C*. There exists a finite subgroup G’ C SL4(C) such that G = 2.A¢
and G = ¢(G) C Aut(P?) = PGL4(C), where ¢: SLy(C) — Aut(P?) is the natural
projection.

Remark 3.4. The group G has two irreducible four-dimensional representations
(see [I5]), which implies that we may identify W with one of them, because another
one differs from W by an outer automorphism of the group G. Thus, we may assume
that the natural action of the group G on A%(W) = C arises from the permutation
representation of the group G = Ag.
Let F' C G be a subgroup, and let F' C G be a subgroup such that ¢(F) = F.

Remark 3.5. Suppose that F' = 2.A5 C 2.Ag. Then

UaU'if F C G is standard,

(C4 =W= 3 3 AR :
Sym (U) =~ Sym (U) if F' C G is non-standard,

where U and U’ are different two-dimensional representations of the group F =
2.As5.

fNote that the non-standard and standard embeddings of the group H into Ag are interchanged
by Aut(Ag).
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Lemma 3.6. Suppose that F' = 2.A5 and F' C G is a non-standard embedding.
Then there exists an irreducible F-invariant smooth rational cubic curve Z C P3.

Proof. The required assertion follows from Remark |

Let z and e be the non-trivial element in the center of G and the identity element,
respectively.

Lemma 3.7 (cf. [I0l Lemma 4.7]). Any semi-invariant of the group G is its in-
variant. The group G does not have invariants of odd degree, as well as invariants
of degree at most 7. On the other hand, the group G has two linearly independent
invariants of degree 8.

Proof. Semi-invariants of the group G are its invariants because the center of
the group G is contained in its commutator, and the group G is a simple non-
abelian group.

The group G does not have invariants of odd degree because G contains a scalar
matrix whose non-zero entries are —1. Therefore, to prove that G has no invariants
of degree at most 7, it is enough to show that G does not have invariants of degree
4 and 6.

Let xom be the character of the representation Sym™ (W) (cf. Remark B4]). Put

X =
The values of the characters X, X4, X¢ and yg are listed in the following table:

15,110 | [5:1]5 | [4,2]s | [3,3]6 | [3,3]s | [3,1,1,1]¢ | [3,1,1,1]s | [2,2,1,1]4 | = e
# 144 144 180 40 40 40 40 90 1
X 1 -1 0 -1 1 2 —2 0 —4 | 4
X4 0 0 -1 2 2 —4 —4 3 35 | 35
X6 -1 -1 0 3 3 3 3 —4 84 | 84
X8 0 0 1 3 3 3 3 5 165 | 165

where the first row lists the types of the elements in G (for example, the symbol
[5,1]10 denotes the setf] of elements of order 10 whose image in Ag is a product of
disjoint cycles of length 5 and 1).

Recall that there is a natural inner product (-, -) defined for the characters § and

0" by
!
|G|Ze 9)0'(g)

geG

Let xo be the trivial character of G. Then (x4, Xo) = (X6, Xo0) = 0 so that G has no
invariants of degree 4 and 6. On the other hand, (xs, xo) = 2, which means that
the group G has exactly two linearly independent invariants of degree 8. O

Suppose that F is a stabilizer of a point P € P3.

Lemma 3.8. Let X C P? be the G-orbit of the point P € P3. Then |Z| > 36

fNote that these sets do not coincide with conjugacy classes. For example, the image of the set
of the elements of type [5,1]10 under the natural projection 2.Ag — Ag is a union of two different
conjugacy classes in Ag.
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Proof. It follows from Lemma B.7 that |¥| > 8 and |X| is even.
|2| < 35. Then

Suppose that

45 ="— > |F| > 16l
8 35
which implies that |F| € {12, 18,36} by Lemma [3.3
Let us consider the vector space W as a representation of the group F', and
let x be its character. There is a homomorphism 6: F' — C* such that the inner
product (4, x) # 0.
Suppose that |F| = 36. Then F = (Z3 x Z3) x Z4 by Lemma [3.31

The structure of the group F' and the values of x are given in the following table:

> 10,

[472}8 [373}6 [333]3 [Salal,l]ﬁ [37131a1]3 [2a2a17”4 Z €
#| 36 4 4 4 18
X 0 -1 2 —2 0 —4 |4

where we use the notation that are used in the proof of Lemma [3.71

We have [F, F| & 2.(Z3 x Z3), which gives 8(g) = 1 for any g € F that is not of
type [4,2]s and [2,2]4. Hence (6, x) = 0, which is a contradiction.

Suppose that |F| = 18. Then F 2 (Z3 x Z3) x Z by Lemma Arguing as
above, we get (6, x) = 0.

Suppose that |F| = 12. Then F' = A, by Lemma B.3

Up to conjugation, the group G contains two subgroups isomorphic to A.

If F C G is a standard embedding, then the values of x are given in the following

table:
3,1,1,1)¢ | [3,1,1,1]5 | [2,2,1,1]4 | 2z |e
# 8 8 6 1
X 2 -2 —4 | 4

If F C G is a non-standard embedding, then the values of x are given in the fol-
lowing table:

3,3l6 | [3,3]s | [22,1,1]4 | 2z |e
4| 8 6 11
x| -1 1 0 4|4

We have [F, F| 2 2.(Zy X Z3). So 6(g) = 1 for any g € F of order different from 3
and 6, and 0(g) = 0(g?) for all g € F of order 6. Now we can check that (0, x) = 0,
which is a contradiction. 0

Lemma 3.9. Let C be a smooth irreducible G-invariant curve in P? of genus g >
13, and let o be its ideal sheaf. Then h®(Ops(i) @ Zc) = 0 for any i € {1,2,3}.

Proof. Tt follows from TheoremZ20and LemmaR2.I0that d > 4. Hence h®(Ops (2)®
Z¢) = 0, since G does not have semi-invariants of degree 2 by Lemma 371
Suppose that there is a cubic surface X C P3 such that C C X. Then h°(Ops(3)®
Zc) = 2, since G does not have semi-invariants of degree 3 by Lemma B.7 Thus,
there is a cubic surface X’ C P3 such that C € X’ # X. Thus C € X N X/,
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and X and X’ are irreducible, because C' is contained neither in a quadric nor in
a plane. We see that d < 9. Hence, we have g < 12 by Theorem 220, which is a
contradiction. ]

4. PROJECTIVE SPACE

Let G be a subgroup in Aut(P?) such that G = Ag. Then there is a subgroup
G € Aut(P?) such that G C G = Sg, which implies that G € Aut®(P?), because G
is a normal subgroup of the group G (recall that Aut®(PP?) is the normalizer of the
group G in the group Aut(P?)).

The main purpose of this section is to prove that P3 is G-birationally rigid and
to describe the group Bir®(P?) (see Theorem [L24). We will do this in several steps.
But first of all, we must study lines in P> whose G-orbits consists of 6 lines (there
are 12 such lines in total, the groups G acts transitively on them, and they form
two G-orbits consisting of 6 lines each).

Let G1 C G be a subgroup such that G; = As and the embedding A5 = G, C
G = Ag is standard (see Definition BI)). Then there are two disjoint G'i-invariant
lines L; and L} in P? by Remark Denote by Li,...,Lg (L,...,L§, respec-
tively) the lines in P? that are the images of Ly (L), respectively) under the action
of G. Put L={Ly,...,Lg} and L' = {L},..., LL}.

Lemma 4.1. The curve Z?:1 L; + Z?:1 L is a G-orbit of the line Li. The 12

lines of LUL' are pairwise disjoint. For any 4 lines among the lines L1, ..., Lg
(LY, ..., Ly, respectively), there are 2 lines in P? that intersect them. There are no
lines in P3 that intersect 5 lines among L1, ...,Le (L},..., Ly, respectively).

Proof. The first assertion of the lemma follows from the construction of the lines
L; and L. To prove the second assertion note that the stabilizers of any two of
the 12 lines of LUL’ except for the case of the lines L; and L} corresponding to
one and the same stabilizer A5 C G (i.e. two standard subgroups isomorphic to
As) generate together the whole group G = Ag. In particular, all 12 lines of L UL’
are pairwise distinct, since otherwise there would exist a G-invariant line in P3.
Similarly, if some two of the 12 lines of L U L’ intersected at a point P, then there
would exist a G-invariant point in P3.

