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Singularities of 3-Dimensional Varieties Admitting
an Ample Effective Divisor of Kodaira Dimension Zero

I. A. Cheltsov UDC 512.774.42

ABSTRACT. For a normal threefold X with an effective Cartier divisor H, which is a minimal model of Kodaira
dimension zero, we prove that either X is a generalized cone over H, or X has quadruple singularities and H
is either a K3 surface, or an Enriques surface.

Introduction

In [1-4] Fano investigated threefolds in projective spaces with hyperplane sections that are K3 minimal
surfaces and Enriques surfaces. His study was continued in [5-11].

Note that if Y is a smooth minimal algebraic surface, then the following conditions are equivalent:

(1) #(Y)=0;

(2) Ky =0;

(3) 12Ky ~0;

(4) Y is one of the following types:
a) an Abelian variety, h!(Oy) =2, h?(Oy) =1, Ky ~ 0;
b) a K3 surface, h'(Oy) =0, h?(Oy) =1, Ky ~0;
c) an Enriques surface, h}(Oy) =0, h?(Oy) =0, 2Ky ~ 0;
d) a bielliptic surface, A}(Oy) = 1, h?(Oy) =0, 12Ky ~ 0.

See, e.g., [12].

Therefore, it is natural to study the more general problem of investigating properties of threefolds
admitting an ample divisor, which is a minimal smooth surface of Kodaira dimension zero. It happens
that with the exception of the case when the ample divisor is a K3 surface, such a variety always has
singularities.

If singularities are allowed, then a cone over the corresponding surface is the simplest example of a
variety in question. Moreover, we call a variety X containing an ample effective irreducible reduced
Cartier divisor H a generalized cone over H if X is the result of contraction of the exceptional section in
P(On ® Ou(H |#)). By definition, a generalized cone over any variety contains this variety as an ample
effective irreducible reduced Cartier divisor.

Our main result is Theorem 5.1 (see §5).

Taking into account the results of [13] and [14], the classification of varieties with an ample effec-
tive Cartier divisor that is either a K3 surface or an Enriques surface, is equivalent, in practice, to the
classification of Fano varieties with canonical isolated singularities of integer Fano index.

All the varieties are over C. The basic definitions, notation, and notions are described in [15].

§1. Isolated singularities

1.1. Lemma. Let H be an ample effective Cartier divisor on a normal variety X. If H is smooth,
then Sing(X)N H = @ and the singularities of X are isolated.

Proof. Suppose there is a curve in Sing(X). Since H is ample, we have Sing(X)N H # @. But H
is a Cartier divisor. Hence, Sing(H) # @.
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1.2. Corollary. Suppose H is an ample effective Cartier divisor on a normal threefold X, and H is
a smooth minimal surface with »(H) = 0. If Sing(X) = @, then X is a Fano threefold and H is a K3
surface.

Proof. If Sing(X) = @, then, by the accessory formula, we have 12(Kx + H)|g ~ 0, and, by the
Lefschetz theorem on hyperplane sections, we obtain (Kx + H) = 0. The Kleiman test implies that —Kx
is ample, i.e., X is a Fano variety, therefore Pic’(X) = 0 and Pic(X) has no torsion (see, e.g., [7]). Hence,
Kx + H~0 and H is a K3 surface (see, e.g., [7]).

§2. Q-Gorenstein property

2.1. Definition. Let D = ) ngE be the Weil divisor on a normal variety X . The sheaf Ox(D) is
defined as follows:

I'(U,Ox(D)) = {f € Rat(X); ve(f)+ne>20VE €U, codimE =1}.

Here vg(f) denotes the order of F in E.

2.2. Lemma. Let D be the Weil divisor on a normal variety X. Then Ox(D) is a reflexive sheaf of
rank one.

Proof. See [16, Proposition 1.6].

2.3. Lemma. Let G be a reflexive sheaf on the variety X Then there exists an exact sequence
022G E-F -0,

where € is locally free, and F is a subsheaf of a locally free sheaf.

Proof. Consider an arbitrary locally free resolvent for G*: J — I — G* — 0. The dual resolvent
will be 0 = G — I* — F*. This sequence is exact in the first two terms. The quotient of I* over G is

embedded in F*.

2.4. Lemma. Suppose X is a normal variety, H is an ample divisor on X, G is a reflexive sheaf on
X. Then H'(G® Ox(—nH)) =0 for n>> 0.

Proof. Consider the part of the cohomology exact sequence associated with the exact sequence from
Lemma 2.3:
H°(F® Ox(—nH)) = H'(G ® Ox(—nH)) —» H' (£ @ Ox(—nH)).

The required equality follows from H? (.7: ® Ox(—nH )) =0 for n > 0, since F is a subsheaf of a locally
free sheaf, and H! (€ ® Ox(—nH)) =0 for n > 0, since X is normal.

