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Weighted Fano threefold hypersurfaces

By Ivan Cheltsov at Edinburgh and Jihun Park at Pohang

Abstract. We study birational transformations into elliptic fibrations and birational
automorphisms of quasismooth anticanonically embedded weighted Fano 3-fold hypersur-
faces with terminal singularities classified by A. R. Iano-Fletcher, J. Johnson, J. Kollar,
and M. Reid.

1. Introduction

Let S be a smooth cubic surface in P? defined over a perfect field & with Picard
rank 1. For example, the equation 2x> + 3y® + 523 +7w3 = 0 defines such a cubic in
Proj(Q[x, y,z,w]) (see [16] or [20]). The condition that the Picard rank is one simply means
that every curve on S defined over k is cut by some hypersurface in P3. The surface S is
proved to be birationally rigid and hence nonrational (see [15]).

Let P and Q be distinct k-rational points on the surface S. We then consider the pro-
jection ¢ : S --» P? from the point P. Because the map ¢ is a double cover generically
over P2, it induces a birational involution o of the surface S that interchanges two points
of a generic fiber of the rational map ¢. Traditionally, the involution « is called a Geiser
involution.

Meanwhile, we consider the line L = P? passing through the points P and Q. Then
the line L meets the surface S at another k-rational point O. For a sufficiently general hy-
perplane H in P? passing through the line L, the intersection H NS is a smooth elliptic
curve E. Then the reflection of the elliptic curve E centered at the point O induces a bira-
tional involution f of the surface S that is called a Bertini involution.

Yu. Manin proved the group Bir(S) of birational automorphisms of the surface S is
generated by the group Aut(S) of biregular automorphisms and Bertini and Geiser involu-
tions of the surface S, more precisely, the sequence of groups

1 - I's — Bir(S) — Aut(S) — 1

is exact, where I's is the group generated by Bertini and Geiser involutions. Furthermore,
he also described all the relations among these involutions (see [16]). These properties men-
tioned so far remain true for smooth del Pezzo surfaces of degrees 1 and 2 with Picard rank 1.
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Moreover, on a smooth del Pezzo surface of degree 2, the group I's is the free product of
involutions. But in the case of degree 1, every birational automorphism is biregular (see [15]).

Smooth del Pezzo surfaces of degree 1, 2 and 3 are the only smooth del Pezzo surfaces
that can be anticanonically embedded into weighted projective spaces as quasismooth hy-
persurfaces. Therefore, the properties described above can be naturally expected on antica-
nonically embedded quasismooth weighted Fano 3-fold hypersurfaces with terminal singu-
larities. The first step in this direction is done in [10], where the birational superrigidity of
smooth quartic 3-folds is proved.

Smooth quartic 3-folds are the first example of quasismooth anticanonically em-
bedded weighted Fano 3-fold hypersurfaces with terminal singularities that were com-
pletely classified into 95 families by A. R. Iano-Fletcher, J. Johnson, J. Kollar, and M.
Reid (see [9] and [11]) and which were studied quite extensively in [6] and [18].

Throughout this paper, we always let X < P(1, ay, a3, aa,as) be a sufficiently general
quasismooth anticanonically embedded Fano hypersurface of degree d and of type N with
terminal singularities!’, where the notation N is the entry number in Table 1 of Appendix.

The hypersurface X is proved to be rationally connected (see [22]) and birationally
rigid (see [6]). Furthermore, it follows from [6] that the sequence of groups

1 =Ty — Bir(X) - Aut(X) — 1

is exact, where the group I'y is a subgroup of Bir(X) generated by a finite set of distinct
birational involutions 71, . .., 7, explicitly described in [6]. All the involutions here are either
an elliptic involution or a quadratic involution. The former is a generalization of a Bertini
involution and the latter is that of Geiser involution.

Even though the paper [6] describes the number of the birational involutions 7y, ..., 7/
and their explicit constructions, the relations among them have been in question. We show
that the group I'y has exactly one of the following group presentations:

F = the trivial group,

1 2
F :<T1|T1 = 1>,

2 2 2
F" ={t,n|ti =1 =1),

3 2 2 2
F' =<{t,m,3)t11=1=135=1),
: 2 2 2
F' = (r,1,713 |71 = 13 = 7] = ninnnints = 1),
2
3

5 2 2 2 2
F :<71572)T3af4>‘[5‘71 =T =173 =74 =75 = 1>a

where the generator t; comes from an involution of X and the group operation from the
composition of maps. When the group I'y is trivial, the 3-fold X is birationally superrigid.

D The weighted projective space Proj(F[x;,xs, .. .,x,]) defined over an arbitrary field F with wt(x;) = a; is
denoted by Pg(ay,ay,...,a,). The weights a; are always assumed that a; < a, < --- < a,. When the field of defi-

nition is clear, we use simply the notation P(ay,a, . ..,a,) instead of Pr(ay,az,...,a,).
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Also, when X has a unique birational involution, the group I'y has the presentation F' that
is isomorphic to Z/27. Because the number of generators of I'y is completely determined
in [6], in order to describe the group Iy, it is enough to find their relations for / = 2. We
prove the following result:

Theorem 1.1. The group Iy has the group presentation as follows:

e FPif N =1,

e 3 ifN=4,0, 17,27,

e F* if N =20,

e F2if N =5, 6, 12, 13, 15, 23, 25, 30, 31, 33, 36, 38, 40, 41, 42, 44, 58, 61, 68, 76,
e Flif N =2, 8,16, 18, 24, 26, 32, 43, 45, 46, 47, 48, 54, 56, 60, 65, 69, 74, 79,

o F° otherwise.

This theorem with the results of [6] can be considered as a 3-fold analogue of Yu.
Manin’s results on smooth del Pezzo surfaces of degree < 3.

The proof of Theorem 1.1 is based on the simple observation that except the cases
N = 17,20, 60, the involutions 7y, ..., 7, are actually elliptic and induced by a single elliptic
fibration. This shows that it is worth our while to study birational transformations of the
hypersurface X into elliptic fibrations. In particular, it is an interesting question when the
3-fold X is birational to an elliptic fibration. We prove the following result:

Theorem 1.2. The hypersurface X <= P(1,a,,as,as,as) can be birationally trans-
formed into an elliptic fibration if and only if N ¢ {3,60,75,84,87,93}.

We remark that the hypersurface X of N = 3 is the only smooth Fano 3-fold that is
not birationally equivalent to an elliptic fibration. Many examples in the 95 families of
weighted Fano 3-folds have not so many ways in which we can transform them into an el-
liptic fibration. Naturally, they make us expect that the hypersurface X, in almost all cases,
has a single birational elliptic fibration structure (see Conjecture 2.15 and Proposition 2.16).

After the theorem above, it may be a next step to ask whether the hypersurface X can
be birationally transformed to a K3 fibration or not. To this question we give an affirmative
answer.

Proposition 1.3.  The hypersurface X is birationally equivalent to a K3 fibration.

We should remark here that D. Ryder® has studied birational transformations of

the hypersurface X into K3 and elliptic fibrations in his Ph.D. thesis (see [18]). His thesis

2 After the early version of this paper, he announced a paper to reinforce his thesis. In his paper, he clas-
sified birational transformations into K3 and elliptic fibrations for the cases N = 34,75,88,90 (see [19]).
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applied the techniques of the papers [3] and [6] to classify all birational transformations of
X into K3 and elliptic fibrations in the case N = 5. In addition, he constructed various
kinds of birational transformations of the hypersurface X into K3 and elliptic fibrations
and obtained partial results on the existence of submaximal singularities on the hypersur-
face X in many cases.

Meanwhile, as far as we know, arithmetical properties on quasismooth antica-
nonically embedded weighted Fano 3-fold hypersurfaces with terminal singularities have
never been investigated. The papers [1], [2], and [8] give us a stimulating result that
rational points are potentially dense® on smooth Fano 3-folds possibly except double
covers of P* ramified along smooth sextic surfaces. In the case N = 1, the potential den-
sity of rational points on the hypersurface X is proved in [§8]. The hypersurface X of
N =2 is birational to a double cover of P* ramified along a sextic surface with 15 nodes,
which implies the potential density of rational points (see [4]). Furthermore, we prove the
following:

Proposition 1.4. Suppose that X is defined over a number field. Then rational points
are potentially dense on the hypersurface X for

N =1,2,4,5,6,7,9,11,12,13,15,17,19, 20, 23, 25, 27,
30,31, 33,36,38,40,41,42, 44, 58, 61, 68, 76.

It immediately follows from Theorem 1.1 that the group I'y is infinite if / > 1. In this
case, the constructions of the involutions ty,...,7, easily imply that the hypersurface X
contains infinitely many rational surfaces, which implies Proposition 1.4 except the cases
N=1,2,11,19.

Even though our main result is Theorem 1.1, for the convenience this paper starts
with the problem on existence of birational transformations of the hypersurface X into el-
liptic fibrations. In Section 2, we prove Theorem 1.2 and classify birational transformations
of the hypersurface X into elliptic fibrations in some cases. And then Proposition 1.3 is
proved in Section 3. We prove Theorem 1.1 in Section 4. Finally, we complete the proof
of Proposition 1.4 by proving the potential density of rational points on X in the cases
N =11and N = 19.
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3) The set of rational points of a variety ¥ defined over a number field F is called potentially dense if for
some finite field extension K of the field F the set of KK-rational points of the variety V' is Zariski dense.
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2. Elliptic fibrations

In this section we prove Theorem 1.2. We start with the simple results below that are
useful for this section.

Lemma 2.1. Let Y be a variety and 4 be a linear system without fixed components
on the variety Y. If the linear system M is not composed from a pencil, then there is no Zar-
iski closed proper subset ¥ & Y such that Supp(S;) N Supp(S:) < X, where S| and S, are
sufficiently general divisors of the linear system M.

Proof.  Suppose there is a proper Zariski closed subset ¥ < Y such that the set-
theoretic intersection of the sufficiently general divisors S; and S, of the linear system .#
is contained in the set X. Let p : ¥ -—» P" be the rational map induced by the linear system
A, where n is the dimension of the linear system .#. Then there is a commutative diagram

w
VA
Y ——p——> P

where W is a smooth variety, « is a birational morphism, and £ is a morphism. Let Z be the
image of the morphism . Then dim(Z) = 2 because .# is not composed from a pencil.

Let A be a Zariski closed subvariety of the variety W such that the morphism
Hya s WA — Y\a(A)

is an isomorphism, and A be the union of the subset A = W and the closure of the proper
transform of the set X\o(A) on W. Then A is a Zariski closed proper subset of I¥.