Suppose that there exist more than 2 lines in P3? that intersect some 4 of the
lines of L (say, L1, Lo, Ls and Ly). Then the lines Lq,..., Ly are contained in a
(unique) smooth quadric X C P3. Note that there is an element g € G = Ag that
preserves the lines L; and Lg, interchanges the lines Lo and L3z and interchanges
the lines Ly and Ls. The quadric X is invariant under g (indeed, an intersection
of two distinct smooth quadrics in P? cannot contain three skew lines). Hence X
contains the line Ls. Similarly, X contains the line Lg, and thus X is G-invariant.
The latter contradicts Lemma B.71 Therefore, to prove the third assetion of the
lemma we may suppose that there exists exactly 1 line L34 in P2 that intersects
the lines Li,...,Ls. Note that the group G acts transitively on the 4-tuples of
the lines of L. Thus for any 4 lines L, , ..., L;, there exists a unique line L;, ;,
that intersects L;,,...,L;,. Put Py, = L1 N L14yi:,- Then the set { Py, } is
invariant under the group G; = Ay and consists of at most (g) = 10 points. This
is impossible by Lemma

Finally, suppose that for some 5 of the lines of L (say, for Lo, ..., Lg) there exists
a line L that intersects all 5 of them. The above argument implies that there are at
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1307

most 2 lines intersecting Lo, ..., Lg so that L is invariant under the group G = As.
Since the lines of L UL’ are pairwise disjoint, the line L coincides with neither L;
nor L}. Hence there are at least 3 lines in P3 that are invariant under G, which
contradicts Remark

The same arguments apply if one replaces the lines of L by the lines of L. O

Recall that several lines in P? are said to lie in a linear complex if the corre-
sponding points of the Grassmaniann Gr(2,4) C P° lie in a hyperplane section.

- / / / / / / : - N
Lemma 4.2. Neither L1, Ly, L, L4, Ls, Lg nor Ly, L5, Ly, Ly, Ly, Ly lie in a linear
complez.

Proof. Tt follows from Remark B4 that the space A?(V) = CS is the permuta-
tion representation of the group G = Ag. The natural action of the group G on
Gr(2,4) C P> 2 P(A%(V)) arises from this representation. Let us identify G with a
subgroup in Aut(P%). Then there is a unique G-invariant hyperplane H C P5. We
may assume that Gr(2,4) N H is given by

5 5
in = Zx? =0C ]P)5 = PrOj((CI:CL'(),1’1,%2,.’53,.’[4,1’5]),
1=0 =0

and H is given by Z?:o x; = 0. Let P € Gr(2,4) be a point that corresponds
to the line L; C P3, and let G; be the stabilizer subgroup in G of the point
P. Then G; = As, and the embedding G; C G is standard. If the G-orbit of
the point P is contained in a hyperplane, then this hyperplane must be H, which
implies that the G-orbit of the point P must contain a point in P° that is given by
o =...= x4 = —x5/5, which is impossible, because this point does not belong to
the intersection Gr(2,4) N H. O

Now we are ready to formulate the main technical result of this section.

Theorem 4.3. Let M be a (non-empty) G-invariant linear system on P* that
does not have fized components, and let A be a positive rational number such that
AM ~q —Kps. Suppose that (P>, \M) is canonical at a general point of every line
Ly,...,Lg, Ly, ..., L;. Then (P3,AM) is canonical.

Before proving Theorem 3] let us show that it implies that P? is G-birationally
rigid and BirG(IP’3) is isomorphic to a free product of Sg and Sg with an amalga-
mated subgroup Ag. To do this, will use the lines Ly, ..., Lg, L}, ..., Lg to prove
that Aut®(P3) = G and to construct two G-equivariant birational non-biregular
involutions of P? that were described in [45]. The proof of G-birational rigidity of

P3 and the description of the group BirG(IP’3) crucially depend on these birational
involutions.

Lemma 4.4. The equality Auté(]P’S) = G holds.

Proof. Put G = Aut®(P?). Then the curve Z?:1 L+ E?:1 L} is G-invariant, and
the group G is a normal subgroup of the group G. There is a subgroup G c G of
index 2 such that Z?:1 L; and Z?Zl L, are G-invariant.

Let Y be the Hierholzer surface of the lines Ly, Lo, Ls, Ly, Ls, Lg (see [46l Sec-
tion 2.1]). Then the surface Y is G-invariant and there exists a monomorphism

&: G— Aut(Y'). Moreover, the surface Y is birational to a surface of general type
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1308 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

(see [46], Theorem 2.1]), which implies that G is a finite group (see e.g. [21l Theo-
rem 1.1]). Thus G is a finite group. Hence, we have lct(P3,G) > lct(P?,G) > 5/4
by [10, Theorem 4.13].

Let ¢: SL4(C) — Aut(P?) be the natural projection. Then there is a finite
subgroup G C SLy(C) such that G = ¢(G). Note that G may not be uniquely
defined. However, by [10, Theorem 4.13], we may assume that G is one of the eight
groups described in [10, Lemma 4.12]. Suppose that G C G. Then G % 2.Ss.

Recall that G is a (non-trivial) normal subgroup in G. Hence G cannot be isomor-
phic to any of the groups 2.A7 and PSp,(IF3) because the images of these groups in
PGL4(C) are simple groups. Moreover, G % 2.Ag, since there is a subgroup GcdG
isomorphic to Sg.

For each of the four remaining groups from [I0, Lemma 4.12] one has (see [36])
an exact sequence of groups

1 74 o G ’ r 1,

where I is a subgroup of the group Sg. Thus I' 2 Sg because G D G = Sg. Let e
be the identity element in G. Then G Nim(a) = e because G is a simple group,
and G is a normal subgroup of the group G. Hence the subgroup of G generated
by G = Ag and im(a) = Z3 is a direct product of the latter groups. This leads to
a contradiction because the action of I' on Z3 is faithful (see [36]). O

Let H be a general hyperplane in P3.

Lemma 4.5. There is a G-equivariant birational non-bireqular involution . €
Bir(P3) such that «(H) is a surface of degree 19 that has singularity of multiplicity
5 in a general point of every line Ly, ..., Lg, and the group generated by G and ¢ is
isomorphic to Sg.

Proof. Let ‘H be a linear subsystem of the linear system |Ops(4)| consisting of
surfaces that pass through the lines Lq, Lo, L3, L4, L5, Lg. Then it follows from
[45] and [46l Theorem 2.4] that H does not have fixed components, and H gives
a rational map v: P3 --s V, where V is a quartic threefold in P4. Let a: U — P3
be a blow up along L1, Lo, L3, Ly, L5, Lg. Then there is a commutative diagram

where 8 is a birational morphism that contracts finitely many curves. It follows
from [46, Theorem 2.4] that V' C P* can be given by the equationd

2
5<yw7zt+zy+xw7zzfzt7:z:2) 72Omyw(w7x+yfzft)
Il
2 2 2 2 2 _ _ _ _ _ 2
3z° 4+ 2y° + 22° 4+ 2t° + 2w 3zy 4+ 3xz + 3zt — 3xw — 2yz — 2yt + yw + 2t — 2zw — 2tw

§Note that the quartic threefold V C P* is determinantal (see [45], [37, Example 6.4.2]).
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1309

in appropriate homogeneous coordinates [x : y : z : ¢t : w] in P*. By [45] we know
that the singular locus of the threefold V' consists of 36 nodes, and the morphism
B contracts the proper transforms of 30 lines in P3, each of whom intersects 4 lines
among L1, Lo, L3, Ly, Ls, Lg, and proper transforms of 6 twisted cubics in P3, each
of whom has the lines L1, Lo, L3, Ly, L5, Lg as chords.

The map ¢ is G-equivariant. We can identify G with a subgroup in Aut(V)
and with a subgroup in Aut(P*). By Lemma B.7 there are no G-fixed points in
P*. So, the action of the group G on P* arises from its irreducible five-dimensional
representation (cf. Remark 3.4)). Hence, there is a subgroup I' C Aut(V) such that
G - [ = Sg. Let 6 be an involution in I' such that # € G. Put 1 = ¢~ 0fo¢ €
Bir®(P3). Then it follows from the construction of ¢ that (, G) = Se.

Let us show that ¢ is not biregular. Suppose that this is not true. Let us identify
the subgroup (1, G) with I' 22 Sg. Then Z?Zl L; must be [-invariant. Let Gy C G
and T'; C T be stabilizers of the line L. Then As; =2 G; € T; = S5 and there are
natural homomorphisms ¢: Gy — Aut(L;) and n: I'; — Aut(L;). Thus, we have
As =2 im(¢) C im(n), which gives im(n) = S5. But Aut(L;) = PGL2(C) contains
no subgroups isomorphic to S5. The obtained contradiction shows that ¢ is not
biregular.

Put 7 = 71 o0 o B € Bir(U). Then 7 is a composition of flops, and the
commutative diagram

is a G-equivariant Sarkisov link of type II (see [I3, Definition 3.4]). The involution
7 is biregular outside of the curves contracted by 8. Then 7 naturally acts on
the group Pic(U). Moreover, this action is non-trivial because ¢ is not biregular.