2.5. Lemma. Suppose X is a normal variety with isolated singularities, D is a Weil divisor on X,
H is an ample Cartier divisoron X . If D|ly ~0 for Y € [nH| smooth and n > 0, then D ~ 0.

Proof. Consider the sequence:
0— Ox(D)®Ox(—nH) — Ox(D) - Oy — 0.

This sequence is exact, since all these sheaves are free in a neighborhood of Y, and the sequence is trivial
outside Y.

We have H°(Ox (D) ® Ox(—nH)) =0 for n > 0, since Ox(D) is a subsheaf of a locally free sheaf.
By Lemma 2.4, H'(Ox(D) ® Ox(—nH)) = 0. Further, H’(Oy) = C, since Y is connected. Therefore
H°(Ox(D)) = C, i.e., the linear system of Weil divisors |[D| contains an effective divisor, hence D ~ 0.

2.6. Lemma. Suppose D is a Weil divisor, and H is an ample smooth Cartier divisor on a normal
variety X . If D|g ~ 0, then D|y ~ 0 for generic Y € |[nH| and n > 0.

446



Proof. Introduce the following notation: C =Y N H = nH|y = Hly is an irreducible smooth curve;
f: Xmain = X is a resolution of singularities of X such that f is an isomorphism outside Sing(X);
H = fY(H)=f*H); Y = f(Y) = f*(Y). Then D|yH|y = D|ynH|yz = DC = 0, and since the
divisor H is ample on Y, by the Hodge index theorem, either Dy Dly < 0, or D|y = 0. Note that,
generally speaking, Sing(X)NY = @ and therefore,

DlyDly = f~Y(D)lg f T (D)ly = nf~ D)z f~(D)lg = nD|uDly =0.

Summing, we obtain D|y =0, D|¢ ~ 0.
Consider the exact sequence of sheaves and the first terms of the associated cohomology sequence:

0— Oy(D|y — Hly) — Oy(D|y) = O¢ — 0,
0 — H°(Oy(Dly)) — H*(Oc) - H'(Oy(Dly - Hly)).

By the Kleiman test, the divisor (H — D)|y is ample on Y and therefore Al (Oy((D -H )|y)) =0 by
the cohomology vanishing theorem (see, e.g., [15, Theorem 1-2-5]). The curve C is connected, and the
equality h°(O¢) =1 implies h°(Oy(Dly)) =1, whence Dly ~ 0.

2.7. Theorem. Suppose H is an ample effective Cartier divisor on a normal threefold X, and H is
a smooth minimal surface with »(H) =0. Then X is Q-Gorenstein and —Kx ~¢ H.

Proof. Since X is normal, Kx is well defined as a Weil divisor. Since Sing(X)NH = @, the following
accessory formula for the divisor H is valid:
12(Kx + H)|ng ~ 0.

Lemmas 2.6 and 2.5 yield 12(Kx + H) ~ 0.

2.8. Remark. Under the assumptions of Theorem 2.7, we have the following possibilities:

(1) H is an Abelian variety, X is Gorenstein;
(2) H is a K3 surface, X is Gorenstein;

(3) H is an Enriques surface, X is 2-Gorenstein;
(4) H is a bielliptic surface, X is 12-Gorenstein.

§3. Terminal modification

3.1. Lemma. Let X be a normal threefold. There exists a birational morphism f: Xierm — X such
that Xierm has terminal Q-factorial singularities and K, . is f-numerically effective.

Proof. See, for example, [17].

3.2. Lemma. Under the assumptions of Lemma 3.1, if X is Q-Gorenstein, then we always have
Kx..... ~q [*(Kx)— B, where B is an effective Q-divisor.

Proof. See, for example, [18, Proposition 2.18].

3.3. Remark. Under the assumptions of Lemma 3.2, the following possibilities can arise:

(1) f is an isomorphism, X has terminal Q-factorial singularities;

(2) f is an isomorphism in codimension one, and Kx,,. ~0 f*(Kx), X has terminal singularities;
(3) Kx,..m ~q f*(Kx), X has canonical singularities;

(4) B is an effective nonzero Q-divisor.

3.4. Corollary. If the singularities of X are isolated, then the morphism f contracts any of its
exceptional divisors to a point.
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§4. Extremal rays on Xierm

Let H be an ample Cartier divisor on a normal threefold X, which is a smooth minimal surface with
»(H) = 0. Consider the terminal modification f: Xierm — X . By Lemma 1.1, Sing(X)N H = @ and
we can denote H = f~Y(H) = f*(H). By Theorem 2.7, X is Q-Gorenstein and —Kx ~q H. Then
Lemma 3.2 implies

KXterm ~Q _ﬂ - B.