Let B; and B, be general hyperplane sections of the variety Z, and D; and D, be the
proper transforms of the divisors B; and B, on the variety W respectively. Then o(D;) and
a(D,) are general divisors of the linear system .#. Hence, in the set-theoretic sense we have

0 + p~' (Supp(B1) N Supp(B>)) = Supp(D;) N Supp(Dy) = A £ W
because dim(Z) = 2. However, this set-theoretic identity is absurd. []

The following result is implied by Lemma 0.3.3 in [13] and Lemma 2.1.

Corollary 2.2. Let Y be a three-dimensional variety with canonical singularities. Sup-
pose that a linear system M on Y without fixed components is not composed from a pencil.
For sufficiently general surfaces Sy and Sy in the linear system M and a nef and big divisor D,
the inequality D - Sy - Sy > 0 holds.

In addition, the proof of Lemma 2.1 implies the following result.

Lemma 2.3. Let Y be a variety. For linear systems M and & on Y without fixed com-
ponents, if the linear system 4 is not composed from a pencil, then there is no Zariski closed
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proper subset £ < Y such that Supp(S) n Supp(D) < X, where S and D are general divisors
of the linear system M and 9, respectively.

Before we proceed, we first observe that the following hold:

e for N = 1, a general fiber of the projection of a smooth quartic 3-fold X < P* from
a line contained in X is a smooth elliptic curve;

e for N = 2, the 3-fold X is birational to a double cover of P ramified along a sin-
gular nodal sextic (see [4]), which is birationally equivalent to an elliptic fibration.

Lemma 2.4. Suppose that N ¢ {1,2,3,7,11,19,60,75,84,87,93}. Then a sufficiently

general fiber of the natural projection X --» P(1,ay, a3) is a smooth elliptic curve.

Proof. Let C be a general fiber of the projection X --» P(1,a»,a3). Then C is not a
rational curve by [6] but C is a hypersurface of degree d in P(1, a4, as) = Proj(C[x1, x4, xs]),
where either |d/as| <3 or |d/as] <4 and 2as < d < 2as + ay.

Let ¥ < P(1,a4,as) be the open subset given by x; + 0. Then ¥ =~ C? and the
affine curve V' N C is either a cubic curve when |d/as| < 3 or a double cover of C ramified
at most four points when |d/as] <4 and 2as < d < 2as + a4. Therefore, the curve C is
elliptic. [

Remark 2.5. If N ¢ {2,7,20,36,60}, each involution 7; generating the group I'y
gives the commutative diagram

X ————- —- X
| |
a Ly
! 1
|]3>(17a27a3) e—— I]D(l,az,a3),

where  is the natural projection.

Lemma 2.6. Suppose that N € {7,11,19}. Then X is birational to an elliptic fi-
bration.

Proof. We consider only the case N = 19 because in the other cases the proofs are
similar.

When N = 19, the hypersurface X in P(1,2,3,3,4) can be given by the equation

X5 fg (X1, X2, X3, X4, X5) + X3 f9(X3, Xa) + X2 f10(X1, X2, X3, X4, X5) + X111 (X1, X2, X3, X4, X5) = 0,
where f; is a quasi-homogeneous polynomial of degree i.
Let # be the pencil of surfaces on X cut by Ax? + ux, =0 and % the pencil of

surfaces cut on X by 6x7 + yx3 = 0, where (6:y) e P! and (1 : u) € P'. Then # and %
give a map



Cheltsov and Park, Weighted Fano threefold hypersurfaces 87
X U:Dl 1
p:X-—->P xP,
which is defined in the outside of Bs(.#") U Bs(4).

Let C be a general fiber of p. Then C is a hypersurface in
[p(lv 3> 4) = PI'Oj(C[X] y X4, XS])

containing the point (0 : 1:0). Thus, the affine piece of the curve C given by x; =0 is a
cubic curve in C?, but C is not rational (see [6]). Hence, the fiber C is elliptic. []

Therefore, we have obtained
Corollary 2.7. If N ¢ {3,60,75,84,87,93}, then X is birational to an elliptic fibration.

To complete the proof of Theorem 1.2, we need to show that the 3-fold X is not bira-
tionally equivalent to an elliptic fibration when N € {3,60,75,84,87,93}. However, the
paper [3] shows that the 3-fold X of N =3 is not birationally equivalent to an elliptic
fibration. Therefore, it is enough to consider the cases of N = 60,75,84,87,93. Suppose
that for these five cases there are a birational map p : X --»  and a morphism v : V' — [P?
such that V' is smooth and a general fiber of the morphism v is a smooth elliptic curve. We
must show that these assumptions lead us to a contradiction.

Let 9 = v*((OPz(l))} and .4 = p~'(2). Then .# ~ —nKy for some natural number
n because the group CI(X) is generated by —Ky (see [7]). An irreducible subvariety Z & X

is called a center of canonical singularities of (X , —/%) if there is a birational morphism
n
f: W — X and an f-exceptional divisor £; < W such that

1 1 m
KW—sz_l(ﬂ) NQf*(KX+Z%>+ZCiEi,
i=1

where E; is an f-exceptional divisor, ¢; <0, and f(E;) = Z. The exceptional divisor Ej is
. . . . 1
called a submaximal singularity of the log pair (X ) ﬁ/%)' The set of all centers of canon-
1 1
ical singularities of the log pair (X , —/%) is denoted by CS (X ,—/%).
n n

1
We first show that the set CS <X , —/%) is not empty. A member of the set, a priori,
n

can be a smooth point, a singular point, or a curve on X. And then we show that all these
cases are excluded, which gives us a contradiction.

. . 1 .
In what follows, we may assume that the singularities of <X ,— M > are canonical be-
cause X is birationally rigid by [6]. "

1
Proposition 2.8. The singularities of (X ,— %) are not terminal.
n
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1
Proof. Suppose that the singularities of (X ,—/%) are terminal. Then (X,e#) is
n

terminal and Ky + e.# is ample for some rational number ¢ > —. Consider the commuta-
tive diagram n

w
VRN
X - Vo — P2,

where « and f are birational morphisms and W is smooth. Then we have
o (Kx +ed) + fjlaj ~q Ky + et ~q f*(Ky + €2) +Zlb G,
j= i
where G; is a f-exceptional divisor, F; is an a-exceptional divisor, ¢; and b; are rational
numbers, and # = o~ ! (.#). Let C be a general fiber of v o 8. Then
0<C-o*(Ky +edl) < C- (oc*(KX +edl) + f@@) — B(C) - (Ky +¢2) =0

J=1

m
because C is an elliptic curve, while the divisor ) a;F; is effective by our assumption. []
j=1

1 .
Consequently, the set of centers of canonical singularities CS (X %) is not empty.
However, in the sequel we will show that it is empty.

Lemma 2.9. The set CS <X,%,/%) does not contain any smooth point of X.
Proof. See [5], Theorem 3.1, and [6], Theorem 5.6.2. []

Lemma 2.10. The set CS (X , %,/% > contains no curves on X.

Proof. See [18], Lemmas 3.2 and 3.5. [

Therefore, the nonempty set CS (X ,%ﬂ) can contain only singular points of X. In
particular, there is a point P € Sing(X) such that P is a center of canonical singularities of
the log pair (X , % M ) Let 7 : Y — X be the Kawamata blow up at the point P, E be the
exceptional divisor of 7, and # = n~! (). Then # ~g —nKy by [12].

Suppose that —K3 < 0. Let NE(Y) = R? be the cone of effective curves of Y. Then
the class of —E - E generates an extremal ray of the cone NE(Y).

Lemma 2.11. There are integer numbers b >0 and c¢=0 such that
—Ky - (=bKy + cE) is numerically equivalent to an effective irreducible reduced curve
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I < Y and generates an extremal ray of the cone NE(Y) different from the ray generated by
—FE-E

Proof.  See [6], Corollary 5.4.6. []
Let S| and S, be two different surfaces in 4. Then S; - S, € W(Y ) but
Si -8, =n’K3,

which implies that the class of S; - S, generates the extremal ray of the cone NE(Y) that
contains the curve I'. However, the support of every effective cycle C € R*T is contained
in Supp(S; - S,) because S; - I' < 0 and S, - T’ < 0. Similarly, we have Supp(S; - Sz) =T,
which contradicts Lemma 2.1 because the linear system .# is not composed from a
pencil.

Corollary 2.12. The inequality —K3 > 0 holds.

Corollary 2.13. When N = 75,84,87,93, the hypersurface X is not birationally equi-
valent to an elliptic fibration.

Proof. The result immediately follows from the fact that the intersection number
—K; is indeed negative if N = 75,84,87,93 (see [6]). [
From now on we consider the case N = 60. First of all, we can conclude that the set
1 . : . . 1
CS (X ,—%) must consist of the unique singular point O of type ) (1,4,5) on X because
n

the Kawamata blow ups at the other singular points again give us negative —K; (see [6]). It
should be pointed out that the hypersurface X can be birationally transformed into a Fano
3-fold with canonical singularities.

Let 7: Y — X be the Kawamata blow up at the point O and % be the proper trans-
form of the linear system .# on the variety Y. Also let P and Q be the singular points of the
variety Y contained in the exceptional divisor E =~ P(1,4,5) of the morphism 7z that are

: . . 1 1 .
quotient singularities of types 1 (1,1,3) and 3 (1,1,4) respectively.
Lemma 2.14. The set CS(Y, 1@) contains the point P.
n

Proof. 1t follows from [12] that the equivalence # ~qg —nKy holds. Therefore, we
.\ . . . 1
can use the same proof of Proposition 2.8 with nef and big —Ky to obtain CS ( Y, p ?ﬁ) + 0.

1
We first claim that CS ( Y, —95’) contains at least one of the points P and Q. Let L be
n

the curve on E corresponding to the unique curve of the linear system |Up(; 45 (1)]. Then
the curve L passes through the points P and Q. Since # ~g —nKy we obtain #|; ~gnL.

Let Z be an element of the set CS (Y%&?).
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Suppose that Z be a smooth point of Y. It then implies mult; # > n. Let C be the
curve on E corresponding to a general curve in the linear system |Up(; 4 5)(20)| passing
through the point Z. The curve C cannot be contained in the base locus of the linear system
4. Therefore, we obtain a contradictory inequality

n=C-% =multz(C) multz(%) > n.

