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Hyperelliptic and trigonal Fano threefolds

V. V. Przyjalkowski, I. A. Cheltsov, and K. A. Shramov

Abstract. We classify Fano 3-folds with canonical Gorenstein singularities whose
anticanonical linear system has no base points but does not give an embedding, and
we classify anticanonically embedded Fano 3-folds with canonical Gorenstein singu-
larities which are not intersections of quadrics. We also study rationality questions
for most of these varieties.

§1. Introduction

Consider a Fano threefold X with canonical Gorenstein singularities! (see [45],
[112], [85], [39], [40]). Suppose that the anticanonical linear system | — Kx| is base
point free. It is well known that such varieties are divided into three classes.

1) Hyperelliptic varieties (that is, the morphism ¢|_g | is not an embedding).
Then the intersection of two general divisors in | — K x| is a hyperelliptic curve.

2) Trigonal varieties (that is, the morphism ¢|_ g, | is an embedding but its image
is not an intersection of quadrics). Then the intersection of two general divisors
in | — Kx| is a trigonal curve or the canonical image of a smooth plane quintic.

3) Varieties whose image under the embedding ¢|_g,| is an intersection of
quadrics.

We study varieties of the first two types. Theorems 1.5 and 1.6 give complete
classifications of hyperelliptic and trigonal varieties respectively. Proposition 1.10
establishes rationality or non-rationality for most of these varieties.

In the introduction we survey the modern state of the classification problem for
Fano threefolds with canonical Gorenstein singularities, including the main results
of this paper (Theorems 1.5 and 1.6 and Proposition 1.10). The second section
contains various known results that are used in the proofs. In §§3 and 4 we prove
Theorems 1.5 and 1.6 respectively. In § 5 we study rationality questions for elliptic
and trigonal Fano threefolds.

The biregular classification of 3-folds whose curve sections are canonical curves
was considered by Fano [72]-[75]. In the smooth case, hyperplane sections of such
3-folds must be K3 surfaces by the adjunction formula. Hence a natural gener-
alization of the problem studied by Fano is the biregular classification of 3-folds
containing an ample effective Cartier divisor which is a K3 surface with at most

IThe canonical Gorenstein singularities are exactly the rational Gorenstein singularities
(see [70]).
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Du Val singularities. It turns out that, except for generalized cones (ordinary cones
in the very ample case) over K3 surfaces, all 3-folds of this class are Fano 3-folds
with canonical Gorenstein singularities (see [45], [112], [85], [39], [40]).

A complete classification of smooth Fano 3-folds was obtained in [46], [12], [13],
[104], [108], [107], [105], where 105 families were found (see [88]). Moreover, every
Fano 3-fold with terminal Gorenstein singularities is a deformation of a smooth one
(see [109]). However, there are Fano 3-folds with canonical Gorenstein singularities
that cannot be deformed into smooth Fano 3-folds. For example, the weighted
projective spaces P(1%,3) and P(12, 4, 6) are Fano 3-folds with canonical Gorenstein
singularities (see [68], [76]) but cannot be globally deformed into smooth varieties.

The classification of Fano 3-folds with canonical Gorenstein singularities is as
yet far from complete (see [107]). However, four important steps have already
been taken. The first is the following result, proved in [45] and [112] (see also [48]
and [49]).

Theorem 1.1. Let X be a Fano 3-fold with canonical Gorenstein singularities. In
particular, the anticanonical divisor —Kx is an ample Cartier divisor. Let S be a
sufficiently general surface in the complete linear system | — Kx|. Then S has at
most Du Val singularities.

The second step is the following result of [107]. It is a natural generalization of
the classification of smooth Fano 3-folds with Picard group Z, which was obtained
in [12] and [13].

Theorem 1.2. Let X be a Fano 3-fold with canonical Gorenstein singularities.
Suppose that the linear system | — Kx| has no movable decomposition, that is, the
anticanonical divisor —Kx is not rationally equivalent to A + B where A, B are
Weil divisors whose complete linear systems |A|, | B| have positive dimension. Then
X is one of the following 3-folds.

1) A hypersurface of degree 6 in P(1%,3), —K% = 2.

2) A complete intersection of a quadric cone and a quartic hypersurface
in P(15,2), —K3 = 4.

3) A quartic hypersurface in P4, —K3% = 4.

4) A complete intersection of a quadric and a cubic in P5, —K% = 6.

5) A complete intersection of three quadrics in PS, —K3% =8.

6) An intersection of the Grassmannian G(1,4) C P? with a linear subspace of
codimension 2 and a quadric, —K% = 10.

7) An intersection of the orthogonal Grassmannian OG(5,10) C P1° with a linear
subspace of codimension 7, —K% = 12.

8) An intersection of the Grassmannian G(2,6) C P* with a linear subspace of
codimension 5, —K% = 14.

9) An intersection of the symplectic Grassmannian LG(3,6) C P'3 with a linear
subspace of codimension 3, —K3% = 16.

10) An intersection of the Go-homogeneous space ¥ C P13 with a linear subspace
of codimension 2 (see [88], Ezample 5.2.2), —K% = 18.

11) A Mukai-Umemura 3-fold Vay C P'3 (see, for ezample, [108], [80], [88]),
~K% =22,

The third step is the following boundedness result of [110].
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Theorem 1.3. Let X be a Fano 3-fold with canonical Gorenstein singularities.
In particular, the anticanonical divisor —Kx is an ample Cartier divisor. Then
—K3% < 72, and equality implies that either X = P(13,3) or X 2 P(1%,4,6).

The fourth step is the following result proved in [84].

Theorem 1.4. Let X be a Fano 3-fold with canonical Gorenstein singularities.
Suppose that the base locus of | — Kx| is non-empty. Then X is one of the following
3-folds.

(By) A complete intersection of a quadric cone and a sextic in P(1%,2,3),
~K3 =2.

(By) The blow-up of a sextic in P(13,2,3) along a curve of arithmetic genus 1,
~K3 =4.

(B3) Sy xPL, where Sy is a del Pezzo surface of degree 1 with Du Val singularities,
~K3 =6.

(BT*) The anticanonical model of the blow-up of Uy, along a curve Ty, where Uy,
is a double covering m: Uy, — Proj(Op1(m) @ Opi(m — 4) & Op1) = F(m, m — 4,0)
such that —Ky, = m*M and Uy, has at worst canonical singularities, and I'g is
a smooth rational complete intersection contained in the smooth part of U,, such
that w(Lo) is a complete intersection of a general divisor in |M| and the (unique)
divisor in the linear system |M —mF|. Here M is the class of the tautological sheaf
on F(m,m — 4,0), and F is the class of a fibre of the natural projection to P. We
also have 3 < m <12 and —K% = 2m — 2.

The purpose of this paper is to prove the following two results.

Theorem 1.5. Let X be a Fano 3-fold with canonical Gorenstein singularities.
Suppose that the linear system | — K x| has no base points but the induced morphism
V|—Kx| 18 not an embedding. Then X is one of the following 47 Fano 3-folds.

1) (H1) A hypersurface of degree 6 in P(13,2,3), —K% =8.

2) (Ha) A hypersurface of degree 6 in P(1*,3), —K% = 2.

3) (H3) A complete intersection of a quadric cone and a quartic in P(15,2),
~K3 =4.

4) An anticanonical model of a “weak Fano 3-fold” V with canonical Gorenstein
singularities (that is, —Ky 1is a numerically effective and big Cartier divisor and
O|—rky|(V) =X forr>>0) such that V' is a double covering of the rational scroll

F(dy, d2, ds) = Proj( @le Op1(d;)) branched over a divisor rationally equivalent to
4M—|—2(2—Zf:1 di)L, where M is the class of the tautological sheaf on F(dy,ds, d3)

and L is the class of a fibre of the natural projection of F(dy,ds,d3) to PL. Here
the following cases are possible:

) dlzl, d2=1, d3=1, —K;’(:G

i

d1=2, d2=1, d3=0, —K;’(:G

i

d1=2, d2=1, d3=1, —K§(=8

i

)
)
) d1=2, d2=2, d3=0, —K§(=8
)
)

i

d1=2, d2=2, d3=1, —K}”(:lO

i

d1=2, d2=2, d3=2, —K;’(ZIQ;

0) d1=3, do=0, d3=0, —K% = 6;
) di=3, dy=1, d3=0, —~K% =8;
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( ) dl = 3, d2 = 1, dg = 1, —K;’( = 10;
( ) dl = 3, d2 = 2, dg = 0, —K;’( = 10;
( ) dl = 3, d2 = 2, dg = 1, —K;’( = 12;
( ) dl - 3, d2 = 3, dg = 0, —K;’( = 12;
( ) dl = 3, d2 = 3, dg = 1, —K;’( = 14;
( ) dl = 4, d2 = 0, dg = 0, —K;’( = 8;

( ) dl = 4, d2 = 1, dg = 0, —K;’( = 10;
( ) dl = 4, d2 = 2, dg = 0, —K;’( = 12;
( ) dl = 4, d2 = 2, dg = 1, —K;’( = 14;
( ) dl = 4, d2 = 3, dg = 0, —K;’( = 14;
( ) dl = 4, d2 = 3, dg = 1, —K;’( = 16;
( ) dl = 4, d2 = 4, dg = 0, —K;’( = 16;
( ) dl - 5, d2 = 1, dg = 0, —K;’( = 12;
( ) dl - 5, d2 = 2, dg = 0, —K;’( = 14;
( ) dl = 5, d2 = 3, dg = 0, —K;’( = 16;
( ) dl = 5, d2 = 3, dg = 1, —K;’( = 18;
( ) dl = 5, d2 = 4, dg = 0, —K;’( = 18;
( ) dl = 5, d2 = 4, dg = 1, —K;’( = 20;
(Hgo) dl = 6, d2 = 2, dg = 0, —K;’( = 16;
( ) dl - 6, d2 = 3, dg = 0, —K;’( = 18;
( ) dl = 6, d2 = 4, dg = 0, —K;’( = 20;
( ) dl = 6, d2 = 4, dg = 1, —K;’( = 22;
( ) dl = 6, d2 = 5, dg = 0, —K;’( = 22;
( ) dl - 7, d2 = 3, dg = 0, —K;’( = 20;
( ) dl - 7, d2 = 4, dg = 0, —K;’( = 22;
( ) dl = 7, d2 = 5, dg = 0, —K;’( = 24;
( ) dl = 7, d2 = 5, dg = 1, —K;’( = 26;
( ) dl = 8, d2 = 4, dg = 0, —K;’( = 24;
( ) dl - 8, d2 = 5, dg = 0, —K;’( = 26;
( ) dl - 8, d2 = 6, dg = 0, —K;’( = 28;
( ) dl - 9, d2 = 5, dg = 0, —K;’( = 28;
( ) dl = 9, d2 = 6, dg = 0, —K;’( = 30,
( ) dl = 10, d2 = 6, dg = 0, —K;’( = 32;
( ) dl = 10, d2 = 7, dg = 0, —K;’( = 34;
( ) dl = 11, d2 = 7, dg = 0, —K;’( = 36,
(Hy7) d1 =12, dy =8, d3 =0, —K% =40.

Theorem 1.6. Let X be a Fano 3-fold with canonical Gorenstein singularities
such that the linear system | — Kx| has no base points and the induced morphism

V|—Kx|: X — P" is an embedding, where n = —% + 2. Suppose that the anti-
canonical image @|_i|(X) C P" is not an intersection of quadrics. Then X is
one of the following 69 Fano 3-folds.

1) (T1) A hypersurface of degree 4 in P*, —K% = 4.

2) (Ty) A complete intersection of a quadric and a cubic in P5, —K% = 6.

3) (T5) An anticanonical image of a “weak Fano 3-fold” Y with canonical Goren-
stein singularities (that is, —Ky 1is a numerically effective and big Cartier divisor
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and @|_g,|(Y) = X), where Y is a divisor in the rational scroll Proj(Op2(2) @
Op2 @ Opz) and Y is rationally equivalent to the divisor 2T + F. Here T is the
class of the tautological sheaf on Proj(Opz(2) ® Opz ® Op2) and F is the pullback
of Op2(1) under the natural projection to P?, —K% = 10.

4) An anticanonical image of a “weak Fano 3-fold” V with canonical Gorenstein
singularities (that is, —Ky 1is a numerically effective and big Cartier divisor and
01—k | (V) = X) such that V is a divisor in F(dy, d2, d3, ds) = Proj(@le Op1(dy))
rationally equivalent to the divisor 3M + (2 —Zle d;)L, where M is the class of the
tautological sheaf on F(dy,ds,ds,ds) and L is the class of a fibre of the projection
Of F(dl, d2, dg, d4) to ]P)l.

(Ty) dvy =1, dy =1,
(T5) di =1, do=1,
(Ts) d1 =2, do=1,
(T7) d1 =2, do =1,
(Ts) d1 =2, do=1,
(Ty) d1 =2, do =2,
(T10) dl = 2, d2 = 2,
(Tll) dl = 2, d2 = 2,
(Tlg) dl = 2, d2 = 2,
(Tlg) dl = 2, d2 = 2,
(T14) dl = 2, d2 = 2,
(Tv7) d1 =3, dy =2,
(TQl) di = 3, dy = 2,
(Tye) d1 =3, dy =3,
(Ths) d1 =3, dy =3,
(Tog) d1 =3, dy =3,
(T25) dl = 4, d2 = 1,
(TQﬁ) dl = 4, d2 = 2,
(To7) di =4, dy =2,
(ng) dl = 4, d2 = 2,
(ng) dl = 4, d2 = 2,
(T30) di =4, dy =3,
(T51) di =4, dy =3,
(Ts52) di =4, dy =3,
(T33) di =4, dy =3,
(Ts54) dy =4, dy =3,
(T35) di =4, dy =4,
(T57) d1 =5, doy =2,
(T58) di =5, dy =3,
(T59) di =5, dy =3,

dy =1,
ds =1,
ds =0,
ds =1,
ds =1,
ds =0,
dy =1,
ds =1,
ds = 2,
ds = 2,
ds = 2,
ds =0,
ds =1,
ds =0,
ds =1,
ds =1,
ds = 2,
ds = 2,
ds =1,
ds = 2,
ds = 2,
ds =0,
ds =0,
ds =1,
ds =1,
ds = 2,
ds =1,
ds = 2,
ds = 2,
ds =3,
ds =3,
ds = 2,
ds =0,
ds =1,
ds =1,
ds = 2,

d4:07
d4:17
d4:07
d4:07
d4:17
d4:07
d4:07
d4:17
d4:07
d4:17
d4:27
d4:07
d4:07
d4:07
d4:07
d4:17
d4:07
d4:17
d4:07
d4:07
d4:17
d4:07
ds =0,
ds =0,
dy =1,
ds =0,
ds =0,
d4:07
d4:17
d4:07
d4:17
d4:07
d4:07
d4:07
d4:07
d4:07

Here the following cases are possible:

~Kx =8

—K3% =10;
~Kx =8

~K3% =10;
K% =12
~K% =10;
K% =12
K% =14
K% =14
~K% = 16;
K% =18;
~-K% = 10;
K% =12
K% =12
K =14
~K% = 16;
~K% = 16;
K% =18;
~K% = 16;
K% =18;
~K% = 20;
K% =12
K% =14
—K3% = 16;
—K3% =18;
—K3% =18;
—K3% =18;
—K3% = 20;
K% =22,
K% =22,
K% =24
K% =22,
—K3% = 16;
—K3% =18;
—K3% = 20;

~K% =22;
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T4 ) dl = 5, d2 = 3, dg = 2, d4 = 1, —K;’( = 24;
T4 ) dl = 5, d2 = 3, dg = 3, d4 = 0, —K;’( = 24;
T4 ) dl = 5, d2 = 4, dg = 2, d4 = 0, —K;’( = 24;
T4 ) dl = 5, d2 = 4, dg = 3, d4 = 0, —K;’( = 26;
T4 ) dl = 5, d2 = 4, dg = 3, d4 = 1, —K;’( = 28;
T4 ) dl = 6, d2 = 2, dg = 0, d4 = 0, —K;’( = 18;
T4 ) dl = 6, d2 = 3, dg = 1, d4 = 0, —K;’( = 22;
T4 ) dl = 6, d2 = 3, dg = 2, d4 = 0, —K;’( = 24;
T4 ) dl = 6, d2 = 4, dg = 2, d4 = 0, —K;’( = 26;
T4 ) dl = 6, d2 = 4, dg = 3, d4 = 0, —K;’( = 28;
T5 ) dl = 6, d2 = 4, dg = 3, d4 = 1, —K;’( = 30,
T5 ) dl = 6, d2 = 4, dg = 4, d4 = 0, —K;’( = 30,
T5 ) dl = 6, d2 = 5, dg = 3, d4 = 0, —K;’( = 30,
T5 ) dl = 7, d2 = 3, dg = 1, d4 = 0, —K;’( = 24;
T54) dl = 7, d2 = 4, dg = 2, d4 = 0, —K;’( = 28;
T5 ) dl = 7, d2 = 4, dg = 3, d4 = 0, —K;’( = 30,
T5 ) dl = 7, d2 = 5, dg = 3, d4 = 0, —K;’( = 32;
T5 ) dl = 7, d2 = 5, dg = 4, d4 = 0, —K;’( = 34;
T5 ) dl = 7, d2 = 5, dg = 4, d4 = 1, —K;’( = 36,
T5 ) dl = 8, d2 = 4, dg = 2, d4 = 0, —K;’( = 30,
T6 ) dl = 8, d2 = 5, dg = 3, d4 = 0, —K;’( = 34;
T6 ) dl = 8, d2 = 5, dg = 4, d4 = 0, —K;’( = 36,
T6 ) dl = 8, d2 = 6, dg = 4, d4 = 0, —K;’( = 38,
T6 ) dl = 9, d2 = 5, dg = 3, d4 = 0, —K;’( = 36,
T6 ) dl = 9, d2 = 6, dg = 4, d4 = 0, —K;’( = 40;
T6 ) dl = 9, d2 = 6, dg = 5, d4 = 0, —K;’( = 42;
T6 ) dl = 10, d2 = 6, dg = 4, d4 = 0, —K;’( = 42;
T6 ) dl = 10, d2 = 7, dg = 5, d4 = 0, —K;’( = 46;
T6 ) dl = 11, d2 = 7, dg = 5, d4 = 0, —K;’( = 48;
Teo) dy =12, dy =8, ds =6, dy =0, —K% = 54.

