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1 Introduction

The multiplicity of a nonzero polynomial f € C[z1, ..., z,] ata point P € C" can be
defined by derivatives. Indeed, the multiplicity of f at the point P is the nonnegative
integer

amf

|
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multp(f):min{ (P);éO}.

On the other hand, we have a similar invariant that is defined by integrations. This
invariant, which is called the complex singularity exponent of f at the point P, is
given by

cp(f)=sup {c ‘ | f17¢ is locally L? near the point P € (C"} .
In algebraic geometry this invariant is usually called a log canonical threshold. Let X
be a variety with at most log canonical singularities, let Z C X be a closed subvariety,
and let D be an effective Q-Cartier Q-divisor on the variety X. Then the number

Ietz (X, D) = sup {k eQ ‘ the log pair (X, AD) is log canonical along Z}

is called a log canonical threshold of D along Z. For simplicity, we put lct(X, D) =
Ictx (X, D). It follows from [13] that

letp (C", (£ =0)) =cr (/).
Now we suppose that X is a Fano variety with at most log terminal singularities.

Definition 1.1 The global log canonical threshold of the Fano variety X is the num-
ber

lct(X) = inf{lct(X, D) ‘ D is an effective Q-divisor on X with D ~q —Kx] .

The number Ict(X) is an algebraic counterpart of the ¢-invariant of Tian (see [5, 22]).

Example 1.2 ([S]) Suppose that P(ag, a1, ..., a,) is a well-formed (see [11, Defini-
tion 5.11]) weighted projective space with ag < a1 < - -- < a,. Then Ict(P(ag, a1, . . .,
W)= Sa

Example 1.3 Let X be a general quasismooth well-formed (see [11, Definitions 6.3
and 6.9]) hypersurface in P(1, a1, az, a3, as) of degree Z?:l a; with at most terminal
singularities, where a; < --- < a4. Then lct(X) =1 if —K)3( < 1 by [3].

So far we have not seen any single variety whose global log canonical thresh-
old is irrational. In general, it is unknown whether global log canonical thresholds
are rational numbers or not (cf. [24, Question 1]). Even for del Pezzo surfaces with
log terminal singularities the rationality of their global log canonical thresholds is
unknown. However, we expect more than this as follows:
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Conjecture 1.4 There is an effective Q-divisor D on the variety X such that it is
Q-linearly equivalent to —Kx and lct(X) = Ict(X, D).

The following definition is due to [21] (cf. [17, 19]).

Definition 1.5 The Fano variety X is exceptional (resp. weakly exceptional, strongly
exceptional) if for every effective Q-divisor D on the variety X such that D ~g —Kx
and the pair (X, D) is log terminal (resp. lct(X) > 1, let(X) > 1).

It is easy to see the implications
strongly exceptional —> exceptional —> weakly exceptional.

However, if Conjecture 1.4 holds for X, then we see that X is exceptional if and
only if X is strongly exceptional. Exceptional del Pezzo surfaces, which are called
del Pezzo surfaces without tigers in [14], lie in finitely many families (see [19, 21]).
We expect that strongly exceptional Fano varieties enjoy very interesting geometrical
properties (cf. [20, Theorem 3.3]).

The main motivation for this paper is that the global log canonical threshold turns
out to play important roles both in birational geometry and in complex geometry.
We have two significant applications of the global log canonical threshold of a Fano
variety X. The first one is for the case when Ict(X) > 1. This inequality has seri-
ous applications to rationality problems for Fano varieties in birational geometry.
The other is for the case when lct(X) > %. This has important applications to
Kihler-Einstein metrics on Fano varieties in complex geometry.

For a simple application of the first inequality, we can mention the following.

Example 1.6 ([3]) Let X; be a threefold satisfying hypotheses of Example 1.3 with
Iet(X;) =1foreachi =1,...,r. Then the variety X; x --- X X, is non-rational and

-
Bir(X1 X ... X X,) =<l_[Bir(Xi), Aut<X1 X oo X X,>>.
i=1

The following result that gives strong connection between global log canonical
thresholds and Kédhler-Einstein metrics was proved in [8, 18, 22] (see [5, Appen-
dix A]).

Theorem 1.7 Suppose that X is a Fano variety with at most quotient singularities.
Then it admits an orbifold Kdhler-Einstein metric if

dim(X)

There are many known obstructions for the existence of orbifold Kihler-Einstein
metrics on Fano varieties with quotient singularities (see [9, 25]).
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Example 1.8 ([10]) Let X be a quasismooth hypersurface in P(ao, ..., a,) of degree
d < Z?:o a;, where ap < - - - < ay. Suppose that X is well-formed and has a Kihler-
Einstein metric. Then )/ a; <d + nao.

The problem of existence of Kéhler-Einstein metrics on smooth del Pezzo surfaces
is completely solved by [23] as follows:

Theorem 1.9 If X is a smooth del Pezzo surface, then the following conditions are
equivalent:

e the automorphism group Aut(X) is reductive;
e the surface X admits a Kdhler-Einstein metric;
o the surface X is not a blow up of P* at one or two points.

Let X, be a quasismooth and well-formed hypersurface in P(ag, a1, az, a3) of de-
gree d, where ap < a; < az < as. Then the hypersurface X is given by a quasihomo-
geneous polynomial equation f(x, y, z,¢) = 0 of degree d. The quasthomogeneous
equation

flx,y,z,)=0cC= Spec((C[x, v, 2, t])

defines an isolated quasihomogeneous singularity (V, O) with the Milnor number
Hf’zo(g — 1), where O is the origin of C*. It is well-known (see [13]) that the
following conditions are equivalent:

the inequality d < Z?:o a; — 1 holds;
the surface X, is a del Pezzo surface;
the singularity (V, O) is rational;

the singularity (V, O) is canonical.

Blowing up C* at the origin O with weights (ag, a1, a2, az), we get a purely log
terminal blow up of the singularity (V, O) (see [19]). It follows from [19, Proposi-
tion 4.5.5] that the following conditions are equivalent:

o the surface X, is exceptional (weakly exceptional, respectively);
e the singularity (V, O) is exceptional! (weakly exceptional, respectively).

From now on we suppose that d < Z?:o a; — 1. Then X, is a del Pezzo surface.
Put I = Z?:o a; —d. In the case I = 1 the set of possible values of (ag, a1, a2, az, d)
is found in [12]. The global log canonical thresholds of such del Pezzo surfaces have
been considered either implicitly or explicitly in [1, 4, 8, 12]. For example, the pa-
pers [1, 8] and [12] give us lower bounds for global log canonical thresholds of sin-
gular del Pezzo surfaces with / = 1. Meanwhile, all possible values of the global
log canonical thresholds of smooth del Pezzo surfaces are found in the paper [4].
However, for singular del Pezzo surfaces, the exact values of global log canonical
thresholds have not been considered seriously.

A singular del Pezzo hypersurface X, C P(ag, a1, a2, az) must satisfy exclusively
one of the following properties:

I For notions of exceptional and weakly exceptional singularities see [21] and [19].
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(1) 21 > 3ap.

(2) 21 < 3ag and (ag, ay,ar,a3,d)=U —k,I +k,a,a+ k,2a + k + I) for some
non-negative integer k < I and some positive integer a > I + k.

(3) 2I < 3ap but (ag, a1, az,a3,d)# I —k,I +k,a,a+k,2a + k + I) for some
non-negative integer k < / and some positive integer a > I + k.

For the first two cases one can check that lct(Xy) < % (see [2, 6]). All the values
of (ao, a1, az, a3, d) such that the hypersurface X, is singular and satisfies the last
condition are listed in Sect. 6. These values are found in [2] and [6]. The completeness
of this list is proved in [6] by using [26].

