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Elliptic structures on weighted
three-dimensional Fano hypersurfaces

I. A. Cheltsov

Abstract. We classify birational transformations into elliptic fibrations of
a general quasi-smooth hypersurface in P(1, a1, a2, as, as) of degree Z?zl a;
that has terminal singularities.

8 1. Introduction

Let X be a quasi-smooth hypersurface in P(1, a1, as, as, aq) of degree d = Z?Zl a;
that has terminal singularities, where a1 < as < a3 < a4. Then X is a Fano
threefold, and there are exactly 95 possibilities for the four-tuple (a1, as,as,asq).
We shall use the symbol n to denote the place of such a family in the list in [1].

Suppose that the hypersurface X is general. The following result is proved in [2].

Theorem 1.1. The hypersurface X is birationally rigid * and, in particular, non-
rational.

There are finitely many involutions 7y, ..., 7, € Bir(X) that generate the group
Bir(X) up to biregular automorphisms (see [2]). In the case when n ¢ {7,20,60}
and k, > 0, the hypersurface X can be birationally transformed into an elliptic
fibration that is invariant under the induced action of the group Bir(X). This fact
is used in [4] to find the relations between the involutions 7y,..., 7%, .

It is natural to try to classify all birational transformations of the hypersurface X
into elliptic fibrations. This is equivalent to the following problem: find all rational
maps X --+ P2 whose generic fibre is birational to an elliptic curve. Here are a few
examples.

Example 1.2. Let n = 1. Then X is a quartic threefold. Let & X --» P2 be
projection from a line contained in X. Then a generic fibre of the map £ is an
elliptic curve.

Example 1.3. Let n = 2. Then X is a hypersurface in P(1, 1,1, 1,2) of degree 5
which has one singular point of type %(1, 1,1). There is a commutative diagram

N
X---r--=P,

ILet V be a Fano variety of Picard rank 1 having terminal Q-factorial singularities. Then V'
is said to be birationally rigid (see [3]) if it is not birational to any other Mori fibre space, and
birationally superrigid if it is birationally rigid and Bir(V) = Aut(V).

AMS 2000 Mathematics Subject Classification. 14E05.



766 I. A. Cheltsov

where 1 is the natural projection, 7 is a weighted blow-up of the singular point of

the hypersurface X with weights (1,1, 1), 7 is a birational morphism that contracts

15 irreducible smooth rational curves Ci,...,Cq5, and 7n is a double cover. Put

¢ = x o1, where y: P? ——» P? is the projection from the point 7 o v(C;). Then

a generic fibre of the map ¢ is an elliptic curve.

Example 1.4. Let n = 17. Then X is a hypersurface in P(1,1, 3,4, 4) of degree 12
1,3

whose singularities consist of three singular points of type i(l, ,3). There is a com-
mutative diagram

U*W
X--- e P(1,1,4),

where £ is a projection, « is a weighted blow-up of a singular point of type %(1, 1,3)
with weights (1,1, 3), 0 is a weighted blow-up with weights (1,1, 2) of the singular
point that is contained in the exceptional divisor of the morphism «, and w is an
elliptic fibration.

Example 1.5. Let n = 26. Then X is a hypersurface in P(1,1, 3,5, 6) of degree 15
that has two singular points of type %(1, 1,2). There is a commutative diagram

where £ is a projection, o is a weighted blow-up of a singular point of type %(17 1,2)
with weights (1,1,2), and w is the morphism given by the linear system |—6Kx|.
Then the normalization of a generic fibre of the rational map £ is an elliptic curve.

Example 1.6. Let n = 31. Then X is a hypersurface in P(1,1,4,5,6) of degree 16
that has a singular point of type é(l, 1,4). There is a commutative diagram

U<¥ w
X———-—-- > P(1,1,6),

where & is a projection, « is a weighted blow-up of the singular point of type
%(1, 1,4) with weights (1, 1,4), § is a weighted blow-up with weights (1, 1, 3) of the
singular point that is contained in the exceptional divisor of the morphism «, and w
is an elliptic fibration.