In the smooth case Theorems 1.4-1.6 were proved by Iskovskikh (see [15], [17]).

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

Remark 1.7. For any Fano 3-fold X with canonical Gorenstein singularities, there
is a birational morphism f: V — X (called the terminal modification of X) such
that Ky ~ f*(Ky) and V has terminal Gorenstein singularities. The existence
of f follows from the Minimal Model Programme and the contraction theorem
(see [93]). On the other hand, if V' is any “weak Fano 3-fold” (that is, a variety
whose anticanonical class —Ky is numerically effective and big) with canonical
Gorenstein singularities, then the contraction theorem implies that there is a bira-
tional morphism f: V — X such that X is a Fano 3-fold with canonical Gorenstein
singularities.

In what follows we use the symbols By, and Bj*, H;, and T} to denote the Fano
3-folds described in Theorems 1.4, 1.5, and 1.6 respectively.

Remark 1.8. The 3-fold H; is a double covering of a cone over the Veronese sur-
face, and Hy is a double covering of P? ramified in a sextic surface (which may be
singular). The 3-fold Hj is a double covering of a quadric 3-fold (possibly singular),
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and H, is a double covering of P! x P? branched over a divisor of bidegree (2,4). The
3-fold Hg is the blow-up of a hypersurface of degree 4 in P(14,2) (or, equivalently,
the blow-up of a double covering of P? branched over a quartic surface) along the
intersection of two different divisors in the half-anticanonical linear system. The
3-fold Hy is isomorphic to the product P! x S5, where Sy is a del Pezzo surface of
degree 2 with at worst Du Val singularities. The 3-fold Hig is a hypersurface
of degree 10 in P(12,32%,5), H;y is a hypersurface of degree 12 in P(12,42% 6), and
T is a hypersurface of degree 5 in P(13,22). The 3-fold Tj is a divisor of bidegree
(1,3) in P! x P3. The 3-fold T is obtained by blowing up a plane cubic curve on
a cubic 3-fold in P%. The 3-fold T4 is the product P! x S, where S5 is a cubic
surface in P2 with at worst Du Val singularities.

Remark 1.9. The 3-folds Hl, HQ, Hg, H4, Hﬁ, Hg, Tl, TQ, T5, Tg and T14 are the
only 3-folds among the H; and Tj that can be chosen to be smooth (see [15], [88]).

The 3-folds H; and T are rationally connected (see [95]). Moreover, most of
the H; and T; must be rational, although some of them are definitely not. For exam-
ple, it is well known that sufficiently general 3-folds Hi, Hs, Hs, Hy, Hg, 11, T5,
Ty are non-rational (see [22], [62], [54], [37], [16], [52], [98]). Their non-rationality
can also be proved in the smooth case and some singular cases (see [31]-[34], [28],
[29], [111], [5], [82], [63], [64], [6], [102], [7], [59]). However, all of these cases include
examples of rational singular 3-folds H; and Tj, even when the singularities are
isolated ordinary double points (see [90]). The 3-folds Hg, T5 and T4 are always
rational by Remark 1.8. In this paper we prove the following result.

Proposition 1.10. The 3-folds H; and T; are rational for i € {8,9,22,26,
27,28,29,31,...,47} and j € {5,10,11,12,13,14,17,...,69}. On the other hand,
sufficiently general 3-folds H; and T; are non-rational for i < 7 and j €
{1,2,3,4,6,7,8,9}.

There are birational relations between some of the 3-folds H;, Tj, By and Bj".
The simplest example is a projection from a cDV-point: the anticanonical model of
the blow-up of a cDV-point on any of the 3-folds H; or T} of anticanonical degree
d > 4 must be one of the 3-folds H;, T}, By, or Bj* of anticanonical degree d —2. For
example, Bj is birationally isomorphic to Hy7, Hj is birationally isomorphic to H;
with a ¢cDV-point (see [5], Lemma 3.4), and the 3-folds T; and 7% having a ¢cDV-
point are birationally isomorphic to the singular 3-folds Hy and T3 respectively.
Moreover, there are many non-obvious birational transformations of the 3-folds H;
and Tj.

Example 1.11. In the notation of Theorem 1.6, let X be a sufficiently general
3-fold T7, and let V' be the corresponding weak Fano 3-fold V' C F(2,1,1,0). Then
V is smooth (see the proof of Theorem 1.6) and — Ky has trivial intersection with
only one rational curve Yy C F(2,1,1,0) (see Corollary 2.20). It follows that the
birational morphism ¢|_g|: V — X contracts the curve Y} to an ordinary double
point of X. Let f: V --» Vbea flop in the curve Y. Then one can find a birational
morphism g: V — Y such that there is a double covering : Y — P3 branched over
a smooth hypersurface of degree 4, that is, Y is a double space of index 2 (see [60],
[61]). Moreover, the birational morphism g is a blow-up of a smooth rational curve
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C CY with —Ky -C = 2. All these constructions of birational maps are easily seen
to be reversible. More precisely, let 7: Y — P3 be any double covering branched
over a smooth quartic surface, and let C C Y be any non-singular rational curve
with —Ky - C' = 2. Then one can always construct the corresponding Fano 3-fold
T7 (see [56], §4.4.1).

There are only two Fano 3-folds with canonical Gorenstein singularities whose
anticanonical divisor is divisible (in the Picard group) by an integer greater than 2.
These are P? and a quartic 3-fold @ C P*. Fano 3-folds with canonical Gorenstein
singularities whose anticanonical divisor is divisible by 2 are called del Pezzo 3-folds
(see [88], Theorem 3.3.1). It is easy to prove explicitly that H; is the only del Pezzo
3-fold among the 3-folds H; and T;. This is also confirmed by the classification of
del Pezzo 3-folds (see [78], [79], [567], [117]).

Remark 1.12. The 3-folds H; and 7T} are naturally birationally isomorphic to
del Pezzo fibrations of degrees 2 and 3 respectively, except for the following cases:
H,, Hs, H3, T, T5 and T5. On the other hand, sufficiently general 3-folds Hy, Ho,
Hs, T1 and T3 are not birationally isomorphic to any del Pezzo fibration of degree
2 or 3 (see [22], [16], [29], [63], [6], [7])-

Remark 1.13. It is well known that 3-folds with a pencil of del Pezzo surfaces of
degree 2 or 3 are unirational (see [23]-[25]). Therefore the 3-folds H; and Tj are
unirational for ¢ > 4 and j > 4. The 3-fold Hj is also known to be unirational
(see [115], [16]). The proof of Proposition 5.5 below implies that the 3-fold T3
is unirational since it is birationally equivalent to a conic bundle with a rational
multisection. The 3-fold T3 is also unirational (see [71], [115], [36], [16]). How-
ever, it is still unknown whether a general quartic 3-fold 77 is unirational or not,
despite several examples of smooth unirational quartic 3-folds (see [118], [22], [16],
[100]). Unfortunately, nothing is known about the unirationality of general 3-folds
H; and H,. It is expected that general 3-folds Hy are not unirational (see [97],
Conjecture 4.1.6).

The authors are very grateful to M. M. Grinenko, V. A. Iskovskikh, N. F. Zak,
A. Corti, S. A. Kudryavtsev, V. S. Kulikov, J. Park, Yu. G. Prokhorov, A. V. Pukh-
likov, D. A. Stepanov and V. V. Shokurov for fruitful conversations.

§ 2. Preliminaries

In what follows all varieties are assumed to be projective, normal, and defined
over C.

Proposition 2.1 ([96], Proposition 3.1.6). Suppose that p: V. — X is a finite
morphism, Dx is an effective Q-divisor on X, and Dy = p*(Dx) — Ky x, that is,
Ky + Dy = p*(Kx +Dx). The singularities of the log pair (V, Dy) are Kawamata
log terminal (see [93], [96]) if and only if the singularities of the log pair (X, Dx)
are Kawamata log terminal.

We note that Kawamata log terminal singularities are canonical if the canonical
divisor is a Cartier divisor. Hence Proposition 2.1 yields the following result.



Hyperelliptic and trigonal Fano threefolds 373

Corollary 2.2. Let X be a smooth variety, and p: V — X a double covering
branched over a reduced effective divisor D C X. The singularities of V are canon-
ical if and only if the singularities of the log pair (X, %D) are Kawamata log ter-
minal.

Theorem 2.3 ([96], Theorem 4.5.1). Let X be a smooth variety, H a linear system
on X whose base locus has codimension at least 2, and D a sufficiently general
divisor in H. Suppose that for every point x € X there is a divisor H € H such
that the singularities of (X, H) are canonical in the neighbourhood of x. Then the
singularities of the log pair (X, D) are canonical.

The next result is Theorem 7.9 of [96], which was proved in [119].

Theorem 2.4. Let X be a normal variety such that wx is locally free, and let
S C X be an effective Cartier divisor on X. Then S has canonical singularities if
and only if the singularities of the log pair (X, S) are canonical.

Theorems 2.3 and 2.4 yield the following result.

Corollary 2.5. Let X be a smooth variety, H a linear system on X whose base
locus has codimension at least 2, and D a sufficiently general divisor in H. Suppose
that for every point x € X there is a divisor H € H whose singularities are canonical
in a neighbourhood of x. Then D has canonical singularities.

The following result is implied by Theorem 4.8 of [96].

Theorem 2.6. Let X be a smooth variety, H a linear system on X, D a suffi-
ciently general divisor in H, and A € QN [0, 1). Suppose that for every point x € X
there is H € H such that the log pair (X, \H) has Kawamata log terminal singular-
ities in the neighbourhood of x. Then the singularities of (X, AD) are Kawamata
log terminal.

Corollary 2.2 and Theorem 2.6 imply the following result.

Corollary 2.7. Let X be a smooth variety, H a linear system on X, and D a
sufficiently general divisor in H. Suppose that for every point O € X there is an
effective reduced divisor H € H such that there is a double covering 3:Y — X
branched over H C X with Y having canonical singularities in the neighbourhood
of B~H(O). Let p: V — X be the double covering branched over D C X. Then V
has canonical singularities.

Remark 2.8. It is also easy to deduce Corollary 2.7 from Corollary 2.5. Indeed,
in the notation of Corollary 2.7, let B C X be a divisor with D ~ 2B. We put
U = Proj(Ox ® Ox(B)). Let M be the tautological line bundle on U, and let
f: U — X be the natural projection. Then Y may be regarded as a divisor on U in
the linear system |2M | such that 8 = f|y. We may assume that H = |H| without
loss of generality. Hence we can identify V' with a sufficiently general divisor in the
linear system |2M|. The base locus of |[2M]| is contained in Y N f~1(H) because
28+ f~Y(H) ~2M and SNY = &, where S ~ M — f*(B) is a negative section
of f: U — X. Therefore the base locus of |2M| has codimension at least 2, and the
singularities of V' € |2M| are canonical by Corollary 2.5.
We recall the following classical result (see [53], [1], [114]).
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Theorem 2.9. Suppose that X is a normal algebraic surface and O € X is an
isolated singular point such that the singularities of X are canonical in the neigh-
bourhood of O, that is, O is a Du Val singular point on X. Then O € X is a
hypersurface quasi-homogeneous singularity and is locally isomorphic to the singu-
larity (0,0,0) € C* = Spec(Clz, y, 2]) of one of the following types:

(Ap) 22+ 92 +2" =0, wt(z) =n+1, wt(y) =n+1, wt(z) =2, n>1;
D,) 224+ y?2+2""1=0, wt(z) =n—1, wt(y) =n—2, wt(z) =2, n>4;
6) 22 +12 +24 =0, wt(z) =6, wt(y) =4, wt(z) = 3;

7) 22+ y® +yzd =0, wt(z) =9, wt(y) =6, wt(z) = 4;
Eg) z2+y3 +2° =0, wt(z) =15, wt(y) =10, wt(z) = 6.

The following result is proved in §12.3, §12.6 and §13.1 of [1].

Theorem 2.10. Let X C C? = Spec(C[z,y, z]) be a hypersurface f(x,y,z) = 0
such that the origin O € C3 is an isolated singular point of X. Write

f(xayaz) = fd(x,y,z) +fd+1($7yaz) +.o,

where fi(x,y,z) is a quasi-homogeneous polynomial of quasi-homogeneous degree
i > 2 with respect to positive integer weights wt(x) = a, wt(y) = b, wt(z) = c.
Suppose that the origin O € C3 is an isolated singular point of the hypersurface
fa(z,y,2) =0, where 2a < d, 2b<d, 2c<danda+b+c>d.

1) If (a,b,¢) = (n+ 1,n+1,2), then O € X is a singularity of type A,,.
2) If (a,b,¢) = (n—1,n —2,2), then O € X is a singularity of type Dy,.
3) If (a,b,c) = (6,4, 3), then O € X is a singularity of type Eg.
4) If (a,b,¢) = (9,6,4), then O € X is a singularity of type Er.

5) If (a,b,c) = (15,10, 6), then O € X is a singularity of type Es.
The following result is due to Enriques (see [77], [15], [69], [17]).

Theorem 2.11. Let X C P" be a variety of degree n — dim(X) + 1 such that X is
not contained in any hyperplane. Then X is one of the following varieties:

1) a projective space P™;

2) a quadric hypersurface in P™;

3) the image of a rational scroll F(dy,...,dg) = Proj(@le Op1(d;)) under the
map given by the tautological line bundle, where 0 £ dy > -+ > dp >0 andn+1 =
iy (di+1);

4) a Veronese surface in P5 when n = 5;

5) a cone in P over a Veronese surface in P°.

It is easy to see that the varieties in Theorem 2.11 have the smallest possible
degree among all varieties of the same dimension in P™.

Using the Kawamata—Viehweg vanishing theorem (see [91], [120]) and elementary
properties of linear systems on K3 surfaces (see [116]), we get the following well-
known result (see [15], [17], [88]).

Theorem 2.12. Let X be a Fano 3-fold with canonical Gorenstein singularities
such that the linear system | — Kx| has no base points but the anticanonical divisor
—Kx is not very ample. Then p|_g,|: X — V CP" is a double covering and V C
P™ is a subvariety of minimal degree, that is, deg(V') = n—2, wheren = —%K;’( +2.

The following result is a theorem of Noether-Enriques—Petri (see [44], [81]).
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Theorem 2.13. Let C C P91 be a canonically embedded smooth irreducible curve
whose genus g(C) is at least 3. Then the following assertions hold.

1) The curve C C P91 is projectively normal.

2) If g(C) = 3, then C is a plane quartic curve.

3) If g(C) > 4, then the graded ideal Ic of the curve C C P9~ is generated by
the components of degree 2 and 3, that is, the curve C C P9~ is cut out by quadrics
and cubics in P9~1 in the scheme-theoretic sense.

4) If g(C) > 4, then the graded ideal Ic of the curve C C P9~1 is generated by
the component of degree 2 except in the following two cases:

the curve C is trigonal, that is, there is a map v: C — P! of degree 3;

the curve C' is isomorphic to a smooth plane quintic (in particular, g(C) = 6).

5) In the trigonal case, quadrics through C in P9~1 cut out either an irreducible
(possibly singular) quadric surface when g(C) = 4, or a smooth irreducible surface
of degree g — 2 which is the image of Proj(Op1(d1) ® Op1(d2)) under the map given
by the tautological line bundle, where dy > do > 0 and g = dy + do + 2.

6) If C is isomorphic to a smooth plane quintic, then quadrics through C in P°
cut out a Veronese surface.

The following result is a corollary of Theorem 2.13 (see [15], [17], [88]).

Theorem 2.14. Let X C P" be an anticanonically embedded Fano 3-fold with
canonical singularities, that is, —Kx ~ Opn(1)|x and n = —%K;’( + 2. Then the
following assertions hold.

1) The 3-fold X is projectively normal in P™.

2) If -K% = 4, then X is a quartic 3-fold in P*.