Put H = o*(H). Let Ej be the a-exceptional divisor such that a(Ey) = L.
Then

6
(i) () - (4B =Y B =4
i=1
because 7*(Ky) ~ Ky and 8 contracts finitely many curves. Similarly, we see that

—2ifi =k,

()T (Ek)-(m_zﬁz B) =1, (Ei)-f*(Ek)(M—_ZGj E) = {0 ik

which immediately implies that either 7*(H) ~ H and 7*(Ey) = Ej, or

6
TH(H) ~19H -5 E;,
(4.6) i=1
T (Ex) ~ 12H — 4E), — > _3E;.

i#k
Since ¢ is not biregular, the involution 7 must act non-trivially on Pic(U). Thus,
we see that (6] holds, which implies, in particular, that ¢(H) is a surface of degree
19 that has singularity of multiplicity 5 in a general point of every line Ly, ..., Lg
because +(H) = o o 7(H). O
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1310 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Put v/ = voror~! for any v € G = Sg such that v ¢ G. Then (/ is a G-equivariant
birational non-biregular involution of P? such that //(T) is a surface of degree 19
that has singularity of multiplicity 5 in a general point of every line L], ..., Lj, and
the group generated by G and ¢/ is also isomorphic to Sg. Note that the choice of
¢ and ¢/ is not unique. Put I = 1,2/, G). Let us use birational involutions ¢ and ./
together with Theorem to prove

Lemma 4.7. Let M be a (non-empty) G-invariant linear system on P3 that does
not have fized components. Then there are p € I' and p € Q¢ such that up(M) ~q
—Kps, and (P3, up(M)) is canonical.

Proof. Take A € Qs¢ such that AM ~g —Kps. If (P3 AM) is canonical, then
we are done. Thus, we may assume that (P, AM) is not canonical. By Theo-
rem 3] the log pair (P2, A\M) is not canonical at a general point of one line among
Ly,...,Le, LY. .., Lg.

Without loss of generality, we may assume that (P2, A\M) is not canonical at a
general point of the line L;. Then (P3, AM) is not canonical at a general point of
the lines Lo, ..., Lg, since M is G-invariant. Let M be a general surface in M.
Then multy, (M) > 1/X for every i € {1,...,6} (see [14, Exercise 6.18]). Note that
M is a surface of degree d = 4/X. Let d be the degree of the surface ¢(M). Put
A = 4/d; then S\L(M) ~g —Kps. Moreover, it follows from Lemma [L5] that

6
d=19d—12) multy, (M) < 19d — 18d = d.
i=1

If (P3, A\e(M)) is canonical, then we are done. If it is not canonical, then it follows
from Theorem 3] that (P3, \e(M)) is not canonical at a general point of one line
among Ly, ..., Lg, L}, ..., Li. Thus, we can iterate the above process. Since d< d,
our iterations must terminate in at most d— 1 steps, which completes the proof. [J

Now we ready to prove

Theorem 4.8. The variety P? is G-birationally rigid and Biré(]P’B) =T.

Proof. Suppose that there exists a rational normal threefold V' with at most ter-
minal singularities that admits a faithful action of the group G such that there
are a G-equivariant Mori fibration 7: V' — S and a G-equivariant birational map
£:V —-» P3. Let D be a sufficiently general very ample divisor on V. Put M =
£(|D]). Then M does not have fixed components and is G-invariant. Thus, it fol-
lows from Lemmal[L.7] that there are p € I and p1 € Qs¢ such that pup(M) ~g —Kps,
and (P2, up(M)) is canonical. Then po ¢ is biregular by [12] Theorem 4.2]. In par-
ticular, we see that V =2 P3 and S is a point. Since all subgroups in Aut(P3) that
are isomorphic to G are conjugate to each other, we see that P3 is G-birationally
rigid and Bir®(P?) =T. O

Before proving Theorem 3] let us use it one more time to prove

Theorem 4.9. The group I' is the free product of G and (t, G) with amalga-
mated subgroup G.

Proof. Let £ be a birational automorphism in Biré(}P’?’) such that ¢ ¢ G. Put
M = &(|T]) and take A € Q such that AM ~g —Kps. Then (P? AM) is not
canonical by [12 Theorem 4.2]. By Theorem 3 the log pair (P, AM) is not
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1311

canonical at a general point of one line among Lq,..., Lg, L},..., Lg. Arguing as
in the proof of Lemma [£.7], we see that there exists a combination

(=...o10t 010l 010..,

m times

such that (P3, u¢(M)) is canonical, where p is a positive rational number such that
one has u¢(M) ~g —Kps. Then ¢ o £ is biregular by [I2, Theorem 4.2], which
implies that ¢ o & € G by Lemma A4

Let us show that ¢ is uniquely determined by & and the algorithm hidden in the
proof of Lemma [£.7]

Let M be a general surface in M, and let d be its degree. Then d = 4/
Arguing as in the proof of Lemma BT we see that if (P3, AM) is not canonical at
a general point of one line among Lq,..., Lg, then the degree of «(M) is smaller
than d. Similarly, we see that if (P3, AM) is not canonical at a general point of
one line among L, ..., Lg, then the degree of /(M) is smaller than d. We can use
this to construct £ step by step. Thus, to show that ¢ is uniquely determined by
¢, we must show that (P3, A\M) cannot be non-canonical at a general point of one
line among L1, ..., Lg and at the same time at a general point of one line among
Ly, ..., Lg.

Suppose that (P3, AM) is not canonical at a general point of one line among
Ly,...,Lg and at the same time at a general point of one line among L}, ..., L.
Then (P, AM) is not canonical at a general point of every line among L1, ..., L,
L4, ..., L, since M is G-invariant. Then multz, (M) > 1/X and multz, (M) > 1/
for every i € {1,2,...,6}. Let II be a general plane in P? that contains the line
L;. Put M|gq = multy, (M)L; + B, where B is a linear system on II that does
not have fixed components. Let By and By be general curves in B, let O; be
the point II N L; for every i € {2,...,6}, and let O be the point II N L} for
every ¢ € {1,...,6}. Then multp,(B;) = multp,(B2) = multy, (M) for every
i €{2,...,6} and multo, (B1) = multo; (B2) = multz, (M) for every i € {1,...,6}.
Then

6 6
BBy > Z multp, (Bl)mUItO,- (Bg) + Zmultog (Bl)multog (Bg) >

=2 i=1

11
ﬁa

because multr, (M) > 1/A and multz, (M) > 1/A. On the other hand, we have

By By= (%H’H — mult, (1\4)/:1)2 = (% — multy, (M))2 < %

which is a contradiction. Thus we see that (P3, AM) is not canonical either at a

general point of every line among Li,...,Lg or at a general point of every line
among Li,...,L;. But it cannot be non-canonical at a general point of all these
12 lines.

Recall that we defined +/ ad vorov~! for some v € G such that v ¢ G. Without
loss of generality we may assume that v is an involution. Thus, we see that every
o € Bir% (P?) can be uniquely written as

Q@=...0L0v0L0V0L0VOLOVOLOM

r times
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for some 8 € G such that r = 0 ifA and only if & € G. The latter implies that T
is the free product of the groups G' = (v, G) = Sg and (1,G) = Sg with amalga-
mated subgroup G = Ag. O

Remark 4.10. Note that G ¢ (1,¢/,G) (see the proof of Theorem Z3).

In the rest of this section, we prove Theorem L3l Let M be a (non-empty)
G-invariant linear system on P2 that does not have fixed components, and let \
be a positive rational number such that AM ~g —Kps. Suppose that (P3, AM)
is canonical at a general point of every line Ly, ..., Lg, L], ..., L. We must prove
that (P3, AM) is canonical.

Suppose that the log pair (P3, A\M) is not canonical. Let us seek a contradiction.
By Corollary B3] there is g € Q such that p < 2\ and (P3, uM) is strictly log
canonical. Let S C X be a minimal center in LCS(P3, uM). Then S is not
a surface, since M has no fixed components.

Recall that we denote by H a general hyperplane in P2, By Lemma .13} there is
§ € Q and there is a G-invariant effective Q-divisor D ~q 0H on the threefold P3
such that 0 < § < 8, the log pair (P3, D) is log canonical and the set LCS(P3, D)
consists of all irreducible components of the G-orbit of S.

Remark 4.11. Tt follows from the proof of Lemma 2.13] that we may assume that
multz, (D) < 2 and multy, (D) < 2 for every i € {1,2,...,6}, since (P?,AM) is
canonical at a general point of every line L1, ..., Lg, L}, ..., L.

Let Z be the multiplier ideal sheaf of the log pair (P?, D), and let £ be the log
canonical singularities subscheme of the log pair (P2, D). Then it follows from

Theorem [2.4] that
(4.12)

B0 (0@ 0ps (4H) ) = 10 (Ops (4H) )~ (Ops (4H) 9T ) = 35—h° (Op (4H) RT).
Lemma 4.13. The center S is a curve.

Proof. If S is a point, then |LCS(PP?, D)| < 35 by (@I2)), which contradicts Lemma

B3 O
By Theorem I8 the curve S is a smooth curve in P? of degree d and genus g

such that

(4.14) g < 2d.

Put ¢ = h%(Ops(4H) ® I). Let Z be the G-orbit of the curve S, and let r be
the number of irreducible components of Z. Then Z = L, since (P3, D) is log
canonical. Moreover, the curve Z is smooth by Lemma 2.7l and Z is not contained
in a hyperplane in P? by Remark [3.41

Lemma 4.15. The equality r(4d — g+ 1) = 35 — q holds.