Suppose that Z be a curve. Then multz (%) = n. Let C be the curve on E correspond-
ing to a general curve in the linear system |Op(; 45)(20)|. We then have

n=C-#zmultzy(#)C-Z=nC-Z,

which implies C - Z =1 on E. Hence, the curve Z must be the curve L.

It follows from [12] that if the curve L belongs to the set CS (Y , %%’) , then a singular

. 1
point of the threefold Y on the curve L also belongs to the set CS<Y, Z%’). It proves our
claim.

1 . .
For now, we suppose that the set CS < Y, %’) contains the point Q.
n

Let o : U — Y be the Kawamata blow up at the point Q and & be the proper trans-
form of the linear system .# on the variety U. We then see that & ~g —nKy. The com-
plete linear system |—4Ky| is the proper transform of the pencil |-4Ky|, the base locus of
which consists of a curve Zy such that 7 o a(Zy) is the base curve of the pencil |—4Ky|.

Let H be a sufficiently general surface of the pencil |-4Ky|. Then the equality

1
ZZ :_K3 -
U U 30

holds on the surface H but Z|,, ~qnZ. Therefore, it follows that
Supp(D) N Supp(H) = Supp(Zv),

where D is a general surface of the linear system 2, which is impossible by Lemma 2.3.
1 . .
Consequently, the set CS < Y, E.@) contains the point P. []

The hypersurface X can be given by a quasihomogeneous equation of degree 24
X§X4 + x5ﬁ5(xla X2, X3, X4) + ﬁ4(X1,X2, X3, X4) =0c P(la 47 57 63 9)7
where f;(x1,x2,X3,X4) is a quasihomogeneous polynomial of degree i. Let D be a general

surface of the linear system |-5Ky| and S be the unique surface of the linear system |—Ky/|.
Then D is cut on X by the equation
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}vxf +0x1x2 + ux3; =0,

where (1 :6 : ) € P?, and S is cut by the equation x; = 0. Moreover, the base locus of the
linear system |—5Ky| consists of the single irreducible curve C that is cut on the hypersur-
face X by the equations x; = x3 = 0. In particular, we have D - S = C.

In a neighborhood of the point O the monomials xj, x,, and x3 can be considered as
weighted local coordinates on X such that wt(x;) =1, wt(x;) =4 and wt(x3) =5. In a
neighborhood of the point P the birational morphism 7z can be given by the equations

5

4
X1 = )~Cl)~C y Xy = )NCE, X3 = )~C3)~C§,

N oli—

where X, X» and X3 are weighted local coordinates on the variety Y in a neighborhood of
the point P such that wt(%;) = 1, wt(%,) = 3 and wt(%3) = 1. Let D, S, and C be the proper
transforms of the surface D, the surface S, and the curve C on the variety Y respectively,
and E be the exceptional divisor of 7. Then in a neighborhood of P the surface E is given
by the equation %, = 0, the surface D is given by the equation

AX] + 0% + pxs = 0,

and the surface S is given by the equation ¥, = 0. Hence, we see that
. . 5 -
D ~QT (—SK)() - §E ~0 58 ~0 —SKy,

the curve C is the intersection of the surfaces D and S; the linear system |-5Ky]| is the
proper transform of |—5Ky|; the base locus of |—5Ky| consists of the curve C.

Let f: W — Y be the Kawamata blow up of the point P. And let D, S, and C be the
proper transforms on the variety W of the surface D, the surface S, and the curve C re-
spectively and F be the exceptional divisor of the morphism f. Then the surface F is the
weighted projective space P(1,1,3) and in a neighborhood of the singular point of the sur-
face F the birational morphism £ can be given by the equations

where X;, X, and X3 are weighted local coordinates on the variety W in a neighborhood of
the singular point of F such that wt(x;) = 1, wt(¥;) = 2 and wt(%;) = 1. In particular, the
exceptional divisor F is given by the equation X, = 0, the surface D is given by the equation

}v)_cf)_CZ +0x1 + ux; =0,

and the surface S is given by the equation ¥; = 0. Therefore,

F,

D ~a (D)~ 3 F ~a(wo f)'(~5Kx) — 3§ (E) ~ 1

_ 1
S~aop (S)_ZF ~o0—Kw,
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and the curve C is the intersection of the surfaces D and S. Let 2 be the proper transform
of the linear system |—5Ky| on W. Then D is a general surface of 2, the base locus of the
linear system £ consists of the curve C, and the equalities

B.CZE.DS:%

hold. Thus, the divisor D is nef and big because D* = 2.

Let B; and B, be general divisors of 2. Then

2
BB B = (ﬂ*(—SKy) —%F) - (ﬂ*(—nKy) -gF) —o,

which contradicts Lemma 2.2. Hence, we have proved Theorem 1.2.

One can easily check that the hypersurface X can be birationally transformed into
elliptic fibrations in several distinct ways in the case when

NeQ=1{1,2,7,9,11,17,19,20,26,30, 36, 44,49, 51, 64}.

In other words, in the case when N € Q there are rational maps « : X —» P2 and f - P2
such that the normalizations of general fibers of o and f are elliptic curves but they cannot
make the diagram

g

X ———— X
| |
ol | B
! !

P2 — — — — P2,
¢

commute for any birational maps ¢ and (.

Conjecture 2.15. Let p : X —» P? be a rational map such that the normalization of a
general fiber of p is an elliptic curve. Then there is a commutative diagram

- X\
l//// N P
// N
e N
P(17a23a3) _______ - Pz)

if N ¢ {3,60,75,84,87,93} U Q, where  is the natural projection and ¢ is a birational map.
In the case N = 5, Conjecture 2.15 has been verified in [18].
Proposition 2.16. Conjecture 2.15 holds for

N =14,22,28,34,37,39,52,53,57,59,66,70,72,73,78,81, 86, 88,89,90,92,94, 95.
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Proof. In the proof of Theorem 1.2, we see that there is a point P € Sing(X) that
1

belongs to CS <X ,—/%). Let 7: Y — X be the Kawamata blow up at the point P, E be
n

the exceptional divisor of 7, and 4 be the proper transform on Y of .#. Then # ~g —nKy
by [12].

There is exactly one singular point Q of the hypersurface X, such that we have
—K; =0if P=Q, and —K; < 0if P # Q. In the case when P # Q we can proceed as in
the proof of Theorem 1.2 to derive a contradiction. Thus, we have P = Q.

The linear system |—rKy| is free for some r € N and induces a morphism
¢ Y — [P’(l,az,ag)

such that ¢ = o 7. However, for a general surface S € # and a general fiber C of the
morphism ¢ we have S - C = 0. Hence, & lies in the fibers of the elliptic fibration ¢, which
implies the claim. []

Therefore, in many cases, the hypersurface X can be birationally transformed into an
elliptic fibration in a unique way.

3. Fibrations into K3 surfaces

In this section, we prove Proposition 1.3. Before we proceed, we should remark here
that X is not birational to a fibration into ruled surfaces because X is birationally rigid by [6].

Lemma 3.1.  Suppose that N € {18,22,28}. Then X is birational to a K3 fibration.

Proof. Let A# be the pencil in |—a3Ky| of surfaces passing through the singular
. 1 . .
points of the hypersurface X of type — (1, —1, 1). Then a general surface in # is a compac-
as

tification of a quartic in C3, which implies that X is birational to a K3 fibration. []

Suppose that N ¢ {18,22,28}. Let i : X — P! be the map induced by the pro-
jection

P(1,a,a3,as4,as) — P(1,a2)

and S be a general fiber of . Then the surface S is a hypersurface of degree d in

P(1,a3,as4,as) that is not uniruled because X is birationally rigid by [6]. Therefore, we

may assume in the following that a, #+ 1. Let us show that S is birational to a K3 surface.
Lemma 3.2. Suppose that |d/as| < 4. Then S is birational to a K3 surface.

Proof. The surface S is a compactification of a quartic in C>. [

Lemma 3.3. Suppose that 2as + a3 > d and |d/asz| < 6. Then the surface S is bira-
tionally equivalent to a K3 surface.
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Proof. The surface S is a compactification of a double cover of C? ramified along a
sextic curve, which implies that S is birational to a K3 surface. []

Lemma 3.4. Suppose that 2as + 2a3 > d, 3as > d, and d < S5as. Then the surface S is
birationally equivalent to a K3 surface.

Proof. The surface S is a compactification of a double cover of C?\ L ramified along
a quintic curve, where L is a line in C?, which implies the statement. []J

Consequently, we may consider the 3-fold X only when
N € {27,33,48,55,56,58,63,65,68,72,74,79, 80, 83, 85,89,90,91,92,94,95}.

Lemma 3.5. Suppose that N ¢ {27,56,65,68,83}. Then the surface S is birationally
equivalent to a K3 surface.

Proof. 1In the case N = 91, the rational map  is studied in [18], Example 2.5, which
implies that the surface S is birational to a K3 surface. We use the same approach for the
others. We consider only the case N = 72, because the proofs are similar in other cases.

Let X be a general hypersurface in P(1,2,3,10,15) of degree 30. Let I" be the curve
on the hypersurface X given by the equation x; = x, = 0 and 4 be the pencil of surfaces on
the hypersurface X that are cut by the equations

A"x% + ux, =0,

where (4 : u) € P'. Then S belongs to 4, the curve C is the base locus of the pencil %, and
the projection y is the rational map given by %. Moreover, it follows from the generality of
the hypersurface X that the curve I' is reduced, irreducible, and rational.

. . 1
Let P be a singular point of X of type 3(1,2, 1) and 7 : V' — X be the Kawamata

blow up at the point P with the exceptional divisor £ =~ P(1,1,2). Let ., I, S, and Y be
the proper transforms on V' of the pencil %, the curve I', the fiber S, and the surface Y cut
by the equation x; = 0 on the hypersurface X, respectively. Then

—4K3 =8-T <0,
where S € .#, the curve I is the base locus of the pencil .#, and the equivalences

. . 2
S~2Y ~ —2KV ~0Q ﬂ*(—ZKx) — §E

hold (see [6], Proposition 3.4.6). The surface ¥ has canonical singularities.