3) If —K% > 6, then the graded ideal Ix of the 3-fold X C P" is generated by
the components of degree 2 and 3.

4) If K% > 6, then the graded ideal Ix of the 3-fold X C P™ is generated by the
component of degree 2 except in the case when, for a general linear subspace I C P™
of codimension 2, the curve X N1I is either a canonically embedded smooth trigonal
curve or a canonically embedded smooth plane quintic curve and deg(X C P™) = 10.

5) In the trigonal case, quadrics through X in P™ cut out either an irreducible
(possibly singular) quadric 4-fold when —K% = 6, or a 4-fold of degree n — 3 which
is the tmage of a rational scroll Proj(@le Op1 (dl)) under the map given by the
tautological line bundle, where 0 £ dy > --->dy 20 andn+1= Zle(di +1).

6) If X N1I is a canonically embedded plane quintic, then quadrics through X
in P7 cut out a 4-dimensional cone over a Veronese surface.

Proposition 2.15 ([110], Claim 6.9). Let X be a 3-fold with composite Du Val
(cDV) singularities, I' C Sing(X) a smooth curve regarded as a reduced subscheme
of X, and f: V — X the blow-up of I'. Then V has at most cDV-singularities and
Ky ~ f*(Kx), that is, the map f is crepant.

The following result is proved in [47] and is a special case of a conjectured ratio-
nality criterion for standard 3-dimensional conic bundles (see [86], [87], [18], [19]).

Theorem 2.16. Suppose that Y is a smooth 3-fold, Z is either P? or a minimal
rational ruled surface F,., and £:' Y — Z is a conic bundle with Pic(Y/Z) = Z and
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2Kz + A| # &, where A C Z is the degeneration divisor of £: Y — Z. ThenY is
non-rational.

Remark 2.17. In the notation of Theorem 2.16, the hypothesis 2Kz + A| = @
implies that the 3-fold Y is rational except in the case when there is a commutative
diagram

X-————- >Y
xl li
P2-— -~ -7

where o and 3 are birational maps, X is a smooth 3-fold, and x: X — P2 is a
conic bundle with Pic(X/P?) = Z whose degeneration divisor D C P? is a quintic
curve and the double covering : D — D induced by x corresponds to even
6-characteristic (see [18]).

The following result was proved in [101]. It is a particular case of a more gen-
eral result in [95] (see also [94], [98]), which generalizes the standard degeneration
technique (see [21]).

Theorem 2.18. Let £&:' Y — Z be a flat proper morphism with irreducible and
reduced geometric fibres. Then there are countably many closed subsets Z; C Z
such that the fibre £71(s) over a closed point s € Z is ruled if and only if s € |J Z;.

Proposition 2.19 [114]. Let V' be a rational scroll Proj(Zle Op1(d;)) and let
f:V — P! be the natural projection. Then Pic(V) = ZM @ ZL, where M is the
tautological line bundle on V and L is the class of a fibre of f. Let (t1 : t2) be
homogeneous coordinates on the base P!, and let (1 : -+ : x) be homogeneous
coordinates (corresponding to the coordinates on Zle Op1(d;)) on the fibre of f
which is isomorphic to P*~1. Then |aM + bL| is generated by bihomogeneous coor-
dinates
cily,,“l’kx?w? .. .xfj,

where Z?:l ij =a, i;j 20, and ¢y, 4 = Ciy,..in(to : t2) is a homogeneous
polynomial of degree b+ Z?:l ijd;.

Proposition 2.19 implies the following result, which is known as a lemma of Reid.

Corollary 2.20. Let V be a k-dimensional rational scroll Proj(ZfZl Op1(dy))
with dy =2 -+ > dp = 0, and let Y; C V be the “negative rational subscroll”

Proj(@f:j Op1(d;)), which corresponds to the natural projection

k k
@ Opl (dl) — @ Opl (di)

Take an effective divisor D C V' that is rationally equivalent to aM + bL, where M
is the tautological line bundle on V, L is a fibre of the natural projection to P, and
a,b € Z. We have multy, (D) > q for q € N if and only if ad;+b+(d1—d;)(qg—1) < 0.

The following result is implied by the Riemann—Roch theorem (see [15], [17],
[88]), the Kawamata—Viehweg vanishing theorem (see [91], [120]), the rationality of
canonical singularities (see [93], [96]), and the global-to-local spectral sequence.
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Proposition 2.21. Let X be a Fano 3-fold with canonical Gorenstein singularities.

Then

m+ 1)(2m+ 1)
12

R (Ox(—mKx)) = m (-Kx)®+2m +1.
The following two results are well known. Their proof can be found in [8], [23],
[24], [9], [10], [11], [14]. For a modern proof see [103] and [20].

Theorem 2.22. Let W be a smooth minimal geometrically irreducible and geo-
metrically rational surface defined over a perfect field F. This means that no curve
on W can be contracted to a smooth point over F and W is irreducible and ratio-
nal over F. Then either Pic(W) = Z and W is a smooth del Pezzo surface or
Pic(W) X Z®Z and W is a conic bundle m: W — Z.

Theorem 2.23. Let W be a smooth minimal geometrically irreducible and geo-
metrically rational surface defined over a perfect field F. The surface W is rational
over F if and only if W has an F-point and K3, > 5.

Theorem 2.24 [23]. Let W be a smooth geometrically irreducible and geometrically
rational surface defined over a Ci-field F, say, over F = C(x). Then W has an
F-point.

Theorem 2.25 [95]. LetY be a projective variety, and let g: Y — R be a morphism
with a section onto a smooth curve R. Suppose that there is a set {r1,...,rx} C R
of closed points such that each fibre Y; = g—*(r;) is smooth and separably rationally
connected. Then for every set of closed points y; € Y; there is a section C C'Y of
the morphism g passing through each point y;.

§ 3. Proof of Theorem 1.5

Let X be a Fano 3-fold with canonical Gorenstein singularities such that the
linear system | — Kx| has no base points but the induced morphism ¢|_g | is
not an embedding. Then ¢_g,: X — Y C P" is a double covering and
deg(Y C P") =n — 2, where n = —3K% + 2.

Remark 3.1. If —K% = 2, then the 3-fold Y is nothing but P* and ¢|_g,| is a
double covering ramified in a sextic surface (possibly singular). In this case, X
may be regarded as a hypersurface of degree 6 in (1%, 3). The birational geometry
of such varieties X was studied in [54], [37], [16], [27], [111], [82], [42], [59].

Remark 3.2. If —K% =4, then Y is a quadric (possibly singular) in P* and ¢|_ x|
is a double covering branched over a surface cut out on Y by a quartic hypersurface
in P4. In this case, X may be regarded as a complete intersection of a quadric cone
and a quartic in P(1°,2). The birational geometry of such varieties X was studied
in [54], [37], [16], [27], [3], [4]-

Thus we may assume that —K% > 6. Hence Theorem 2.11 implies that either
—K% =8 and Y C PS is a cone over a Veronese surface Fy C P° or Y is the image
of a rational scroll F(ds, da, d3) = Proj( @?:1 Op1(d;)) under the map given by the
tautological line bundle, where 0 # dy > -+ > d3 > 0 and —K% = 2(dy + d2 + d3).
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Lemma 3.3. Suppose that Y is a cone over a Veronese surface Fy with vertex O.
Then X is a hypersurface of degree 6 in P(13,2,3).

Proof. We have Y = P(1%,2). The double covering ¢|_f | is branched over the
vertex O because O is not a Gorenstein point of Y. On the other hand, the equation
—K% = 8 implies that the double covering ¢|_k | is branched over a divisor D C Y
such that D ~ Oy (6). As in the smooth case (see [15]), it follows (see [117]) that
X is a hypersurface of degree 6 in P(13,2, 3).

Hence we may assume that there is a birational morphism f: U — Y for some
U = Proj(@;_, Op1(d;)), and we have f = |us, where M is the tautological line
bundle on U, 0#dy > -+ >ds >0 and —K% = 2(d; + da + d3) > 6.

Lemma 3.4. Suppose that do = ds = 0. Then X is either a hypersurface of degree
10 in P(12,32,5) or a hypersurface of degree 12 in P(12,42,6).

Proof. Take a sufficiently general divisor H € | — Kx|. Then H is a K3 surface
with Du Val singularities and f(H) is a cone in P"~! over a rational normal curve.
Moreover, the restriction map

HO<O)((—K)()) — HO(OH(_KX|H))

is surjective since H'(Ox) = 0. Hence the equations d; = dy = 0 imply that
~ K% <8 by [116].

Thus there are two possible cases: d; = 3 and d; = 4. We have Y = P(12,3%)
in the first case and Y =2 P(12, 4?) in the second. To get the desired result, we now
proceed as in the proof of Lemma 3.3.

Remark 3.5. One can use basic properties of hypersurfaces in weighted projective
spaces (see [76]) to prove the existence of a hypersurface of degree 10 in P(1%,3%,5)
and a hypersurface of degree 12 in P(12,42,6) having only canonical Gorenstein
singularities. However, we shall prove this in a different and more geometric way
together with the proof for other possible cases.

Let V be the normalization of the fibred product X xy U, 7: V — U the double
covering induced by ¢|_gy: X — Y, and h: V — X the birational morphism
induced by f: U — Y.

Lemma 3.6. The 3-fold V has canonical Gorenstein singularities, the anticanon-
ical divisor —Ky is numerically effective and big, and Ky ~ h*(Kx), that is, the
map h is crepant.

Proof. If dy # 0, then the 3-folds X and V are isomorphic in codimension 2, which
easily yields the lemma (compare [92]).

Thus we may assume that do = 0. Then f: U — Y contracts a divisor D C U to
a curve C = P!, and Lemma 3.4 implies that either d; = 3 or d; = 4. In both cases
|-k x| must be ramified in the curve C since Y is non-Gorenstein at a general
point of C.

Let R C U be the ramification divisor of 7: V. — U, M the tautological line
bundle on U, and L a fibre of the natural projection of U to P!. Then the equiva-
lences

—Kx N(pr_KX|<O[pm(1)|y), MNf*(OP"(1)|Y)
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imply that R ~ 4M — 2(dy — 2)L + aD for some a € Z. Moreover, we have a > 0
since the singularities of X are canonical. Suppose that a > 0. Then Corollary 2.20
shows that R = 2D U S, where S is an effective divisor on U, since D ~ M — d; L.
This contradicts the normality of V. Thus a = 0, R ~ 4M — 2(dy — 2)L, and
—Ky ~ f*(M) ~ h*(Kx), which easily yields the desired assertion.

Let D C U be the ramification divisor of 7: V' — U, M the tautological line
bundle on U, and L a fibre of the natural projection of U to P'. Then —Ky ~
7*(M) by construction. Hence,

D ~4M —2(dy + dy + d3 — 2)L.

Let Yo C V and Y3 C V be the subscrolls corresponding to the natural projec-
tions

3 3
@ Op1(d;) — Op1(d2) ® Op1(d3), @Opl (di) = Op1(d3).

Then Y5 2 Proj (O[pl (dz) ® Op1 (dg)) and Y3 P!
Lemma 3.7. We have multy, (D) < 1 and multy, (D) < 3.

Proof. The first inequality follows from the normality of V. Suppose that d =
multy, (D) > 2. Then the local equation of V in the neighbourhood of a generic
point of the curve C' = 7=1(Y3) is

w? = fa(x,y) + far1(z,y) + - C Spec(Clz, y, z,w)),

where © = y = 0 are the local equations of the curve C, and f;(z,y) is a homo-
geneous polynomial of degree . On the other hand, the singularities of V' at the
general point of C' must be locally isomorphic to one of the following types of sin-
gularities: C x A,,, C x D,,, C x Eg, C x E7, C x Eg. Then Theorem 2.9 implies
that d < 3.

Therefore Corollary 2.20 implies that
di —ds—2dy+4>0, do —dy —2d3 +4 > 0.

We also have 0 £ d; > --- > ds > 0 and d; + do + d3s > 3 by assumption. The
resulting inequalities determine 44 different rational scrolls

3
F(dl, d2, dg) = PI‘Oj (@ O[pl (dl)>
i=1

with the ramification divisor
D ~4M —2(dy +de +ds — 2)L,

where M is the tautological line bundle on F(dy,ds,d3) and L is a fibre of the
natural projection to P*.
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Remark 3.8. The 3-fold X is an anticanonical model of the 3-fold V, that is,
X = ¢ _rky,|(V) for r > 0. Thus the contraction theorem (see [93]) implies
that X is a Fano 3-fold with canonical Gorenstein singularities if and only if V'
has canonical Gorenstein singularities and —Ky is numerically effective and big.
On the other hand, V is uniquely determined by the rational scroll F(dy, ds,ds)
and the ramification divisor D € |4M — 2(d; + d2 + d3 — 2)L|. The only trouble
is that the linear system [4M —2(d; + d2 +d3 — 2)L| may contain no divisor D such
that the corresponding double covering V' has canonical singularities.

In the rest of this section we show explicitly that, in each of the cases obtained,
the linear system [4M — 2(d; + d2 + ds — 2)L| contains a divisor D such that V has
canonical singularities. We shall use Corollary 2.7 together with Proposition 2.19.
This verification will complete the proof of Theorem 1.5.

Remark 3.9. The same ideas were actually used in the classification of smooth
hyperelliptic Fano 3-folds (see [15], [17]). In the smooth case, the corresponding
inequalities are much stronger and the calculations much shorter. This method
was also used in [41] to find an effective bound on the degree of hyperelliptic Fano
3-folds with canonical Gorenstein singularities, but there is a gap in the proof of
Lemma 3.2. Namely, the stronger inequality multy, (D) < 2 was used there instead
of the inequality multy, (D) < 3. This gave a wrong bound —K% < 16 instead of
the right one —K?% < 40, which is a posteriori seen to be sharp. Nevertheless, one
can use the estimate —K% < 40 to prove the main result of [41], which is now
obsolete because of [110].

Let us consider one of the possible cases in full detail.

Example 3.10. Let 7: V — F(6,2,0) be a double covering branched over a suf-
ficiently general divisor D C F(6,2,0) such that D ~ 4M — 12L, where M is the
class of the tautological line bundle on F(6,2,0) and L is the class of a fibre of
the projection of F(6,2,0) to P'. We must show that the 3-fold V has canonical
singularities.

By Proposition 2.19, the divisor D is given by the zeros of the bihomogeneous
polynomial

a12(t, t2) 7 + as(ty, t2) T3xa + ag(ts, t2) Thas + au(ts, ta) T1x3

+ i (tl, tQ) III%IIIQIIIg + Oz(l) (tl, tQ) III%III% + ag(tl, tQ) 115111?;,

where aq(t1,t2) (or af(t1,t2)) is an arbitrary form of degree d. We define a surface
E C TF(6,2,0) and a curve C C TF(6,2,0) by the equations z; = 0 and z; =
xo = 0 respectively. The base locus of the linear system [4M — 12L| equals E.
(In particular, D \ E and V \ 7~ !(E) are smooth by Bertini’s theorem.) The
automorphism group of E = F(4,0) acts transitively on E \ C, that is, all points
of E'\ C are mapped to each other by changes of the coordinates t1, t2, z4, 5.
By Lemma 3.7, the divisor D has multiplicity 1 at a general point of E. Hence for
every point of E'\ C there is a divisor D’ whose multiplicity at this point is equal
to 1: it suffices to make an appropriate change of coordinates in the equation of D.
The singularities of a general divisor D on E \ C are canonical by Corollary 2.7,
and it suffices to prove that for every point p of C' there is a divisor D such that



Hyperelliptic and trigonal Fano threefolds 381

the corresponding variety V has a canonical singularity in the neighbourhood of the
point 771(p) € 771(C).

Let Y be a fibre of the projection of F(6,2,0) to P! over a sufficiently general
point P € P!. We put Z = 7= 1(Y). Then Z is a del Pezzo surface of degree 2.
Moreover, the only possible singular point of Z is O = 7=1(C' NY). Let us prove
that O is a Du Val point on Z. This already implies that the singularities of Y are
canonical.

Suppose that the point P € P! has homogeneous coordinates (v : §). Then Z
may be given as a hypersurface

2 4 3 2.2 2 1,22 2. .3
w® = 1277 + ozgx:f’xg + a1 T3 + Q4xTT; + Qx| T2x3 + QpTIT3 + Qur1Ty

in P(1,1,1,2) = Proj(Clz1, z2, 3,w]), where o’y = af(v,d) (respectively, aq =
aq(v,8)). Since Y is general, we have af # 0 (resp. ag # 0) for all d and i.
Therefore we may assume for convenience that o = 1 (resp. ag = 1) for all d
and i.