Example 1.7. Let n € {7,11,19}. Then as = a3, and the hypersurface X has %
singular points of type +(1,1,as — 1). Let £&: X --» P(1,a1,as) be the rational

a2
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map induced by a linear subsystem in the linear system |—asK x| consisting of
surfaces that pass through a given singular point of type é(l7 1,a2 — 1). Then the
normalization of a generic fibre of the map ¢ is an elliptic curve.

Example 1.8. Let n € {7,9, 20,30, 36,44,49,51,64}. Then X can be given by the
equation

w?t + wg(%y,«%t) + f($7yvz>t) =0
or by the equation

k-1
2" + Zgi(x, y,t,w)z" =0 C Proj(Clz,y, z,t,w]),
=0

where wt(z) = 1, wt(y) = a1, wt(z) = ag, wt(t) = a3, wt(w) = a4, and g; is
a quasi-homogeneous polynomial. Let £: X --» P(1,a1,a3) be the rational map
given by a linear system consisting of surfaces that are cut out by f(z,y,t) = 0,
where f(z,y,t) is a quasi-homogeneous polynomial of degree ajas. Then the nor-
malization of a generic fibre of the map £ is an elliptic curve.

Example 1.9. Letn ¢ {1,2,3,7,11,19,60,75,84,87,93} and £: X --» P(1,a4,a2)
be the natural projection. Then the normalization of a generic fibre of the map &
is an elliptic curve.

The purpose of this paper is to prove the following result.?

Theorem 1.10. Let p: X --» P2 be a rational map whose generic fibre is birational
to an elliptic curve. Then there is a commutative diagram

X----"—-- > X
| I
¢ | lp
\i \i
P(17a17ai) _____ > ]PQ,

where ¢ is a birational map, o € Bir(X), and £ is one of the dominant rational
maps constructed in Examples 1.2-1.9.

Corollary 1.11. Let p: X --» P? be a rational map whose generic fibre is
birational to an elliptic curve. Suppose that n ¢ {1,2,7,9,11,17,19, 20, 26, 30, 31,
36,44,49,51,64}. Then there is a commutative diagram

where 1 is the natural projection and ¢ is a birational map.

Corollary 1.12. The hypersurface X can be birationally transformed into an ellip-
tic fibration if and only if n ¢ {3,60,75,84,87,93}.

2] the case when n € {1, 3,14, 22,28, 34, 37, 39, 52, 53, 57, 59, 60, 66, 70, 72, 73, 75, 78, 81, 84, 86,
87,88,89,90,92,93,94,95}, the assertion of Theorem 1.10 is proved in [4]-[6].
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We illustrate our technique by proving the following result.
Proposition 1.13. The assertion of Theorem 1.10 holds for n = 14.

Proof. Let n = 14. Then X is a hypersurface in P(1,1,1,4,6) of degree 12 with
just one singular point, which is of type %(1, 1,1). Let £&: X --» P2 be the natural
projection and 7w: U — X a weighted blow-up with weights (1,1, 1) of the singular
point of X. Then £ o 7 is a morphism.

Let p: X --» P2 be a rational map such that the normalization of its generic
fibre is an irreducible elliptic curve. Consider commutative diagram

where V' is smooth, « is a birational morphism and [ is a morphism. Let M be the
proper transform of |3*(Opz(1))| on the hypersurface X. To complete the proof,
we have to show that the proper transform of the linear system M on the variety U
lies in the fibres of the fibration & o .

There is a natural number £ > 0 such that M ~ —kKx. Consider the mobile
linear system (X , %/\/1) Then

& 6
1 . 1
Kv-f—EBNQO( (KX_F]{M)_'_;CL’LE;NQZGZEZ’

i=1

where E; is an a-exceptional divisor, a; is a rational number and ¢ is the number
of exceptional divisors of a. It follows from [2] that a; > 0 for every i, but that
there is a j such that a; < 0 by Lemma 2.1. Put Z; = o(E}).