Let NE(V)  R? be the cone of effective curves of V. Then the class of —E - E gen-
erates one extremal ray of the cone NE(V), while the curve I generates another extremal
ray of the cone NE(V') because S-I' < 0 and T is the only base curve of the pencil .Z,
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which implies that the curve I is the only curve contained in the extremal ray generated
by I’

The log pair (¥, Y) has log terminal singularities by [14], Theorem 17.4, which im-
plies that the singularities of (¥, ¥) are canonical because ¥ ~ —Kj. Hence, for a suffi-
ciently small rational number e > 1 the singularities of the log pair (V,eY) are still log
terminal but the inequality (Kp + ef’) T < 0 holds. There is a log flip & : ¥ - U along
the curve I" by [21].

Let 2 = a(#), Y = o(Y), S = «(S), and T be the flipped curve on U, namely, a pos-
sibly reducible curve such that ¥\I' = U\T. Then the surface S is a member of the pencil
2, the log pair (U, eY) has log terminal singularities, S-T =2Y - T < 0, and the equiva-
lences —Ky ~ Y and S ~ —2Ky hold. Therefore, the log pair (U, Y) has canonical singu-
larities. In particular, the singularities of the variety U are canonical.

Suppose Bs(2) # . Then Bs(2) consists of a possibly reducible curve Z that is nu-
merically equivalent to I'. Hence, every surface in 2 is nef. Let H be a general very ample
divisor on ¥V and H = «(H). Then H - Z < 0, which implies Z = H. The inequality

ﬁ~§1-§2<0

holds for general surfaces SL and S, in 2, which contradicts the numerical effectiveness of
the surface S, because_H - Sy is effective. Consequently, the pencil # has no base points,
and hence the surface S has canonical singularities.

Let ¢ : U — P! be the morphism given by the pencil 2. Then S is a sufficiently gen-
eral fiber of ¢ and 27Y is a fiber of ¢. Moreover, we have K 5 ~ 0 by the adjunction formula
because the equivalences —Ky ~ Y and Y|z ~ 0 hold. Therefore, the surface S is either an
abelian surface or a K3 surface.

Let C=En S. Then S contains «(C) because C =+ I" and o is an isomorphism in the
outside of I'. However, a component of C must be rational because C is a hypersurface of
degree 2 in P(1, 1,2), which implies that S cannot be an abelian surface. []

Therefore, it is enough to check the cases N € {27,56,65, 68,83} to conclude the
proof of Proposition 1.3. We prove that S is birational to a K3 surface case by case.

Case N =27 or 65. Because the methods for N = 27 and 65 are the same, we only
consider the case N = 27.

The surface S = Proj(C|x, x3, x4, x5]) = P(1,3,5,5) can be given by the equation

x2f5(1, %3, X4) + X5 fi0(x1, %3, X4) + fis(x1,x3,%4) = 0,

where f; is a quasi-homogeneous polynomial of degree i. Introducing a variable
¥ = xsf5(x1,x3,x4) of weight 10, we obtain the hypersurface
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S < P(1,3,5,10) = Proj(Clx1, x3, X4, y])
of degree 20 given by the equation

Y24 yfio(x1, X3, x2) f5 (X1, X3, Xa) + fis(x1, X3, X4) f5 (1, X3, x4) = 0

and birational to S. The surface S is a compactification of a double cover of C? ramified
along a sextic curve. Therefore, the surface S is birational to a K3 surface.

Case N = 56. The surface S is a hypersurface of degree 24 in [P(1,3,8,11) given by
the equation

X3XT + xsx1 fia (X1, %3, Xa) + foa(x1, %3, X4) = 0 = Proj(Clxy, x3, X4, x5]),

where f; is a quasi-homogeneous polynomial of degree i. Introducing a new variable
» = x1x5 of weight 12, we obtain the hypersurface S of degree 24 in (1,3, 8, 12) given by
the equation

Y2+ yfia(x1,x3,X4) + foa(x1, X3, X4) = 0 = Proj(Clxy, X3, x4, y])
which is birational to S. We have Ks ~ 0, which implies the claim.

Case N = 68. The surface S is a general quasismooth hypersurface of degree 28 in
Proj(Clxy, x3, x4, x5]), where wt(x;) = 1, wt(x3) = 4, wt(xs) = 7, wt(xs) = 14. The surface
S has a canonical singular point Q of type A and two singular points P; and P, of type
1

7(1,4).

Let 2 be the pencil of curves on S given by
Axt + pxs =0,

where (A :u) € P!. Then the pencil 2 gives a rational map ¢ : S -—» P! whose general
fiber is an elliptic curve. Let 7: Y — S be the minimal resolution of singularities, Z be
the proper transform on the surface Y of the irreducible curve that is cut on the surface
S by the equation x; =0, and = ¢ot. Then ¥ is a morphism and Z lies in a fiber

of .

Consider t-exceptional curves E, Ey, E|, E,, and E,, where 7(E) = Q, t(E;) = P;,
©(E;) = P, E? = —4,and E* = E? = —2. Let L be the fiber of  over the point y(Z). Then
Z ~ 1(Z) =~ P!, the curve Z is a component of L of multiplicity 4, the fiber L contains the
curve E, and either the surface Y is a minimal model or Z? = —1. Taking into account all
possibilities for the fiber L to be a blow up of a reducible fiber of minimal smooth elliptic
fibration, we see that the equality Z? = —1 holds, the curves E, and E; are sections of
the elliptic fibration ¥, but E; and E, are contained in the fiber L. On the other hand, the
equivalences

. 2. 4. 2. 4.
Ky ~a 7" (Op1,4714)(2)]s) —5E —5E —5E —5E ~o 2Z+E
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hold. Let y : ¥ — Y be the contraction of the curves Z and E. Then Y is smooth, the curve
y(L) is a fiber of type III of the relatively minimal elliptic fibration ¥ o y~!, and the equi-
valence Ky ~ 0 holds. Therefore, the surface S is birational to a K3 surface.

Case N = 83. The surface S is a hypersurface of degree 36 in
P(1,4,11,18) = Proj(C[xy, x3, X4, Xs)),

where wt(x)) = 1, wt(x3) = 4, wt(xg4) = 11, and wt(xs) = 18. Therefore, the surface S has
a canonical singular point Q of type A given by the equations x; = x4 = 0 and an isolated
singular point P at (0:0: 1:0). The surface S is not quasismooth at the point P which is
not a rational singular point of S, a posteriori.

Let 2 be the pencil of curves on S given by the equations
N 4 o
Ax] +ux3 =0,

where (4 : 4) € P!, C be a general curve in 2, and v : C — C be the normalization of the
curve C. Then the base locus of the pencil 2 consists of the point P and £ gives a rational
map ¢ : S - P! whose general fiber is C. On the other hand, the curve C is a hypersurface
of degree 36 in P(1,11,18). Therefore, the curve C is an elliptic curve, and the birational
map v is a bijection because C is a compactification of the affine curve

Cn{x; £0} = C?
which is a double cover of C ramified at three points. In particular, we have x(S) < 1.

Let 7: Y — S be the minimal resolution of singularities of .S. Then we have an ellip-
tic fibration ¥ : ¥ — P! such that = ¢ o t. We can identify a general fiber of y with the
curve C and the normalization v with the restriction 7| . Therefore, there is exactly one
exceptional curve Z of the resolution 7 not contained in a fiber of ). The curve Z must be
a section of .

Let F be the proper transform of the smooth rational curve in the pencil # that is
given by the equation x; = 0, £ be the exceptional curve of the morphism 7 that is mapped
to the point Q, and Ej, ..., E,, be the exceptional curves of the birational morphism 7 that
are different from the curves Z and E. Then 7(E;) = 1(Z) = P and the union

FOEUE u---UE,

lies in a single fiber L of . Moreover, the smooth rational curve F is a component of the
fiber L of multiplicity 4, the curve E is rational, and E> = —2. We have

Ky ~q2F 4+ aE + Z ¢ E;,
=1

1

where a, b, ¢; are rational numbers. The elliptic fibration  is not relatively minimal, but
the curve F is the only curve in the fiber L whose self-intersection is —1.
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Let ¢: Y — Y be the birational morphism such that the surface Y is the minimal
model of the surface ¥ and n =y o0& ' Then : ¥ — P! is a relatively minimal elliptic
fibration.

Let L = ¢(L). Then Ky ~g yL for some rational number y > 0. Hence, we have

_ m
Ky ~qg f*(yL) + oF +ﬂE + ZéiEi,
i=1

=

where o, 8, J; are non-negative integer numbers. Because the birational morphism & must
contract the curves F' and E, we see that = 2, f = 1. Also, the inequality d; + 0 holds if
and only if the curve E; is contracted by &. Moreover, the equality o = 2 implies that the
only curves contracted by ¢ are F and E. Hence, the inequality y = 0 and the equivalence

2F + aFE + Z Cl'E,‘ ~0 f*(yZ) + aF +ﬁE+ Z(S,‘E,‘
i=1 i=1

imply that y = 0, « = 2, and m > 0. In particular, the surface Y is either a K3 surface or an
Enriques surface. On the other hand, the only possible multiple fiber of the elliptic fibration
n is the fiber L, which implies that Y is a K3 surface.

Therefore, we have proved Theorem 1.3. In addition, we have shown that X is bira-
tional to a fibration whose general fiber is an elliptic K3 surface if N ¢ {3, 60,75,87,93}.

We conclude the section with one remark.

Remark 3.6. In the proof of Case N = 83 the equality « = 2 and the fact that F is a
component of L of multiplicity 4 imply that L is an elliptic fiber of type I*, while the bira-
tional morphism ¢ is the composition of the blow up at a point of the component of the
fiber L of multiplicity 2 and the blow up at the intersection point of the proper transform
of the component of multiplicity 2 with the exceptional curve on the first blow up.

It was pointed out to us by D. Stepanov that one can explicitly resolve the singularity
of the surface S at the point P to prove that the surface S is birationally equivalent to a
smooth K3 surface. Indeed, the surface S can be locally given near P by the equation

x2+y3+29 :0 c 63/211(77471)
where P = (0,0,0).

Let o, be the weighted blow up of C*/Z;;(7,4,1) at the singular point P with
. 1 S
weights 11 (10,3,1). Then the blown up variety is covered by 3 affine charts, the first chart
is isomorphic to C*/Zo(1,—3,—1), and in the first chart o is given by

x = X!/,

3/11 1/11
y:x/y, ZZ)C/Z,

where we denote the coordinates on C? /Z10(1,—3,—1) by the same letters x, y, z as the
coordinates on C*/Z;,(7,4,1). The full transform of S is given by the equation
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X2/ (O3 (99
but the strict transform S of the surface S is given by the equation
x+ 3422 =0cC3/7(1,-3,-1),

and the exceptional divisor
3 .
x=0='+22 =[[(y+¢2)
i=1

consists of 3 smooth rational curves E;, E,, Ez that intersect at the singular point (0,0,0),
where ¢ is a primitive cubic root of unity. Moreover, the surface S has quotient singularity

1 . .
of type i (=3, —1) at the singular point (0,0, 0).