We already know the global log canonical thresholds of smooth del Pezzo sur-
faces (see [4]). For del Pezzo surfaces satisfying one of the first two conditions, their
global log canonical thresholds are relatively too small to enjoy the condition of The-
orem 1.7. However, the global log canonical thresholds of del Pezzo surfaces satisfy-
ing the last condition have not been investigated sufficiently. In the present paper we
compute all of them and obtain the following result.

Theorem 1.10 Let X4 be a singular quasismooth well-formed del Pezzo surface in
the weighted projective space Proj(Clx, y, z, t]) with weights wt(x) = ap < wt(y) =
a) < wt(z) = ap < wt(t) = a3 such that 21 < 3ag but (ag, a1, az,a3,d) =1 —k, [ +
k,a,a+k,2a+k—+I) for some non-negative integer k < I and some positive integer
a>1+k, wherel = Z?:()ai —d. Then if ag # a1, then

I I I
lct(Xd)zmin{lct<Xd, —cx), lct(Xd, —cy), lct<Xd, —CZ>},
a ai an

where Cy (resp. Cy, C;) is the divisor on Xy defined by x =0 (resp. y =0, z =0). If
ay = aj, then

1
let(Xy) = lct(Xd, —c),
aop
where C is a reducible divisor in |Ox ,(aop)|.

In particular, we obtain the value of Ict(Xy) for every del Pezzo surface X, listed
in Sect. 6. As a result, we obtain the following corollaries.
Corollary 1.11 The following assertions are equivalent:

o the surface X is exceptional,
o Ict(Xy) > 1;
e the quintuple (ay, a1, az, a3, d) lies in the set
{(2,3,5,9,18),(3,3,5,5,15),(3,5,7,11,25), (3,5,7, 14, 28),
(3,5,11,18,36), (5, 14,17, 21, 56), (5, 19, 27, 31, 81), (5, 19, 27, 50, 100),
(7,11,27,37,81),(7,11,27,44, 88), (9, 15, 17, 20, 60), (9, 15, 23, 23, 69),
(11,29, 39,49, 127), (11,49, 69, 128, 256), (13, 23, 35,57, 127),
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(13,35, 81, 128,256), (3,4, 5, 10,20), (3, 4, 10, 15, 30), (5, 13, 19,22, 57),
(5,13, 19,35,70), (6,9, 10, 13, 36), (7, 8,19, 25, 57), (7. 8, 19, 32, 64),
(9,12, 13,16,48), (9, 12, 19, 19, 57), (9, 19, 24, 31, 81), (10, 19, 35, 43, 105),
(11,21,28,47, 105), (11,25, 32,41, 107), (11, 25, 34,43, 111),

(11,43, 61, 113,226), (13, 18,45, 61, 135), (13,20, 29, 47, 107),
(13,20,31,49, 111), (13,31, 71, 113,226), (14, 17,29, 41, 99),
(5,7,11,13,33), (5,7, 11, 20, 40), (11, 21,29, 37,95), (11, 37, 53, 98, 196),
(13,17,27,41,95), (13,27, 61, 98, 196), (15, 19, 43, 74, 148),

9, 11, 12,17, 45), (10, 13,25, 31,75), (11, 17, 20,27, 71), (11, 17, 24, 31, 79),
(11,31,45, 83, 166), (13, 14, 19,29, 71), (13, 14,23,33,79),

(13,23,51, 83, 166), (11,13, 19,25,63), (11,25, 37, 68, 136),

(13, 19,41, 68, 136), (11, 19, 29, 53, 106), (13, 15, 31, 53, 106),

(11, 13,21,38,76)}.

Corollary 1.12 The following assertions are equivalent:

e the surface X4 is weakly exceptional and not exceptional,
o Ict(Xy) =1;
e one of the following holds
— the quintuple (ag, a1, az, az, d) lies in the set
{2,2n+1,2n+1,4n+1,8n +4),
3,3n,3n+1,3n+1,9%4+3),3,3n+1,3n+2,3n + 2,9 + 6),
3,3n+1,3n+2,6n+1,12n+5),(3,3n+1,6n + 1,9n, 18n + 3),
3,3n+1,6n+1,9n+3,18n+6),(4,2n+1,4n+2,6n + 1, 12n + 6),
“4,2n+3,2n+3,4n+4,8n+12),(6,6n +3,6n +5,6n+5, 18n + 15),
6,6n+5,12n+8,18n + 9, 36n + 24),
(6,6n+5,12n + 8, 18n + 15, 36n + 30),
@®,4n+5,4n+7,4n+9, 12n + 23),
9,3n+8,3n+11,6n +13,12n 4+ 35), (1, 3,5,8,16), (2,3,4,7, 14),
(5,6,8,9,24), (5,6,8,15,30)}.
where n is a positive integer,
- (ag,a1,ar,a3,d)= (1,1, 2,3, 6) and the pencil | — K x| does not have cuspidal
curves,

- (ag,a1,a2,a3,d) = (1,2,3,5,10) and C, = {x = 0} has an ordinary double
point,



Exceptional del Pezzo Hypersurfaces

- (ag,a1,ar,a3,d)=(1,3,5,7,15) and the defining equation of X contains yzt,
- (ap,a1,ar,a3,d) = (2,3,4,5, 12) and the defining equation of X contains yzt.

Corollary 1.13 In the notation and assumptions of Theorem 1.10, the surface
Xa has an orbifold Kdihler-Einstein metric with the following possible excep-
tions: X45 C P(7,10,15,19), X571 C P(7, 18,27, 37), Xes C P(7, 15, 19,32), Xg» C
P(7,19,25,41), X117 C P(7, 26, 39,55), X5 C P(1,3,5,7) whose defining equa-
tion does not contain yzt, and X172 C P(2, 3,4, 5) whose defining equation does not
contain yzt.

Corollary 1.11 illustrates the fact that exceptional del Pezzo surfaces lie in fi-
nitely many families (see [19, 21]). On the other hand, Corollary 1.11 shows that
weakly-exceptional del Pezzo surfaces do not enjoy this property. Note also that
Corollary 1.11 follows from [15].

The plan of the paper is as follows. In Sect. 2 we recall the necessary background
on the surfaces with quotient singularities. In Sect. 3 we briefly explain the pattern
that is used to compute the global log-canonical thresholds of the surfaces X, ap-
pearing in Theorem 1.10. In Sect. 4 we provide details of these computations for a
sample of infinite series of such surfaces, and in Sect. 5 we do the same for a sam-
ple of sporadic cases, referring the reader to [7] and [6] for detailed computations in
the remaining cases. In Sect. 6 we present the exact values of global log-canonical
thresholds for the surfaces X; appearing in Theorem 1.10.

2 Preliminaries

Let X be a surface with at most quotient singularities, i.e., a two-dimensional orb-
ifold, let D be an effective QQ-divisor on X, and let P € X be a point that is a singu-
larity of type %(a, b). Then there is an orbifold chart 7 : U — U for some neighbor-

hood P € U C X such that U is smooth, and 7 is a cyclic cover of degree r that is
unramified over U \ P. Put Dy = D|y and D = 71 (Dy). Let P € U be a point

such that n(ﬁ) = P. Note that P is smooth if r = 1.

Lemma 2.1 The log pair (U, Dy) is log canonical at P if and only if (U, Dy) is log
canonical at P.

Proof See [13]. O

We put multp (D) = mult 5 (D), and refer to this quantity as the multiplicity of D
at P. Let B be another effective Q-divisor on X. Put By = B|y and B = 7~ Y By).
Put

multp (D . B) :mult}; (D[] . Bﬁ)

in the case when no component of B is contained in Supp(D). For every point Q € X,
let rg € Z>1 such that Q is a singular point of type % (ag,bg).
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Lemma 2.2 Suppose that no component of B is contained in Supp(D). Then

B.D— Z multy (D - B) > Z multg (D)multg (B) >0,
ro ro
QeX QeX

Proof This is an orbifold version of the usual Bezout theorem. O
Suppose that (X, D) is not log canonical at P.