Proof. The equality follows from (€I2) and the Riemann—Roch theorem, because
2d > g. O

Corollary 4.16. The inequality g < 34 holds.
Lemma 4.17. Suppose that 1 < ¢ < 7. Then q € {5,6}.
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Proof. Put Wy = H°(Ops (4H) ®Z). Since the center of G acts trivially on polyno-
mials of even degree, the space W, has a natural structure of a G-representation.
Suppose that ¢ € {5,6}. Then W, has a trivial subrepresentation of the group G
by dimension reasons (see [I5]), which is impossible by Lemma 371 O

Lemma 4.18. Suppose that r # 1. Thenr =6 and d = 1.

Proof. Since r < 35 by Lemma T3] one has r € {6,10,15,20,30} by Lemma B3
In particular, the inequality ¢ > 1 holds by Lemma

Suppose that ¢ > 6. Then r(4d — g + 1) < 30 by Lemma We see that
g+1<4d — g+ 1 < 5, which implies that g < 3. Then d =1 and g = 0 so that
4d — g + 1 = 5, which is a contradiction.

By Lemma HII7 we may assume that ¢ = 5. Then r € {6,10,15,30} by
Lemma

If r =30, then g+ 1 < 4d — g+ 1 =1 by Lemma [£T5] which is a contradiction.

If r =15, then g+ 1 < 4d — g + 1 = 2 by Lemma LT3l which leads to a contra-

diction.

If r =10, then g+ 1 < 4d — g + 1 = 3 by Lemma T3] which leads to a contra-
diction.

If r =6, then g+ 1 <4d — g+ 1 = 5 by Lemma T3 which gives g = 0 and
d=1. O

Lemma 4.19. The equality r = 1 holds.

Proof. Suppose that r # 1. Then Z is a disjoint union of 6 lines by Lemma [£.1]]
which implies that either Z = Ly + Lo+ Ly + Ly + L5+ Lgor Z =L} + Ly + L5 +
L+ L+ L.

Without loss of generality, we may assume that S = Ly and Z = L1+ Lo+ L3 +
Ly+ Ls+ Lg.

Let F' C G be the stabilizer of L;. Then F = As. Let 7: U — P3 be the blow
up of Li. Then

Ky+D+ (multLl (D) — 1)E ~0 w*(KPa + D),

where E is the m-exceptional divisor and D is the proper transform of D on U. One
has 2 > multy, (D) > 1 by Remark 11l The group F naturally acts on E so that
the divisor D|p is F-invariant.

We can identify the surface E with a smooth quadric in P3. The action of
the group F extends to the ambient space P3. Note that this action arises from
the standard four-dimensional representation of the group F =2 As.

It follows from the inequality multy, (D) < 2 that the set LCS(U, D+ (multy,, (D)
—1)E) contains an irreducible reduced curve C' C E such that 7(C') = L;. One has
C € LCS(E, D|g) by Theorem 6 which is impossible by Lemma [ZI7 O

We see that » = 1 so that Z = S. By Lemma[2ZI0one has g € {31, 25,19, 16, 10}.
Lemma 4.20. The inequality g # 31 holds.
Proof. Suppose that g = 31. Then it follows from Lemma [ZT5] that
65 —q

4 )
which gives ¢ > 0. Hence ¢ > 5 by Lemma [I7 and thus d < 15 by (@21]).
By [I4) we have g/2 < d < 15, which is impossible. O

(4.21) d=

Licensed to University of Edinburgh. Prepared on Sun Oct 23 06:33:40 EDT 2016 for download from IP 129.215.4.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



1314 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Lemma 4.22. The inequality g # 25 holds.

Proof. Suppose that g = 25. Then it follows from Lemma [£T15] that
_%-q
1
which gives ¢ > 0. Hence ¢ > 11 by Lemma [£17, and thus d < 15 by (@23).
By [I4) we have g/2 < d < 12, which is impossible. O

(4.23) d

Lemma 4.24. The inequality g # 19 holds.

Proof. Suppose that ¢ = 19. Then S is not contained in a cubic surface by
Lemma[3.9 We have h%(Ops(3) @ Og) = h°(Ops(3)) = 20 because there is an exact
sequence of the cohomology groups,

0— H°(0ps(3) 8 T) — H(Ors(3) ) — H°(Ops(3) © Os).
By the Riemann—-Roch theorem, we have
20 < 1 (O3 (3) @05 ) = 3d—g+1+h' (Ops (3) 205 ) = 3d—18+1 (Ops (3)20s)

which implies that h'(Ops(3) ® Og) # 0 because d < 12 by Lemma Then it
follows from Theorem 2.I9 that 19 > 3d/2 +1 > h%(Ops(3) ® Og) > 20, which is a
contradiction. 0

Lemma 4.25. The inequality g # 16 holds.

Proof. Suppose that g = 16. Arguing as in the proof of Lemma .24l and keeping in
mind that d < 11 by Lemma [£T5] we see that 18 > 3d/2+1 > h°(Ops(3) ® Og) >
20, which is a contradiction. O

Therefore, we see that g = 10. Then d > 9 by Theorem
Lemma 4.26. The inequality d # 9 holds.

Proof. Suppose that d = 9. It follows from Lemma B that h°(Ops(2) @ 7) # 1,
which implies that S = F; N Fy, where F; and Fy are cubic surfaces in P? (see [22]
Example 6.4.3]).

The group G cannot act non-trivially on the pencil generated by Fy and Fj,
which implies that the surfaces F; and F, must be G-invariant. The latter is
impossible by Lemma [3.7 O

Lemma 4.27. The inequality d # 10 holds.

Proof. Suppose that d = 10. Then ¢ = 4 by Lemma [.T5] which is impossible by
Lemma [£17 O

Thus we see that d > 11. Then ¢ = 0 and d = 11 by Lemma [£T5l

Take a subgroup F C G such that F' = Ay and the embedding F C G is non-
standard (see Definition B1). Then there is an F-invariant twisted cubic curve
C C P? by Lemma

Let R be the quartic surface in P? that is swept out by the lines that are tangent
to C. Then the surface R is F-invariant, and the curve S is not contained in
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1315

the surface R because ¢ = 0. Put ¥ = RN S. We have ¥ = ¥, U...UX,, where
¥; is a F-orbit. Hence, we have

T
44=R-S = Zai|2i|
i=1
for some positive integers aq,...,a,. We may assume that |31 > ... > |Z,|, but
|2:| € {12,20,30,60} for every ¢ € {1,...,7} by Lemma [Z9 Thus, we see that
|21] = 20.

Let O € ¥; be a point, and let Fp C F be the stabilizer of the point O. Then
FO > 7s.

Let T be the G-orbit of the point O, and let Go C G be the stabilizer of the point
O. Then the order of the group G must divide 18. Moreover, the group Go is
cyclic by Lemma 29 which implies that Go = Z3. Hence, we see that |I'| = 120,
which contradicts Lemma 2101

The obtained contradiction completes the proof of Theorem (3]

5. SEGRE CUBIC

Let G C SL5(C) be a subgroup such that G = Ag. Let ¢: SL5(C) — Aut(P*) be
the natural projection. Put W = C° and G = ¢(G) C Aut(P*). Then the space W
is an irreducible representation of the group G =2 G = Ag, and there is a unique
cubic hypersurface X C P* that is G-invariant. Let us identify X with a complete
intersection in P° that is given by the equation

5 5
in = Z‘T? =0C P5 = PrOj(C[l’o,xl,(EQ,.’L’g,.’L’4,.’L’5]),
i=0 i=0
and let us identify G with a subgroup of the group Aut(X) (cf. Example [LT9).
Let O € X be a point, and let F' C G be its stabilizer.

Remark 5.1. Let T be the affine tangent space to P* at the point O € P*. Then I
naturally acts on the space T. Let us consider W as a representation of the group
F. One has

T=W/WoeWs,
where Wy is the one-dimensional subrepresentation of F' that corresponds to the
point O € P4,

Let ¥ be the G-orbit of the point O € X.
Lemma 5.2. Suppose that |X| < 15. Then |Z| € {10,15}.

Proof. One has |X| # 1, because W is an irreducible representation of the group
G. Hence |X| € {6,10,15} by Lemma 3.3} Suppose that |¥| = 6. Then F = A5 by
Lemma [3.3]

Let us consider W as a representation of the group F. Then W is reducible
and W = W, & Wy, where W; and W, are the trivial and four-dimensional repre-
sentations of the group F, respectively. The embedding F' C G is standard (see
Definition BI]) because W is reducible.

Note that W; is the only one-dimensional subrepresentation of the representation
W because the representation Wy is irreducible. Hence, the set ¥ must contain
a point in P5 that is given by zg = ... = x4 = —x5/5, which is impossible because
this point does not belong to the hypersurface X C P5. ]
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1316 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Let T be the affine tangent space to X at the point O. Then F naturally acts
onT.

Lemma 5.3. Suppose that |$| = 10. Then ¥ = Sing(X) and F = (Z3 x Z3) X Z4.

