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Abstract. This document contains errata to the book [1].

1. The list of errata

1.1. About “§5.21, Family № 4.3” (Pages 343–344). Let C be the curve of degree
(1, 1, 2) in P1

x0,x1
× P1

y0,y1
× P1

z0,z1
given by{

x0y1 − x1y0 = 0,

x2
0z1 + x2

1z0 = 0.

Then C is smooth and irreducible. (We used wrong defining equation of the curve C in
[1], so that our proof was incorrect.) Let π : X → P1 × P1 × P1 be the blow up of the
curve C. Then X is the unique smooth Fano 3-fold № 4.3. Let G be the subgroup of
Aut (P1 × P1 × P1) generated by

α :
(
[x0 : x1], [y0 : y1], [z0 : z1]

)
7→

(
[x1 : x0], [y1 : y0], [z1 : z0]

)
,

β :
(
[x0 : x1], [y0 : y1], [z0 : z1]

)
7→

(
[y0 : y1], [x0 : x1], [z0 : z1]

)
,

γϵ :
(
[x0 : x1], [y0 : y1], [z0 : z1]

)
7→

(
[x0 : ϵx1], [y0 : ϵy1], [z0 : ϵ

2z1]
)
,

where ϵ ∈ C∗. Then G ∼= (Gm ⋊ µ2)×µ2, and C is G-invariant, so that the G-action lifts
to the threefold X. Let RC be the G-invariant surface {x0y1 − x1y0 = 0} ⊂ P1 × P1 × P1,
let R be its proper transform via π on the threefold X, let E be the π-exceptional surface,
let us set C := E|R ⊂ R, and let Hi = (pri ◦ π)∗(OP1(1)), where pri : P1 × P1 × P1 → P1 is
the ith-projection. Let TC be the G-invariant surface {x0y0z1+x1y1z0 = 0} ⊂ P1×P1×P1,
let T be its proper transform via π on the threefold X. Then

−KX ∼ 2H1 + 2H2 + 2H3 − E, R ∼ H1 +H2 − E, T ∼ H1 +H2 +H3 − E.

Moreover, we have:

Lemma 1.1 (cf. [1, Lemma 5.109]). The following assertions holds:

(1) both P1 × P1 × P1 and X do not contain G-fixed points,
(2) if Z is a G-invariant curve in X, then Hi · Z ⩾ 2 for some i ∈ {1, 2, 3},
(3) if Z is a G-invariant irreducible curve in R, then Z − C is pseudo-effective on R,
(4) if D is a G-invariant prime divisor on X with −KX −D big, then either D = R

or D = T .

Proof. The first three assertions follow from the study of the G-action on P1 × P1 × P1.
The remaining assertion immediately follows from the description of the cone of effective
divisors of X, which is given in [2]. □
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The surface TC is a smooth del Pezzo surface of degree 6. Let e1x, e
2
x, e

1
y, e

2
y, e

1
z, e

2
z ⊂

P1 × P1 × P1 be the curves defined by

e1x := (y0 = z0 = 0),e2x := (y1 = z1 = 0),

e1y := (x1 = z1 = 0),e2y := (x0 = z0 = 0),

e1z := (x0 = y1 = 0),e2z := (x1 = y0 = 0).

Then the curves form the set of (−1)-curves in TC . Note that Pic(TC) = Ze1z ⊕ Ze2x ⊕
Ze2y ⊕ Ze2z. Moreover, the curve C ⊂ TC satisfies that C ∼ 2e1z + e2x + e2y.

Lemma 1.2. For any G-invariant irreducible curve ZC in TC, the divisor ZC −C on TC

is pseudo-effective.

Proof. Obviously, ZC ̸= e1x, . . . , e
2
z. Set a, b, c, g ∈ Z with ZC ∼ ae1z + be2x + ce2y − ge2z.

Since 0 ≤ (ZC · e1x) = (ZC · e2x) =
(
ZC · e1y

)
=

(
ZC · e2y

)
, we have c = b ≥ g and a = 2b−g.

Moreover, since 0 ≤ (ZC · e1z) = (ZC · e2z), we have g ≥ 0. Thus ZC ∼ bC − g (e1z + e2X)
with 0 ≤ g ≤ b. We note that g < b. Indeed, if g = b, then ZC ∼ b

(
e2x + e1y

)
. Since ZC

is irreducible, this must implies that b = 1. However, there is no G-invariant member in∣∣e2x + e1y
∣∣, a contradiction. Since ZC − (b− g)C ∼ g

(
e2x + e1y

)
, we get the assertion. □

In the remaining part, we will prove that X is K-polystable. As usual, we will use
notations introduced in [1]. We start with:

Lemma 1.3 (cf. [1, Lemma 5.110]). Let Z be a G-invariant irreducible curve in R. Then
S(WR

•,•;Z) < 1.