Lemma 2.3 The inequality multp (D) > 1 holds.

Proof The inequality multp (D) > 1 follows from Lemma 2.1. O

Let C be a reduced irreducible curve on the surface X. Suppose that P € C \
Sing(C). Put

D=mC+Q,

where m € Q such that m > 0, and Q is an effective QQ-divisor such that C &£
Supp(£2).

Lemma 2.4 Suppose that m < 1. Then multp (C - Q) > 1.
Proof Applying Lemma 2.1 and [5, Lemma 2.20], we get multp (C - Q) > 1. O
Lemma 2.5 Suppose thatm < 1.Then C - Q2> 1/r and r(C - D —mC?) > 1.

Proof The inequality C - Q > 1/r follows from Lemmas 2.2 and 2.4. Then

1

-<Q-C=C-(D—-—mC),

’
which gives r(C - D —mC?) > 1. O

Suppose that B ~¢ D, and (X, B) is log canonical at P.

Lemma 2.6 There is an effective Q-divisor D’ on X such that D' ~q B, at least one
irreducible component of B is not contained in the support of D', and (X, D) is not
log canonical at the point P.

Proof See [5, Remark 2.22]. O

Suppose, in addition, that X is a quasismooth well-formed hypersurface in P =
P(ag, a1, a2, a3) of degree d, and suppose that D ~¢g Op(I)|x for some I € Z3 .

Lemma 2.7 Let k be a positive integer. Suppose that H 0P, Op(k)) contains

e at least two different monomials of the form x* yP,
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e at least two different monomials of the form x? 2%,

suppose that X is smooth at P, and suppose that P & Cy. Then

1kd
multp (D) < ——o—
apaiazas

if either HO(P, Op(k)) contains at least two different monomials of the form x"t"
or the point P is not contained in a curve contracted by the projection ¥ : X --»
P(ag, ay, a2). Here, o, B, v, 8, i, and v are non-negative integers.

Proof The first case follows from [I, Lemma 3.3]. Arguing as in the proof of
[1, Corollary 3.4], we can also obtain the second case. O

Note that most of results of this section remain valid in much more general situa-
tions.

3 The Scheme of the Proof

We reserve the following notation that will be used throughout the paper:

e P(ag, ay, az, a3) denotes the well-formed weighted projective space Proj(Clx, y,
z,t]) with weights wt(x) = ag, wt(y) = aj, wt(z) = az, wt(t) = a3, where we
always assume the inequalities ag < a1 < az < az. We may use simply PP instead
of P(ag, a1, az, az) when this does not lead to confusion.

e X denotes a quasismooth and well-formed hypersurface in P(ag, ai, az, az) (see
Definitions 6.3 and 6.9 in [11], respectively).

e Oy is the point in P(ag, a1, az, a3) defined by y = z =t = 0. The points Oy, O,
and Oy are defined in a similar way.

e C, is the curve on X cut by the equation x = 0. The curves Cy, C,, and C, are
defined in a similar way.

e L,y is the one-dimensional stratum on P(ag, a1, az, a3) defined by x = y =0 and
the other one-dimensional strata are labeled similarly.

e Let D be adivisoron X and P € X. Choose an orbifold chart 7 : U — U for some
neighborhood P € U C X. We put multp (D) = multy(7* D), where Q is a point
on U with 7(Q) = P, and refer to this quantity as the multiplicity of D at P.

We have 83 families” of del Pezzo hypersurfaces in Sect. 6. Our computations to
evaluate the global log canonical thresholds of these families are too huge. Moreover,
these computations are based on the same methods. In the present section we explain
the methods to compute the global log canonical thresholds of the del Pezzo hyper-
surfaces in Sect. 6. In the following sections, we show how to apply the methods to
several families of del Pezzo hypersurfaces. These methods work for all the fami-
lies of the del Pezzo hypersurfaces in Sect. 6. For details the reader is referred to [7]

2By family we mean either a one-parameter series (which actually gives rise to an infinite number of
deformation families) or a sporadic case. We hope that this would not lead to confusion.
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where 82 families have been dealt with, and to [6], where one infinite series has been
treated.

Let X C P(ag, a1, az,a3) be a del Pezzo surface of degree d in one of the 83
families. Set I = ag + a1 + a2 + a3 — d. There are two exceptional cases where
ap = ay. The method for these two cases is a bit different from the other cases. Both
cases will be individually dealt with (Lemmas 4.1 and 5.1).

If ap # a1, then we will take steps as follows:

Step 1. Using Lemma 2.1, we compute the log canonical thresholds Ict(X, %Cx),
let(X, £Cy), let(X, £C;), and let(X, LC;). Set

’ay

1 1 I 1
A =min {lct<X, —Cx>,lct<X, —Cy), 1ct<X, —CZ>,lct(X, —C,>} .
aop aj az as

Then the global log canonical threshold lct(X) is at most A. In fact, the result of this
article shows that A can be attained by the minimum of the first three log canonical
thresholds.

Step 2. We claim that the global log canonical threshold Ict(X) is equal to A. To
prove this assertion, we suppose Ict(X) < A. Then there is an effective Q-divisor D
equivalent to the anticanonical divisor —Kx of X such that the log pair (X, AD) is
not log canonical at some point P € X. In particular, we obtain multp (AD) > 1 by
Lemma 2.3.

Step 3. 'We show that the point P cannot be a singular point of X using the following
methods.

Method 3.1 (Multiplicity) We may assume that a suitable irreducible component C
of Cy, Cy, C;, and C; is not contained in the support of the divisor D. We derive a
possible contradiction from the inequality

multp(D) multp(C)
> k)

C-DZ>multp(C) - Iy
r

where r is the index of the quotient singular point P. The last inequality follows from
the assumption that (X, AD) is not log canonical at P. This method can be applied to
exclude a smooth point.

Method 3.2 (Inversion of Adjunction) We consider a suitable irreducible curve C
smooth at P. We then write D = uC + 2, where 2 is an effective QQ-divisor whose
support does not contain C. We check that A < 1. If so, then the log pair (X, C +
A2) is not log canonical at the point P either. By Lemma 2.5 we have

1
AMD—pC)-C=1C-Q> —.
r
We try to derive a contradiction from this inequality. The curve C is taken usually
from an irreducible component of Cy, Cy, C;, or C;. This method can be applied to
exclude a smooth point.
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Method 3.3 (Weighted Blow Up) Sometimes we cannot exclude a singular point P
only with the previous two methods. In such a case, we take a suitable weighted blow
up 7 : Y — X at the point P. We can write

Ky + DY ~g n*(Kx +AD),

where DY is the log pull-back of A D by 7. Using Method 3.1 we obtain that DY is
effective. Then we apply the previous two methods to the pair (Y, DY), or repeat this
method until we get a contradictory inequality.

Step 4. We show that the point P cannot be a smooth point of X. To do so, we first
apply Lemma 2.7. However, this method does not always work. If the method fails,
then we try to find a suitable pencil £ on X. The pencil has a member F which passes
through the point P. We show that the pair (X, AF) is log canonical at the point P.
Then, we may assume that the support of D does not contain at least one irreducible
component of F. If the divisor D itself is irreducible, then we use Method 3.1 to
exclude the point P. If F is reducible, then we use Method 3.2.

4 Infinite Series

Lemma 4.1 Let X be a quasismooth hypersurface of degree 12 inP(3,3,4,4). Then
Iet(X)=1.

Proof The surface X can be defined by the quasihomogeneous equation

4 3
[ Jix+giy) =iz +80,

i=1 j=1

where [a; : 8;] define four distinct points and [y; : §;] define three distinct points
in PL.

Let P; be the pointin X given by z =t = «;x 4+ B;y = 0. These are singular points
of X of type %(1, 1). Let Q; be the pointin X thatis givenby x =y =y;z+6;t =0.
Then each of them is a singular point of X of type %(1, 1).