Moreover, T is an irreducible four-dimensional representation of the group F.

Proof. One has F = (Z3 x Z3) x Z4 by Lemma 3.3

Up to conjugation, the group G has a unique subgroup that is isomorphic to F,
which implies that we may assume that F fixes the point [1: —1:1:—1:1:-1] €
Sing(X).

Let us consider W as a representation of the group F, and let W; C W be
the one-dimensional subrepresentation of the group G that corresponds to the point
[1:=1:1:—1:1:—1]. Then W = W; @& Wy, where Wy is some four-dimensional
representation of the group F.

Let x; and x be the characters of the representations Wi and W, respectively.
The values of the characters x; and x and the structure of the subgroup F are
given in the following table:

[4,2] | [3,3] | [3,1,1,1] | [2,2,1,1] | e
#| 18 | 4 4 9 1
x| -1 ] -1 2 1 5
xi| -1 [ 1 1 1 1

where we use notation similar to the ones used in the proof of Lemma [B7

We see that W, is an irreducible representation of the group F. Thus, without
loss of generality, we may assume that O = [1 : =1 : 1: —1:1: —1]. Then
T = W4 ® W7 by Remark BTl which implies that T is an irreducible representation
of the group F. |

Let I’ be the G-orbit of the point [0 : 0:0:0:1: 1] € X \ Sing(X). Then
T = 15.

Lemma 5.4. Suppose that |X| = 15. Then ¥ =T and F & S4. Moreover, T is
an irreducible three-dimensional representation of the group F.

Proof. One has F =2 S, by Lemma 3.3l Up to conjugation, the group G contains
exactly two non-conjugate subgroups that are isomorphic to the group F' = S, (see
Lemma [3.3).

Let us consider W as a representation of the group F. Then W contains some
one-dimensional subrepresentation U of the group F that corresponds to the point
0eX.

Let W; be the trivial one-dimensional representations of the group F, and let
W1 be the non-trivial one-dimensional representations of the group F. Then either
U = Wt or U = Wl.

Let x and x; be the characters of W and Wi, respectively.
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1317

Suppose that S, = F C G = Ag is a non-standard embedding. The val-
ues of y; and x and the structure of the subgroup F' are given in the following
table:

[4,2] | [3,3] | [2,2,1,1] | [2,2,1,1] | e
#1 6 8 3 6 1
Y| -1 ] -1 1 1 5
yi| -1 | 1 1 -1 |1

where we use notation similar to the ones used in the proof of Lemma [3.7 and we
divide the elements of type [2,2, 1, 1] that are contained in the subgroup F into two
classes with respect to the values of the character y;. We see that W contains no
one-dimensional subrepresentations.

Thus S; = F C G =2 Ag is a standard embedding. The values of y; and y and
the structure of the subgroup F are given in the following table:

[4,2] | [3,1,1,1] | [2,2,1,1] | [2,2,1,1] | e
#1 6 8 3 6 1
v | -1 2 1 1 5
yi| -1 1 1 —1 1

which implies that W = W;&W;® W3, where W3 is an irreducible three-dimensional
representation of the group F. Hence T is an irreducible representation of the group
F by Remark 511

Suppose that ¥ #T. Then [1:1:1:1:-2:-2]€X. But[1:1:1:1:-2:
—2] ¢ X, which gives a contradiction. O

Let H be a general hyperplane section of the cubic X C P*. Then the G-
invariant subgroup of the group Cl(X) is generated by H (see Example [[T9)). The
main purpose of this section is to prove

Theorem 5.5. The threefold X is G-birationally superrigid and Biré(X) =~ Sg.

By Corollary [LT2 the isomorphism Bir®(X) = Sg follows from G-birational
superrigidity of X and the classification of primitive subgroups in SL;(C) (see
[17]). In the remaining part of this section, we will prove that X is G-birationally
superrigid.

Suppose that X is not G-birationally superrigid. Let us derive a contradiction. It
follows from [12, Theorem 4.2] or [7, Theorem 1.4.1] that there is a (non-empty) G-
invariant linear system M on X such that M does not have fixed components, and
(X, AM) is not canonical, where A € Q such that AM ~g —Kx. By Corollary 23]
there is u € Q such that g < 2\ and (X, uM) is strictly log canonical. Let
S C X be a minimal center in LCS(X, pM). Then it follows from Lemma [27] that
SN g(S) # @ if and only if S = g(S) for every g € G. Moreover, the center S is
not a surface, since M has no fixed components.

By Lemma 23] there is a G-invariant effective Q-divisor D on X such that the
set LCS(X, D) consists of irreducible components of the G-orbit of S, the log pair
(X, D) is log canonical and D ~g —dKx for some ¢ € Q such that 0 < ¢ < 2.
Arguing as in the proof of [0, Lemma 2.11], we see that we can replace D by
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1318 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

(u — )M + €H, where € € Qs > € such that ¢ < 1 and € < 1, H is a G-
invariant linear system such that H ~ —nKx holds for some n > 0, the base locus
of the linear system H coincides with LCS(X, D), and § = (4 — €)/\ + €'n. Thus,
without loss of generality, we can replace D by uM (cf. Lemma [ZT3]). Therefore,
without loss of generality, we may assume that the set LCS(X, M) also consists
of irreducible components of the G-orbit of S.

Let Z be the multiplier ideal sheaf of (X, uM), and let £ be the subscheme given
by Z. Then
(5.6)

n0(0c20x (2H)) = h°(Ox (2H) ) -1 (Ox (2H) 2 T) = 15— 1° (Ox (2H) &7
by Theorem 241
Lemma 5.7. The center S is not a singular point of the threefold X .

Proof. Suppose that S is a singular point of the threefold X. Then LCS(X, uM) =
Sing(X), because G acts transitively on the set Sing(X). Recall that |Sing(X)| =
10.
Let F C G be a stabilizer of the point S. Then F = (Z3 x Zs3) xZ4 by Lemma 5.3l
Let m: U — X be a blow up of the points Sing(X), and let Ei,...,Fi9 be
the m-exceptional divisors. Then there is a positive rational number m such that

10
Ky +puM + (m—l)ZEi ~Q W*(Kx-l-u/\/l),
i=1

where M is the proper transform of the linear system M on the variety U.

Note that it follows from [7, Theorem 1.7.20] that m > 1 (cf. [I3] Theorem 3.10]).

We may assume that 7(F;) = S. There is a natural homomorphism v: F —
Aut(E;). Then lct(Ey,v(F)) > 1 by Lemmas and (.3 because E; = P! x P!

Let us show that lct(FE;,v(F)) < 1 to derive a contradiction.

One can easily check that there exists a two-dimensional linear subspace IT C P*
such that |[IINSing(X)| =4 and II C X (see [23, Section 3.2]). Let C be a general
conic in IT that contains IT N Sing(X). Then C' is not contained in the base locus of
the linear system M, and C'is irreducible. Let C be a proper transform of the curve
C on the threefold U. Then

B ym it M Mg,

N D Y
which implies that m < 2. In particular, the log pair (U, uM+(m—1) Zgil E;)is
not Kawamata log terminal along E;. Hence lct(E1, v(F)) < 1 by TheoremZ6l [

Lemma 5.8. The center S is a curve.

Proof. Suppose that S is a point. Then S ¢ Sing(X) by Lemma It follows
from (5.6)) that [LCS(X, uM)| < 15 so that LCS(X, M) is the G-orbit of the point
[0:0:0:0:1:—1] by Lemma[5.2l There are 15 two-dimensional linear subspaces
Hl, . ,H15 in P4 such that |Hl N LCS(X,MM)| =6and X N Hl = L,} + Lg + L?
for any 7 € {1,...,15}, where Lg is a line such that

((tnz2)uEined)u (L2 nLd)) (LeS(X,uM) = &

and gi = L if and only if (i,7) = (r,s). Note that the curve Zzlil(Ll1 + L2+ L)
is a G-orbit of the line Li. Without loss of generality, we may assume that S € L}.
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1319

Let M, and M; be general surfaces in the linear system M. Put
15
My-My =~ (L} + L + L) + ,
i=1
where 2 is an effective cycle such that Lg Z Supp(Q?) for every i € {1,...,15} and
j € {1,2,3}, and ~ is a non-negative rational number. Put m = multg(M; - Ms),
and let D be a general surface in |H| that contains the lines L}, L? and L3. Then

12

15
ﬁ—&y:D- (Q—l—’yZ(L}—l—L?—I—L?)) = 6(m —7),
i=2

which implies that v > 2m — 4/\2. Therefore, we see that
12 4
ﬁ:H~M1-M2:457+H~Q>457>45(2m—ﬁ),
which implies that m < 32/(15\2). In particular, we see that

2v/2
V2 3 3
VISA T 2A
Let m: U — X be a blow up of the point S, and let E be the m-exceptional
divisor. Then

Ky 4 pM + (u mults(./\/l) — Z)E ~Q W*(KX —I—/A./\/l),

(5.9) multg (M) < vm <

where M is the proper transform of M on the variety U.