Suppose the singularities of X are not canonical. Then, by Remark 3.3, B is an effective nonzero
Q-divisor, and the Q-divisor Kx,,., + H ~@ —B is not numerically effective. Therefore there exists a
1-face R € NE(X) such that ~BR < 0. But —BR = Kx,,.,R+ HR, and the divisor H is numerically
effective. Hence, Kx,...,R=HR—- BR <0, i.e., R is an extremal ray in the sense of Mori.

By [15, Theorem 3-2-1], there exists a morphism g: Xierm — Y onto a normal variety Y such that
~Kx,.... is g-ample and for any curve C € Xierm ¢(C) is a point iff C € R.

4.1. Lemma. For any curve C € R, we have Kx,,,,C < —~1.
Proof. HC > 0 for any curve C € R, since otherwise the equality HC = 0 would imply that f(C)

is a point and Kx,,.,R 2 0, because Kx,,,, is f-numerically effective, but K, 2 < 0. Taking into
account the fact that H is a Cartier divisor, we obtain #C > 1 and K, C = —HC — BC < -1.

4.2. Remark. The following possibilities can arise:

(1) the morphism g contracts the curve to a point;

(2) the morphism g contracts the divisor to a curve;

(3) the morphism g contracts the divisor to a point;

(4) the dimension of Y equals two;

(5) Y is 1-dimensional.

4.3. Lemma. Let g: X — Y be a birational contraction of the extremal ray on a threefold with Q-
factorial terminal singularities. If for some point = € Y the set g~!(z) is a curve, then Kxg~(z) > -1.

Proof. See, for example, (17, (2.3.2)].

4.4. Lemma. Cases 4.2(1) and 4.2(2) are impossible.

Proof. Let z € Y be such that dim(g~'(z)) > 0. By Lemma 4.3, Kxtermg~'(z) > —1, and, by
Lemma 4.1, Kx,,.97(z) <-1.

4.5. Lemma. Case 4.2(3) is impossible.

Proof. Suppose g contracts the divisor D to a point. Obviously, D does not belong to a fiber of the
morphism f, and C = nH|p for n large enough is an effective 1-cycle on Xierm, Which is contained in
R, but BC =0.

4.6. Lemma. Case 4.2(5) is impossible.

Proof. Consider any effective irreducible divisor E contracted to a point by the morphism f. Let
! be any curve in a fiber of the morphism g|g. We have Kx, .l 2 0, since Kx,,,, is f-numerically
effective, but / € R and Kx,,,..! <0.

4.7. Lemma. In case 4.2(4), the morphism g is a P!-bundle over H.

Proof. Let C be a generic fiber of the morphism g. Then
2=-Kx,..C=HC+BC, HC>1, BC>0.
Hence, HC =1 ) BC =1 and, therefore, the morphism ¢ has no multiple or r?ducible fibers, and the
morphism g|;: H — Y is birational. H contains no fibers, since BC =1 and H does not intersect B.
Taking into account the fact that Y is a normal variety, we see that g|j is an isomorphism.

The singularities of Xierm are rational (see, e.g., [15, Theorem 1-3-6]). Therefore (see, e.g., [19, (3.19)])
Xterm is a Cohen—Mackauley variety. Since all the fibers of g are of the same dimension and Y is smooth,
the morphism g is flat. The generic fiber of ¢ is P!, whence each fiber is P! and Xierm is a P!-bundle
over Y.
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§5. Main theorem

5.1. Theorem. Suppose that X is a normal threefold, H is an ample effective Cartier divisor on X,
and H is a smooth minimal surface of Kodaira dimension zero. Then either X is a generalized cone over
H, or H is either a K3 surface, or an Enriques surface.

Proof. Suppose the singularities of X are not canonical. Lemmas 4.4-4.7 imply that Xierm is a
Pl-bundle over H with the section H.

Applying the morphism g, to the exact sequence of sheaves

0 — Oxterm - Oxterm(ﬁ) - Of-{(‘filii) - O

and taking into account the fact that R%g.(Ox,....) = Oy, since g is the contraction of the extremal ray
and Rlg.(Ox,....) = 0 by the vanishing theorem, we obtain the exact sequence

0 Oy = B (Oxuen () = B0, (Og(H 1) 0. (+)

The mapping g|j: H — Y is an isomorphism. Therefore R%g, (Oxmm(ff )) is a locally free sheaf of
rank 2.
The commutative diagram

0 0
1) i T

0- OXem = OXiem(H) — Og(H|g) —0
) Ta T

g‘g‘oxterm - g.g*oxterm(}?) - 9*9‘0}?(1:?‘3) - 0
T
0

implies that the mapping a: g*g.Ox,....(H) = Ox,....(H) is surjective, and it determines the morphism
A: Xierm — P(9+Ox,or(H)) over Y. Since H is g-ample and is a section of the morphism g, the

morphism A is finite birational, and so is an isomorphism because of the normality of P(g,O Xeern (H ).
The sequence ( *) splits, since