Let L;; be the curve in X defined by a;jx+B;y = yjz+38jt =0, wherei =1,...,4
and j=1,...,3.

The divisor C; cut by the equation «;x 4+ f;y = 0 consists of three smooth curves
Li1, Lz, L;3. These divisors C;, i = 1,2, 3,4, are the only reducible members in
the linear system |Ox (3)|. Meanwhile, the divisor B; cut by y;z + &t = 0 consists
of four smooth curves Ly, Lyj, L3j, L4j. Note that L;y N Li> N L;3 = {P;} and
LijNLyjNL3;NLyj={(Q;}. Wehave L;; - Ly = % and Lj; - Ly; = % if kK £ j.
But Lizj = —%.

Since let(X, 2C;) =1lct(X, 2B;) = 1, we have let(X) < 1.

Suppose that Ict(X) < 1. Then there is an effective Q-divisor D ~@ —Kx such
that the pair (X, D) is not log canonical at some point P. For every i = 1,...,4,
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we may assume that the support of the divisor D does not contain at least one curve
among L1, Li», L;3. Suppose Li; ¢ Supp (D). Then the inequality

1
multPI‘(D) < 3D- Lik = E

implies that none of the points P; can be the point P. For every j =1, 2, 3, we may
also assume that the support of the divisor D does not contain at least one curve
among Ly, L2;, L3j, Lsj. Suppose L;; ¢ Supp (D). Then the inequality

2
muth_,. (D) < ap . Lik = 3

implies that none of the points Q; can be the point P. Therefore, the point must be a
smooth point of X.

Write D = uL;; + 2, where Q is an effective Q-divisor whose support does not
contain L;;. If i > 0, then we have uL;; - Lix < D - Lj, and hence u < % Since

24+5u
12

Q-Lijj= <1,

Lemma 2.4 implies the point P cannot be on the curve L;;. Consequently, P ¢
4 3
Ui:] Uj:] Lij.
There is a unique curve C C X cut out by Ax+py = 0, where [A : ] € P!, passing
through the point P. Then the curve C is irreducible and quasismooth. Thus, we may
assume that C is not contained in the support of D. Then

1
1<multp(D)§D~C:§.

This is a contradiction. U

Lemma 4.2 Let X be a quasismooth hypersurface of degree 9n + 3 in P(3, 3n, 3n +
1,3n+1) forn > 2. Then Ict(X) = 1.

Proof We may assume that the surface X is defined by the equation
xy(y —ax")(y —bx") +zt(z —ct) =0,

where a, b, ¢ are non-zero constants and b # c. The point Oy is a singular point
of index 3n on X. The three points Oy, P, =[1:a:0:0], P,=[1:b:0:0] are
singular points of index 3 on X. Also, X has three singular points O,, O;, P, =[0:
O:c:1]ofindex 3n + 1 on L,y.

The curve C, consists of three irreducible components Ly, Ly;, and L, = {x =
z — ct = 0}. These three components intersect each other at O,. It is easy to check
that let(X, 2Cy) = 1. Thus, let(X) < 1.

Suppose that Ict(X) < 1. Then there is an effective Q-divisor D ~g —Kx such
that the log pair (X, D) is not log canonical at some point P € X.
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By Lemma 2.6 we may assume that at least one of the components of C, is not
contained in Supp (D). Then, the inequality

2
3n+1

3nLy,-D=3nL,;-D=3nL.-D= <1

implies that the point P cannot be the point Oy.

Put D = uL,, + 2, where Q is an effective Q-divisor whose support does not
contain the curve L. We claim that p < ﬁ Indeed, if the inequality fails, one of
the curves L,; and L. is not contained in Supp (D). Then either

%:/LLXZ~LX,<D~LX,:W2+1), or
" 2
%ZMsz'chD'chm
holds. This is a contradiction. Note that
6n — 1

L2 =—— .
=T 3nGn+ 1)

The inequality

24 (6n— 1
<
3nGBn+1)  3n+1

holds for all n > 2. Therefore, Lemma 2.5 implies the point P cannot belong to L.
By the same way, we can show that P cannot be located in either L,; or L.

Let C be the curve on X cut out by the equation 7z — ot = 0, where « is
non-zero constant different from c. Then the curve C is quasismooth and hence
Ict(X, +2—C) > 1. Therefore, we may assume that the support of D does not contain

> 3n+1
the curve C. Then

Q- Ly, =

multp, (D), multp, (D), multp, (D) <3D-C =

SN
N

for n > 2. Therefore, P cannot be a singular point of X. Hence P is a smooth point
of X \ C,. However, applying Lemma 2.7, we get an absurd inequality

2(9n +3)2

1 <multp(D) < <1
3-3n(Bn+1)3Bn+1)

for n > 2 since HO(]P, Op(9n + 3)) contains x3ntl xy3, and z3. The obtained con-
tradiction completes the proof. g

Lemma 4.3 Let X be a quasismooth hypersurface of degree 36n + 24 in P(6, 6n +
5,12n+8,18n +9) forn > 1. Then Ict(X) = 1.
Proof We may assume that the surface X is defined by the equation

Z3 + y3t +xt2 _ x6n+4 +ax2n+1y2z =0,
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where a is a constant. The only singularities of X are a singular point O, of index
6n + 5, a singular point O; of index 18n + 9, a singular point Q =[1:0:0: 1] of
index 3, and a singular point Q" =[1:0:1:0] of index 2.

The curve C, is reduced and irreducible with multp,(Cy) = 3. Clearly,
let(X, %Cx) =1, and hence Ict(X) < 1. The curve C, is quasismooth, and hence
the log pair (X, ﬁcy) is log canonical.

Suppose that Ict(X) < 1. Then there is an effective Q-divisor D ~g —Kx such
that the log pair (X, D) is not log canonical at some point P € X.

Since HO(P, Op(36n + 30)) contains x®"+>, y° and z3x, Lemma 2.7 implies

4361 + 24)(36n + 30)
6(6n+5)(12n+ 8)(18n +9)

multp (D) <

Therefore, the point P cannot be a smooth point in the outside of Cy.
By Lemma 2.6 we may assume that neither C, nor Cy is contained in Supp (D).
Then the inequality

implies that the point P is neither Q nor Q’. One the other hand, the inequality

4
6 5)D-C,=——<1
(6n +5) x 6n+3<

shows that the point P can be neither a smooth point on Cy nor the point O,. There-
fore, it must be O,. However, this is a contradiction since

Itp, (D)multp, (C 18n+9 4
multOt(D)zmu o0, (D)multg, ( x)< n+ D.C,— <1
3 3 6n +5
The obtained contradiction completes the proof. O

Lemma 4.4 Let X be a quasismooth hypersurface of degree 12n 4+ 35 in P(9, 3n +
8,3n+11,6n+ 13) forn > 1. Then Ict(X) = 1.

Proof The surface X can be defined by the equation
Zr+yz+xt+x"PBy=0.

It is singular only at the points Oy, Oy, O, and O;.

The curve Cy (resp. Cy, C;, C;) consists of two irreducible and reduced curves
Ly, (resp. Ly;, Lz, Ly;) and Ry = {x =zt +y3 =0} (resp. Ry={y= 22 +xt =0},
R.={z=1>4+x"t2y =0}, R, = {t = y?z + x"T3 = 0}). These two curves intersect
at the point O, (resp. Ox, Oy, O;).

It follows from [16] that

2 6 6 6
let{ X, =Cx | =1 <let{ X, ——C, ), Iet| X, ————C |, lct[ X, ———=C; ).
3 3n+8 3n+11 6n + 13
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We have the following intersection numbers.