Let F C G be a stabilizer of the point S. Then F = S; by Lemma [5.4] and
there is a natural homomorphism v: F' — Aut(FE). Note that v is a monomorphism
by Lemma [5.4]

There is an irreducible proper subvariety C' C E = P? such that

g(C) € LCS(U, pM + (p mults(M) — 2)E)

for every g € v(F). Then C is a curve by Theorem 2.5 and Lemma [5.41
Let M; and M3 be general surfaces in M. Then it follows from [I3] Theorem 3.1]
that

mult (¢ (M1 . Mg) > %(3 — p multg (./\/l))

for every g € v(F). Let § be the degree in E 22 P? of the v(F)-orbit of the curve
C. Then

128 32 - =
15,2 > BY >m> mult%(/\/l) + 6 multe (M1 . Mg)

8
> multzs (./\/l) + E (3 — p multg (/\/l)),
because § > 2 by Lemma 5.4l The latter value is greater than 9/u2, which can be

easily seen by using the elementary properties of quadratic forms and (B.9). The
obtained contradiction completes the proof. O

By Theorem 28] the curve S is a smooth curve in P* of degree d and genus
g <d. Put ¢=h°(Ox(2H) ® I), let Z be the G-orbit of the curve S, and let r be
the number of irreducible components of the curve Z.

Lemma 5.10. The equality r(2d — g+ 1) = 15 — ¢ holds.
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1320 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Proof. The equality follows from (5.6) and the Riemann—Roch theorem because
d>g. O

Corollary 5.11. The inequality g < 14 holds.

Note that Z is not contained in a hyperplane in P*, since W is an irreducible

G-representation.

Lemma 5.12. The equality r = 1 holds.

Proof. Suppose that r > 2. Then r < 15 by Lemma [(.I0, which implies that
r € {6,10,15} by Lemma B3 If ¢ = 0, then 2d — g + 1 = 1 by Lemma 510, which
is impossible because g < d.

We have ¢ > 1. Thenr(g+1) <14 and g < 1. If g =0, then r(2d + 1) < 14 by
Lemma [5.10, which implies a contradictory inequality d < 0. We see that g = 1.
Thus 2rd < 14 by Lemma [B.10, which implies that d = 1 and g = 0, contradicting
the equality g = 1. |

There is a natural monomorphism 6: G — Aut(S) (see Lemma [£.2)).

Lemma 5.13. The equality g = 10 holds.

Proof. The required assertion follows from Lemmas [B.10] and 210 |
The equality g = 10 and Lemma [5.10] imply that d < 12

Lemma 5.14. The equality ¢ = 0 holds.

Proof. Let ¥ C G be a subgroup such that U = A5 and the embedding A5 = ¥ C
G = Ag is standard. There is a W-invariant hyperplane section H C X. Note that
S ¢ H. We have |H N S| < d < 12, which implies that |H N S| = 12 by Lemma 2.9]
because H N S is Y-invariant. Then ¢ = 0 by Lemma .10l O

Let Q be the G-invariant quadric in P (cf. Example[[.I8). Then S ¢ Q because

q=0.
Put A = QNS. Then |A| < 24. Let ¥ C G be a stabilizer of a point in A. Then

]\T/|>|—>—>6,

which is impossible by Lemma
The obtained contradiction completes the proof of Theorem

6. QUADRIC THREEFOLD

Let G C SL5(C) be a subgroup such that G 2 Ag, and let ¢: SL5(C) — Aut(P*)
be the natural projection. Put W = C° and G = #(G). Then there is a smooth
quadric hypersurface Q C P* that is G-invariant. Let us identify @ with a smooth
complete intersection in P° that is given by the equation

sz - szz =0C P5 = PrOj(C[l’o,xl,$2,.’L’3,.’L’4,.’L’5]),

=0

and let us 1dent1fy G with a subgroup of the group Aut(Q) (cf. Example [LT8).
Let O € Q be a point, let ' C G be its stabilizer, and let ¥ be its G-orbit.

Lemma 6.1. Suppose that |E| < 30. Then |X| = 30, and there exists a cubic
hypersurface X C P* such that ¥ C X and Q ¢ X.
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Proof. One has || # 1 because W is an irreducible representation of the group G.
Then |X| € {6, 10,15,20,30} by Lemma[33l Arguing as in the proof of Lemmas 2]
(2] B3 and B4l we see that |X] € {20, 30}.

Let us consider W as a representation of the group F. Then W contains some
one-dimensional subrepresentation U of the group F corresponding to the point
O €eqQ.

Suppose that |S| = 20. Then F =2 (Z3 x Z3) x Z by Lemma B3l

Let W; and W7 be the trivial one-dimensional and the non-trivial one-dimensional
representations of F' (see the proof of Lemmal5.3)), respectively. Then either U = W,
or U = W;.

Let x and x1 be the characters of the representations W and Wi, respectively.
The values of the characters x; and x and the structure of the subgroup F are
given in the following table:

3,3 | [3,1,1,1] | [2.2,1,1] | e
4| 4 4 9 1
Y | -1 2 1 5
1| 1 1 1 |1
where we use notation similar to the ones used in the proofs of Lemmas 3.7, 5.3
and (.41
We see that U 2 W;. Thus [1: —=1:1:-1:1:-1]€¥. But[1:—-1:1:—1:
1:-11¢ Q.

Therefore, we see that |¥| = 30. Then F' = A, by Lemma B3l The embedding
Ay 2 F C G = Ag must be standard because otherwise the representation W would
be an irreducible representation of the group F' (cf. the proof of Lemma [5.4]).

There are exactly two F-invariant points in Q. These points form a subset

{24 V=2 2= V2 [1i 1 10 1: 2= V23 24 V2] f € &

Let X be the cubic threefold in P® that is given by

Z;l”i = (l”o - 1”1)(552 - $3) (l”4 - x5) =0,

and let P be the point [1:w:w?:1:w:w? € P where w is a non-trivial cube
root of unity. Then ¥ C X Z P € @, which completes the proof. |

The main purpose of this section is to prove the following result.

Theorem 6.2. The quadric threefold Q is G-birationally superrigid and BirG(Q) =
Se.

By Corollary [L12] the isomorphism BirG(Q) =~ Sg follows from G-birational su-
perrigidity of @ and the classification of primitive subgroups in SL5(C) (see [17]). In
the remaining part of this section, we will prove that Q is G-birationally superrigid.

Suppose that @ is not G-birationally superrigid. Arguing as in the proof of
Theorem [3.5], we see that there is a G-invariant effective Q-divisor D on @ such
that the set LCS(Q, D) consists of irreducible components of the G-orbit of S,
the log pair (@, D) is log canonical, and D ~g —0K for some positive rational
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number 6 < 2, where S is a minimal center in LCS(Q, D) such that either S is
a point or a smooth curve.

Let Z be the multiplier ideal sheaf of the log pair (Q, D), let £ be subscheme
that is given by the ideal sheaf 7, and let H be a general hyperplane section of
the threefold Q@ C P3. Then
(6.3)

100 0q(3H)) = 1 (0q(3H)) 1 (0 (3H) ©T) = 30— 1*(Oq (3H) @ T)
by Theorem 2.4

Lemma 6.4. The center S is a curve.

Proof. The required assertion follows from (6.3) and Lemma [G.]] O
By Theorem [Z.8 the curve S is a smooth curve of degree d and genus g such
that
3d+1
(6.5) g<

Put ¢ = h°(Oq(3H) ® I), let Z be the G-orbit of the curve S, and let r be
the number of irreducible components of the curve Z.

Lemma 6.6. The equality 7(3d — g + 1) = 30 — g holds.

Proof. The equality follows from (63]) and the Riemann—Roch theorem because
3d > 2g — 1. O

Let X be the cubic threefold in P® that is given by Z?:o x; = Z?:o 3 =0 (cf.
Example [[19).

Lemma 6.7. Suppose that ¢ > 2. Then q > 5.

Proof. Suppose that 2 < ¢ < 4. It follows from [I5] that G acts trivially on the g-
dimensional vector space H°(Og(3H) ® Z). But @ N X is the only G-invariant
surface in |Og(3H)|. O

~ Note that Z is not contained in a hyperplane in P* since W is an irreducible
G-representation.

Lemma 6.8. The curve S is irreducible.

Proof. Suppose that r > 2. By Lemma [3.3] either » = 6 or r > 10.
Suppose that ¢ = 0. If » = 6, then it follows from Lemma [6.6] that

(6.9) 3d—g+1=5.

From (X)) and (€3) we obtain that ¢ < 5. Applying (G.9) we see that d < 3 and
thus ¢ < 1. Applying ([G9) once again, we obtain a contradiction. Therefore, we
see that » > 10 and

(6.10) 3d—g+1<3

by Lemma By (635) and (GI0) we have g < 3. Applying (6I0) again, we
obtain d = 1 and thus g = 0, which is incompatible with (GI0]).