Suppose that Z; is a smooth point of X. Let S; and Sy be general surfaces in
the linear system M. Then multz, (S; - S2) > 4k? by [7], Lemma 1.10. But the
linear system |—4K x| induces a double cover X — P(1,1,1,4). Thus, we have

2k2 =H- Sl . SQ } multzj(Sl . SQ) 2 4k2,

where H is a sufficiently general divisor in the linear system |—4K x| that passes
through the point Z;, a contradiction.

It follows from Corollary 2.8 that Z; is not a curve, which implies that Z; is
the unique singular point of the hypersurface X. Let D be the proper transform
of the linear system M on the variety U. Then D ~g —kKy by Theorem 2.2.
Hence, the linear system D lies in the fibres of the elliptic fibration & o 7, which
completes the proof.

Let us describe the structure of the paper. We give some auxiliary results
in §2. The first steps of the proof of Theorem 1.10 are done in § 3, where we prove
Theorem 1.10 for n € {1,3,5,11, 14,22, 28, 34,37, 39,52, 53, 57, 59, 60, 66, 70, 72, 73,
75,78, 81,84, 86,87,88,89,90,92,93,94,95}. Then we prove Theorem 1.10 in the
remaining cases.
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§ 2. Preliminaries

Let X be a threefold having terminal Q-factorial singularities, M a linear system
on X such that M does not have fixed components, and A an arbitrary non-negative
rational number. In this section we consider technical results describing properties
of the mobile log pair (X,AM) which are used in the proof of Theorem 1.10.
Elementary properties of mobile log pairs can be found in [3]. As usual, the set of
centres of canonical singularities of (X, AM) is denoted by CS(X, AM).

The main idea in the proof of Theorem 1.10 is to use iteratively the following
result, which is a generalization of the classical Noether—Fano inequality.

Lemma 2.1. Let p: X --» P2 be a rational map whose generic fibre is birational to
an elliptic curve and w: V — X a resolution of the indeterminacies of p. Suppose
that M is a proper transform of the linear system |por*(Op2(1))|, the divisor —K x
is nef and big and the equivalence Kx + AM ~¢q 0 holds. Then the singularities of
the log pair (X, AM) are not terminal.

Proof. See [3], proof of Theorem 1.4.4.

In the course of the proof of Theorem 1.10, applications of Lemma 2.1 are usually
followed by applications of the following well-known result.

Theorem 2.2. Let O be a singular point of X of type %(1, a,T —a), where a and r
are coprime natural numbers such that r > a, and let multo(M) be a rational
number such that

D ~g (M) — multo(M)G,

where m: U — X is a weighted blow-up of O with weights (1,a,7 — a), G is the
exceptional divisor of w and D is a proper transform of M on the variety U.
Suppose that CS(X, \M) contains either the point O or a curve passing through O.
Then multo(M) = 1/(rA).

Proof. This is proved in [8].

In the course of the proof of Theorem 1.10, applications of Theorem 2.2 are
usually followed by applications of the following result.

Lemma 2.3. With the assumptions and notation of Theorem 2.2, suppose that
the singularities of the log pair (X,AM) are canonical, CS(X,IM) = {O} and
CS(U,\D) # @. Then the following assertions hold:

the set CS(U, \D) does not contain smooth points of G =2 P(1,a,r — a);

if the set CS(U,\D) contains a curve L, then L € |OP(La7,ﬁ_a)(1)|, and every
singular point of the surface G is contained in the set CS(U, \D).

Proof. We consider only the case when r = 5 and a = 2 because the proof is similar
in the general case. Thus, we have G = P(1,2,3).
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Let P and @ be singular points of G and L the curve in ‘Op(l,gyg)(:l)‘. Then L
passes through P and @, but multo(M) = 1/(5A) by Theorem 2.2, which implies
that D|G ~0 AL.

Suppose that the set CS(U, AD) contains a subvariety Z of the subvariety U
that is different from the curve L and the points P and (. We will show that
this assumption leads to a contradiction, which is enough to complete the proof by
Theorem 2.2. We have Z C G.

Suppose that Z is a point. Then Z is smooth on the variety U, which implies
the inequality multz (D) > 1/A. Let C be a general curve in the linear system
|Op(1,2,3)(6)| that passes through Z. Then C' is not contained in the base locus of
the linear system D. Hence, we have 1/ = C' - D > multz(C)multz(D) > 1/,
which is a contradiction.