6 2
—L.. - Ky = , —Ly Kxy=—77—"—7—,
AT 3 1 8)(6n + 13) YUY T 3G+ 1)
R, -Kx = 18 R, Ky=— "
AT G 16+ 13) YR T 3 6n + 13)
4 6(n+3
_RZ.KX=75 _RI'KXZ (n+) ’
3(3n +8) (Bn+8)(3n + 11)
Ly Ry=— Ly Ry =2 L. R =—2
T en+ 13 e Ty T 348
n+3 5 9 +15
Lyt' t= ’ szz— >
3n+11 (3n +8)(6n + 13)
Lo ntl4 R M +6
9B+ 11)] YT B4 11)(6n+13)°
» 6n+10 R ont4 R _(1+3)Gn+5)
27 93n +8)’ LT Gn+8)GBn+11)

R T T A T 1A
y 9(6n + 13)
Now we suppose that Ict(X) < 1. Then there is an effective Q-divisor D ~gp —Kx

such that the log pair (X, D) is not log canonical at some point P € X.
By Lemma 2.6 we may assume that Supp (D) does not contain both the curve L,

and the curve Ry. Since these two curves intersect at the point Oy, the inequalities

2 1
Ly D=—"" <,
33n+11) 9

4 1

Ry-D=—" <
36n+13) 9

show that the point P cannot be the point O, .
By Lemma 2.6 we may assume that Supp (D) does not contain both the curve L,,

and the curve RZ . Therefore, one Of the fOllOWlng lnequahtles must hOle
mu s On . <
Y ¢ 6n+13

3 8
multoy D < n2+

2
RZD=§

Therefore, the point P cannot be the point O,.
Suppose that P = O,. If L, ¢ Supp (D), then we get an absurd inequality

1

6
D> —.
3n+11

9Bn+11)
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Therefore Supp (D) must contain the curve L. By Lemma 2.6 we may assume that
M; ¢ Supp (D). Put D = L+, where Q2 is an effective Q-divisor whose support
does not contain the curve Ly;. Then

6(n+3) DR >uLu-R+ (multp (D) — w)multp (R;)
Gn+8)Bnr 11y M Z By 3n+ 11

un+3) 201 —p)
3n+11  3n+11°

and hence u < On the other hand, Lemma 2.5 shows

2
Bn+8)(n+1) *

1
3n+11

6+ (30 + 14)
93n +11)

<Q-Ly=D Ly—pL} =

It implies ﬁ < . Consequently, the point P cannot be the point O,.

Suppose that P = O;. Since Ly, - D < ﬁ, the curve L,, must be contained in
Supp (D). Then, we may assume that R, ¢ Supp (D). Put D = uLy, + 2, assume
that R, ¢ Supp (D). Put D = uL,, + €2, does not contain the curve L,.. Then

18 multp(D) — e 1424
=D-R > L -R )
Gn + 11)(6n + 13) x Z W Rt T T G 13

7—3n
6n+422"

and hence u < However, Lemma 2.5 implies

1 6+ OOn+15u
<Q-Lyy=D-Ly—pl? =

6n + 13 (Bn + 8)(6n + 13)°
and hence 93;:125 < . This is a contradiction. Therefore, the point P cannot be the
point O;.

Write D =al,; + bR, + A, where A is an effective Q-divisor whose support
contains neither Ly, nor R,. Since the log pair (X, D) is log canonical at the point
O;, we have 0 < a, b < 1. Then by Lemma 2.5 the following two inequalities

6+ a(On + 15)
Gn+8)(6n + 13)
18 4+ b(9n +6)

Gnr+ih6n+13)

bRy +A)-Ly;,=(D—aLy;) Ly, = 1,

(@Ly; +A)-Ry=(D —bRy) - Ry =

show that P ¢ C,. By the same way, we can show P £ C, UC, UC,.

Consider the pencil £ defined by the equations Axt 4+ uz> =0, [A: u] € P'. Note
that the curve Ly, is the only base component of the pencil £. There is a unique
divisor C, in L passing through the point P. This divisor must be defined by an
equation xt + az? =0, where « is a non-zero constant, since the point P is located in
the outside of C, U C, U C;. Note that the curve C; does not contain any component
of Cy. Therefore, to see all the irreducible components of Cy, it is enough to see the



Exceptional del Pezzo Hypersurfaces

affine curve

x+azZ=0 3
cC= Spec((C[x, v, z])
2+ yz+x+x"y=0

This is isomorphic to the plane affine curve defined by the equation
(I —a)z+ ¥y + (—a)" Py Py =0cC?= Spec((C[y, z])

Thus, if o # 1, then the divisor C, consists of two reduced and irreducible curves
Ly, and Z,. If o = 1, then it consists of three reduced and irreducible curves Ly,
Ry, R. Moreover, Z, and R are smooth at the point P.

Suppose that o # 1. Then we have

2(24n +61)

D-Z,= .
7 33n+8)(6n + 13)

Since Z, is different from R,,

6n + 13
Zgzcot'za_sz'Zot>Ca'Za_(sz+Rx)'Zoz= 6

D-Z,>0.

Put D =€Z, + B, where E is an effective Q-divisor such that Z, ¢ Supp(E).
Since the pair (X, D) is log canonical at the point O, and the curve Z, passes through
the point O,, we have € < 1. But

2(24n + 61)
= <
3(3n + 8)(6n + 13)

(D—€Zy) - Zy <D-Z,
and hence Lemma 2.5 implies that the point P cannot belong to the curve Z,.
Suppose that @ = 1. We have

B 6(2n +5)
T Brn+8)(6n+13)°

Since R is different from R, and L,

R®=Cy-R—Ly;-R—Ry -R>Cqy-R—(Ly;+Ry)-R—(Ly+Ry)-R

_3"t3, peo.

Put D = ¢; R+ &', where E' is an effective Q-divisor such that R ¢ Supp(&’). Since
the curve R passes through the point O; at which the pair (X, D) is log canonical,
€1 < 1. Since

6(2n +5)

(D—€1R)-R<D-R= <
(3n +8)(6n + 13)

Lemma 2.5 implies that the point P cannot belong to R. O
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5 Sporadic Cases

Lemma 5.1 Let X be a quasismooth hypersurface of degree 15 inP(3,3,5,5). Then
let(X) =2.

Proof The surface X has five singular points O1, ..., Os of type %(1, 1). They are cut
out by the equations z = ¢ = 0. The surface also has three singular points Q1, Q2, 03
of type %(1, 1). These three points are cut out by the equations x =y = 0.

Let C; be the curve in the pencil | — 3K x| passing through the point O;, where
i=1,...,5. The curve C; consists of three reduced and irreducible smooth rational
curves

Ci=L '+ L5+ L.
The curve L; contains the point Q ;. Furthermore, L’i N L% N Lé ={0;}. We see that

i 1 i\ 7 iopi_ 1
—Kx-Lj =, (Lj) =- LiLi=:
where j # k.

Note that let(X, C;) = 2. Thus let(X) < 2.

Suppose that lct(X) < 2. Then there is an effective Q-divisor D ~g —Kx
such that the log pair (X,2D) is not log canonical at some point P € X. Then,
multp (D) > %

Suppose that P ¢ C1 U C> U C3U C4 U Cs. Then P is a smooth point of X. There
is a unique curve C € | —3K x| passing through point P. Then C is different from the
curves Cq, ..., Cs and hence C is irreducible. Furthermore, the log pair (X, C) is log
canonical. Thus, it follows from Lemma 2.6 that we may assume that C ¢ Supp(D).
Then we obtain an absurd inequality

D> mun (D) :

-—=D-C>2mu > —,

5 P 2

since the log pair (X, 2D) is not log canonical at the point P. Therefore, P € C1 U

C2UC3UCyq U Cs. However, we may assume that P € C; without loss of generality.

Furthermore, by Lemma 2.6, we may assume that Ll.1 ¢ Supp(D) forsomei =1,2,3.
Since

1 1
5= 3D L} >multg, (D),
the point P cannot be the point O;.