Suppose that ¢ = 1. Then r(3d — g+ 1) = 29 by Lemma[6.6] which is impossible
by Lemma 3.3
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Therefore, we see that ¢ > 2. Hence ¢ > 5 by Lemma It follows from
Lemma [6.6 that r(3d — g + 1) < 25, which implies that 3d — g < 3. We have g < 4
because 2g — 1 < 3d. Thus d < 2 and g = 0.

Applying Lemma [6.6] we get d =1 and r = 6. Then S is a line and Z is a union
of six lines.

Let ¥ C G be a stabilizer of the line S. Then ¥ = Ay by Lemma [3.3

Let us consider W as a representation of the group ¥ = As. Then either W is
irreducible or W = W, & Wy, where W, and W, are the trivial one-dimensional and
the standard four-dimensional representations of the group ¥ = As, respectively.
In both cases, the line S cannot be W-invariant. O

We see that » = 1. Hence g < 30 and d < 19 by (G3) because 3d > 2g — 1.
Lemma 6.11. The equalities d = 12 and g = 10 hold.

Proof. Let II; C @ be a hyperplane section that is cut out by x; = 0, where
i € {0,...,5}. Then IIy N...NII; = &, which implies that, without loss of
generality, we may assume that S ¢ Il.

Let ¥ C G be a stabilizer of the surface IIy. Then ¥ = A5 and the embedding
U C G must be standard. Hence we have

19>d=1-S > |llyNS|,

which implies that d = IIy-S = [[IpNS| = 12 by Lemma[ZI5] because 1y = P! x Pt
It follows from Theorem that g < 15. Thus g = 10 by Lemma [ZT0 d

Thus, it follows from Lemma [6.6] that ¢ = 3, which is impossible by Lemma
The obtained contradiction completes the proof of Theorem

APPENDIX A. KLEIN CUBIC THREEFOLD

Put I' = PSLy(Fy;). Let V be a Fano threefold with terminal singularities such
that V admits a non-trivial action of the group I' and that the I'-invariant subgroup
of the group CI(V) is Z.

Example A.1. If V is a smooth hypersurface in P* that is given by the equation
Taxy + 2ire + v3w3 + 2504 + T30 = 0 C P* = Proj ((C [z0, 21, T2, mg,x4D,
then V is non-rational by [I1, Theorem 0.12], and Aut(V3) = T by [].

Example A.2 ([38, Example 2.9]). There is a non-trivial action of the group T’
on Gr(2,6), and Pic(Gr(2,6)) = Z[H] for some very ample divisor H. The linear
system |H| gives an embedding (: Gr(2,6) — P!, which induces a non-trivial
action of the group T' on P. Put V = ((Gr(2,6)) N II, where II is the unique
[-invariant linear subspace II C P such that dim(II) = 9. Then the variety
V is a smooth Fano threefold such that Pic(V) = Z and —K3}, = 14 (see [25]).
Furthermore, the variety V admits a non-trivial action of the group T.

Let V3 and Vi4 be the threefolds that are constructed in Examples [A 1] and [A.2]
respectively.

Theorem A.3 ([38, Theorem 1.5]). There is a I'-equivariant birational map x: V
--> U such that either U = V3 or U =2 V4.
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1324 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Remark A4 (see [38 Remark 2.10]). The varieties V5 and Vi4 are birationally
equivalent.

The main purpose of this section is to prove the following result (cf. [38, Re-
mark 2.10]).

Theorem A.5. The varieties Vs and Vi are T-birationally superrigid.
Corollary A.6. The birational map x: V --+ U in Theorem [A.3] is biregular.
Corollary A.7. There exists no I'-equivariant birational map Vig --» V3.

Corollary A.8. Up to conjugation, the group Bir(V3) = Bir(Vi4) contains exactly
2 subgroups that are isomorphic to the simple group PSLy(F11).

Let us prove that Vi, is f—birationally superrigid. Suppose that Vi4 is not -
birationally superrigid. There is a (non-empty) [-invariant linear system M with-
out fixed components such that AM ~q —Ky,, for some A € Qs¢. Then (Vi4, AM)
is not canonical (see [7, Theorem 1.4.1]).

There is p € Q such that p < 2\ and (Vi4, uM) is strictly log canonical.

Let S C V14 be a minimal center in LCS(Vi4, pM). Then dim(S) € {0,1}.

By Lemma 2.13] there is a [-invariant effective Q-divisor D on the threefold V4
such that the set LCS(Vi4, D) consists of irreducible components of the T'-orbit of
S and that D ~g —eKy,,, where € is a positive rational number such that e < 2.

Let Z be the multiplier ideal sheaf of the log pair (Vi4, D), and let £L(V14, D) be
the log canonical singularities subscheme of the log pair (Vi4, D). Then it follows
from Theorem 2.4] that

B (Ocnan) @ Ovi, (H) ) = 1 (Ov,, (H)) = h°(Ov,, (H) @ 7)

(A.9) =10 10y, (H) & 7).

where H € | — Ky,,|.
Lemma A.10. The equality dim(S) = 0 is impossible.

Proof. Suppose that dim(S)=0. Let F' C T be a stabilizer of a point in LCS(Vi4, D).
Then |LCS(Vi4, D)| < 10 by ([(A9). Thus, we see that |F| > |T|/10 = 66. Hence,
we must have LCS(Vi4, D) = S and F' =T because there are no proper subgroups
of T of order greater than 60 (see [15]).

The action of I' on the tangent space to Vy4 at the point S gives a faithful three-
dimensional representation of the group I', which does not exist (see [15]). O

It follows from Theorem 2§ that S is a smooth curve of genus g such that
20—-2< S-H.
Lemma A.11. The curve S is I'-invariant.
Proof. Let Z be the [-orbit of the curve S. Then Z = £(V14, D) because (Vi4, D)
is log canonical.

Suppose that S # Z. Let r be the number of irreducible components of Z. Then

r > 11 because there is no nontrivial homomorphism I' — S,. if 1 < r < 10.
Using (A9) and the Riemann-Roch theorem, we see that

10210 = 10 (Ov,, (H) € T) = h(Ocvim) @ Oviy (H)) = (S H =g +1) >
because £(V14,D) = Z and 2g — 2 < S - H. Thus, we see that r < 10. 0
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Therefore, there is a natural homomorphism 6: T' — Aut(S).
Lemma A.12. The homomorphism 6 is a monomorphism.

Proof. Suppose that # is not a monomorphism. Then ker(#) = I" because I simple.
Let P be a point in S. Then P is I'-invariant. The action of the group I on the tan-
gent space to the threefold V14 at the point P gives its faithful three-dimensional
representation, which does not exist (see [19]). O

Lemma A.13. The inequality g > 11 holds.

Proof. Suppose that g < 10. Then g < 1 by Theorem I8 since |I'| = 660.
Moreover, it follows from the classification of finite subgroups of PSLy(C) that
the monomorphism 6 does not exist if g = 0. Thus, we see that g = 1 and Aut(S)
contains a simple non-abelian subgroup #(I') =2 PSLy(Fy;), which is impossible
because Aut(.S) is solvable. O

Using (A9) and the Riemann—Roch theorem, we see that
10 > h? (Oﬁ(vm,m ® Ovi, (H)) =9-H-g+1

because L(Vi4,D) =Z and2g—2< S-H. Theng>S-H—-9,but 2g—2< S-H.
Hence 2(S - H) — 20 < 2g — 2 < S - H, which implies that S - H < 19. Therefore,
g < 10, which is impossible by Lemma [A-T3]

The obtained contradiction shows that V74 is T-birationally superrigid.

To complete the proof of Theorem [A5], we assume that the threefold V5 is not I'-
birationally superrigid. Then there is a T-invariant linear system M without fixed
components such that AM ~g —Ky, for some A € Q9. Then (V3, AM) is not
canonical (see [7, Theorem 1.4.1]).

There is p € Q such that p < 2\ and (V3, pM) is strictly log canonical.

Let S C V3 be a minimal center in LCS(V3, uM). Then dim(S) € {0,1}.

By Lemma 213} there is a I-invariant effective Q-divisor D on the threefold V3
such that the set LCS(V3, D) consists of irreducible components of the T-orbit of
S and that D ~g —eKy,, where € is a positive rational number such that ¢ < 2.

Let Z be the multiplier ideal sheaf of the log pair (V5, D), and let £(V3, D) be
the log canonical singularities subscheme of the log pair (V3, D). Then it follows
from Theorem 2.4] that

BO (OL(VS,D) ® Oy, (2H)) — RO (OVB (ZH)) Ny (OVS (2H) ®z)
(A.14)

= 15— 1 (0v, (2H) & T),
where H is an ample generator of the group Pic(V3).

Lemma A.15. The equality dim(S) = 0 is impossible.

Proof. Suppose that dim(S) = 0. Let F' C T be a stabilizer of a point in LCS(V3, D).
Then - -
|F| = S ) > o 44

Los(ve, D) 15

by (AI4). Thus, if F' # I, then F is isomorphic to either A5 or Z;; x Zs (see [15]).
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We may identify I' with a subgroup in Aut(P*). There is a subgroup G' C SL5(C)
such that

I'=6(G) ¢ Aut(P*) = PGLs (C)

and G 2 T, where ¢: SL5(C) — Aut(P*) is the natural projection.