Let w =2, 1 =y, x2 = z and x3 = 1. Then the local equation of Z in a
neighbourhood of O is given by

Pyt + P ey Hy =0

Let wt(z) = 3, wt(y) = 3 and wt(2) = 1. Then wt(z?+y% +y23) = 6, wt(y?*) = 12,
wt(y32) = 10, wt(y®) =9, wt(y?22) = 8 and wt(y?z) = 7. Moreover, the equation
2% 4+ y? + y2* = 0 determines an isolated point. Hence Theorem 2.10 implies that
the singularity of Z at O is locally isomorphic to a Du Val singularity of type As.
Hence the 3-fold V' has a singularity of type As x C at a general point of the curve
e (G)]

Thanks to the generality in the choice of D, we may actually assume that the
point P € P! is not just a general point but an arbitrary point of P!. In other
words, given any point P € P!, one can find homogeneous polynomials oy such
that aq(P) # 0 and repeat all the above arguments in the neighbourhood of the
corresponding point O = 7~1(C'NY). Hence the singularities of V' are canonical
by Corollary 2.7.

In the rest of the section we consider the other possible cases following the pattern
of Example 3.10. Differences appear only in the numerical characteristics of the
varieties, their equations, types of singularities and so on. They are collected in
Table 1.

Table 1 is organized as follows. The first column contains the labels of the vari-
eties V' in the notation of Theorem 1.5. The second column gives a triple (d1, dz, d3)
such that there is a double covering 7: V' — F(dy, d2,ds) which is branched over
a divisor D. The third column displays the number b such that |D| = |4M + bL)|.
The corresponding linear system appears to be base point free in the cases Hy,
Hg and Hy. Then the divisor D is non-singular by Bertini’s theorem and, there-
fore, V' is non-singular (and we do not need the information in the other columns).
In all other cases, the set Bs|D| of base points is either the curve C' = Y3 given
by z1 = z2 = 0 (and then Bertini’s theorem shows that D and V are smooth
outside C' and 7~ 1(C) respectively, so it suffices to study the singularities of V'
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over C only) or the surface E = Y5 given by 1 = 0 (and then the divisor D
has multiplicity 1 at a general point of E and, since the automorphism group
of E = F(ds,ds) is transitive on E \ C (compare Example 3.10), Corollary 2.7
shows that it again suffices to study the singularities of V over C' only).

The fourth column contains the equations of general divisors D in the linear
system |4M + bL|, and the fifth column yields an equation of the fibre Z of the
projection V' — P! over a general point of P! in the neighbourhood of a general
point of #=1(C) after a change of coordinates w = z, ©1 =y, T =z, w3 =1
(see Example 3.10). The same equation determines V locally if we regard it as an
equation in ¢, x, y, z. The corresponding point appears to be non-singular in the
cases Hs, Hio and Hi7. In the other cases we attribute new weights wt(z) = w,,
wt(y) = wy, wt(z) = w, (listed in the sixth column) to the variables z,y, z and
see that the terms of lowest weight determine an isolated Du Val singularity. We
notice that the weights wt(z), wt(y), wt(z) coincide with the weights of the Du Val
singularity indicated in the seventh column. Hence the singularity of Z in the chosen
neighbourhood is Du Val of this type (by Theorem 2.10), and the singularity of V' is
locally isomorphic to the product of C and the corresponding Du Val singularity. In
any case, V has canonical singularities in this neighbourhood and, by Corollary 2.7,
all singularities of V' are canonical.

TABLE 1
Local equa- Singu-
H; dy,ds,d b Equation of D . Weights .

i | (didayds) duation tion of V '8 larity
H | 1,11 |2 - - - -
Hs | (2,1,0) | -2 | gzt + aszies 2?2+ 3z + o3 - Non-

+alrdes + alelxd |+ yP? +yPz Sml_
ular
talrizors+adriad | +y? +y2t f)oint
+ 02z @3+ odayxdus |+ Y2 +yz
+atrizeritadriay | YT 24+ 28
+adas + ofafey |+ =0
+adr3z? =0
Hs | (2,1,1) |4 - - - -
H; | (2,2,0) | —4 |alzt + a2xdxs 224+ Py(y,2) |we =1 Ay
+ adziel + ajriad |+ Pa(y, 2) Wy =
+ ajzh + aszins + Py, 2) =0 |w= =1
+a22?zons (P; is a homo-
ly-
+adrizizs +ajrizs gene?us POty
L9 2. o , | nomial of
+agrirs+agrirers degree 1)
+adr3z =0
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Hg |(2,2,1) | —6 | adz? + adxdx, 224+ Py(y,2) |we =1 Ay
+ adziad + ozl |+ Pa(y, 2) wy =1
+ adxs + atxdrs + Py(y,z) =0 | W= = 1
+a2ziraxs (P; is a homo-
+adrizizs +afrizs genef)us poly-
+aéx%x§+a%x1x2x§ gzgzlgf
+adrdr3 =0

Hy |(2,2,2) | -8 - - - -

Hip |(3,0,0) | =2 | aorf + ataizs 22+ 3z + o3 - Non-
+ a2adrs + ajaicd |+ P + Pz sin-
+adrlzrz+adeicd | +y? + y2t gu?ar
+alzad+ale leg |+ Y27 +yz point
+adzimax? +y=0
+atrizi =0

Hi | (3,1,0) | —4 | agz} + aszizs 224yt iy we =1 Ay
+aszdes + agrizd |+ Y+ yPR? wy =1
+azrirors+asrizd | + 2z + 92 w, =1
+adzim07s +y2° +y2?
+adrizd+ogziades | T Y2+ 24 =0
+adr3=0

His | (3,1,1) | =6 | asz} + ajzizs 2?2+ 3z + o3 - Non-
+alrirs + alrixd |+ yP? +yPz sin-
+adalroxs+adalal | +y? +y2t gu?ar
+ otz @l ol adus |+ Y2 +yz potnt
+adrizon? +y=0
+ aéxlxg =0

Hiz |(3,2,0) | —6 | agz] + aszizs 2?24+t + 3z |w, =3 Ay
+adatzs + auatad |+t gt |wy =3
+ala?zoxs+abial |+ Pz + P Wz =
+o2r 1z +onaxdes |+ vz 4 y2?
+a3zs+adzizs =0 +24+22=0
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Hiy |(3,2,1) | =8 |aux} + azzizs 224yt iz | w, =2 As
+ajates +odeted |4yt 4yt Wy =2
+ajrirers+ajrizi | + Y’z + P w, =1
+o2r 23+ o2eyxdes |+ y2° + y2?
+adzi =0 +21=0

His |(3,3,0) | =8 |aix] + a2x3zs 22+ P3(y,2) |wy = Dy
+ a3a222 + atziad |+ Pu(y,z) =0 | wy =2
+ ajrs + ajzdzs (P; is a homo- | W= = 2
+a2a2zaxs geneous poly-
+adeiades nomial .Of

degree 1)

+atzdrs =0

His | (3,3,1) | =10 | adxt + adadzs 22+ P3(y,2) |wy,=3 Dy
+ ada?zd + adwyad |+ Pa(y,z) =0 | wy =2
+ a3rh + ajadzs (P; is a homo- | W= = 2
+ada?zazs geneous poly-
s |
+aga3zs =0

Hiz | (4,0,0) | —4 | aperf + alziz, 224z + 98 - Non-
+ adrizs + ajrixd | +yPe? +yPz sin-
+adezors+adziad | +y° +y2t gu?ar
+odri a3+ 0deyxdas | T Y2 +yz potnt
+adrizon? +y=0
+agzizi =0

Hig | (4,1,0) | =6 | ajorf + agzizs % + o we=2| A
+ agrizs + agrizy |+ yiz+ P Wy =
+azrlroms +y222 g2y |We=1
+ ardr? + iy |+ Y7+ oyt
+ apr1z3z3 =0 +yz2 =0

Hig | (4,2,0) | =8 |agz} + agrizs Z?4+yt+yiz | w, = As
+ agrdes + agrizd | +yd + yPR? wy = 2
+aorirors +agrizd |+ ¥Pz + 7 w, =1
+aor1Ts +prries | + y2® + yz?
+apzi=0 +24=0
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Hoyy | (4,2,1) | =10 | agx} + aurizs 22yt + 3z (we =3 As
+ azxdrs + agzixi |+ Y3+ 222 wy =3
+arrirozs+ajrizs | + v’z + y2? w, =1
+adxizi =0 +y°=0

Hyy | (4,3,0) | =10 | agx} + aszizs 2 +yt+yz w,=3| Dy
+ agxird + azTiad |+ yP2? 4y | wy =2
+ adxs + adxizs + 2By | We =2
+arzimazs +yz2 =0
+ aoxlxgxg =0

Hay | (4,3,1) | =12 | ayx + adzizs 2?2+yt+ydz |w,=4| Ds
+ atzdrs + axxizd |+ Y3+ 222 wy =3
tadrlzorz+adzmad |+ Pz + 2 | Ve 2
+adzi =0 +24=0

Hoz | (4,4,0) | =12 | aix] + o2x3zs 22+ P3(y,2) |wy=3 Dy
+adeixd + ajrixd |+ Pa(y,2) =0 | Wy =
+ ajrs + ajxizs (P; is a homo- | W=
+a2a22y7s gene?us poly-
+ bzl nomial .Of

degree 1)

+agadzs =0

Hsy | (5,1,0) | —8 |12 + agzizs 224yt Pz |we, =3 As
+ arzizs + agrizd | +yP 4+ y?R2 wy =3
+asxlroxs+agried |+ Y2z +yd | W 1
+ apzizd =0 +y°=0

Hos | (5,2,0) | =10 | aorf + azzizs 224yt 32 | w, =3 As
+ asrirs + agrizd |+ Y3+ y22? wy =3
tajedrors ozl | +yPz +yzd | We 1
+adzizd =0 +y°=0

Has | (5,3,0) | =12 | agzt + agrizs 224yt Pz |w, =4 Ds
+ azrirs + agrizd |+ Y3+ y22? wy =3
+olaleoxs+adeiad |+ Y2z +yd | W 2
+apzi=0 +24=0
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Hyr | (5,3,1) | —14 | agx] + auzizs z? 4 o Wy =5 Dg
+ ajrizs + adalzd | +yPz+ P wy =4
+agrizers +y2a P | We =2
+adzizy =0 +yz° =0

Hog | (5,4,0) | —14 | agzt + aszdzs 22+t iz |w,=4| Ds
+ ozlx:fxg + oqx%x% + 9% + 222 wy =3
+agrirozs +azrirs | + vz + yz? w; =2
+az3=0 +2=0

Hog | (5,4,1) | =16 | asx} + azzizs 224yt +y2 |w, =6 Eg
+abatzs + aatad |+t iyt | wy =4
+onmzd+oded =0 | +y2+2t =0 W =3

H3o | (6,2,0) | =12 | ajez} + agrizs 224yt +y3z |w, =3 Ag
+ agrirs + agzixi |+ Y3 4 222 wy =3
+asrirazs +ajrizd | + Y’z + y? w, =1
+adrizs =0 +yz* =0

Hiz; | (6,3,0) | =14 | ajor} + arzizsy z? 4+ o Wy =5 Dg
+ agrdrs + agzrixi |+ Y3z 4+ 93 wy =4
+aoriTaT3 + 322 + Pz | W 2
+ajzirs =0 +yz* =0

H3o | (6,4,0) | =16 | agx} + agrizs 224yt iz |w, =4 D5
+ asxdrs + agzixi |+ Y3 4 222 wy =3
+ajrizows +yPaat =0 | Ws =2
+adrs =0

Hss | (6,4,1) | =18 | agx} + aurizs 224yt Pz we =9 E,
+ oz(l)x:fxg + ozgx%x% + 3 4+ y222 wy =6
+adz123 =0 +yz* =0 w, =4

Hsy | (6,5,0) | —18 | agx} + aszizs 2 +yt+yiz |w,=6| Eg
+ aprirs + agzixi |+ Y3+ 222 wy =4
+ gz ad 4ozt =0 |ty +2t =0 W2 3

H35 (7,3,0) —16 01211?411 + 018115?,:1?2 1152 + y4 Wy 5 ID)G
+ asrirs + agzixd |+ Y3z + 3 wy =4
+a1r3zaT3 + 222 4Py | We =2
+ apr1z3 =0 +yz* =0




Hyperelliptic and trigonal Fano threefolds

387

TABLE 1 CONTINUED

Hse | (7,4,0) | =18 | aor] + arziz, z? + ot Wy =5 Dy
+ Ozgillzfilig + oqx%x% + ygz + y3 wy =4
+ aprizaws + 922 Py |We =2
+ o723 =0 +yz* =0

Hs7 | (7,5,0) | =20 | agx} + agrizs 224yt + Pz |w, =6 Ee
+ ozlx:fxg + oqx%x% + y3 + y2z2 wy =4
+ oz 23+ prd =0 | +y2® +2t =0| W= 3

Hizs | (7,5,1) | =22 |agr] + auzizs 2 +yt+ydz jw, =9 E;
+ aprirs + agriad |+ Y+ yP2? wy =6
+ agriz3 =0 +yz* =0 Wz =

H3g | (8,4,0) | —20 |aiezi + agzies z? + ot wy =5 Dg
+ajrizs +alxdxd |+ P+ wy =4
+agairas +yPe yte | We =2
+adz123 =0 +yz* =0

Hy | (8,5,0) | —22 | ajorf + arzie, 224yt 4+ lwe, =9 E-,
+ ozgxzfxg + oqx%x% A wy =6
+ayz123 =0 +yz* =0 w, =4

Hy | (8,6,0) | —24 | agx] + agrizs 224yt Pz | w, = Es
+ aprirs + agriazd |+ y + yPR? Wy =
+aem173 + adrd =0 oy 42t =0]| W= =3

Hy | (9,5,0) | —24 | apezt + agzizs 2?2+t + Pz w, = E;
+ azrirs + agrlad |+ Y+ yPe? wy =6
+ apr1zi =0 +yz2 =0 Wy =

Hys | (9,6,0) | —26 | ajor] + arzie, 224yt Pz |we =9 E,
+ alaedes + agrdal |+ yP P | wy =6
+alzzs =0 +yz* =0 w, =4

Hyy | (10,6,0) | —28 | ez + agzies 224yt Pz |we =9 E-,
+ ozgxzfxg + oqx%x% + y3 + y2z2 wy =6
+ apr1zi =0 +yz2 =0 Wy =

Hys | (10,7,0) | =30 | a0z + azzizs 2 +yt+ydr jw,=9| Ef
+ aprirs + agxizd |+ Y3+ 222 wy =6
+ayz123 =0 +yz* =0 w, =4




388 V. V. Przyjalkowski, I. A. Cheltsov, and K. A. Shramov

TABLE 1 CONTINUED

Hye | (11,7,0) | =32 | apxf + agzies 2 +yt+ydz jw,=9| Ef
+ aqades + agrizd |+ yP + YR wy =6
+ apr1z3 =0 +y22=0 w, =4

Hy7 | (12,8,0) | =36 | a2z + agzizs 2 +yt+ydz jw,=9| Ef
+ agrdrs + agxizd |+ y + y?R? wy =6
+ apr1z3 =0 +y22=0 w, =4

Thus Theorem 1.5 is proved.

Remark 3.11. The proof of Theorem 1.5 can also be used to describe the singular-
ities of all 3-folds H;. For example, sufficiently general 3-folds H; are smooth for
i €41,2,3,4,6,9}. A sufficiently general 3-fold Hs has a single isolated ordinary
double point and is not Q-factorial. The singularities of H; are non-isolated for
i € {8,10,12,14,16,17, 18,20, 22,27,29,33,38}. In all other cases, a sufficiently
general 3-fold H; has a single isolated non-cDV singular point.

Remark 3.12. One can simplify the proof of Theorem 1.5 by arguing as follows. If
X is a del Pezzo surface of degree 2 over some field with a non-Du Val singular
point defined over this field, then the ramification divisor of the double covering
X — P? is a union of four lines. This condition can easily be checked in terms of
the numbers d;. However, the authors did not use this approach, having in mind
future applications to rationality questions for the H;: it is sometimes useful to
know the type of singularity or even the explicit local equations of X (see §5).

§4. Proof of Theorem 1.6

Let X be a Fano 3-fold with canonical Gorenstein singularities such that the
linear system | — Kx| has no base points and the induced morphism ¢|_g | is an
embedding, but the anticanonical image ¢|_g,|(X) C P™ is not an intersection of

3
quadrics. (Here n = —KTX +2.)

Remark 4.1. If —K% = 4, then X is a quartic (possibly singular) in P*. The
birational geometry of such 3-folds was studied in [22], [54], [37], [16], [28], [63],
(64], [102], [58].

Remark 4.2. If —K% = 6, then X is a complete intersection (possibly singular)
of a quadric and a cubic in P5. This follows easily from either Theorem 2.14 or
Proposition 2.21. The birational geometry of such 3-folds was studied in [54], [37],
[16], [29], [89], [63].

Thus we may assume that —K% > 8. Hence Theorem 2.14 implies that X is
projectively normal in P” and the quadrics through X in P" cut out a 4-fold Y C P
of degree n — 3. Moreover, if IT C P™ is a general linear subspace of codimension 2,
then the curve X N1I is either a canonically embedded smooth trigonal curve or a
canonically embedded smooth plane quintic curve, and deg(X C P™) = 10. In the
former case, the 4-fold Y is the image of a rational scroll Proj ( @le Op1(d;)) under
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the map given by the tautological line bundle over P!, where 0 Z dy > --->dy > 0
and —K% = 2(dy +ds + d3 + d4) + 2. In the latter case we haven =7 and Y is a
cone over the Veronese surface vz (IP?).