Ext' (R, (O(Hlg)), Ov) = Ext' (O (Hg)), Og) = H' (04(~Hly)),
but H'(Oy(~Hl|g)) =0, by the vanishing theorem. Hence,
R%9,0x,..(H) = Oy ® R°g.(Oy(H)),
and since Y & H & H, we obtain
Xierm = P(On ® On(H|H)),

so that X is the contraction of the exceptional section of P(Ox @ On(H| H)), i-e., a generalized cone.
Suppose the singularities of X are canonical. Consider the exact sequence of sheaves and the associated
cohomology sequence:
0—- Ox(—H)—» Ox - Oy — 0,
HY(Ox) —» H\(Oy) - H*(Ox(-H)).

As a consequence of the vanishing theorem, using the rationality of the singularities of X and Serre duality,
we obtain:

Hl(0x) = H? (Ox(—-H)) = 0.

Hence, H'(On) = 0 and H is either an Enriques surface or a K3 sequence (c.f. {13, Proposition 2.2
and 3.3]).
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5.2. Corollary. Suppose X is a normal threefold, and H is an ample smooth effective Cartier divisor,
which is either an Abelian variety or a bielliptic surface. Then X is a generalized cone over H .

The author is extremely grateful to V. A. Iskovskikh and Yu. G. Prokhorov for valuable advice and

fruitful discussions.
This research was partially supported by the International Science Foundation under grant No. M90 000.

1.

12.
13.

14.
15.

16.
17.
18.
19.

References

G. Fano, “Sopra alcune varieta algebriche a tre dimensioni avebti tutti i generi nulli,” Atti Congresso Bologna, 4, 115-119
(1931).

. G. Fano, “Sulle varieta algebriche a tre dimensioni a curve-sezioni canoniche,” Mem. Acc. It., 8, 813-818 (1937).

G. Fano, “Nuove riserche sulle varieta algebriche a tre dimensioni a curve-sezioni canoniche,” Comm. Dont. Ac. Sci., 11,
635-720 (1947).

G. Fano, “Sulle varrieta algebriche a tre dimensionile le cui sezioni iperpiane sono superfici di genere zero e bigenere
uno,” Mem. Soc. It. d. Scienze, 24, 44—66 (1938).

V. A. Iskovskikh, “Fano threefolds. I,” Izv. Akad. Nauk SSSR Ser. Mat. [Math. USSR-Izv, 41, 516-562 (1977).

V. A. Iskovskikh, “Fano threefolds. I,” Izv. Akad. Nauk SSSR Ser. Mat. [Math. USSR-Izv.], 42, 504-549 (1978).

V. A. Iskovskikh, Letures on Algebraic Threefolds. Fano Threefolds [in Russian], Preprint, Izd. Moskov. Univ., Moscow

(1988).

. S. Mori and S. Mukai, “Classification of Fano 3-folds with b3 > 2,” Manuscripta Math., 36, 147-162 (1981).

. S. Mori and S. Mukai, “On Fano 3-folds with b; > 2,” Adv. Stud. Pure Math., 1, 101-129 (1983).

. S. Mori and S. Mukai, “Classification of Fano 3-folds with bz > 2.1,” Algebraic and Topological Theries, 496-548 (1985).
. A. Conte and J. P. Murre, “Algebraic varieties of dimension three whose hyperplane sections are Enriques surfaces,”

Ann. Scuola Norm. Sup. Pisa, 12, 43-80 (1985).

A. Beauville, “Surfaces Algébriques Complexes,” Astérisque, 54

Yu. G. Prokhorov, Notes on Threefolds with Hyperplane Sections that are Enriques Surfaces [in Russian], Preprint, Izd.
Moskov. Univ., Moscow (1994).

M. Reid, Projective Morphism According to Kawamata, Preprint, University of Warwick, Warwick (1983).

Y. Kawamata, K. Matsuda, K. Matsuki, “Introduction to the minimal model problem,” Adv. Stud. Pure Math., 10,
283-360 (1987).

R. Hartshorne, “Stable reflexive sheaves,” Math. Ann., 254, 121-176 (1980).

S. Mori, “Flip theorem and the existence of minimal models for 3-folds,” J. Amer. Math. Soc., 1, 117-253 (1988).
Kollar J. et al., “Flips and abundance for algebraic threefolds,” Asterisque, 211 (1992).

M. Reid, “Young person’s guide to canonical singularities,” Proc. Sympos. Pure Math., 345—414 (1985).

Moscow STATE UNIVERSITY
E-mail address: ivan@®cheltsov.msk.ru

450

Translated by S. K. Lando