In the second chart that is isomorphic to C*/Z3(—1,2, —1), the strict transform of S
is given by the equation x2y 4+ 1 + z° = 0, and in the third chart that is isomorphic to C?,
the strict transform of the surface S is given by x?z + y3 + 1 = 0, which imply that they are
nonsingular.

We have a surface §_that is locally isomorphic to C?/Z;o(—3,—1) and we have 3
smooth rational curves on S given by the equation

3 .
[T(x+&y?) =0,
i=1

where x and y are local coordinates on C?/Zo(—3, —1).

1 Let o, be the weighted blow up of the surface S at the point (0,0) with weights
10 (1,7). The blown up variety is covered by 2 charts. The first chart is C? and it does

not contain the strict transforms of the curve E;. The second chart is isomorphic to
C?/Z7(—1,3) and in this chart the weighted blow up ¢, is given by the formulas
x =y, y =710 but the strict transform of the curve E; is given by the equation
x + ¢&'y? = 0, where the exceptional divisor Z of the weighted blow up o, is given by
y=0.

Now let g3 be the weighted blow up at the origin of the last considered chart with

: 1 .
weights 5 (2,1). In the first chart C?/Z5(1,1), the equation of the proper transform of the

curve E; is 1+8"y2_ =0, the equation of the proper transform of Z is y =0, and the
exceptional divisor E4 of o3 is given by x = 0, but the second chart of o3 is nonsingular.

. . 1 -
Let o4 be the blow up of C?/Z,(1,1) with weights 3 (1,1) and let Es be the excep-

tional divisor of 4. Then g4 resolves the singularity of S in a neighborhood of the point P
and after blowing up the point Q of S we get our minimal resolution 7: ¥ — S.
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Let E; and Z be the proper transforms of the irreducible curves E; and Z on the non-

singular surface Y, respectively. Then E} = —4, Z? = E?, , = E* = -2, where
E
Z Fs r FE
Ey
E; E,

is the dual graph of the rational curves Z, Ey,..., Es, F, and E. In particular, the fiber L is
of type I;.

4. Birational automorphisms

The group Bir(X) of birational automorphisms is generated by biregular automor-
phisms and a finite set of birational involutions 7y,..., 7, that are described in [6]. To be
precise, we have an exact sequence of groups

1 - T'y — Bir(X) — Aut(X) — 1,

where the group I'y is the subgroup of Bir(X) generated by a finite set of distinct birational
involutions 7y, ..., 7.

In this section we describe the group I'y with group presentations. When the number
¢ of generators of I'y is 0, namely, the group I'y is trivial, Bir(X) = Aut(X), and hence the
3-fold X is birationally superrigid. When the number / of generators of I'y is 1, the group
Iy is the group of order 2, i.e., Z/27Z. Therefore, we may assume that / = 2 to prove The-
orem 1.1. Throughout this section, a relation of involutions means one different from the
trivial relation, i.e., 7> = 1.

First of all, we present the following important observation:

Lemma 4.1. Suppose that the set CS(X, A4 ) contains at most one element, where .
is a linear system without fixed components on X and 1 is a positive rational number such that
the divisor —(Ky + A.) is ample. Then there is no relation among i, . .., 7,.

Proof.  See [17], Proposition 2.2 and Lemma 2.3. They show the condition implies a
given birational automorphism is untwisted® by the involutions 7y, ..., 7, in a unique way
(see also [6]). [

4 Fix a very ample linear system .# on X. Let ¢: X —— X be a birational automorphism such that
¢~ (#) = |-rKy|. We say that an involution 7 of X untwists the map ¢ if (¢ o7)”' (#) = |—r'Ky| for some

. 1 . . .
r" < r. More generally, for a log pair (X ,—,///) with /4 ~g —Ky that is not terminal we also say that an
r

involution 7 of X untwists a maximal singularity of (X7j.//i) if ©(M) ~q —r'Kx for some r’ < r. For more
generalized detail, refer to [6]. !



Cheltsov and Park, Weighted Fano threefold hypersurfaces 101
Note that the assumption 7 = 2 implies that
Ne{4,5,6,7,9,12,13,15,17,20,23,25,27,30, 31,33, 36, 38,40, 41,42, 44,58, 61, 68, 76}.

Lemma 4.2. Suppose that N € {6,15,23,30,36,40,41,42,44,61,68,76}. Then I'x is
the free product of two involutions t| and ;.

Proof. Suppose that N = 36. Then the hypersurface X is a sufficiently general hy-
persurface in P(1,1,4,6,7) of degree 18 with —K; = 3/28. It has three singular points,

namely, the point P; that is a quotient singularity of type 3 (1,1,1), the point P, that is a
quotient singularity of type 1 (1,1,3), and the point P5 that is a quotient singularity of type
1

=(1,1,6).

7 ( ) )

Suppose that the group I'y is not the free product of the involutions 7; and 7,. Then
there is a linear system .# without fixed components on the hypersurface X such that the
set CS(X, A.#) contains at least two subvarieties of the hypersurface X, where 4 is a posi-
tive rational number such that the divisor —(Ky + 1.#) is ample. Therefore, it follows from
[6] that CS(X, iﬂ) = {Pz, P3}.

The hypersurface X can be given by the quasihomogeneous equation of degree 18
x3x4 + X39(x1, X2, X4, X5) + X3h(x1, X2, X4, %5) + ¢(x1, X2, X4, x5) = 0 = P(1,1,4,6,7),

where f, g, h, and ¢ are quasihomogeneous polynomials. Then the point P, is located at
(0:0:1:0:0) and the point P3at (0:0:0:0:1).

Let ¢ : X -— P7 be the rational map that is given by the linear subsystem of the linear
system |—6Ky| consisting of the divisors

6 . .
pxg + 3 Aixix$ =0,
i=0

where (u:dg:A1:Ay:A3:da:As: o) € P7. Then the rational map & is not defined at the
points P, and Ps, the closure of the image of the rational map ¢ is the surface P(1,1,6),
and a general fiber of the map ¢ is an elliptic curve. There is a commutative diagram

w
V \\ﬁl ()
U, U
N / -
- 3
P

where o, is the Kawamata blow up at the singular point P, o3 is the Kawamata blow up at
the point Ps, f3, is the Kawamata blow up at the point a5 '(Py), f5 is the Kawamata blow
up at the point o, !(P3), and w is an elliptic fibration.

P(1,1,6),

—
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Let S be the proper transform on the 3-fold W of a general surface of the linear sys-
tem .# and C be a general fiber of the fibration w. The inequality S - C < 0 follows from
[12]. However, it is a contradiction because w is an elliptic fibration.

Suppose that N = 44. Then X is a general hypersurface in P(1,2,5,6,7) of degree 20
with —K3 = 1/21. The singularities of the hypersurface X consist of the points Py, Py, P;

that are quotient singularities of type 3 (1,1,1), the point P, thatisa quotlent singularity of
type — ¢ (1, 1,5), and the point Ps that is a quotient singularity of type - 7 (1 2,5). Moreover,

there is a commutative diagram

e \m\
N\ /

where i is the natural projection, oy is the weighted blow up at the singular point P4 with
weights (1,1,5), as is the weighted blow up at the point Ps with weights (1,2, 5), B, is the
weighted blow up with weights (1,1,5) at the point o5!(Ps), Bs is the weighted blow up
with weights (1,2, 5) at the point o; !(Ps), and 7 is an elliptic fibration. It follows from [6]
that

P(1,2,5),

CS(Xalﬂ) = {P47P5}7
and we can proceed as in the previous case to obtain a contradiction.

In the case when N € {6,15,23,30,40,41,42,61,68,76} we can obtain a contradic-
tion in the same way as in the case N =44. []

Lemma 4.3. Suppose that N € {4,9,17,27}. Then tjot 013 =130707] i§ the
only relation among the birational involutions 7y, 7o, and 73.

Proof. It follows from [6] that / = 3, ay = as, and d = 3a4. A general fiber of the
projection ¥ : X --> P(1,az,a3) is a smooth elliptic curve. Moreover, the hypersurface X
has singular points Py, P,, P; of index a4 which are the points of the indeterminacy of the

map .

Let 7 : V' — X be the Kawamata blow up at the points P, P,, P3. We also let E; be
the exceptional divisor of 7 dominating P; and ¢ = y o =. Then 7 is a resolution of indeter-
minacy of the rational map s, the divisors E|, E,, E3 are sections of ¢, the equivalence

1 1 1
—Ky ~qn"(—Kx) ——El ——E ——E;
ay 22

holds, the linear system |—azasasKy | is free and lies in the fibers of ¢.



Cheltsov and Park, Weighted Fano threefold hypersurfaces 103

Let F be the field of rational functions on P(1,a;,a3) and C be a generic fiber of the
elliptic fibration ¢ considered as an elliptic curve over [F. Then the section E; of the elliptic
fibration ¢ can be considered as an [F-rational point of the elliptic curve C.

One can show using Lemma 4.7 that F-rational points £y, E», F3 are Z-linearly inde-
pendent in the group Pic(C).

By our construction, the curve C is a hypersurface of degree 3ay in P(1, a4, a4) = P2,
which implies that the curve C can be naturally identified with a cubic curve in [P? such that
the points E;, E», E;3 lie on a single line in P2.

Let o, be the involution of the curve C that interchanges the fibers of the projection of
the curve C from the point E;. Then g; can also be considered as a birational involution of
the 3-fold V" such that

oi=n"'otomeBir(V).
Consider the curve C as a group scheme. Let Oy be the point (E; + E;)/2 on the el-
liptic curve C, where {7, j} = {1,2,3}\{k}. Then the involution oy is the reflection of the

elliptic curve C at the point Q; because the points E;, E,, E; are Z-linearly independent,
which implies that Q;, O, Qs are Z-linearly independent and the compositions

02001003, 01002003, 01003002
are reflections at E, E,, E; respectively. Thus, we have the identity
TI 0720173 =1T30T720T],

which implies the similar identities that can be obtained from 7 o7 073 = 730707 by a
permutation of the elements in the set {1,2,3}.