Remark 4.3. The cone over a Veronese surface in P7 is isomorphic to P(13,2,2).
Therefore, if Y is a cone over a Veronese surface, then the 3-fold X is a hypersurface
in P(13,22%) of degree 5 because —K% = 10.

Lemma 4.4. LetY be a cone over a Veronese surface in P7 whose vertez is a line
L C P7. Take a resolution of singularities f: U — Y, where U = Proj(Op:(2) @
Op2 ® Opz). Put T = f*(Opr(1)|y) and let F be the pullback of Opz(1) under the
natural projection of U to P2. Put V. = f~Y(X) Cc U. Then V has canonical
Gorenstein singularities, —Ky is big and numerically effective, and we have
V2l +F onU and X = ¢_rx,|(V) for r > 0. In particular, the birational
morphism f|y:V — X is crepant.

Proof. Theline L is contained in X by Remark 4.3. On the other hand, X is singular
along L C X. Indeed, let O € L be a point, II C P7 a sufficiently general linear
subspace of codimension 2 through O, and C = II N X. Suppose that O is smooth
on X. Then C is a smooth anticanonically embedded plane quintic curve. Hence
quadrics through C in II 22 P5 cut out a smooth Veronese surface by Theorem 2.13.
On the other hand, quadrics through C in II 2 P5 cut out Y NII. However, the
surface Y N II must be singular because Y is singular at O by hypothesis.
Therefore the morphism f|y: V — X is crepant at the general point of the line
L C X by Proposition 2.15. It follows that V' contains no fibres of f and V' ~ 2T+ F
on U. Hence the 3-fold V is normal (see [83], Proposition 8.23). Therefore V has
canonical Gorenstein singularities and — Ky is a crepant pullback of —Kx.

Remark 4.5. Lemma 4.4 does not a priori imply the existence of a corresponding
Fano 3-fold X C Y. However, this existence is easily seen. In the notation of
Lemma 4.4, the linear system |27 + L| on the 4-fold U = Proj(Opz(2) ® Opz & Op:)
is free. In particular, sufficiently general divisors in this system are smooth. Let D
be a divisor in |2T" + L| with canonical singularities. Then the adjunction formula
implies that —Kp ~ T. Therefore D is a weak Fano 3-fold, that is, the divisor
—Kp is numerically effective and big. The vanishing theorem (see [91], [120])
implies that ¢|_x,| = ¢|7||p- In particular, the 3-fold ¢|_k,|(D) is a Fano 3-fold
with canonical Gorenstein singularities.

We may thus assume in what follows that X N 1II is a canonically embedded
smooth trigonal curve for any general linear subspace II C P" of codimension 2.
Therefore quadrics through X in P™ cut out a 4-fold Y which is the image of a
rational scroll Proj(@;_, Op:(d;)) under the map given by the tautological line
bundle, where 0 # dy > -+ >dy >0 and —K% = 2(dy + d2 + d3 + dy) + 2.

Lemma 4.6. We have an inclusion Sing(Y) N X C Sing(X).

Proof. Let O be a singular point on Y such that O € X and the 3-fold X is non-
singular at O. Take a sufficiently general linear subspace II C P™ of codimension 2
passing through O. Put C = IIN X. Then the curve C C II = P"~? is a smooth
anticanonically embedded trigonal curve. Therefore quadrics through C' in II = P°
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cut out a smooth surface by Theorem 2.13. On the other hand, quadrics through
C in II = P"~2 cut out the surface Y NII, which must be singular at O because the
4-fold Y is singular at O by assumption.

Let f: U—Y be the birational morphism f = ¢|5s, where U= Proj (;_, Op:(d;)),
0#d; >-->dy >0, —K% =2(d1+da+d3+d4)+2 > 8 and M is the tautological
line bundle on U. We put V = f~}(X) c U and h = f|y: V — X.

Lemma 4.7. The 3-fold V has canonical Gorenstein singularities, the anticanon-
ical divisor —Ky is numerically effective and big, and Ky ~ h*(Kx), that is, the
morphism h is crepant.

Proof. The 3-fold V' is normal if and only if it is smooth in codimension 1 (see [83],
Proposition 8.23). On the other hand, if d3 # 0, then X and V are isomorphic in
codimension 2. This immediately yields the claim (compare [92]).

We may thus assume that ds = dy = 0. Put Z = Sing(Y"). Then dim(Z) < 2, and
the equation dim(Z) = 2 holds if and only if ds = 0. Moreover, if dim(Z N X) =0,
then the 3-folds X and V are isomorphic in codimension 2, which implies the claim.
On the other hand, we have Z N X C Sing(X) by Lemma 4.6. Since X is normal,
it follows that dim(Z N X) < dim(Sing(X)) < 1. We may thus assume that the
intersection Z N X consists of finitely many curves and X is singular along each of
them.

The canonicity of singularities of X and Proposition 2.15 imply that g is crepant
at the general point of every curve in ZNX and the singularities of V' are canonical
Gorenstein over the general point of every curve in ZN X. This proves the assertion
of the lemma for the complement of a subset of codimension 2 in V. It follows that V'
is normal (see [83], Proposition 8.23). Hence V' C U is a divisor on a smooth 4-fold,
and V is a normal 3-fold with canonical Gorenstein singularities in codimension 2.
It follows that singularities of V' are canonical Gorenstein and Ky ~ h*(Kx).

Let M be the tautological line bundle on U, and let L be a fibre of the natural
projection of U to P'. Then —Ky ~ M|y by construction.

Remark 4.8. The contraction theorem (see [93]) does not a priori imply that X is an
anticanonical model of V. However, the vanishing theorem (see [91], [120]) implies
that | — Ky| = |M|y|. Therefore we see a posteriori that X is an anticanonical
image of V, that is, X = ¢|_g, (V).

The adjunction formula implies that V ~ 3M — (dy +d2 +d3 +ds —2)L on U.
Let Y; C V be the subscroll induced by the natural projection

@ Opl (dl) — @ Opl (di)

In particular, Yy is a curve, Y3 is a surface, and Y5 is a 3-fold.

Lemma 4.9. The following inequalities hold:

multy, (V) =0, multy, (V) < 1, multy, (V) < 2.
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Proof. The first is obvious, the second follows since V' is normal, and the third
follows from the canonicity of V' at a general point of Y, by Theorem 2.9.

Therefore Corollary 2.20 yield the inequalities
2do —di —d3 —dys+2 >0, d3—do—ds+22>0, 2—dy —ds+dy = 0.

We also have 0 £ dy > -+ > dy > 0 and dy + d2 + d3 + d4 > 3 by assumption.
These inequalities determine exactly 66 different rational scrolls

4
F(dy, d2, ds, ds) = Proj(@opl (di)>.
=1

Remark 4.10. X is an anticanonical model of V, that is, X = ¢_.x, (V) for
r > 0. Thus the contraction theorem (see [93]) implies that X is a Fano 3-fold
with canonical Gorenstein singularities if and only if V' has canonical Gorenstein
singularities and —Ky is numerically effective and big. On the other hand,
V is uniquely determined by the rational scroll F(di,ds,ds,ds) and the class
3M — (d1 + do + ds + dg — 2)L in the Picard group of F(di,ds, ds, ds). However,
the linear system |[3M — (d; + d2 + d3 + ds — 2)L| may a priori contain no
divisor with canonical singularities.

In the rest of the section we show explicitly that, in each of the 66 possible
cases, the linear system |[3M — (d; + da + d3 + dy — 2)L| contains a divisor with
canonical singularities. To do this, we use Corollary 2.5 and Proposition 2.19. This
will complete the proof of Theorem 1.6.

Remark 4.11. The same idea was used in the classification of smooth trigonal Fano
3-folds (see [15], [17]) and in [41] to prove the effective boundedness of degree for
trigonal Fano 3-folds with canonical singularities. The maximal value of the degree
is attained by Theorem 1.6.

We start by considering two different possibilities in full detail.

Example 4.12. Let V C F = F(6,5,3,0) be a sufficiently general divisor in the
linear system |3M — 12L|. Let us show that V has canonical singularities.
By Proposition 2.19, V is given by the zeros of a bihomogeneous polynomial

ag(tl, tQ) III:; + OZ5(t1, tQ) III%IIIQ + aé(tl, tQ) III%IEg + Oz(l) (tl, tQ) III%III4 + OZ4(t1, tQ) 1151:173

+ Ozz(tl, tQ) T1X2T3 + ag(tl, tQ) 1151:17% + Oz% (tl, tQ) Jig + Ozl(tl, tQ) 11531113,

where ag(t1,t2) (or af(t1,t2)) is a form of degree d. Let E be the surface z1 =
zo = 0, and let C be the curve z1 = 22 = 3 = 0. We note that the base locus
of [3M — 12L| is equal to E. Since the automorphism group of £ = F(3,0) acts
transitively on E'\ C and V has multiplicity 1 at a general point of E, we see from
Corollary 2.5 that it suffices to prove that for any point P on C there is a divisor
V with canonical singularities in a neighbourhood of P (compare Example 3.10).
Let Y be the fibre of V C F over a sufficiently general point P € P'. We put
O = CNY. As above, it suffices to prove that V has at most canonical singularities
in a neighbourhood of O. Hence it suffices to prove that O is a Du Val point on Y.
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Let (7 : §) be the homogeneous coordinates of the point P € P!. Then Y may
be presented as the hypersurface

2 1,2 1,2 2
agx:f + a5x| T2 + QzxTT3 + 0TI T4 + gT1T5

2.2 2 2
+ aox1T2x3 + gT123 + ozgxg + ajzyzs =0

in P*, where a; = a;(v,6) (resp. o) = o (7,6)) and O = (0 : 0: 0 : 1). Since
P is general, we have a; # 0 (resp. o’ # 0) for all i. Hence we may assume for
convenience that a; = 1 (resp. o) = 1) for all 4 and j.

Let x1 = 2, 22 =y, x3 = z and 4 = 1. Then the local equation of Y in a
neighbourhood of O is

x3+x2y+x2z+x2+xy2+xyz+xz2+y3+y2z:0.

We put wt(z) = 4, wt(y) = 3 and wt(z) = 2. Then wt(z? + 222 + 3?2) = 8,
wt(z3) = 12, wt(z?y) = 11, wt(zy?) = 10, wt(y®) = 9, wt(z?2z) = 10 and
wt(xyz) = 9. Moreover, the singularity given by the equation x? + 222 + y?z = 0
is isolated. Therefore the singularity of Y at O is locally isomorphic to a Du Val
singularity of type Ds. In particular, V' has a singularity of type D5 x C at a general
point of C'. Using the generality in the choice of V, we may actually assume that
P is an arbitrary point of the curve C' (compare Example 3.10). Thus, for any
given point P of C, the linear system |3M — 12L| contains a divisor with at most
canonical singularities in the neighbourhood of P. Hence the singularities of V' are
canonical by Corollary 2.5.

Example 4.13. Let V C F =F(7,3,1,0) be a general divisor in the linear system
|3M — 9L|. Let us show that V has canonical singularities.

By Proposition 2.19, V is given by the zeros of a bihomogeneous polynomial

Ozlg(tl, tQ) IIIZI, + ag(tl, tQ) :I:%:I;Q + ozf,-(tl, tQ) III%IEg + (0751 (tl, tQ) III%IE4
+ OZ4(t1, tQ) 1151:173 + Ozz(tl, tQ) T1X2T3 + Ozl(tl, tQ) L1T2T4

+ Oz(l)(tl, tQ) 1151:17% + ag(tl, tQ) Jig,

where aq(t1,t2) (or af(t1,t2)) is a form of degree d. Let E be the surface z; =
zo = 0, and let C be the curve z1 = x2 = 3 = 0. We note that the base locus
of |3M — 9L| is equal to E. Since the automorphism group of E = F(1,0) acts
transitively on E'\ C' and V has multiplicity 1 at a general point of E, Corollary 2.5
implies that V' has canonical singularities on E \ C, and it remains to verify that
V has canonical singularities at points of C' (compare Example 3.10).

Let Y be the fibre of V C F over a general point P € P!. We put O = CNY. As
above, it suffices to prove that V' has canonical singularities at O. Hence it suffices
to prove that O is a Du Val point on Y.
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Let (v : §) be the homogeneous coordinates of P € P*. Then Y may be presented
as a hypersurface corresponding to the polynomial

3 2 2 2 2
Q127 + agTIX2 + QLT3 + A5XTTy + C4T125

+ Q2T1T2x3 + A1T1T204 + oz(l)xlxg + agxg

on P4, where a; = ay(7,6) (resp. o = oZ(v,6)) and O = (0:0:0: 1). Since P
is general, we have o; # 0 (resp. o # 0) for all i. Therefore we may assume for
convenience that a; = 1 (resp. o) = 1) for all ¢ and j.

We put 1 =z, x2 =y, 3=z and z4 = 1. Then the local equation of Y in a
neighbourhood of O is

2+ ?y+alz+ a2+ +ayz + oy + 22 +y>3 =0.

It is easy to prove that one cannot choose “good” weights for this polynomial. Hence
we cannot use Theorem 2.10 as before and we must explicitly resolve singularities in
a neighbourhood of O. It is easy to see that, resolving the singularity at O, we can
skip monomials whose weight is larger than at least one of the others. (This will be
clear from the forthcoming blow-ups.) Hence it suffices to consider the polynomial

x2+$y+xz2 +y3.

This polynomial determines an isolated singular point at O. We blow up this
point. The formulae in the local charts are as follows.

1)  # 0: the change of coordinates = x, y = zy, 2z = zz brings the local
equation (after dividing by z?) to the form

1+y+a +ay® =0,

so our surface is smooth in this chart.
2) y # 0: the change of coordinates x = xy, y =y, z = yz yields (after dividing
by 4?)
2+ +ayzl +y=0,

and our surface is smooth in this chart.
3) z # 0: the change of coordinates x = xz, y = yz, z = z yields (after dividing
by z?)
> +ay+zz+1y°2=0,

and we have two extremal (—2)-curves with the only singular point (0,0, 0) near
z=0.

Therefore more blow-ups are necessary. We must study the singularities given
by the local equation

4 ry+zz+ylz=0.

We blow-up the point (0,0, 0). Here are the formulae in the local charts.
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1)  # 0: the change of coordinates x = z, y = zy, z = zz yields (after dividing
by z?)
l+y+z+2%’2=0,

and the surface is smooth in this chart.
2) y # 0: the change of coordinates x = zy, y =y, z = yz yields (after dividing

by 4?)

P rrtrztyir=2t+ax(z+1) 2+ -yt =2t 2+ 22—y %Y
where y' = iy and 2’ = z + 1. Thus the point (0,0, —1) is Du Val of type A;.

3) z # 0: the change of coordinates x = xz, y = yz, z = z yields (after dividing
by z?)

P +ary+x+y32 =0.
We can see that the point (0, —1,0) is singular. It coincides with the singular point
in the chart y # 0.

Summarizing, we have two (—2)-curves after the first blow-up, two (—2)-curves
after the second blow-up and one point of type A; on one of these curves. Hence the
graph of resolution of the original singularity corresponds to a Du Val singularity of
type As. In particular, the 3-fold V has a singularity of type A5 x C at the general
point of C'. As in Example 4.12, it follows that the singularities of V' are canonical
by Corollary 2.5.

We state the results of some easy calculations, which will be used in the remaining
part of the proof of Theorem 1.6.

Lemma 4.14. 1. A surface singularity given by
Bty ratz+ e ey fayz oy ezt =0

is Du Val of type As.
2. A surface singularity given by

x3+x2y+x2z+x2+xy2+xyz+xy+xz2+xz+y3+y22,

is Du Val of type As.
3. A surface singularity given by

x3+x2y+x2z+x2+xy2+xyz+$y+xz2+xz+y3+y2z+yz2+z3,

is Du Val of type As.
4. A surface singularity given by

x3+x2y+x2z+x2+xy2+xyz+xy+xz2+y3+y2z,

is Du Val of type A4.
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5. A surface singularity given by
x3+x2y+x2z+x2+xy2+xyz+$y+x2:2+y3,

is Du Val of type As.

Proof. In case 1, changing coordinates to ' =z, 3y =y, 2/ =z +y+ z, we get
the equation

o2+ P+ QY. ) =0,

where @ consists of the terms whose weight (with respect to any choice of weights)
is larger than that of either z’z’ or y’3. Hence this singularity is Du Val of
type As.

In the remaining cases, it is easy to see that the corresponding equation describes
an isolated singularity. Since it is impossible to use Theorem 2.5, we shall explic-
itly resolve these singularities. Case 5 has already been discussed in Example 4.13,
along with details of the calculations. In cases 2 and 3, a single blow-up yields
two exceptional (—2)-curves and one point of type A; on one of them. This means
that the original singularities are Du Val of type As. In case 4, two blow-ups
yield a smooth surface, and the exceptional curves form a Dynkin diagram of
type Ag.

In the rest of this section we consider all possible cases, following the pattern of
Examples 4.12 and 4.13 and using Lemma 4.14 when necessary. Differences appear
only in the numerical characteristics, equations, types of singularities and so on.
They are collected in Table 2.