Proof. Let −KX − xR = P (x) +N(x) be the Zariski decomposition, where x ∈ R≥0 such
that −KX − xR is pseudo-effective. As in [2], we have

P (x) =

{
−KX − xR if x ∈ [0, 1],

−KX − xR− (x− 1)E if x ∈ [1, 2],

N(x) =

{
0 if x ∈ [0, 1],

(x− 1)E if x ∈ [1, 2].

In particular, we have

P (x)|R ∼R

{
O(2, 1 + x) if x ∈ [0, 1],

O(4− 2x, 2) if x ∈ [1, 2].

Thus, by Lemma 1.1, we have

S
(
WR

•,•;Z) ≤ S
(
WR

•,•; C)

=
3

30

(∫ 1

0

∫ ∞

0

volR (O(2, 1 + x)− yO(2, 1)) dydx

+

∫ 2

1

(
4(x− 1)(4− 2x) +

∫ ∞

0

volR (O(4− 2x, 2)− yO(2, 1)) dy
)
dx

)
=

29

60
< 1.

where we used [1, Corollary 1.110]. □
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We also need the following:

Lemma 1.4. Let Z be a G-invariant irreducible curve in T . Then S(W T
•,•;Z) < 1.

Proof. Set C ′ := E|T ⊂ T . Let −KX − xT = P (x) +N(x) be the Zariski decomposition,
where x ∈ R≥0 such that −KX − xT is pseudo-effective. As in [2], we have

P (x) =

{
−KX − xT if x ∈ [0, 1],

−KX − xT − (x− 1)E if x ∈ [1, 2],

N(x) =

{
0 if x ∈ [0, 1],

(x− 1)E if x ∈ [1, 2].

In particular, we have

P (x)|T ∼R

{
(4− x)e1z + (3− x)e2x + (3− x)e2y + (x− 2)e2z if x ∈ [0, 1],

(6− 3x)e1z + (4− 2x)e2x + (4− 2x)e2y + (x− 2)e2z if x ∈ [1, 2].

Thus, by [1, Corollary 1.110], we have

S
(
W T

•,•; C ′)

=
3

30

(∫ 1

0

∫ ∞

0

volT
(
(4− x− 2y)e1z + (3− x− y)e2x + (3− x− y)e2y + (x− 2)e2z

)
dydx

+

∫ 2

1

(
6(x− 1)(2− x)2

+

∫ ∞

0

volT
(
(6− 3x− 2y)e1z + (4− 2x− y)e2x + (4− 2x− y)e2y + (x− 2)e2z

)
dy

)
dx

)
=

29

60
< 1.

Moreover, by Lemma 1.2, we have S
(
W T

•,•;Z) ≤ S
(
W T

•,•; C ′). Thus the assertion follows.
□

Now, we are ready to prove that X is K-polystable. Take any G-invariant prime divisor
F over X, set Z := cX(F ) ⊂ X, and let ηZ ∈ X be the generic point of Z. By [1,
Theorem 1.22], it is enough to show that AX(F ) > SX(F ). By Lemma 1.1, Z is either a
curve or a surface. We may assume that Z is a curve by [2]. If Z ⊂ R ∪ T , then, by [1,
Theorem 1.101], [2] and Lemmas 1.3 and 1.4, we have AX(F ) > SX(F ). Thus we may
further assume that Z ̸⊂ R ∪ T .

Assume that αG,ηZ (X) < 3
4
. By [1, Lemma 1.42], there exists λ ∈

(
0, 3

4

)
∩ Q and a

G-invariant and effective Q-divisor D ∼Q −KX on X such that Z ⊂ Nklt(X,λD) holds.
By Lemma 1.1, since Z ̸⊂ R ∪ T , the Z is a one-dimensional irreducible component of
Nklt(X,λD). However, by [1, Corollary A.12], we must haveHi·Z ≤ 1 for any i ∈ {1, 2, 3}.
This contradicts to Lemma 1.1. Thus we get the inequality αG,ηZ (X) ≥ 3

4
. Therefore, by

[1, Lemma 1.45], we have the inequality AX(F ) > SX(F ). As a consequence, our X is
K-polystable.

1.2. About “The table № 2.26” (Page 359). In the published version of [1, §6], there
is a typo in the big table. More precisely, for № 2.26, the following is correct:
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№ −K3
X h1,2 Brief description Aut0(X) K-ps K-ss Sections

2.26 34 0 blow up of V5 ⊂ P6 along line
Ga ⋊Gm

Gm
No

∃ No
Yes ⋆

[1, §5.10]
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