It follows from [6] that for any linear system .# on the hypersurface X having no
fixed components, the singularities of the log pair (X , % M > are canonical in the outside of
the points Py, P>, P3;, where r is the natural number such that .# ~g —rKy. Moreover,
when the singularities of the log pair <X ,%% ) are not canonical at the point P;, we have

1 1
- A ~0 n* (ﬂ) — I’)’l]E] — Wl2E2 — I’H3E3,
r r

where 4 is the proper transform of .# on V and m; > 1/as. We have the inequality

3
my+my+m3 < —,
ay

which implies that the linear system £ lies in the fibers of the elliptic fibration ¢ if the equal-
ity my +my +m3 = 3/614 holds.
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When the inequality m; > 1/a4 holds, the birational involution z; untwists the maxi-

1
mal singularity of the log pair (X ,— M ) at the point P;, namely, the equivalence
r

T,’(ﬂ) ~0Q —VIKX

holds for some natural number ' < r. Similarly, the involution 7; o 7 o 7; untwists the max-

imal singularities of the log pair (X y— M > at the points P; and P; simultaneously when the
r

inequalities m; > 1/as and m; > 1/a4 hold for i & j, where k € {1,2,3}\{i, j}.

Now we can use the arguments of the proof of Theorem 7.8 in [16], Section V, to
prove that the identity 7 o 7, 0 73 = 73 0 75 0 7y is the only relation among our birational
involutions 71, 75, and 73. However, it should be pointed out that the arguments of the
proof of Theorem 7.8 in [16], Section V, are too sophisticated for our purposes®. []

Lemma 4.4. Suppose that N = 7. Then there are no relations among 1, . . . , Ts.

Proof. The 3-fold X is a general hypersurface in P(1,1,2,2,3) of degree 8 which has

. . 1 . . 1
singular points Py, ..., P4 of type 3 (1,1,1) and a singular point Q of type 3 (1,2,1).

Let o; : V; — X be the weighted blow up of X at the singular points P; and Q with

. 1 1 .
weights 3 (1,1,1) and 3 (1,2,1), respectively. Then

1 1
KVi ~Q oclik(KX) +§El + gEa

where E; and F; are the exceptional divisors of the birational morphism o; dominating
the singular points P; and Q, respectively. The linear system |—2Kj;| induces the mor-
phism

lpi: V; - P(17172)7

which is an elliptic fibration. Moreover, the divisor £; is a 2-section of the fibration v;, while
the divisor F; is a section of ;. Up to relabelling, the birational involutions 7, ...,7s can
be constructed as follows: the involution 7; is induced by the reflection of a general fiber of
the morphism y; at the section F; but the involution 75 is induced by the natural projection
X -—-P(1,1,2,2).

%) The following arguments are due to A. Borisov. Let W be a composition of ay, 7, o3 such that W is the
identity map of the elliptic curve C and W does not contain squares of ;. Then we can show that W has even
number of entries and each entry appears the same number of times in the even and the odd positions, and we can
use the identity g; o 9, 0 63 = g3 0 93 0 g1 to make a3 jump 2 spots left or right. Shifting the last o3 in the odd
position in W that is followed not right away by a3 in the even position, we can collapse them and get a compo-
sition of oy, 07, g3 having a smaller number of entries. Therefore, the only relation among the involutions g, a5,
o3 1s the identity o] 0 93 0 63 = 03 0 52 0 7.
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Let .4 be a linear system on X without fixed components such that .# ~g —rKy for

. .\ . 1 .
some natural number ». Then the singularities of the log pair <X ,—,/%) are canonical in
the outside of the points Py, ..., P4, Q due to [6]. r

Let %; be the proper transform of .# on V;. Then
,@i ~0 dj(ﬂ) — Wll’El‘ — WlE,

. . _ 1 .
where m; and m are positive rational numbers. Moreover, the log pair (X ,%) is not
r
canonical at the point P; if and only if m; > r/2. On the other hand, the singularities of the
: 1 . . . . .
log pair (X ,—/%) are not canonical at Q if and only if m > r/3. Now intersecting the
r

linear system %; with a sufficiently general fiber of /;, we see that

2m,~+m§ g

The equivalence 7;(.#) ~g —r'Kx holds for some natural number r’. Moreover, the
inequality r’ < r holds if m; > r/2 wheni=1,...,4 or if m > r/3 when i = 5, namely, the

involutions 71, . .., 75 untwist the maximal singularities of the log pair <X ,—<ﬂ>.
r

In order to prove that the involutions 7y, . .., 75 do not have any relation, it is enough
to prove that the singularities of the log pair (X ,%/%) are not canonical at at most one
point by Lemma 4.1. However, the inequality 2m; + m < 4r/3 implies that the log pair
(X ,%ﬂ) is canonical at one of the singular points P; and Q. To conclude the proof,

. .\ . 1
therefore, we must show that for i & j the singularities of the log pair (X ,— M ) are canon-
ical at one of the points P; and P;. r

. 1 . . .
Suppose that the log pair <X , —/%) is not canonical at the points P; and P,. Let S
r
be a general surface in |[—-Kx| and C be the base curve of |—Ky|. Then S is a K3 surface
whose singular points are the singular points of X. Moreover, the point P; is a singular
point of type A on the surface S and the point Q is a singular point of type A, on S.
The curve C is a smooth curve passing through the points Py, ..., P4, and Q. We have

Mg =P +multc(M)C,

where 2 is a linear system without fixed components. The inequality multc(.#) < r holds;

. . 1 . .
otherwise the log pair (X , —/%) would not be canonical at the point Q by [12].
r

Letz: Y — S be the composition of blow ups of the singular points Py and P,, G; be
the exceptional divisor of 7 dominating P;, C be the proper transform on the surface Y
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of the curve C, and s be the proper transform on the surface Y of the linear system 2.
Then

%—qultc(,/%)(_? ~0 n*(—VKx|S) —m Gy — my Gy,

where /m; = m; > r/2. However, we have C? = —1/3 on the surface Y and we see that
r - = _2r _ _ r
~3 < (Jf—f—multc(%)C) -C< ?—ml — 7y < —3

which is a contradiction. []
Lemma 4.5. Suppose that N = 20. Then there are no relations among 71, 7, T3.

Proof. 'We have a general hypersurface X = P(1,1,3,4,5) given by

X3 £1 (%1, %2) + x5 fa(vr, X2, X4) + X3 £7 (X1, X2, Xa, X5)

+ x3.f10(x1, X2, X4, X5) + f13(x1, X2, X4, x5) = 0,

where f; is a general quasihomogeneous polynomial of degree i. The 3-fold X has 3 singu-
lar pointsat P=(0:0:1:0:0),0=(0:0:0:1:0),0=(0:0:0:0:1) and a general
fiber of the natural projection of X to P(1, 1, 3) is an elliptic curve. However, a general fiber
of the natural projection of X to P(1,1,4) may not be an elliptic curve.

Let us take ¢t = x3f1(x1,x2) + fa(x1,X2,x4) as a homogeneous variable of weight 4
instead of the homogeneous variable x4. Then the hypersurface X is given by the equa-
tion

X3t + x3g7(x1, X2, £, X5) + X3g10(x1, X2, £, X5) + g13(x1, X2, £, X5) = 0,

where g; is a sufficiently general quasihomogeneous polynomial of degree i. A general fiber
of the natural projection of X to P(1,1,4) is an elliptic curve.

Up to relabelling, the involutions 71, 75, 73 can be constructed as follows:

e the birational involution 7; is induced by the reflection of a general fiber of the
natural projection X --» P(1,1,4) at the point O,

e the birational involution 7, is induced by the reflection of a general fiber of the
natural projection X --» P(1, 1, 3) at the point O,

e the birational involution 73 is induced by the reflection of a general fiber of the
natural projection X --» P(1,1,3) at the point Q but the involution 73 is also induced by
the natural projection X -—» P(1,1,3,4).

Let .# be a linear system on X without fixed components such that .# ~g —rKy

. .. . 1 .
for some natural number r. Then the singularities of the log pair <X , —/%) are canonical
r
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in the outside of the points P, Q, O due to [6], and the equivalence 7;(.#) ~g —r'Ky holds
for some natural number ' < r in the following cases:

. 1 . . .

e the log pair (X ) ;/%) is not canonical at the point P and i = 1;
. 1 . . . .

e the log pair [ X, ;,ﬂ is not canonical at the point Q and i = 2;

. 1 . . .
e the log pair (X , —%) is not canonical at the point O and i = 3.
r

In order to prove that the involutions 7;, 75, 73 are not related by any relation, by

o . . 1 .
Lemma 4.1 it is enough to show that the singularities of <X ,—/%) are not canonical at
at most one point. !

1 . . .
Suppose that <X ,— M ) is not canonical at the points P and O. Let o : V' — X be the
r

Kawamata blow up at the points P and O. Then

1 1
KV ~Q OC*(KX) +§E+§F7

where E and F are the exceptional divisors of the birational morphism « dominating the
singular points P and O, respectively. The linear system |—4K) /| does not have base points
and induces the morphism i : V' — P(1, 1,4) which is an elliptic fibration. The divisor F is
a section of y and the divisor E is a 2-section of . Let 4 be the proper transform of the
linear system .# on the 3-fold V. Then

B ~qa*(M)—aE — DF,

where a and b are rational numbers such that ¢ > r/3 and b > r/5. Intersecting the linear
system % with a sufficiently general fiber of y/, we see that

52r
2 b —
a—+ =N

which is impossible because a > r/3 and b > r/5.

. . . 1 .
We next suppose that the singularities of the log pair (X , —%) are not canonical at
r

the singular points Q and O. Let y : W — X be the composition of the weighted blow ups
at the points Q and O with weights (1, 1,3) and (1, 1,4), respectively. Then

1 1
Kw ~ay*(Kx) +7G+4H,

where G and H are the y-exceptional divisors dominating the singular points Q and O, re-
spectively. Moreover, there is a commutative diagram
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/ \\¢
~
~N

X ————-—— P(1,1,3),
W
where  is the natural projection and ¢ is the rational map given by |—-3Kyy|.
Let & be the proper transform of .# on W. Then
D ~qy* (M) — cG—dH,
where ¢ > r/4 and d > r/5 by [12].

The natural projection  has a one-dimensional family of fibers that have a singular-
ity at the singular point O. Let C be the proper transform on the variety W of a sufficiently
general fiber of the projection i that is singular at the point O. Intersecting a general sur-
face of the linear system £ with the curve C, we obtain the inequality

13r
2d < 2
¢tz

which is impossible because ¢ > r/4 and d > r/5.