Table 2 is organized as follows. The first column contains the labels of the
varieties V in the notation of Theorem 1.6. The second column gives a quadruple
(d1,d2,ds,ds) such that V is a divisor on F(dy, da,ds, ds). The third column gives
the number b such that |V| = |3M + bL|. In cases T, Tg and Ti4, this linear
system appears to be base point free, whence V' is smooth by Bertini’s theorem.
Then we do not need the information contained in the other columns. In the
other cases, Bs|V| is either the curve C = Y, given by 27 = 29 = z3 = 0 (and
then V is non-singular outside C, so it suffices to verify that V' has only canonical
singularities at points of C) or the surface E = Y3 given by z; = 2o = 0 (and
then V has multiplicity 1 at a general point of E and, since the automorphism
group of E = F(ds, d4) acts transitively on E \ C' (compare Example 3.10), we see
from Corollary 2.5 that it suffices to study the singularities of V' at points of C
only).

The fourth column contains an equation of a general divisor V in the linear
system |3M + bL|. The fifth column contains the equation of the fibre Y of the
projection V' — P! over a general point of P! in the neighbourhood of a general
point of C after the change of coordinates x1 = x, x3 =y, x3 =2, x4 =1 (see
Example 4.12). The same equation describes V locally as an equation in ¢, x, y, 2.
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For the 3-folds T; with j € {4,6, 7,9, 11, 15, 16, 17, 19, 25, 26, 28, 36, 45}, the
corresponding point appears to be non-singular. For T; with j € {10,12, 13,18,
22, 23, 24, 30, 31, 33, 34, 35, 41, 43, 44, 49, 50, 51, 52, 55, 56, 57, 58, 60, ..., 69},
we attribute new weights wt(z) = w,, wt(y) = wy, wt(z) = w, (listed in
the sixth column) to the variables z,y,z and see that the terms of the low-
est weight describe an isolated Du Val singularity. We note that the weights
wt(x), wt(y), wt(z) coincide with those of a Du Val singularity of the type
given in the seventh column. Hence the singularity of Y in the chosen neigh-
bourhood is Du Val of this type by Theorem 2.10. Unfortunately, it is impos-
sible to find such weights in the remaining cases. But the corresponding
equations have already been considered in Lemma 4.14: the case of T37 is
exactly case 1, the case of Ty7 is case 2, the cases of Ty, 151, Thg fall into
case 3, the cases of T3o, T3s, 139, Ty2 and Tyg correspond to case 4, and
the cases of Tyg, Tug, Tu7, T53, T4, Ts9 correspond to case 5 of Lemma 4.14.
In every case, the singularity of V' is Du Val of the type given in the seventh
column.

The singularity of V is locally isomorphic to the product of C and the corre-
sponding Du Val singularity. Hence V has canonical singularities in the chosen
neighbourhood and, by Corollary 2.5, V' has canonical singularities.

TABLE 2
T, | (di,doyds,ds) | b |  Equation of V tLlZ;aife“l/“a Weights f;if;
T, | (1,1,1,0) | -1 |adx? + aa?ay Py(z,y,2) - Non-
+ adzizs + ajzizg |+ Pa(z,y, 2) sin-
+adz1zam3+aSziz? | +Ps(w,y,2)=0 f)lciiz
+ alzd + afr3zs (P; is a (gen-
+ ajzor3 4 alxd eral) homoge-
+ajrizg+adzzozy | REOUS poly-
+adzirszs+atzin, nomial F)f
—|—a‘;’x2x3x4—|—a‘;’x§x4 degree Z)
+ a(l)xlxz + OZ%IIIQIIIZ
+adzszi=0
s | (1,1,1,1) |[-2 - - - -
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TABLE 2 CONTINUED

Ts |(2,1,0,0) | =1 | as2} + aurlzs 3+ a2y +a?z Non-
+adzlxs + aladzy |+ z? + zy? sin-
+adrir3+adziTans +zyz +y gu?ar
+a§x1x2x4+a%x1x§ + 2 + 22 pomnt
+ 0%1131{1?3{174 + $2+ y3 :_ y2z
+ afziz] + aded iyy i—zz vz
+ afzdzs + afrdzy
+aéx2x§+a3x2x3x4
+ ozgxgxz =0

T |(2,1,1,0) | =2 | aux? + adx3zs 3+ a2y +a2?z Non-
+adelrs + adrizy, |+ 2P+ xy? sin-
+adz 23+ odriroxs | T TYZ XY gu?ar
+a%x1x2x4+a§x1x§ a2 fazta potnt
+a%x1x3x4+aéx1xi +y3;|-y22+yz
+ oz:fxg + o/llxgxg —|—yz2 tyztz
+ a%x%u + oz‘;’xgxg +22=0
+ a8x2x3x4 + a?x%
+agaizy =0

Ts | (2,1,1,1) | =3 - - -

To |(2,2,0,0) | =2 | ajx? + a2a2zs 3+ a2y +a2%z Non-
+ alxdrs + a3zixy |+ z? + zy? sin-
+ajrizi+adrirens +zyz +zy gu?ar
+a§x1x2x4+aéx1x§ + 2 + 2z pomnt
+ adri2324 * $2+ v’ :_ Y
+ ozgxlxi + ajzs Ty YRy

+y=0

+ a3z3xs + aSrdzy
4 2 5
+ayrors + T3 Ty

+ angxZ =0
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TABLE 2 CONTINUED
1 2.2
Tio |(2,2,1,0) | =3 | aia?d + adadzs Ps(z,y) wy =1 Ay
+ adxirs + aizizy |+ Pi(z,y)z wy =1
+adriri+asziroxs | + Pi(z,y) w, =1
+alrizors+adrizd | + Pi(z,y)z=0
+ ajziz3zs + ajas | (P, P are
—+ a%x%xg —+ a%x%a@ homogeneous
+ajrori+adrerszy polynomials
tadzd =0 of degree 1)
T |(2,2,1,1) | —4 | adz? + aa?z,y 3+ 2%y + 2’2 —~ | Non-
+afades + alxizy |+ 2 + 2y? sml_
gular
+adriz3+adrizans +zyz +zy point
2
+a%x1x2x4+aéx1x§ t+az _g Tz )
+z 4y +yPz
+ 01(2)1131{1?31174 ) Yy ) Yy
+y Yz +yz
+ ozgxlxz + a%x% y g y
5.2 6,.2 Ty =
+ ajrixs + ajrsxy
+aéx2x§+a8x2x3x4
+ angxZ =0
1 2.2
Tz |(2,2,2,0) | —4 | adad + 2oz, Ps(z,y, z) Wy = Ay
+ adzivs + afxizy | +Pa(w,y,2)=0 | Wy = 1
+adziz+ald P isah w, =
3T175+adzizexs | (P; is a homo
—|—a§x1x2x4+agx1x§ geneous poly-
nomial of
+ a8x1x3x4 + a%x% .
s o . degree 1)
+ ayr5x3 + Qpr5xa
+agx2x§+a8x2x3x4
+a30z3 +afriz,=0
1 2.2
Tiz (2,2,2,1) | =5 |aixd + o222z, Ps(z,y, 2) w, =1 A
+ a:f,li%lig =+ 01(1)111%:1:4 —|—P2(III,y,Z):0 Wy =
+afrir3+adrixenws | (P is a homo- | W=
+agx1x2x4+a?x1x§ geneous poly-
nomial of
+ 0181131:1?3{174 + aZw% .
g o s degree 1)
+ ajr3x3 + Qpr5xs
+a?x2x§+a8x2x3x4
+a1%%3 + afrirs=0
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TABLE 2 CONTINUED

T |(2,2,2,2) | -6 - - - -

Tis |(3,1,0,0) | =2 | arz? + asxzs 3422y + 222 - Non-
+ ajades + aleizy |+ 2 + xy? sin-
+azz 23 +odrizars | T EYZ T XY gu?az
+a3r1mazs+airi 23 + a2’ _g Lz ) pom
+alrirszs+airiad —|—x2—|—_y tyE
+ oz + ajries Ty =0
+ a%x%m =0

T |(3,1,1,0) | =3 | agx} + alz?zs zQ(x,y, 2) - Non-
+ ojeirs + aseizy |+ Ps(y,2) =0 sin-
+alrizd+adzizozs | (Q(0) #0, Ps f)ziiz
+a%x1x2x4+agx1x§ is a homoge-
+alr1w3zg+ g p] | REOUS poly-
+ a3 + adades nomial of

4 o 5 s degree 3)

+ agroxs + agry =0

Tz |(3,2,0,0) | =3 | apx? + aszizs xQ1(z,y, 2) - Non-
+ adzizs + alrizy | +y2Qo(y,2)=0 sinl—
+ayziz3+adrizaxs | (Q1(0) #0) f)ziiz
+a§x1x2x4+aéx1x§
+a§x1x3x4+a8x1xi
+ ajrd + ajzdzs
+alx3zy =0

Tis |(3,2,1,0) | —4 | asx} + ayzizs 22Q1(z,y,2) | we Aq
+ adrirg + adxiry | FayQa(w,y, 2) | Wy =
+03z123+ 03z 70ms | T22Qs(2, Yy, 2) | We T
+ataizara+adriad | +y°Qa(z,y, 2)
+ adzizzry + a3zl | +y =0

+ adzdzs + adrdzy

+adzazd =0

(Qi(0) #0)
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TABLE 2 CONTINUED

Tio |(3,2,1,1) | =5 | asx? + azzizs xQ1(z,y, 2) - Non-
+ abadzs + odatzs | +Qa(y,2) =0 e
+a§x1x§+a%x1x2x3 (Ql(o) # 0) f)ziiz
+a%x1x2x4+aéx1x§
—|—a§x1x3x4+a8x1xi
+ adzd + agrizs
+ adzdry =0

Too |(3,2,2,0) | =5 | aux? + alzizs 3422y + 222 - As
+ ajzizs + ajzizg |+ z? + zy?
+odz 23 +odrizans | T TYZ T TY
+aéx1x2x4+a§x1x§ +22° + sz
+ 01(2)113111131174 + a%x% + y32—|- y3Z
+ oz:fx%xg + a%@x% tya =0
+ oz‘rl’xg =0

To1 |(3,2,2,1) | =6 | azx? + alxzs 23+ 2y + a2’z - As
+ a3zirs + ajrizy |+ z? + xy?
+alriz3+adrizans +zyz +zy
+aéx1x2x4+a%x1x§ + sz + sz
+ 01(2)113111131174 + ozgxg Ty 2+ y3Z
+ aéx%xg + a8x2x§ tyzi 4z =0
+afzd =0

Too |(3,3,1,0) | =5 | ajz? + a2z, 4 2?y+ 2%z |w, = As
+adrles + atelry |+ 2+ xy? wy =2
+adz a3+ o zans | TAYE T Y| W =
+ 0%1131{1?2{174 +a2® + yg
+ ajr123 + ozl Yt 4y
+ a%x%xg + oz:fx%m +yzt =0
+ adzazi=0
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TABLE 2 CONTINUED

Tos |(3,3,2,0) | —6 | aiz? + alzizs B +a?y+aiz |w, =3 Ay
+ adrirs + ajrizy |+ 2 + xy? wy =3
+adz 23+ adeyons | TEVET LY W = 2
+adzizora+ajrizd +az 4y
+ a3zl + adz3es Ytz 4y
+ adrdry + afwoxd ty 2’ =0
+agzs =0

Tos |(3,3,2,1) | =7 | adx? + a2zizs P +a?y+aiz |w, =2 As
+ale?es + ofade, |+t xR Wy =2
+a§$1$§+a%x1x2x3 + zyz + xy w, =1
+ adrizomy +a? 4y
+ adr123 + ajzd Ytz 4y
+ adzdzs + agriz, +yz? =0
+ adzeri=0

Tos | (4,1,0,0) | =3 | agx? + aerizs zQ(x,y, 2) - Non-
+atzirs + alzizy | +yP =0 sin-
+agx1x§+a%x1x2x3 (Q(0) # 0) f)lciiz
+a§x1x2x4+a%x1x§
+a%x1x3x4+a:{’x1xi
+apzd =0

Tos |(4,2,0,0) | —4 | agx} + agzizs zQ(x,y, 2) - Non-
+ajzivs + alzivy |+ 4+ =0 sin-
+adz1zi+adzizars | (Q(0) # 0) f)liiz
+a§x1x2x4+aéx1x§
+adrizsrs+adr o}
+ adzd + agrizs
+ajrdzs =0

Tor | (4,2,1,0) | =5 | azx? + asrizs 2+ 2%y + 2%z - A3
+ agrizs + arizy, |+ 2+ xy?
+adeizd+aszizons | T TYZ T 1Y
+ajrirazy+air ad + x3z2 +2$Z
+ adrizsry + 3 tyiyz=0
+adz3zs =0




402 V. V. Przyjalkowski, I. A. Cheltsov, and K. A. Shramov
TABLE 2 CONTINUED
Tos | (4,2,1,1) | =6 | agx} + asziz zQ(x,y, 2) - Non-
) 4y Ly 1 447142 » Ys
+adzirs + adzizy |+ =0 Sin-
5 1 gular
+aor125+ 0 T1T2T3 (Q(0) # 0) point
+a%x1x2x4+aéx1x§
—|—a§x1x3x4+a8x1xi
+agz3 =0
Tog | (4,2,2,0) | =6 | agxd + alzizs 3+ 2y 4+ 22 - A3
+ a222z3 + ajzizy |+ 2 4 xy?
+ade a4 adrizoxs | T TYZ T 1Y
2
+aéx1x2x4+a§x1x§ + x;*: + sz
z
+ 01(2)113111131174 + a%x% Ty 2+ y3
+yz*+2°=0
+ agrdrs + ajword Y
+adz3 =0
Tso | (4,3,1,0) | —6 P+ asz? S+ 2y +a? = A
30 395 1y QeXy T Q5L1T2 ToTTYTI°2 | Wy 3
+airles + adrizy |+ 2+ xy? wy =2
tasrizd+adrizans | TEVZ Ty |we =1
2 3
+a%x1x2x4+aéx1x§ tx+y
2 2 _
+a§x§+a%x§x3 Tyzty =0
+ a%x%m =0
T: 4,3,2,0) | =7 3 2 3422 2 = A
51 | (4,3,2,0) Q5T] + uTIT2 7+ 2TY+ a2 | Wy 3
+ alrtrs + alxizy |+ 2? + xy? wy =2
+adrrdtalriwons | TEYE T LYW = 1
2 3
+aéx1x2x4+a%x1x§ taz +y
2 2
+ a%x% + oz:fx%xg Ty 2t yz
2. .2 =0
+ agreozry =0
T30 | (4,3,2,1) | =8 | asx? + azr’zs 2+ 2%y + 2%z - Ay
1 1
+ ad2?zs + atzizy |+ 2 4 xy?
+adz 23+l zans | T TYZ T TY
2 3
+aéx1x2x4+a3x1x§ tazt +y
2, _
+adzd +adr3zs =0 +ty7z=0
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TABLE 2 CONTINUED
Tss | (4,3,3,0) | =8 |z} + alzizs 4Pyt a2tz |w, =3 | Dy
+ adrtrs + apriry |+ @ + xy? wy =2
+adr1 T3+ 0l many | T Yz 4w | W T 2
+ adri2? + alxd +y° + vz
+ a2zdzg + adryxd |ty +2° =0
+afzd =0
Ty |(4,3,3,1) | =9 | a3z? + adada, P +aiy+aiz |w, =3 Dy
+ adales + ofade, |+t + xR Wy =2
+alrizdtadri oy | +ayz +x2® | W2 = 2
+adzi23 + adxd +y° + Ytz
+ agr3rs + agrers +y?+22 =0
+ajrd =0
Tss | (4,4,2,0) | -8 | ajz? + a2zl B 4+2y+aiz |w, =2 Ag
+adrles + afriey |+ 2+ xy? wy =2
tadei a4 adrizons | TIYE T TY | W = 1
+ 01(2)1131{1?21174 +a2” + y3
+ ozgxlx% + aﬁx% Tyt
+ a3xdrs + ajrizy +y2’ =0
+ ajrazi =0
Ts6 | (5,2,0,0) | =5 | a107? + arxizs zQ(x,y, 2) - Non-
+atrirs + aadry, |+ 1y =0 sin-
+aur1 T3+ adrimoTs (Q(0) #0) f)lciiz
+a§x1x2x4+aéx1x§
+agx1x3x4+a8x1xi
+ ozlx% =0
Ts7 |(5,2,1,0) | —6 | agx + agrzs 3422y + 222 - Ay
+ 015113%1113 + a4x%x4 +z% 4+ ny
+asz 23+ ogrizons | T TYZ T XY
+ ol zomy +x2? + 22
+atriri+afrizszy Ty =
+adz3 =0
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TABLE 2 CONTINUED

T3z |(5,3,1,0) | =7 |asz$ + agzizs 23+ 2y + 2’z - Ay
+alzirs + azadzy |+ z? + zy?
+alririFadzizoxs +ayz +xy
+alx1x2x4+aéx1x§ +a2® + yg
+ 0223 + 022205 =0 | T y'z=0