Put W = C®. Then W is an irreducible representation of the group G (see [I]
which implies that F' # T. If F is a subgroup of the group G such that ¢(F) = F,
then one can show that W is an irreducible representation of the group F', which
is a contradiction. O

It follows from Theorem [Z§ that S is a smooth curve of genus g such that
g<S-H.

Lemma A.16. The curve S is T-invariant.

Proof. Let Z be the [-orbit of the curve S. Then Z = L(V3, D) because (V3, D) is
log canonical.

Suppose that S # Z. Let r be the number of irreducible components of Z. Then
r > 11 because there is no non-trivial homomorphism I' — S, in the case when
1 <r < 10.

Using (A14) and the Riemann—Roch theorem, we see that

15> 15— 10 (O, (2H) © T) = h°(Oc(v, p) © Oy, (2H) ) = (25 - H— g + 1)

because L(V3,D) = Z and ¢ < S- H. Since r > 11, one has 25 - H — g+ 1 < 1,
which contradicts the inequality g < S - H. |

We see that there is a natural homomorphism : T' — Aut(S). Arguing as in
Lemma [A.T2] we see that § is a monomorphism. Arguing as in Lemma [A T3] one
obtains g > 11.

By Theorem 218 we may assume that g = 14. Let a; be the number of points on
S whose stabilizers in I' are isomorphic to Z;. Using the Riemann-Hurwitz formula,
we see that

29 — 2= (29 — 2) - |T| + 330az + 440a3 + 528as + 550a + 600a11,

where g is the genus of the quotient curve S/I' (cf. the proof of Lemma 2.10).
Then g = 0. We have

1294 — 528a5 = 330az + 440a3 + 550a¢ + 600a;1,

which leads to a contradiction. The obtained contradiction completes the proof of
Theorem [A.5]

APPENDIX B. DEL PEZZO FIBRATIONS

by YURI PROKHOROY
Let X be a threefold with at worst terminal singularities such that the group
Aut(X) has a subgroup G = Ag, and let 7: X — P! be a G-Mori fibration.
The goal of this appendix is to prove the following result.

Theorem B.1. The isomorphism X = P! x P? holds, and 7 is the projection to
the first factor.

*This work was partially supported by the grants RFBR 08-01-00395-a, NSh-1983.2008.1 and
NSh-1987.2008.1.
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FIVE EMBEDDINGS OF ONE SIMPLE GROUP 1327

Recall that there exists no monomorphism G' — PGLz(C).

Lemma B.2 (cf. [38, Lemma 4.5]). Let Y be a threefold with at worst terminal
singularities such that Aut(Y') has a subgroup G = Ag. Then Y contains no G-
movariant points.

Proof. Suppose that Y contains a G-invariant point P € Y. Let us show that this
assumption leads to a contradiction. Let Tpy be the Zariski tangent space to Y
at the point P. Then dim(Tpy) > 5 because G has no faithful representations of
dimension less than 5. We see that Y is not Gorenstein at the point P (see [39,
Section 3]). Let us regard (Y > P) as an analytic germ.

Let r be the Gorenstein index of the singularity (Y, P), and let m: (Y*#, P¥) —
(Y, P) be the index one cover (see [39, Section 3.5]) where P# = 7=1(P). Then

T Y\ {P*'} -V \ {P}
is the topological universal cover (of degree 7). Thus, there is an exact sequence of
groups

1 7, o Gt ’ G 1,

where G* is a finite subgroup in Aut(Y#, P*). Since G is simple, this is a central
extension.

The group G* naturally acts on the Zariski tangent space Tpyys to Yt at
the point P*.

Recall that (Y*#, P¥) is a hypersurface singularity. Hence, we have dim(Tps y+) <
4.

By the classification of three-dimensional terminal singularities (see [39, Sec-
tion 6.1]) the action of the group «(Z,) on Tp: y: in some coordinate system has
one of the following forms:

e cither dim(T'p: y:) = 3 and (1,22, 23) — (ex1,6 twp, £%3),
e or dim(Tp: y:) = 4 and (21, x2, x5, 24) — (ex1,6 ‘a0, %3, 24),
o or dim(Tp: y:) =r =4 and (21, 22, 73, T4)
— (\/—_1I1, —\/—_1$27 :l:\/—_ll‘g, —32‘4)7
where ¢ is a primitive r-th root of unity and ged(r,a) = 1.

The case dim(Tp:y:) = 3 and r = 2 is impossible because the group 2.Ag
does not have faithful three-dimensional representations. Therefore, the central
subgroup a(Z,) C G* has at least 2 different eigenvalues. Then Tps ys is a reducible
representation of the group G*.

If dim(Tps y:) = 4, then the subgroup «(Z,) has at least 3 different eigenvalues.

Hence, in every possible case, the group G* has a subrepresentation of dimension

at least 2, which is impossible, because the group G = Ag does not admit any
embedding to PGLy(C). O

Lemma B.3 (cf. [16]). Let S be a smooth del Pezzo surface such that S admits a
non-trivial action of the group G. Then S = P2,

Proof. Note that S ¢ P! x P! because there exists no monomorphism G' — PGLy(C).
Suppose that S 22 P2. Let us derive a contradiction.
If K% > 5, then the action of G on Pic(S) is trivial because rk Pic(S) < 5 and
the canonical class Kg is G-invariant. Then any (—1)-curve on S must be invariant,
a contradiction.
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1328 IVAN CHELTSOV AND CONSTANTIN SHRAMOV

Let C be a G-invariant curve in | — Kg|. Then every component of the curve
C is either a rational or an elliptic curve. Moreover, the curve C consists of at
most 4 components, which immediately implies that C is not G-invariant because
G is simple.

Put V = H°(Os(—Kg)). By the above, the group G acts non-trivially on V.
Then

4>K§:h0(05(—KS)) 14,

which implies that K2 = 4, and the space V is an irreducible five-dimensional repre-
sentation of the group G because G has no non-trivial representations of dimension
less than 5 (see [15]).

We see that S = Q; N Q2 C P* where Q; and @y are irreducible quadric
hypersurfaces.

The action of the group G on the space V induces its action on P*.

Let P be the pencil generated by @Q; and @ is G-invariant. Then P is G-
invariant. Since there is no monomorphism G — PGLy(C), both quadrics @,
and Qo are G-invariant, which is impossible, because otherwise the vertex of a
degenerate quadric in pencil is a fixed point. O

Corollary B.4. Let F, be a general fiber of the morphism w. Then K%ﬂ =9
Let F be any scheme fiber of the morphism 7: X — P'. Then F is G-invariant.
Lemma B.5. The threefold X is smooth and F = P2,

Proof. First we show that Supp(F) is irreducible, normal and has at worst Kawa-
mata log terminal singularities. This step is similar to the proof of [34] Proposi-
tion 2.6].

Take y € Q such that (X, uF) is strictly log-canonical. Then there are a G-
invariant m-ample divisor H and a small positive §; and d3 € Q such that (X, (u —
01)F + 92 H) is log canonical and

LCS(X, (4= o) F +6:H) = | 9(S),

geG

where S is a minimal center in LCS(X, uF") (cf. Lemma I3 or the proof of [34]
Proposition 2.6]).

Put D = (p— 61)F + 82 H. Then LCS(X, D) is a G-orbit of the center S.

By Theorem [Z5] the locus LCS(X, D) is connected. It follows from Lemma [27]
that LCS(X, D) = S, which implies that S is not a point by Lemma [B:2]

If S is a curve, then S = P! by Theorem [Z8, which is again impossible by
Lemma

We see that S is a G-invariant surface. Then S = Supp(F) because 7 is a G-
Mori fibred space.

By Theorem 2.8 the surface S is normal and has Kawamata log terminal singu-
larities.

Let ¥ C S be a subset consisting of points where S is not Cartier. If F' is not
reduced, then 1 < |3| < 4 by [34] Theorem 1.1]. Since ¥ is G-invariant, we see that
Y = @ by Lemma
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We see that F' is a reduced normal surface having only quotient singularities,
which implies that F is a degeneration of P2 by Corollary[B.4l Hence, the inequality
|Sing(F)| < 3 holds (see [32, Main Theorem], [20, Corollary 1.2]). So, the surface
F is smooth by Lemma [B.:2] which immediately implies that F = P2, O

Proof of Theorem [Bl Tt follows from Lemma that every scheme fiber of the
morphism 7 is isomorphic to P?. By [3, Proposition V.4.1], there are integers
b > a > 0 such that

X = Proj (O]Pl @ Op1 (a) @ Op (b)) .

Recall that the action of the group G on the base P! is trivial.
~ By Lemma [B2 every fiber of the morphism 7 contains no G-fixed points or
G-invariant lines, which implies that a = b = 0, and so X = P! x P2, O
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