Let S be a sufficiently general surface in the linear system |—Ky| and L be the curve
on the hypersurface X cut by the equations x; = x; = 0. Then S is a K3 surface whose sin-
gular points are the singular points of the hypersurface X. Moreover, one can easily show
that the point P is a singular point of type A, on the surface S, the point Q is a singular
point of type Ajz on the surface S, and the point O is a singular point of type A4 on the
surface S. The curve L is a smooth rational curve passing through P, O, and O. We have

Mg =P +multy(M)L,
where 2 is a linear system on S without fixed components. Moreover, it immediately fol-

lows from [12] that the inequality mult, (.#) < r holds because we already proved that the

. . 1 . :
singularities of <X S M ) are canonical at least at one of the points P, 0, and O.

. . .\ . 1 .
Finally, we suppose that the singularities of the log pair <X , /%) are not canonical
r

at the singular points Q and P. Let 7 : Y — S be the composition of the weighted blow ups
at the points P and Q that are induced by the Kawamata blow ups of the hypersurface X at
the singular points P and Q. Then

A +mult, (M)L ~gn*(—rKx|s) — miE) — myEs,

where E| and E, are the n-exceptional divisors dominating P and Q, respectively, L is the
proper transform on the surface Y of the curve L, /# is the proper transform on Y of the
linear system 2, m; and m;, are rational numbers. Then L? = —1/30, but it follows from
the paper [12] that the inequalities m; > r/3 and m, > r/4 hold.
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The curve L intersects the curves E; and E, at singular points of types A and A,
respectively. Therefore, the inequalities L - E; = 1/2 and L - E; = 1/3 hold. Consequently,
we obtain

I
5 = (# +mul (#)L) - L < Dr_my _my o r

which is a contradiction. []
Therefore, to conclude the proof of Theorem 1.1, it is enough to consider the cases
N e {5,12,13,25,31,33,38,58}.

In these cases the group [y is generated by two involutions 7; and 7. We must show that
the group I'y is the free product of the groups <z;) and {z>).

Perhaps, the simplest possible way to prove the required claim is to use the arguments
of the proofs of Lemmas 4.4 and 4.5. For example, the arguments used during the elimina-
tion of the points Q and O in the proof of Lemma 4.5 immediately imply the required claim
in the case N = 5. However, we choose an alternative approach.

Let  : X —— P(1,az, a3) be the natural projection.

Lemma 4.6. There are only finitely many reducible fibers of .

Proof We consider only the case N = 58 because the other cases are similar. Then
X is a sufficiently general hypersurface of degree 24 in (1,3, 4,7, 10). It is enough to show
that the fiber C of the projection  over a point (p; : p2 : p3) € P(1,3,4) is irreducible if
p1 £ 0and (p; : p2 : p3) belongs to the complement to a finite set.

By construction, the fiber C is a curve of degree 24/70 in

I]:D(l, 7, 10) = PI‘Oj(C[X],X4, X5]),
where wt(x;) = 1, wt(x4) = 7, and wt(xs) = 10. If the curve C is reducible, it must contain
a curve of degree 1/70, 1/10, or 1/7. However, we have a unique curve of degree 1/70 in
P(1,7,10), namely, the curve defined by x; = 0. Hence, the fiber C cannot contain the
curve of degree 1/70 by the generality of the hypersurface X.

Let 2 = |Op(1,3,4,7,10)(24)| and %) /7 be the set of curves in P(1,3,4,7,10) given by
ax; + x3 = pxt 4+ x3 = vox|® + vixs + vaxixg = 0,

where (vo : v; : v2) € P? and (4, ) € C*. Put

F={(X,C)eZ x6;|C=X}

and consider the natural projections f : I' — 2 and g : ' — %) 7. Then the projection g is
surjective, dim (g~ (x2 = x3 = x5 = 0)) = dim(Z) — 4, and dim(%) ;) = 4. Thus, we have
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dim(2) = dim(T),

which implies that X contains finitely many curves of degree 1/7. Similarly, it is impossible
to have infinitely many curves of degree 1/10 on X. Therefore, the fiber C is irreducible
whenever the point P is in the outside of the finitely many points in P(1,3,4) and not in
the hyperplane x; = 0. Consequently, the statement for the case N = 58 is true. []

The rational map y is not defined at two distinct points of the hypersurface X, which
we denote by P and Q. Let C be a very general fiber of the map . Then C is a smooth
elliptic curve passing through the points P and Q. Moreover, the following well known re-
sult implies that the divisor P — Q is not a torsion in Pic(C).

Lemma 4.7. Let v: S — P! be an elliptic fibration such that the surface S is normal
and all fibers of the elliptic fibration t are irreducible. Suppose that there are distinct disjoint
sections Cy and C, of the elliptic fibration t such that C} < 0 and C3 < 0. Then for a very
general fiber L of the elliptic fibration t the divisor (C; — C»)|; is not a torsion in Pic(L).

Proof. For every natural number n we have
n(C— Q) ~0=C—-C =%,

where X is a Q-divisor on the surface S whose support is contained in the fibers of the ellip-
tic fibration z. On the other hand, because all fibers of 7 are irreducible, the curves C;, C,
and L are linearly dependent in the group Div(S) ® Q/ =. However,

c; -G C-L
C-C, € C-L=-C-C=*0,
C-L CG-L L?

which contradicts the linear dependence of the curves C;, Cy, and L. []

The curve C is invariant under the action of the birational involutions 7; and 7.
Moreover, up to relabelling the involutions 7; and 7, act on the elliptic curve C by reflec-
tions with respect to the points Q and P, respectively. Hence, the composition 7; o 7, acts
on the smooth elliptic curve C by the translation by 2(P — Q). Therefore, the composition
(71 0 12)" never acts identically on the curve C for any natural number n & 0 because
the divisor P — Q on the curve C is not a torsion in Pic(C). Hence, the group Iy is the
free product of the groups <t;) and <z, which concludes the proof of Theorem 1.1.

5. Potential density
Suppose that the hypersurface X is defined over a number field F. The purpose of this
section is to complete the proof of Proposition 1.4 by proving the potential density of the

set of rational points of the hypersurface X in the cases N = 11 and 19.

Lemma 5.1. Suppose that N = 19. Then rational points on X are potentially dense.
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Proof. The 3-fold X is a general hypersurface in Pg(1,2,3,3,4) given by the equa-
tion

i gkl m
> Qijiim X1 X5 X3X4X5" = 0,
i,jyk,[,m=0
i+ayjtazk+agl+asm=12

where gy, € F and we may assume that agoos0 = 0 and agopo3 = 1 possibly after replacing
the field F by its ﬁnite extension. Let P=(0:0:0:1:0). Then X has a cyclic quotient

singularity of type = (1 2,1) at the point P.

3

Let o : V' — X be the Kawamata blow up at P. Then the equality —K} = 0 holds, the
linear system |—6K) | has no base point, and

1
KV ~Q O(*(Kx) + §E,

where E = o~ (P) = P(1,1,2). Let y : V — P(1,2,3) be the morphism given by the linear
system |—6Ky/|. Then y is an elliptic fibration (see the proof of Lemma 2.6).

The restriction |, : E — P(1,2,3) is a triple cover, namely, the divisor E is a 3-
section of the elliptic fibration . In the case when /|, is branched at a point contained in
a smooth fiber of i/, the set of rational points on ¥V is potentially dense (see [1]) because F is
a rational surface. Therefore, it is enough to find a smooth fiber C of the fibration i such
that the intersection C n E consists of at most two points.

Let Z be the curve on X given by the equations x, = Jx? and x3 = px;, where
JpelF, and Z =« '(Z). Then Z is a fiber of y. The intersection Z N E consists of three

different points if and only if Z has an ordinary triple point at P. However, the curve Z has
an ordinary triple point at the point P if and only if the homogeneous polynomial

3 2 2 ) 3
S (x1,x5) = x5 4+ aioo12x1x5 + xsx7(@20021 + Ado1021) + X7 (1aoo130 + Adi0030 + @30030)
has three distinct roots. Now if we put

2
5 — ioor2 — 4aryni and j— — 210030 + 30030
4ap1021 ano130

then the generality of the hypersurface X together with the Bertini theorem implies that the
curve Z is smooth but the intersection Z N E consists of only two different points. []

To prove the potential density of the case N = 11, we first consider a general surface
n |—K)(|.

Lemma 5.2. Let Y be a general surface in |—Kyx|. Suppose that at least one singular
point of Y is defined over the field F. Then the set of F-rational points of Y is Zariski dense.

Proof. We have a hypersurface Y < P(1,2,2,5) which can be given by the equation
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X7 = X7 fa(xa, x3) + XPf (2, X3) + X5 (X2, X3) + x5 £ (32, x3) + 310 + X394 (2, X3),

where f; and g; are general homogeneous polynomials of degree i.
Let P be the point (0:1:0:0) and # be the pencil of curves on Y given by the
equations Ax? + px3 =0, (A: u) € PL. Then Y has a singularity of type A; at the point P

which is a unique base point of the pencil 5.

Let C be the curve in # corresponding to the point (4 : x) € P} and

) ) 4 . .
0ixsx3 T ga(xa,x3) = 30 Bixhag
i=0

NgES

Ja(x2,x3) =

0

where «; and f; are sufficiently general constants. Then the curve C has an ordinary double
point at the point P when (4 : ) + (1:0) and (4 : &) % (o4 : f4). Let F be the curve in the
pencil # corresponding to the point (4 : u) = (a4 : f4) and L be the curve on the surface Y
given by the equation x; = 0. Then F is smooth in the outside of P and has an ordinary
cusp at P, while L is a smooth rational curve.

Let 7 : W — Y be the blow up at the point P, E be the n-exceptional divisor, and #
be the proper transform of the pencil /# on the surface W. Then % has no base point and
induces an elliptic fibration \ : W — P!. The proper transform F of F by =z is a smooth
elliptic fiber of the fibration . Moreover, the restriction 7|, : E — P! is a double cover
branched at the point F N E. Because the set of all F-rational points of the curve E is Zar-
iski dense, it follows from [1] that the set of F-rational points of the surface S is Zariski
dense. [

Because we may assume that the singular points of X are [F-rational by replacing F
by its finite extension, one can easily prove the density of F-rational points on X with the
lemma above.

6. Appendix

The list of quasismooth anticanonically embedded weighted Fano 3-fold hypersur-
faces is found in [9]. The completeness of the list is proved in [11].