Therefore, the subvariety Z is a curve. Then multz(D) > 1/\. Let C be
a sufficiently general curve in the linear system |Op(; 2,3)(6)|. Then

1 Z
X:C-D}multZ(D)C~Z>CT7

which implies that C' - Z = 1. Hence, the curve Z is contained in |Op(y 23)(1)].
Thus, the curves L and Z coincide, which is a contradiction. The lemma is proved.

In the course of the proof of Theorem 1.10, applications of Lemma 2.3 are some-
times followed by applications of the following result.

Lemma 2.4. Let C be a curve on X such that C € CS(X,AM). Suppose that the
complete linear system |—mKx| is base-point-free for some natural number m > 0.
Then —Kx - C < —Kg’(.

Proof. Let My and Ms be general surfaces in M. Then

1
multe (M - M) > multe (M7) multe (M) > 2

Let H be a general surface in [-mKx|. Then

—-mK?3 —-mKx -C
TX =H-M, - M, > (—mKx - C)multe(M; - My) > /\75

which implies that —Kx - C < —K%-.

We now consider a simple result that will substantially simplify the proof of
Theorem 1.10.

Lemma 2.5. Suppose that the linear system M is not composed of a pencil. Then
there is mo proper Zariski-closed subset ¥ & X such that

Supp(S1) N Supp(Sz) C X ¢ X,

where S1 and Sy are general divisors in the linear system M.

Proof. Suppose that there is a proper Zariski-closed subset ¥ C X such that the
set-theoretic intersection of the sufficiently general divisors S; and Ss of the linear
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system M is contained in the set . We claim that this assumption leads to
a contradiction.

Let p: X --» P™ be a rational map induced by the linear system M, where n is
the dimension of M. Then there is a commutative diagram

where W is a smooth variety, « is a birational morphism and [ is a morphism. Let
Y be the image of 5. Then dim(Y) > 2 because M is not composed of a pencil.
Let A be a Zariski-closed subset of W such that the morphism

alwa: WA — X\ a(A)

is an isomorphism, and let A be the union of the subset A C W and the closure of
the proper transform of the set ¥\ «(A) on W. Then A is a Zariski-closed proper
subset of W.

Let By and Bs be general hyperplane sections of the variety Y and let D; and
Dy be proper transforms of the divisors By and By on the variety W, respectively.
Then «(D7) and «(D3) are general divisors of the linear system M. Hence, in the
set-theoretic sense we have

@ # 37" (Supp(B1) N Supp(Bz)) = Supp(D1) NSupp(D2) CAC W (2.1)
because dim(Y') > 2. However, the set-theoretic identity (2.1) is an absurdity.

The following result is implied by [9], Lemma 0.3.3, and Lemma 2.5.

Corollary 2.6. Suppose that M is not composed of a pencil. Let D be a divisor
on X that is big and nef. Then D - Sy - Sy > 0, where S1 and S are sufficiently
general surfaces in the linear system M.

The proof of Lemma 2.5 implies the following result.

Lemma 2.7. Suppose that M is not composed of a pencil. Let D be a linear system
on X that does not have fized components. Then there is no Zariski-closed subset
¥ ¢ X such that

Supp(S) N Supp(D) C ¥ ¢ X,

where S and D are sufficiently general divisors of the linear system M and D,
respectively.

Lemma 2.5 and the proof of Lemma 2.4 imply the following result.

Corollary 2.8. With the assumptions and notation of Lemma 2.4, suppose that
the linear system M is not composed of a pencil and the divisor —Kx is nef and
big. Then —Kx -C < —K%.

Many applications of Lemma 2.7 use the following simple result.
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Lemma 2.9. Let S be a surface and D an effective divisor on S such that D =
Z§=1 a;C;, where a; € Q and C4,...,C, are irreducible curves on S whose inter-
section form is negative definite. Then D =" a;C;.