T3 |(5,3,2,0) | =8 |z} + aszizs 23+ 2y + a2’z - Ay
+ urdrs + adeiry |+ 2%+ xy?
+a3r123+ 03210073 +zyz +xy
+aéx1x2x4+a%x1x§ +a2® + yg
+ o223+ o2ades =0 T y'z=0

Ty [(5,3,2,1) | =9 |aez$ + agzizs 3+ 2%y + 2’2 - As
+ azrirs + atxizy |+ z? + zy?
t+adeizd oz zows | T LYZ T TY
+ajrirazs+adrial +22° +y> =0
+adr3=0

Ty [(5,3,3,0) | =9 |aez? + alzixz, 242’y +2?z |w, =3 Dy
+alelrs + arizy |+ 2 +xy? Wy =
+adzi2i+adziz0ns | + Y2 + z2? | Wz =2
+ a3r123 + oz +y° + Ytz
+ adz3rs + adrex? Ty +2° =0
+agri =0

Tyo |(5,4,2,0) | =9 |aez$ + asziz 3422y + 222 - Ay
+adzirs + ajxizy |+ z? + zy?
+oyT173+ a0z 7273 +zyz +xy
+aéx1x2x4+agaz1x§ + 2% + y3
+ o223+ 022205 =0 T y?z=0

Tys |(5,4,3,0) | =10 |asz$ + agzizs B +aiy+a’z |w, =3| Dy
+ ajzizs + 2% 4 ay? wy =2
+adale, + admad | +ayz a2 | W2 =2
+odzimors+alea? |+ 97 + vz
+ ozl + alxizs +yz? =0
+ adzozl =0
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TABLE 2 CONTINUED

Tys |(5,4,3,1) | =11 | ouz$ + aszziz, 2yt a’z |w, =4| Ds
+ adatrs + adetry |+ 2%+ xy? wy =3
+adriri otz zexs | + Y2 + z2? |Wz =2
+ adr123 + olzd +y*+y’z =0
+ adadrs =0

Tys |(6,2,0,0) | —6 | 1273 + aszizs zQ(x,y, 2) - Non-
+agrivs + adairy |+ Y2 =0 sin-

0. 1 gular
+aumia3+ajzizars | (Q(0) # 0) point
+a§x1x2x4+aéx1x§
+a§x1x3x4—|—ag$1xi
+agr3 =0

Ty |(6,3,1,0) | —8 |ai107} + arzizs 3422y + 222 - As
+asrivs + ajxizy |+ z? + zy?
+02z123+oomzoxs | T TYZ T XY
+air1zazs+apria3 +a2? +y°=0
+alz3 =0

Tyr (6,3,2,0) | =9 | gz} + agzizs 3422y + 222 - As
+asrivs + afxizy |+ z? + zy?
+adeizd+ ooz zows | T LYZ T TY
+adr1razs+ 10123 +222 +y°=0
+adr3 =0

Tys |(6,4,2,0) | =10 |agz$ + agzizs 23+ 2y + a2 - Ay
+alzlzs + atrizy |+ 2%+ xy?
+02z23+ o3z zons | T TYZ T XY
+aéx1x2x4+agaz1x§ + 2% + y3
+odad +odares =0 T y?z=0

Ty |(6,4,3,0) | —11 | o} + asziz, 42y +a?z |w, =4 | Ds
+ aurtrs +otairy |+ a4+ ay? Wy =3
+asT173+ ooz T073 |+ TYZ + i
+ a2ry2s + ol +y*+y’z =0

+ OZ()III%IIIg =0
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TABLE 2 CONTINUED
Tso |(6,4,3,1) | =12 | aez$ + agzizs P +aiy+a’z |w, =6| Eg
+ azzizs + atriry |+ 2%+ xy? wy =4
+agririFalzizoxs | + TYZ + xz? |W2=3
+adrizi+adzs =0+ Yy =0
Ts1 | (6,4,4,0) | —12 | agzi + aixiz, 22+ P3(y,2) |we =3 Dy
+a3ztrs + ety | +aPa(y,z)=0|wy =2
+adrir3 a3z xexs | (P is a homo- | W2 =
+ adr2s + ozl genef)lis ?oly—
+ adrizs + adrord nomat o
degree 1)
+agzd=0
Tso |(6,5,3,0) | —12 | az$ + aszizs iyt |w, =4| Ds
+adzizs + afrizy |+ oyt |Wy =
+ Q4123+ a1 0T3 | + TYZ + z2? | Wz =2
+ adr123 + a3zl TP +yP2 =0
+ OZlIII%IIIg =0
Tss [(7,3,1,0) | =9 |a127} + aszizs 3422y + 222 - As
+ OZ(,‘III%IIIg + a5x%x4 + 22 4 ny
+ o123+ oomzoxs | T TYZ T XY
24 .3
+alx1x2x4+aéx1x§ +x2" +y°=0
+adr3 =0
Tse | (7,4,2,0) | =11 | 107 + azx3zs 3422y + 222 - As
+ a5x%x3 + 03113%11?4 + 22 4 ny
+oyuT173+ a0z 7273 +zyz +xy
2, . 3_
+aéx1x2x4+agaz1x§ +x2" +y°=0
+ ozlx% =0
Tss |(7,4,3,0) | =12 | gz} + agzizs 24 2?y+ 22z | w, = Eg
+aszirs + adriry |+ 2? + zy? wy =4
+asr173+ 03T 17073 | T TYZ + xz? |W2=3
+amzitagd=0|+y* =0
Tse |(7,5,3,0) | —13 | agz$ + agzizs 422y +2lz | w, =4 D5
+ajrizs + alriy |+ 2 + zy? wy =3
+a2r12i+odzzons | + Y2 + xz? |W2=2
+ apr123 + a3z +y*+y’z =0
+alrizs =0
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TABLE 2 CONTINUED

Ts7 [(7,5,4,0) | —14 | 723 + asziz 422y +2lz | w, =4 D5
+ uries + adriry |+ 2%+ xy? wy =3
+azr1T3 sz Toxs | + TYZ + i
+ alr2l + ol +y*+y’z =0
+ adadrs =0

Tss |(7,5,4,1) | =15 | aez$ + agzizs P +riy+a’z |w, = Eg
+ azrizs + adrizy |+ 2® + xy? wy =4
+aor1T3+ oz @exs | + TYZ + z22 |Wz=3
+a2mz2+adzd =0|+y> =0

Tso |(8,4,2,0) | —12 | 102} + agzias 23+ 2y + a2’z - As
+ aprizs + ajrizy |+ 2® + xy?
t+aleizd+odzzoms | T LYZ H TY
+adrizory+ T2l +2z° +1°=0
+adr3 =0

Teo |(8,5,3,0) | =14 | a1o2} + arziay 22+ r?y+a%z |w, =6 Eg
+aszirs + alrizy, |+ 2 +xy? | Wy =
+ar123+ a3z 0x3 | + TYZ + z22 |Wz=3
+agrzi+onzd =0|+y> =0

Te1 |(8,5,4,0) | =15 | agz$ + agzizs B +r?y+2’z |w, =6| Eg
+aseies +ojates | +2t+ay? (w4
+a3r123+ a1 0x3 | + TYZ + z22 |Wz=3
+am a2 +apzd =0 | +y> =0

Te2 | (8,6,4,0) | —16 | agzr? + agrias B4’y +a’z |w, =4| Ds
R o
+aleizd+odzzons |+ ayz +x2* | We 2
+ adr123 + a3zs TP +yP2 =0
+adrizs =0

Tesz |(9,5,3,0) | =15 | @127 + agx3zo 42?2y +2?z |w, =6 Eg
+ asies + azzdzy |+ 22 +ay?  |wy =4
+ayr173+ ooz T073 |+ TYZ + z22 |Wz=3
+abmzi+oled =0|+y> =0
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TABLE 2 CONTINUED
Tes | (9,6,4,0) |17 |a1073 + arziz, 2 +a?y+aiz |w, =6 B
+ asxlzs + atadey |+ 22+ xy?  |wy =4
+oayr17i+ o zons |+ TYZ + xz? |W:=3
+apz1ri+ iz =0+ y> =0
Tes | (9,6,5,0) |18 |agx? + agrizs 242y 22z |w, =6 Eg
+ asrirs + ajeiry |+ 2 + zy? wy =4
+asT173+ oo T0w3 |+ TYZ + xz? |W:=3
+oyz1ri+ ol =0+ Yy =0
Tss | (10,6,4,0) | —18 |ai2x? + agzizs 2 +a?y+aiz |w, =6 Eg
+ agrizs + asrizy |+t +ay? | Wy =
+ayr17i+ 03T T0m3 |+ TYZ + 22 |Ww:=3
+adriri+adzs =0+ Yy =0
Ts7 |(10,7,5,0) | =20 |aior? + ayzizs 42y 22z |w, =6 Eg
+ asrirs + ajeiry |+ 2 + zy? wy =4
+oayr173i+ o zons |+ TYZ + 22 |Ww:=3
+adrzd+onzd =0 +y* =0
Tes | (11,7,5,0) | =21 |ai223 + agzizs 2 +2?y+a?z |w, = Eg
+ agrles + atadey |+ 22 +xy?  |wy =4
+oayr17i+ o zons |+ TYZ + xz? |ws=3
+apz1ri+ iz =0+ y> =0
Tso |(12,8,6,0) | —24 |ai223 + agzizs 2 +r?y+aiz |w, =6 Eg
+ agrdes + ajadey |+ 2?2+ xy? |wy =4
+oayr17i+ o zons |+ TYZ + xz? |ws=3
+admzi+adzd =0|+y* =0

Thus Theorem 1.6 is proved.

Remark 4.15. The proof of Theorem 1.6 gives a description of the possible sin-
gularities of the 3-folds 7;. For example, sufficiently general 3-folds T} are
smooth for j € {1,2,5,8,14} and have only isolated ordinary double points for
j € {4,7,11,16,19}. The smooth trigonal 3-folds T; are well known (see [15],
[88]). On the other hand, the 3-fold T; always has non-isolated singularities for
j € {6,9,13,15,17,21,24,25, 26,28, 32, 34, 36, 40, 41, 44, 45, 50, 58}. In all other
cases, the 3-fold T} has at least one non-cDV-point.

Remark 4.16. In the case of Ti5 the variety V' is always singular along the curve
1 = T2 = a7} + afxzzs + adx] = 0. In the case of Ty7 it is singular along the
curve 1 = T2 = apr3 + adzsws + adz? = 0. In the case of Tig it is singular along
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the curve x1 = z2 = adz? + adzsrs + adrd = 0. In the case of Tys it is singular
along the curve z1 = zy = alz? + afwszs + adz? = 0. In the case of Thg it is
singular along the curve z1 = z2 = ajz? + alzszs +adz? = 0. In the case of Thg it
is singular along the curve 1 = z2 = oz + adrszs +adz? = 0. In the case of Tsg
it is singular along the curve z1 =22 =adzi+adrsrs+aiz = 0. In the case of Ty it
is singular along the curve z1 = xy = a{z3 +adzsrs+adzi = 0. All of these curves
are bisections of the corresponding projections ¢: F(dy, d2, ds, ds) — P1. They are
reducible in the cases of Ty7, Tig, Tog, Tos, T3¢ and Ty5. This simple observation
will enable us to apply Lemma 5.2 to these varieties and prove their rationality.

Remark 4.17. In the case of Ty, the linear system |M — L| determines a birational
map v¢: V --» P3, which may be factorized as ¥ = w oy o 3. Here 3 flops the
curve C, ~ contracts the strict transform of the surface with equation 1 = 0
(on V) onto a smooth rational curve whose image on P? is a line, and w is a double
covering of P? branched over a non-singular quartic surface. In particular, V is
birationally isomorphic to a hypersurface of degree 4 in P(1%,2). The latter variety
is also known as a double space of index two. It was studied in [54], [31], [32], [37],
[33], [60] and [34].

Remark 4.18. In the cases of Ty and Tg, the variety X C P® is an anticanon-
ically embedded Fano variety with canonical Gorenstein singularities and with
(—Kx)3 = 8 (compare [88], Statement 4.1.12).

Remark 4.19. One can simplify the proof of Theorem 1.6 by arguing as follows. If
X is a del Pezzo surface of degree 3 over some field with a non-Du Val singular point
defined over this field, then X is a cone. The authors did not use this approach for
the reasons pointed out in Remark 3.12.

§ 5. Rationality and non-rationality

In this section we prove Proposition 1.10. Let H; and T; be the Fano 3-folds
in Theorems 1.5 and 1.6 respectively. The non-rationality of sufficiently general
3-folds Hy, Hy, Hs, Hy, Hg, T1, To, T7, Ty certainly follows (see Remark 1.8 and
Example 1.11) from the results of [22], [62], [54], [37], [16], [31]-[33], [60], [38],
[52], [34], [28], [29], [61], [111], [5], [82], [63], [98], [64], [6], [102], [7], [69]. On the
other hand, it is clear that the 3-folds Hy, T5 and T14 are always rational (see
Remark 1.8).

We may thus assume that ¢ ¢ {1,2,3,4,6,9} and j ¢ {1,2,5,7,8,14}. Then the
3-fold H; is naturally birationally equivalent to a del Pezzo fibration 7: Y; — P!
of degree 2 (see Theorem 1.5) with canonical Gorenstein singularities, and the
3-fold Tj is naturally birationally equivalent to a del Pezzo fibration : V; — P! of
degree 3 (see Theorem 1.6) with canonical Gorenstein singularities. Let Y; and V;
be generic fibres of 7 and 1) respectively. Then Y; and V; are del Pezzo surfaces
with Du Val singularities defined over the field C(z).

Remark 5.1. The rationality of the surfaces Y; and V; over C(z) implies that of
the 3-folds Y; and V; respectively.

The del Pezzo surfaces Y; and V; always have a C(z)-point by Theorem 2.24.
Moreover, the sets of their C(x)-points are huge by Theorem 2.25.
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Lemma 5.2. Let S be a del Pezzo surface of degree 3 with canonical singularities
defined over an arbitrary perfect field F. Suppose that the set Sing(S) contains an
F-point O € S. Then S is rational over F.

Proof. The surface S is a cubic hypersurface in P? (see [23], [25], [20], [95]). Thus
the projection from O gives a birational map to P2.

Therefore the proof of Theorem 1.6 along with Lemma 5.2 immediately yields
the rationality of the 3-fold T; for j € {10,12,13,17,...,24,26,...,69}.

Lemma 5.3. Let S be a del Pezzo surface of degree 2 with at most Du Val singu-
larities and defined over an arbitrary perfect field F. Suppose that the singularity
set Sing(S) contains an F-point O € S which is locally isomorphic to one of the
following Du Val points: Eg, E7, D, or Ay, forn > 5 and k > 7. Then S is rational
over F.

Proof. Let f: W — S be a minimal resolution of singularities of S, and let E =
f~1(O) ¢ W be a connected curve defined over F. Then Ky ~ f*(Kg). In
particular, W is a weak del Pezzo surface (see [67]) of degree 2, the curve E is
Gal(F /F)-invariant, and all the irreducible components of F that are defined over
F must split into disjoint Gal(F/F)-orbits. However, the irreducible components
of E form a graph of type Eg, E7, D, or Ay for n > 5 and k > 7. Therefore the
curve E splits into at least 4 (possibly reducible) curves defined over F. Since
the intersection form of irreducible components of E is negative (see [51]), it follows
that the rank of Pic(W) is at least 5.

There is a birational morphism ¢g: W — U defined over FF such that the surface U
is minimal (see [14], [103], [20]), that is, no curve on U can be contracted to a smooth
point. Moreover, the rank of Pic(U) does not exceed 2 by Theorem 2.22. Therefore
K% > K%, + 3 =5. Thus the surface U is rational over F by Theorem 2.23.

Lemma 5.3 and the proof of Theorem 1.5 imply that the hyperelliptic 3-folds H;
are rational for i € {22,26,27,28,29,31,...,47}.

Remark 5.4. The non-rationality of the surfaces Y; and V; over C(z) does not
imply the non-rationality of the 3-folds H; and T} respectively. However we believe
that the rough method used above can be also applied to prove the non-rationality
of H; in many of the remaining cases. For example, one can try to use the proofs of
Theorems 1.5 and 1.6 to describe the geometry of the surfaces Y; and Vj in more
detail and then use the results of [26], [35] and [20].

Proposition 5.5. Let X be a sufficiently general® Fano 3-fold T in Theorem 1.6.
Then X is non-rational.

Proof. Suppose that U = Proj(Op2(2) & Op2 & Op2), f: U — P? is the natural
projection, T is the tautological line bundle on U, and F = f*(Op2(1)). Then X
is an anticanonical image of a sufficiently general divisor V' € |2T + F'|. The 3-fold
V is smooth by Bertini’s theorem. Moreover, Lefschetz’ theorem (see [55], [50])
implies that Pic(V) 2 Z @ Z.

2Here and in what follows we always understand “general” as “belonging to a Zariski open
subset of the moduli space” unless otherwise specified.