Table 1. Weighted Fano hypersurfaces of degree d in P(1, az, a3, as, as).

N|d|a|a|a |as | —K} Sing(X) | %
1|41 [11]1 4 0 F°
2051|112/ 52 1(1,1,1) F!
3061|1113 2 0 F°
4161|122 372 3x1(1,1,2) F?
517111 |2]|3] 7/6 1(1,1,1),1(1,1,2) F?
6 | 8|1 |1]|2]4 1 2x3(1,1,1) F?
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Table 1. Continued
N | d|a|a | as | as —K}( Sing(X) I'y
7081 ]2]2]3] 23 4x3(1,1,1),1(1,1,2) F’
8|9 |1 |1 |3|4]| 3/4 1(1,1,3) F!
1 1 3
9191 |2]3][3]| 1/2 1(1,1,1),3x3(1,1,2) F
1 0
(101 |1]3]5] 2/3 1(1,1,2) F
1mj1o|1{2|2|5| 12 5x1(1,1,1) F°
1210 12|34/ 5/12 2x3(1,1,1),1(1,1,2), 1 (1,1,3) F?
1 1 1 2
13111 2|35/ 11/30 1(1,1,1),3(1,1,2), £(1,2,3) F
1 0
4121|146 12 HIRRY F
1512|1236/ 1/3 2x3(1,1,1),2x1(1,1,2) F?
161212 |45/ 3/10 3x1(1,1,1),(1,1,4) F!
171201 3|44 1/4 3x3(1,1,3) P
1812223 |5 1/5 6 x1(1,1,1),1(1,2,3) F!
1 1 0
19 (12123 |3|4] 1/6 3x2(1,1,1),4%x1(1,1,2) F
1 1 1 3
20 (13| 1 | 3| 415 13/60 1(1,1,2),5(1,1,3), £(1,1,4) F
200141 | 2| 4|7 1/4 3x3(1,1,1),4(1,1,3) F°
2014|2237/ 1/6 7x3(1,1,1),5(1,1,2) F°
1 1 1 1 2
23|14 2 (3] 4|5 7/60 |3x3(1,1,1),1(1,1,2),5(1,1,3),5(1,2,3) | F
1 1 1
241151 | 2|5 |7 3/14 1(1,1,1),1(1,2,5) F
1 1 2
2501501 | 3| 4|7 5/28 1(1,1,3),1(1,3,4) F
261151 35|61 1/6 2x1(1,1,2), £(1,1,5) F!
2711523 | 5|5 | 1/10 1(1,1,1),3 x£(1,2,3) F?
2801513 |3 |45/ 1/12 5x1(1,1,2),5(1,1,3) F°
290161 1]2]5]8 1/5 2x3(1,1,1), £(1,2,3) F°
1 1 2
30(16 1|3 [4]8]| 1/6 1(1,1,2), 2 x4(1,1,3) F
1 1 1 2
31161 | 4]5] 6| 2/15 1(1,1,1),1(1,1,4), £(1,1,5) F
201623147/ 221 4x3(1,1,1),1(1,1,2),1(1,3,4) F!
1 1 1 1 2
33117 (235 |7 17210 1(1,1,1),3(1,1,2),1(1,2,3),3(1,2,5) | F
41811126109 1/6 3x1(1,1,1),1(1,1,2) F°
35018 1 (3] 5|9 2/15 2x1(1,1,2),1(1,1,4) F°
1 1 1 2
36|18 1|46 7| 3/28 1(1,1,3),1(1,1,1), 1(1,1,6) F
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Table 1. Continued

N | d|a|a | as | as —K}( Sing(X) I'y
370182349 1/12 4x3(1,1,1),2x1(1,1,2),1(1,1,3) F°
3818 2| 3| 5| 8| 3/40 2x3(1,1,1),1(1,2,3), %(1,3,5) F2
39183 4| 5|6 1/20 x1(1,1,2),3(1,1,3), 1(1,1,1), 1(1,1,4) | F°
40 19| 3| 4| 5| 7 |19/420 %(1,1,2) 1(1,1,3),4(1,2,3),1(1,3,4) | F?
41120 1| 4| 5|10 1/10 L1,1,1), 2% 4(1,1,4) F?
4212002 |3|5|10] 1/15 2x1(1,1,1),3(1,1,2), 2 x £(1,2,3) F?
4312002 | 4| 5|9 1/18 5x1(1,1,1),5(1,4,5) F!
4412002567 1/21 3x2(1,1,1),£(1,1,5),1(1,2,5) F?
45020 3 | 4| 5| 8| 1/24 1(1,1,2), 2 x 3(1,1,3), £(1,3,5) F!
46 |21 1 | 3| 7 [10] 1/10 H(1,3,7) F!
47 121 1| 5| 7|8 | 3/40 1(1,2,3),4(1,1,7) F!
48 |21 23| 7|9 | 1/18 11, 1L,1), 2% 4(1,1,2), 5(1,2,7) F!
49 (2135 |6| 7| 1/30 3x1(1,1,2),4(1,2,3), £(1,1,5) F’
50 (22 1|37 |11]| 2/21 1(1,1,2),1(1,3,4) F°
S1|22(1 [ 4]6]|11] 1/12 1(1,1,3), 2(1,1,1), £(1,1,5) F°
520220245 |11] 1/20 5x1(1,1,1), (1,1,3),%(1,1,4) F°
53|24 1|3 ]8|12] 1/12 2x1(1,1,2),1(1,1,3) F°
5412411689 1/18 3(1,1,1),-(1,1,2) +(1,1,8) F!
55024 2( 3|7 |12/ 1/21 2x1(1,1,1),2x1(1,1,2),1(1,2,5) F°
56 (242|318 |11] 1/22 3 xz(l,l,l), L(1,3,8) F!
570243 |45 |12] 1/30 2x1(1,1,2),2x5(1,1,3), 1(1,2,3) F°
5824|347 |10 1/35 5(1,1,1) 1(1,3,4), 5(1,3,7) F?
592436178 1/42 4x1(1,1,2),4(1,1,1),2(1,1,6) F°
60 |24 4 | 5|6 |9 | 1/45 x1(1,1,1),1(1,1,4),1(1,1,2), 1(1,4,5) | F'
61 25| 4 (5| 719|525 1(1,1,3),1(1,2,5), 5(1,4,5) F?
62126 1| 5|7 (13| 2/35 1(1,2,3),1(1,1,6) F°
63126 23| 8 [13]| 1/24 x2(1,1,1),3(1,1,2),1(1,3,5) F°
64 26| 2| 5|6 13| 1/30 4 x 5(1,1,1) 1(1,2,3),£(1,1,5) F°
6512712 | 5|9 |11] 3/110 1(1,1,1),1(1,1,4), £(1,2,9) F!
66 (271516 | 7|9 1/70 1(1,1,4),£(1,1,5),1(1,1,2), £(1,2,5) | F°
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Table 1. Continued

N | d|a|a | as | as —K}( Sing(X) I'y
67 |28 1 | 4|9 |14 1/18 11,1,1),4(1,4,5) F’
68283 | 4|7 |14] 1/42 1(1,1,2),3(1,1,1), 2 x 1(1,3,4) F2
69 (284 | 6| 7 |11] 1/66 2x3(1,1,1),£(1,1,5), 1+ (1,4,7) F!
70 (30 1| 4[10]15] 1/20 1(1,1,3),3(1,1,1), £(1,1,4) F°
71030 1| 6| 8|15 1/24 11,1,1),1(1,1,2), £(1,1,7) F°
7203023 |10]15] 1/30 3x1(1,1,1),2x1(1,1,2),(1,2,3) F*
7303026715 1/42 5x1(1,1,1),3(1,1,2), (1,1,6) F°
74130 3| 4[10]13] 1/52 1(1,1,3),1(1,1,1), 5 (1,3,10) F!
750300 4| 5] 6|15 1/60 1(1,1,3), 2% 2(1,1,1), 2 x (1, 1,4), F°

1(1,1,2)

76 30| 5| 6| 8 |11 1/88 L(1,1,1),£(1,3,5), £-(1,5,6) F?
770321259 |16 1/45 2x5(1,1,1), £(1,1,4), 5(1,2,7) F°
7813204 5|7 ]|16] 1/70 2x5(1,1,3),£(1,1,4),1(1,5,2) F°
79 (3303 |5 |11|14] 1/70 1(1,1,4), £(1,3,11) F!
80 |34 3[4 [10[17| 1/60 | 1(1,1,2),4(1,1,3),2(1,1,1),5(1,3,7) | F°
81 (34| 4| 6| 7 17| 1/84 |1(1,1,3),2x1(1,1,1),1(1,1,5),2(1,4,3) | F
8236 1|5 [12]18] 1/30 1(1,2,3),1(1,1,5) F°
8336 |3 |4 |11]|18] 1/66 2><§(1,1,2) 1(1,1,1),£(1,4,7) F°
841367 8|9 |12 1/168 | 1(1,2,5,4(1,1,7),5(1,1,3),1(1,1,2) | F°
85|38 | 3| 5 |11]19] 2/165 1(1,1,2),1(1,1,4), £(1,3,8) F°
86 38| 5| 61| 8 |19 1/120 1(1,1,4), £(1,1,5), 3(1,1,1), £(1,3,5) | F°
87140 | 5| 7| 8 [20| 1/140 x1(1,2,3),2(1,1,6),1(1,1,3) F°
88 |42 | 1| 6 |14 |21 1/42 1(1,1,1) 1(1,1,2),1(1,1,6) F°
89 422 | 5 (14|21 1/70 1(1,1,1),1(1,1,4),1(1,2,5) F°
90 |42 | 3 | 4 |14 |21 | 1/84 |2x! (1,1,2) 1(1,1,3),3(1,1,1), 1(1,3,4) | F°
91 |44 | 4 | 5|13 |22 1/130 5(1,1,1) 1(1,2,3), 5(1,4,9) F°
92 (48 | 3 | 5| 16|24 | 1/120 x1(1,1,2),1(1,1,4),1(1,3,5) F°
93 50| 7 | 8 | 10|25 1/280 ;(1,3,4),§(1,1 7),1(1,1,1),4(1,2,3) | F
94 | 54| 4 | 5| 18|27 | 1/180 | 1(1,1,3),3(1,1,1),4(1,2,3),5(1,4,5) | F°
95|66 | 5| 6 2233 1/330 | 1(1,2,3),3(1,1,1),1(1,1,2), (1,5,6) | F°
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