Without loss of generality, we may assume that P € Li.

Let Z be the curve in the pencil | — 5K x| passing through the point Q1. Then
Z=Z1+Zr+2Z3+ Zs4+ Zs,

where Z; is a reduced and irreducible smooth rational curve. The curve Z; contains
the point O;. Moreover, Z1 N Zy N Z3 N Z4 N Zs = {Q1}. It is easy to check that
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Iet(X, Z2) = % By Lemma 2.6, we may assume that Z; ¢ Supp(D) for some k =
., 5. Then
1

3 = 5D Zi > multg, (D).

and hence the point P cannot be the point Q1.
Thus, the point P is a smooth point on Li. Put

D=mL}+Q,

where 2 is an effective Q-divisor such that L} ¢ Supp(R2). If m # 0, then

1
E=D.L} (mLi+Q)-L} >mLi-L} =
and hence m < z. Then it follows from Lemma 2.5 that
1+7m 1 1 1
T :(D—le)-leQ-Ll>5.
This implies that m > Q But m < % The obtained contradiction completes the
proof. g

Lemma 5.2 Let X be a quasismooth hypersurface of degree 127 in P(11, 29, 39, 49).
Then Ict(X) =

Proof We may assume that the hypersurface X is defined by the equation
2+ yt2 + xy4 +x8z=0.

The singularities of X consist of a singular point of type ﬁ(7, 5) at Oy, a singular
point of type %(1, 2) at Oy, a singular point of type % (11,29) at O, and a singular
point of type 4%(11, 39) at O;.

The curve Cy (resp. Cy, C;, Cy) consists of two irreducible curves Ly, (resp. Ly,
Ly;, Ly) and Ry = {x = 2+ yt =0} (resp. Ry ={y = x84z = 0}, R, ={z=
124+ xy3 =0}, R, = {t = y* + x”z = 0}). We can see that

thme:{Oy}s LyszyZ{Oz}a
Lyszzz{Ox}v thmRtZ{Oz}-

It is easy to check that lct(X, 17Cx) = ﬁ . The log pairs (X Cy), (X C;)
and (X, %C,) are log canonical.
Suppose that Ict(X) < %. Then there is an effective Q-divisor D ~g —Kx such

that the log pair (X, 3 D) is not log canonical at some point P € X.

’429 ’439



I. Cheltsov et al.

By Lemma 2.6, we may assume that the support of D does not contain Ly; or Rj.
Then one of the following two inequalities must hold:

1
T =29Ly;-D > multoy (D);

>

33

4 2
37" PR D2 multo, (D).

Therefore, the point P cannot be the point Oy. For the same reason, one of two
inequalities

4 1

TR 11Ly; - D > multg (D),
4 2

33 > 39 = 1R D > multo, (D)

must hold, and hence the point P cannot be the point O,. Since R, is singular at the
point O, with multiplicity 4, we can apply the same method to C;, i.e., one of the
following inequalities must be satisfied:

4 1

e > 2 =39L,; - D > multp,(D);
4 1 39 1
el > 11 = ZRZ -D > Zmultoz(D)multoz(Rt) =multg_(D).

Thus, the point P cannot be O;.
Write D = uR, + €2, where 2 is an effective Q-divisor such that R, ¢ Supp (£2).
If © > 0, then L,, is not contained in the support of D. Thus,

2 1
—u=puRy Ly <D -Ly=——,
29M MLy xt xt 29.39
and hence u < %.We have
2476 4
2
49Q - R, =49(D - R, — uR)) = ) <§.

Then Lemma 2.5 shows that the point P cannot belong to Ry. In particular, the point
P cannot be O;.

Put D =€L,; + A, where A is an effective Q-divisor such that L,; ¢ Supp (A).
Since (X, 2D) is log canonical at the point Oy, € < % and hence

14+ 67¢ 4

A-Ly=D Ly—el? = 5939 < 33"

Then Lemma 2.5 implies that the point P cannot belong to Ly;.
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Consequently, the point P must be a smooth point in the outside of Cy. Then an
absurd inequality

4 539. 127 4
— <multp(D) < —— =
33 11-29-39.49 ~ 33

follows from Lemma 2.7 since HY(P, Op(539)) contains x20y!l, x49 x10711
and #'!. The obtained contradiction completes the proof. g

Lemma 5.3 Let X be a quasismooth hypersurface of degree 57 in P(5, 13, 19, 22).
Then 1ct(X) = 55

Proof The surface X can be defined by the quasihomogeneous equation
2+ yt2 + xy4 +x't+ exsyz =0,

where € € C. The surface X is singular only at the points Oy, Oy, and O;.
The curves C, and Cy are irreducible. Moreover, we have

25 2 2 65
—=let| X, -Cx | <let|{ X, =Cy | = —.
12 5 13 21

Suppose that lct(X ) < 75. Then there is an effective Q-divisor D ~g —Kx such
that the pair (X, 2 5 D) is not log canonical at some point P. By Lemma 2.6, we may
assume that the support of the divisor D contains neither Cy nor Cy.

Since H(P, Op(110)) contains the monomials x°y>, x22, and t5, it follows from
Lemma 2.7 that the point P is either a singular point of X or a smooth point on C,.

However, this is impossible since 22D - C, = 163 12 and 5D -Cy = “ g O

Lemma 5.4 Let X be a quasismooth hypersurface of degree 48 in P(9, 12,13, 16).
Then Ict(X) = 3

Proof The surface X can be defined by the quasihomogeneous equation
=yt x2 +xty=o.
The surface X is singular at the points Oy, O;, Q4 =[0:1:0:1]and Q3 =[1:1:

0:0].
The curves Cy, Cy, C;, and C; are irreducible and reduced. We have

63 2 2 2
2 et X, 2 ) <t X, =c, ) =4 <1t X, =,
24 9 12 13
13 (y 20 16
= — < —_— = —.
2 SN )T

Therefore, Ict(X) < S—i
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Suppose that lct(X ) < 22 Then there is an effective Q-divisor D ~g —Kx such

that the pair (X, & 71 3 D) is not log canonical at some point P. By Lemma 2.6, we may
assume that the support of the divisor D contains none of the curves Cy, Cy, C;,
and C;.

Note that the curve Cy is singular at O, with multiplicity 3 and the curve C, is
singular at O, with multiplicity 3. Then the inequalities

13 1 24 9 2 24
—D .- Cr==-<—, =D -Cy=— < —,
3 6 63 3 - 13 63
1 24 8 24
3D-C;=—- < —, D-Ci=—=<—
6 63 9-13 63

show that the point P must be located in the outside of C, UC, UC, U C;.

Consider the pencil £ on X defined by the equations Axt + uyz =0, [, A] € PL.
Then there is a unique curve Z in the pencil £ passing through the point P. Then the
curve Z is defined by an equation of the form xt — oyz = 0, where « is a non-zero
constant. We see that Cy, ¢ Supp(Z). But the open subset Z \ C, of the curve Z is a
Zg-quotient of the affine curve

t—ayz=’+y*+ 3 4+y=0cC= Spec(C[y,z,t]),
which is isomorphic to the plane affine curve given by the equation
Ay P4y 4P y=0cCz Spec(C[y, z])

Then, it is easy to see that the curve Z is irreducible and multp(Z) < 4. Thus, we
may assume that Supp(D) does not contain the curve Z by Lemma 2.6. However,

25 24
——=D-Z>multp(D) > —.
1813 63

Consequently, lct(X) = %. g

Lemma 5.5 Let X be a quasismooth hypersurface of degree 79 in P(13, 14,23, 33).
Then Ict(X) = 32

Proof The surface X can be defined by the quasihomogeneous equation
2+ y4z + xt? +x5y =0.