Hyperelliptic and trigonal Fano threefolds 411

Let g: V — P? be the restriction of the projection f: U — P2. Then g is a conic
bundle. Let A be the degeneration divisor of g, and let Y be a sufficiently general
surface in the linear system |g*(Op2(1))|. Then Y is smooth and K2 = 1 by the
adjunction formula. Therefore the conic bundle g|y has 7 reducible fibres. Thus
the degree of the divisor A C P? is equal to 7 (see [56], §3.5), and V is non-rational
by Theorem 2.16.

Proposition 5.6. Let X be a sufficiently general® 3-fold Hs in Theorem 1.5. Then
X is non-rational.

Proof. The 3-fold X is an anticanonical model of a smooth weak Fano 3-fold V,
which may be described as a double covering 7: V' — U = Proj(Op1(2) ® Op1(1) @
Op1) branched over a divisor D € [4M — 2L|, where M is the tautological line
bundle on U and L is a fibre of the natural projection of U to P!. The divisor D
may be given in the bihomogeneous coordinates (see Proposition 2.19) by the zeros
of the bihomogeneous polynomial

4 3 1.3 2.2 2 1.2 1.2 2 2. .3
Qagx] + Q5T1T2 + QuX7x3 + QxTITS + Q3TTT2T3 + Qxx7x3 + A3T1T5

2., .2 1 2 1., .3 3.4 2.3 2.2 2
+ asx12523 + a1 X1T2x3 + 1Ty + 05Xy + ajxyT3 + agrsrs,

where o) = a'(t1,t2) is a homogeneous polynomial of degree d.

Consider a double covering x: Y — U branched over a sufficiently general divisor
A C U which is given by the zeros of the same bihomogeneous polynomial as D
with the only difference being that oy = 0. Then Y is not smooth because A
has singularities along the curve Y5 C U given by z; = 3 = 0. The curve Yj
is the smallest negative subscroll of U (see Proposition 2.19). We may assume
that A C U is a sufficiently general element of the linear subsystem of the system
|[4M — 2L| consisting of all divisors with singularities along Y3. The divisor A is
smooth outside Y3 by Bertini’s theorem.

Put C = x !(Y3). Then the 3-fold Y has singularities of type A; x C at the
general point of the curve C'. Moreover, the singularities of Y at other points of C
are locally isomorphic to the singularity

2 +y? + 2%t = 0 C C* = Spec(C[z, y, 2, 1)),

where the curve C' is given locally by z = y = z = 0. It follows that one can resolve
the singularities of Y by one blow-up f: Y — Y of the curve C.
Let g: U — U be the blow-up of the curve Y3 C U. Then the diagram

~ X ~
y U
/ |
Y X U

is commutative, where Y: Y — U is a double covering. Let E be the exceptional
divisor of g. Then Y is branched over the divisor g1 (A) ~ g*(4M — 2L) — 2E.

3The complement of a countable union of Zariski-closed subsets in the moduli space.
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In the case when the divisor g~!(A) is ample on U, Lefschetz’ theorem (see [55],
[50], [121]) implies that Pic(Y) = Pic(U) = Z3 (see [60], [65], [66]). However, the
divisor g7!(A) is not ample, although it is numerically effective and big. Indeed,
the linear system |g*(M — L) — E| is free and the linear system |g*(M) — E| gives
a Pl-bundle

7: U — Proj(Op:1(2) ® Opi (1)) 2 Fy.

Therefore the divisor g7}(A) ~ ¢g*(4M — 2L) — 2E is numerically effective and
big. Hence we can replace Lefschetz’ theorem by the first part of the proof of
Proposition 32 in [56] to get Pic(Y) = Pic(U) = Z3.

Let Y2 C U be the largest negative subscroll (see Proposition 2.19). The surface

Y5 is given by the equation z; = 0 in the bihomogeneous coordinates on U. More-
over, Y2 2 Proj(Op1 (1) & Op1). Put S = g~(Y2). Then S = Y5 and the morphism
T contracts the surface S to the exceptional section of ;.
__ By construction, the ]Pﬂ;bundle 7 induces a conic bundle 7 = 7ox: ¥ — Fy. Put
S =%"1(9), and let Z C Y be a general fibre of the natural projection of Y to PL.
Then Z is a smooth weak del Pezzo surface of degree 2, that is, — Kz is numerically
effective and big and K7 = 2. Moreover, the morphism go X|z: S — Y, is a double
covering branched over a divisor with the following equation in bihomogeneous
coordinates:

a3 (to, t1) 25 + ai(to, t1) xaws + af(to, t1) 235 = 0,

where oj(t1,t2) is the homogeneous polynomial of degree d in the bihomogeneous
equation of A.

Let 2 C F; be the degeneration divisor of the conic bundle 7. Then E ~ 65, +al,
where s, is the exceptional section of Fy, [ is a fibre of the projection of F; to P!,
and a € Z. The structure of the morphism g o x|z implies that s., ¢ =. Moreover,
the intersection s, - 2 is equal to the number of reducible fibres of the induced
conic bundle 7|z. This number can easily be calculated from the bihomogeneous
equation of the ramification divisor of g o X|3. More precisely, the reducible fibres
of 7| correspond to zeros of the discriminant (af)? — 4aga3, whence so - 2 = 2.
Therefore a = 8. Thus Y is non-rational by Theorem 2.16.

The 3-fold Y is rationally connected (see [95]). Thus the non-rationality of ¥
implies that Y is non-ruled as well. Therefore the 3-fold V' is non-ruled by Theo-
rem 2.18 because we assumed V to be sufficiently general. Hence X is non-rational.

Proposition 5.7. Let X be a sufficiently general 3-fold H7z from Theorem 1.5.
Then X is non-rational.

Proof. The 3-fold X is an anticanonical model of a weak Fano 3-fold V such that
there is a double covering

m: V — U = Proj(Op:1(2) & Op1(2) & Op),

branched over a divisor D € |4M — 4L|, where M is the tautological line bundle
on U and L is a fibre of the natural projection of U to P!. The divisor D may
be given in bihomogeneous coordinates (see Proposition 2.19) by the zeros of a
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bihomogeneous polynomial

a}lx% + QZ:I:ZI,:EQ + aix%x% + aixlxg + aixé + a%x:f’xg + O[%III%IBQIB:;
+ a2x1x2x3 + a2x2x3 + aoxlxg + aoxlxgxg + aoxgxg,
where o) = af(t1,t2) is a homogeneous polynomial of degree d.

The divisor D has singularities along the curve Y3 C U given by 1 = z5 = 0.
Since X is general, the divisor D C U is a sufficiently general element of the linear
system |[4M — 4L|. In particular, D is smooth outside Y3 by Bertini’s theorem.
The 3-fold V' has singularities of the type A; x C at a general point of the curve
C = x!(Y3). Moreover, one can resolve the singularities of V' by one blow-up
f: V- V of the curve C.

Let g: U — U be the blow-up of the curve Y3 C U. Then the diagram

~ 7

1% U
/| I
1% ul U

is commutative, where the morphism 7: V — U is a double covering. Let F
be the exceptional divisor of g. Then 7 is branched over the divisor g=1(D) ~
g*(4M — 4L) — 2E. On the other hand, the linear system |¢g*(M — 2L) — E| is a
free pencil whose image on U is generated by the divisors z; = 0 and 2 = 0. In
particular, the divisor g=1(D) ~ g*(4M —4L) — 2E is numerically effective and big
on U. Then the first part of the proof of Proposition 32 in [56] (a stronger version
of Lefschetz’ theorem) implies that

Pic(V) = Pic(U) = Z°.
The linear system |g*(M — L) — E| is also free and gives a P!-bundle
7: U = Proj(Op:1 (2) ® Op1(2)) = Fo.

The rational map 7og~! is given in bihomogeneous coordinates by the linear system
on U spanned by [i(to,t2) z1 + B2(to,t2) x2, where B;(to,t2) is a homogeneous
polynomial of degree 1. N

The P'-bundle 7 induces a conic bundle 7 = 7o 7: V — Fy. Let A C Fy be the
degeneration divisor of 7, and let L1, Ly be fibres of the two projections of Fy to P!
such that 7%(Ly) ~ ¢*(L) and 7*(Lg) ~ g*(M —2L) — E. Then A ~ nL; + 6L, for
some n € Z. Moreover, we have n = 4 by elementary calculations (see the proof of
Proposition 5.6). Hence V is non-rational by Theorem 2.16.

Proposition 5.8. Let X be a 3-fold Hg in Theorem 1.5. Then X is rational.

Proof. Arguing as in the proof of Proposition 5.7, we get a conic bundle 7 =
o7 V — P! x P!, where V is birationally isomorphic to X. Moreover, this case
is simpler since the proof of rationality of V' does not require a proof that the conic
bundle T is standard, that is, that Pic( 17) 2 73. Simple calculations show that the
degeneration divisor A C P! x P! of 7 has bidegree (6,2). Now the rationality of X
follows immediately from Theorems 2.24, 2.22 and 2.23.
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Proposition 5.9. Let X be a sufficiently general 3-fold Ty in Theorem 1.6. Then
X is non-rational.

Proof. The 3-fold X is an anticanonical image of a sufficiently general divisor
V C U = Proj(Op:(1) ® Op1 (1) & Op1 (1) & Op1)

belonging to the linear system |3M — L|, where M is the tautological line bundle
on U, and L is a fibre of the natural projection of U to P!. The divisor D is given
in bihomogeneous coordinates on U by

a%x:f + a%x%xz + agx%xg + a%x%xz + agxlxgxg + agx1x§ + ozgxg

8.2 9. .2 10,.3 1,2 2 3
+ ayT5%3 + ayToxy + iy T3 + QTIT4 + QTT1T2T4 + Q[ T1T3T4

4,2 5 5,.2 1, ,.2 2., .2 3002 _
+ Q1 T5T4 + Q) T2T3T4 + Q1 T3T4 + apT1Ty + QgTexy + agr3zTy = 0,

where o, = aj(to, 1) is a homogeneous polynomial of degree d. Since X is general,
V is smooth. Moreover, the anticanonical morphism ¢|_,| contracts a single curve
C C V (given by ©; = x2 = 3 = 0) to an ordinary double point O on X. The
corresponding birational morphism ¢|5;| maps the rational scroll U to the cone U
over P! x P? with vertex O.

The 3-fold X and the 4-fold U are not Q-factorial. Moreover, the birational mor-
phisms ¢|_g,| and |7 may be regarded as Q-factorializations of X and U respec-
tively (see [92]). There are also other ways to Q-factorialize X and U. Namely,
one can find a scroll U = Proj(Op: (1) @ Op2(1) @ Op2) and a birational morphism
o7 U — U, where T is the tautological line bundle on U. Moreover, the birational
map (p|_Tl| o || is an antiflip (see [93], [99]) in the curve C C U.

Let Y C U be the proper transform of X on the 4-fold U. Then Y is a smooth
weak Fano 3-fold and YV ~ 2T + F for F' = f*(Op2(1)), where f is the natural
projection of U to P2. The original 3-fold X is an anticanonical image of the
3-fold Y, and the birational map (pl_—lel 0|k | is a simple flop in the curve C C V

induced by the antiflip (p|_Tl| o@|pm|- Lefschetz’ theorem implies that Pic(Y') = Z G Z.

The restriction g: ¥ — P2 of the projection f: U — P2 is a conic bundle. Let
A be the degeneration divisor of g. Simple calculations (see the proof of Propo-
sition 5.5) imply that A ~ Op2(7) (see [56], §4.4.1). Therefore the 3-fold Y is
non-rational by Theorem 2.16 (see [54], [37]).

Proposition 5.10. Let X be a sufficiently general 3-fold Tg in Theorem 1.6. Then
X is non-rational.

Proof. The 3-fold X is an anticanonical image of a weak Fano 3-fold V', which may
be regarded as a sufficiently general divisor on the rational scroll U = Proj(Op:1 (2)®
Op1 (1) ®Opr ®Op1) lying in the linear system |3M — L|, where M is the tautological
line bundle on U and L is a fibre of the natural projection of U to P!. Thus the
3-fold V is given in bihomogeneous coordinates on U by

3 2 1,2 2.2 3 2 1
asT] + QuriTo + Q3T|T3 + a3T1T4 + Q3T125 + Q3T1X2T3
2 1 2 2 3 2 3.3
+ a5T1T2xs + ax1X3 + | T1T3T4 + QTT1TY + anTy

4,2 5.2 1 2 2 3 2 _
+ QX573 + X53Ty + QpTax3 + QuT2T3T4 + QT2 = 0,
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where o = a(to,t1) is a homogeneous polynomial of degree d. The 3-fold V
contains a surface Y3 = P! x P! given by z; = x5 = 0. This surface is the base
locus of the linear system |[3M — L|. However, V is smooth at the general point
of Y3. On the other hand, V is always singular at the points where

1,.2 2 2 1.2 2 3,2
T] = T2 = 13 +Q]T3T4 + oz:fx4 = a3 + agr3rs + opry = 0.

Since V is general, it follows that these points are ordinary double points on V' and
V' is smooth outside them.

Let g: U — U be the blow-up of Y3 C U, E the exceptional divisor of g, and
V=g (V) CU. Then V ~ g*(3M — L) — E, V is smooth, and gy is a small
resolution of the 3-fold V. On the other hand, the linear system |g*(M — L) — E| is
free. Therefore the divisor Vis numerically effective and big on U. In the case when
V is ample, Lefschetz’ theorem implies that Pic(V) 2 Pic(U) 2 Z3. However, the
divisor V is not ample. Nevertheless, we can replace Lefschetz’ theorem by
the arguments in the first part of the proof of Proposition 32 in [56] to get
Pic(V) = Pic(U) = Z3.

The linear system |g*(M) — E| is free and determines a P?-bundle

7: U = Proj(Op1(2) ® Opi (1)) 2 Fy.

The rational map 7o ¢! is given in bihomogeneous coordinates by a linear system
on U spanned by [i(to,t2) z1 + Ba2(to,t2) x2, where B;(to,t2) is a homogeneous
polynomial of degree 1. N

The P2-bundle 7 induces a conic bundle 7 = 7|;;: V. — Fi. Let A C Fy be
the degeneration divisor of 7. It follows from the construction that A ~ 5s. + al,
where s, is the exceptional section of F; and [ is a fibre of the natural projection
of Fl to ]P)l.

Let so be a sufficiently general section of Fy such that so N sec = @. We put
S =7"1(s9) and B =7"1(s9). Then S = BNV C B, and the divisor B is naturally
isomorphic to the scroll

PI‘Oj (O[pl (2) D Opl D Opl) .

Moreover, g(B) = B and g(B) NV = ¢g(S) UYs;. However, the surface Y3 is
determined by the equation z; = 0 on the scroll g(B), while g(B) is a general
divisor in the linear system |M — L|. Therefore we have S ~ 2T + F on the
scroll B, where T is the tautological line bundle on B and F is a fibre of
the natural projection of B to P'. It follows that KZ =1, so- A =7 and a = 7.
Hence V is non-rational by Theorem 2.16.

Proposition 5.11. Let X be a 3-fold To5 in Theorem 1.6. Then X is rational.

Proof. We can repeat the construction of the conic bundle in Proposition 5.10 to
get a conic bundle 7 = V- F3, where Vis birationally equivalent to X. However,
we do not need the condition Pic(V) 22 Z3 or the smoothness of V. Let A C Fy be
the degeneration divisor of 7. Then elementary calculations imply that A - sy =1,
where sq is a sufficiently general section on 5 which is disjoint from the exceptional
section of F3. Therefore the 3-fold V is rational by Theorems 2.24, 2.22 and 2.23.
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Proposition 5.12. Let X be a sufficiently general 3-fold Ty in Theorem 1.6. Then
X is non-rational.

Proof. We can repeat the construction of the conic bundle in the proof of Proposi-
tion 5.10 to get a conic bundle 7 = V- - Fo = P' x P! such that V is birationally
equivalent to X, Vis smooth, and Pic( V) =~ 73. Let A C Fy be the degeneration
divisor of 7. Then elementary calculations (see the proof of Proposition 5.10) imply
that the divisor A C P! x P! has bidegree (5,4). Therefore V is non-rational by
Theorem 2.16.

Proposition 5.13. Let X be a 3-fold T11 in Theorem 1.6. Then X is rational.

Proof. We can repeat the construction of the conic bundle in the proof of Proposi-
tion 5.10 to get a conic bundle 7 = V — Fy = P! x P! such that V is birationally
isomorphic to X. However we do not need to prove that V is smooth or that
Pic(V) = 73 Let A C Fy be the degeneration divisor of 7. Then elementary
calculations imply that the divisor A C P! x P! has bidegree (5,2). Hence we can
consider the composite 6: V — P! of the conic bundle 7 and one of the projections
of P! x P! onto P! such that a sufficiently general fibre of 6 is a surface S with
K2 = 6. Then the rationality of V follows from Theorems 2.24,2.22 and 2.23.

Thus Proposition 1.10 is proved. The approach to proving the non-rationality
of H; and T together with the standard degeneration technique (see [54], [37],
[94]) can be used as a pattern to prove non-rationality of many 3-folds fibred into
del Pezzo surfaces of degree 2 and 3 (see [52], [30], [56], [43]).
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