The surface X is singular at Oy, Oy, O, and O;. We have

4 65 4 21 5
Iet( X, —=Cy |=—<let| X, =C; |=— <Ict| X, —=C;
13 32 13 8 25
33 et 4 c 69
= — << _— i
0 X535 )=

In particular, lct(X) < 6—2
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Each of the divisors Cy, Cy, C;, and C; consists of two irreducible and reduced
components. The divisor C, (resp. Cy, C, C;) consists of Ly, (resp. Ly;, Lyz, Ly;)
and R, = {x = y* +zt = 0} (resp. Ry={y =72 4+xt =0}, R, ={z=x*y+1> =0},
R, = {t = x> 4+ y3z=0}). The curve L, intersects Ry (resp. R;) only at the point
O, (resp. Oy). The curve Ly, intersects Ry, (resp. R;) only at the point Oy (resp. O;).

We suppose that Ict(X) < % Then there is an effective Q-divisor D ~g —Kx
such that the log pair (X, g—;D) is not log canonical at some point P € X.

The intersection numbers among the divisors D, Ly, Ly, Ry, Ry, R;, R, are as
follows:

, 43 22 40 LR 4
T 14.33° *T23.337 T Ty
Dol — 4 DR — 16 e 32
T 14.33° * 7 23.33° n13.23°
2__ 38 Ly Ry=— DoLy=—" D Ry=—>_
YT 13.33° TN Y3237 Y7 13.33°
R =20 Li-R=2 DR =—>_
13147 SR V' 713147
5 95 5 20
RP=—"—, Ly - R ==, D R =——.
1413 23 14.23

By Lemma 2.6 we may assume that the support of D does not contain at least one
component of each divisor Cy, Cy, C;, C;. Since the curve R; is singular at the point
O with multiplicity 3 and the curve R; is singular at the point Oy, in each of the
following pairs of inequalities, at least one of two must hold:

lto.(D) < 13D - Ly, = & < 32 lto (D) < 13D - R, = > < 2
m < . == <-, m < . =— < —;
4o, YT 93 T 65 4o YT 33765
lto.(D) < 14D - L. = - = 32 o (D)< 2p. g =% 32
m NS . = — < —, m ! < — . =— <=
4o, ¥ =33 = 65 4o, 2 T3 765
lto (D) <23D - Ly = - < 2 o (D)< 2p.R =0 _32
m < . =— < —, multg, <=D R=—<=—.
tto: YT 13 T 65 tHo: 3 T2 765

Therefore, the point P can be none of Oy, Oy, O;.

Put D =moLy; + miLy, +myRx +m3Ry +maR; +msR; + 2, where €2 is an
effective Q-divisor whose support contains none of L., L, Ry, Ry, R;, R;. Since
the pair (X, %D) is log canonical at the points Oy, Oy, O, we have m; < % for
each i. Since

44+43mo _ 32 4+432m; 32
D—moLyz) Lyz= 20 22 (D Ly Ly = o 22
(Dmmobo) Lee =337 S (Pombd bn =337 S 63

16+ 40m> _ 32 8+38m; _ 32
(D_msz)'szﬁgg, (D —m3Ry) - Ry = <

13-33 65
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(D— R)~R—8_20m4<¥ (D— R)~R—20_95m5<2
TR TG S es e VI T
Lemma 2.5 implies that the point P cannot be a smooth point of X on Cx U Cy U
C; UC;. Therefore, the point P is either a point in the outside of C, UC, UC, U C,

or the point O;.

Suppose that P ¢ C, UC, U C, U C,. Then we consider the pencil £ on X defined
by the equations Axt + uz”> =0, [A : u] € P!. There is a unique curve Z, in the
pencil passing through the point P. This curve is cut out by xf + az> = 0, where « is
a non-zero constant.

The curve Z, is reduced. But it is always reducible. Indeed, one can check that
Zy = Cy + Ly, where Cy, is a reduced curve whose support contains no Lyy. Let us
prove that Cy, is irreducible if o # 1.

Any component of the curve C; is not contained in the curve Z,. The open subset
Zy \ C; of the curve Z, is a Z33-quotient of the affine curve

x+at=2+yz+x+xy=0cC? ESpec((C[x, y,z]),
which is isomorphic to a plane affine curve defined by the equation
z ((a —Dz4y*— asyzg) =0CcC?x Spec((C[y, Z])

Thus, if o # 1, then the curve Z, consists of two irreducible and reduced curves L,
and C,. If @ = 1, then the curve Z, consists of three irreducible and reduced curves
Ly, Ry, and Cy. In both the cases, the curve C,, (including o = 1) is smooth at the
point P. By Lemma 2.6, we may assume that Supp(D) does not contain at least one
irreducible component of the curve Z,.

If @ # 1, then
D-C,= 8
*T 13147
5 33
Ca:Za'Ca_sz'CaZZa'Ca_(Rx“"sz)'C :TD'Ca>0~
If « =1, then
D.Cr = 152
' 131433

C1=271-C1—(Lyz+Ry)-C1>Z1 - C1 — (Re + Lyz) - C1 — (Ly + Ry) - Cy

19
=—D-C;>0.
1 1
We put D = mCy + Ay, where A, is an effective Q-divisor such that Cy ¢
Supp(Ag). Since Ca intersects the curve C; and the pair (X, g—gD) is log canoni-

cal along the curve C;, we obtain m < %. Then, the inequality
32

(D =mCq) Ca < D-Ca <
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implies that the pair (X, & ol 2 D) is log canonical at the point P by Lemma 2.5. The
obtained contradiction concludes that the point P must be the point O;.

If the irreducible component L, is not contained in the support of D, then the
inequality
2 32
7 65
is a contradiction. Therefore, the irreducible component L,, must be contained in
the support of D, and hence the curve R, is not contained in the support of D. Put

D =aL,; + bR, + A, where A is an effective Q-divisor whose support contains
neither Ly, nor Ry. Then

multo, (D) <33D - L,. =

16 D.R.>al.. R+ multg, (D) —a  3a n 32
- = . =a . _— > — R
2333 * SO 33 33 33-65

and hence a < 3(3)465 If b # 0, then Ly, is not contained in the support of D. There-

fore,

4 2b
—1323:DLyt/bR L)[—B
and hence b < 23
Let m: X — X be the weighted blow up at the point O, with weights (13, 19)
and let F be the exceptional curve of the morphism . Then F' contains two singular
points Q13 and Q19 of X such that Q13 is a singular point of type %(1, 1), and Q19

is a singular point of type 1L9 (3,7). Then

. 1 - . 19
Kg~on*(Kx) — ﬁF, Ly ~qm*(Ly;) — gF
R, ~@n*(RV)—EF, A~gr*(A)— —=F

: Y33 33

where L, R‘ ,and A are the proper transforms of L, Ry, and A by 7, respectively,
and c is a non-negative rational number. Note that ¥ N Ry ={Qj9} and F N Ly, =

{Q13}.
The log pull-back of the log pair (X, 8 35 > D) by 7 is the log pair

()'(, 65—aixz + @Rv + ﬁ& +91F> ,
32 7 32 7 32
where
32465(19a + 13b +¢)
32-33 ’
This is not log canonical at some point Q € F. We have

0, =

- 4443 b
0<A L, =121 <

14-33 33 13.33°
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This inequality shows 135 + ¢ < %(4 +43a). Since a < %, we obtain

3241235a 65(13b+c¢) _32+41235a 13-65(4 +43a)
0 = + < + < 1.
32.33 32.33 32-33 14-32-33
Suppose that the point Q is nelther Q13 nor Q19. Then, the point Q is not in

L. U Ry . Therefore, the pair (X, 2 A+ F)isnot log canonical at the point Q, and

32
hence
65 - 65¢
l<—A - F=———.
32 13~19~32

But ¢ <13b + ¢ < 14 (4 +43a) < 13- ég 32 gince a < 3 _65. Therefore, the point Q
is either Q13 or Q9.

Suppose that the point Q is Q3. Then the point Q isin L., but notin R,. There-
fore, the pair (X, Ly, + %A + 01 F) is not log canonical at the point Q. However,
this is impossible since

13 65A+9F _13~65 4 +43a b c i
32 tF ) be=—"\1433 "33 1333 !

_ 32+41235a  13-65(4 +43a)
~Tm:3 T
Therefore, the point O must be the point Q9.

Let ¢ : X — X be the weighted blow up at the point Q19 with weights (3, 7) and
let E be the exceptional curve of the morphism . The exceptional curve E contains
two singular points O3 and O7 of X. The point O3 is of type %(1, 2) and the point
07 is of type %(4, 5). Then

< 1.

9 ~ _ 3
K ~ *(Kz)— —E R, ~ *(Ry)) — —E
X Qw( X) 97 y Qw()) 19

F~qy*(F)— —E, A~gy*(A)— —E
Qv (F) T Qv (A) T

where Ry, F , and A are the proper transforms of Ry, F,and A by v, respectively,

and d is a non-negative rational number

The log pull-back of the log pair (X, 8 D) by 7 o ¢ is the log pair

» 32

% ®af +65bR R0 FreE
© 3 RT3 32 ! 2

where L, is the proper transform of L, by ¥ and

65Gb+d) | 7, O _ 9728465133 +190b+7c +33d)

0, = =
19-32 19 19 19-32-33
This is not log canonical at some point O € E.
We have

- . d 8
0<A. R _ AR, _ +38b_19a+c_ d ’
T 7.19 13-33 19-33 7-19
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and hence 133a +7c +33d < % (8 4+ 38b). Therefore, this inequality together with
b< % gives us

9728 +65-190b  65(133a 4 7c + 33d)

0, =

19.32.33 19.32.33
9728 +65-190b  65-7(8 + 38b)
=~ 19.32.33 13-32-33

Suppose that the point O is in the outside of ﬁ and F. Then the log pair

(E 3 > Alg) is not log canonical at the point O and hence
65 - 65d
l<—A-E= .
32 3.7-32
However,
d< l(133 +7c+33d) < 133 —" (8 +38b) < 3732
SgzheTe 13-33 65

since b < % This is a contradiction.

Suppose that the point O belongs to ﬁy. Then the log pair (X, 635;’ Ry + %A +
6, E) is not log canonical at the point O and hence

7-65 (8438 19a+c d
+ 6,

1<7 65&+9E R, =
<7(= R, =
32 z *

32 \13-33  19-33 7-19
However,
7-65 (8438 19a+c d 5 _ 97284651900 65-7(8 +38h)
32 \13-33  19-33  7-19 27 7719.32.33 13.32-33

< 1.

This is a contradiction. Therefore, the point O is the point O3. ~ _
Suppose that the point O belongs to F'. Then the log pair (X, % A+ F+6FE)
is not log canonical at the point O and hence

1<3(BataE) po28( ¢ 4\ g
< —_— . = — .
32 2 32 \13-19 3-19 2

However,

3.65 c d 3.65¢ 9728 + 65(133a + 190b + 7¢)
~ 319 +6,=

32 \13-19 T13-19.32 19.32-33
51244550 65-190(13b + ¢)

7 32.33 13-19.32-33

51244550 65-190(4 + 43a)

= 32.33 14-19-32-33

since 136 + ¢ < (4 +43a) and a < 3554 23 65 This is a contradiction. Il



I. Cheltsov et al.

6 Tables
Log del Pezzo surfaces with / =1 Log del Pezzo surfaces with / =2
Weights Degree Iet Weights Degree Iet
2,2n+1,2n+1,4n+1) 8n+4 1 (3,3n,3n+1,3n+1) 9n+3 1
(1.2.3.5) 10 12 (3,3n+1,3n4+2,3n4+2) 9n+6 1
e 17_0b (3,3n+1,3n+2,6n+1) 12n+5 1
1€ 3,3n+1,6n+1,9n) 18n+3 1
(1.3.5.7) 15 sd  (33n+1,6n+1,99+3) 18146 1
(1.3.5.8) 6 P @G.2n+1,4n+2,6n+1) 1246 1
T 5 @.2n+3,2n+3,4n+4)  Sn+12 1
(2,3,5,9) 18 £ 1a
B @345 12 b
(3.3.5,5) 15 2 J¥]
(3.5.7,11) 25 a 2347 14 !
0 (3.45.10) 20 3
(3,5,7,14) 28 7 3
5 (41015 30 3
(3,5,11,18) 36 10 25
e (5.13,19,22) 57 B
(5,14,17,21) 56 T 5
25 (5,13,19,35) 70 B
(5,19,27,31) 81 'y 25
(5,19,27,50) 100 s (621019 % n
» el 6 49
(7,11,27,37) 81 e 7,8,19,29) > u
3 (1.8,19,32) 64 B
(7,11, 27,44) 88 2 62
21 9,12,13,16) 48 3
9,15,17,20) 60 T
(9.15,23.23) 69 6 9,12,19,19) 57 3
(11,2939, 49) 127 B 0.19.24.3) 81 3
(11,49, 69, 128) 256 5 (10.19,35,43) 103 I
(13.23.35.57) 127 65 (11,21,28,47) 105 30
. 5 (11,25,32,41) 107 u
(13,35,81,128) 256 ) 3
(11,25, 34,43) 111 <
3if Cx has an ordinary double point (11,43,61,113) 226 %
bif Cy has a non-ordinary double point (13, 18, 45, 61) 135 %
Cif the defining equation of X contains yzt 65
ds B 3 3 (13,20,29,47) 107 R
if the defining equation of X contains no yzt 13.20.31. 49 i 65
€if Cy has a tacnodal point (13, 20,31, 49) 3?
fif Cy has no tacnodal points (13,31,71, 113) 226 20
(14,17,29,41) 99 %
Log del Pezzo surfaces with / =3
ol ) 3if the defining equation of X contains yzt
Weights Degree ct bif the defining equation of X contains no yzt
(5.7.11,13) 33 A ,
Log del Pezzo surfaces with I =4
(5.7.11,20) 40 2
(11.21.29.37) 95 11 Weights Degree Iet
, 21,29, ry
(11,37,53,98) 196 B (6.6n+3.6n+56n+5) 182+15 1
(13,17,27,41) 95 % (6,6n+5,12n+8,18n +9) 36n+24 1
5,6,8,9 24 1
(15,19,43,74) 148 % ( )
(5,6,8,15) 30 1
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Log del Pezzo surfaces with I =4

Log del Pezzo surfaces with I =7

Weights Degree Iet  Weights Degree Ict
©.11,12,17) 45 o (11,13,21.38) 76 13
91
(10, 13, 25,31) 75 &
(11,17,20,27) 71 % Log del Pezzo surfaces with / =8
(11,17,24,31) 79 2 Weights Degree let
55
(11,31, 45, 83) 166 51 3
(13,14,19,29) 7 &8 (7,11,13,23) 46 ﬁ
(13,14,23,33) 79 g (182737 81 72
, 14, 29, 32
(13,23,51,83) 166 %
Log del Pezzo surfaces with I =9
Log del Pezzo surfaces with I =5 Weights Degree let
Weights Degree let  (7,15,19,32) 64 %
(11,13, 19, 25) 63 2
11 Log del Pezzo surfaces with 7 = 10
(11, 25,37, 68) 136 3
(13 19. 41 68) 136 % Welghts Degree Ict
(7,19,25,41) 82 -
Log del Pezzo surfaces with I =6 (7,26, 39, 55) 117 %
Weights Degree Ict
8,4n+5,4n+7,4n+9) 12n+23 1
9,3n4+8,3n+11,6n+13) 12n435 1
35
(7,10, 15, 19) 45 55
(11, 19,29, 53) 106 2
(13,15,31,53) 106 %
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