Proof. Let D = Zle ¢; B;, where B; is an irreducible curve on S and ¢; is a non-
negative rational number. Suppose that

k r
Z ciB; # Z a;C;
i1 i—1

and none of the B; are among the curves Cq,...,C,. We may assume that not
all of ¢y, ...,c, are zero. We claim that these assumptions lead to a contradiction,
which implies the desired result.
The intersection form of the curves Cy,...,C, is negative definite. Thus, we
have
0 2 ( Z aiCZ) ( Z aiCZ)
a; >0 a; >0
k
= (Z@Bz) ( > ai0i> - < > aici) ( > aici> >0,
=1 a; >0 a; <0 a; >0

which implies that

Z CiBi = Z aZCZ

ci =0 a; <0

Hence, we have ¢; = 0 and a; = 0 for every ¢, which is a contradiction.

§ 3. Beginning of the classification

We shall use the notation and assumptions of §1. In this section we begin the
proof of Theorem 1.10. Suppose that there is a birational map p: X --» V and an
elliptic fibration v: V' — P2 such that V is smooth and the fibres of v are connected.
We must show that there is a commutative diagram

X____U___>X———p——>v
I
R l (3.1)
Al
P(l,al,ai)—— - — __C ______ > ng

where  and o are birational maps and £ is one of the rational maps constructed in
Examples 1.2-1.9.
The commutative diagram (3.1) implies the commutative diagram

X-——-———---- =V
|
€l lu (3.2)
A
P(1,a1,a;) - - P

in the case when £ o o = x o ¢ for every o € Bir(X), where x € Bir(P(1,a4,4a;)).
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Example 3.1. Let ¢: X --» P(1,a1,a2) be a projection and o any birational
automorphism of the threefold X. Suppose that n ¢ {1,2,3,7,11,19, 20, 36, 60, 75,
84,87,93}. Then it follows from [2] that there is a birational automorphism y of
the surface P(1, a1, as) such that ¢ oo = x 0.

Let M be a proper transform of the linear system |v*(Opz2(1))| on the hypersur-
face X. Then M ~g —kKx for some natural number k, but the singularities of

the log pair (X, %M) are not terminal by Lemma 2.1.

Remark 3.2. Tt follows from [2] that there is a birational automorphism o € Bir(X)
such that the singularities of the log pair (X, Z0(M)) are canonical, where k' € N
is such that M ~q —k'Kx.

We may assume that the singularities of the log pair (X , %M) are canonical.

Theorem 3.3. The set (CS(X, %M) does not contain smooth points of X when
n#1 or2.

Proof. This follows from the proof of Theorem 5.1.2 in [2].
The following corollary is implied by Lemma 2.4.

Corollary 3.4. The set CS(X, %M) of centres of canonical singularities does not
contain curves that do not contain singular points of X when n > 6.

In particular, the set CS (X , %M) contains a singular point of X when n > 6 by
Theorem 2.2.

Proposition 3.5. Suppose that the set CS(X, %M) contains a singular point O
of the hypersurface X that is a singularity of type %(17 r —a,a), where a and r are
coprime natural numbers and r > a. Let m: Y — X be a weighted blow-up of the
point O with weights (1,a,r — a). Then —K3 > 0.

Proof. Suppose that —K3 = —K% —1/(ra(r—a)) < 0. Let E be the m-exceptional
divisor and B a proper transform of M on the variety Y. Then B ~q —kKy by
Theorem 2.2.

Let NE(Y') be the closure in R? of the cone generated by effective one-dimensional
cycles of the variety Y. Then —FE - E generates an extremal ray of NE(Y), but it
follows from [2], Corollary 5.4.6, that there are integers b > 0 and ¢ > 0 such that
the cycle —Ky - (—bKy + ¢F) is numerically equivalent to an effective, irreducible
and reduced curve I' on the variety Y that generates the extremal ray of the cone
NE(Y) different from the ray generated by —F - E.

Let S; and S5 be general surfaces in B. Then S;-S2 € NE(Y), but S1-S9 = k2KZ,
which implies that the cycle S - Sy generates an extremal ray of the cone NE(Y)
that contains the curve I'. Moreover, for every effective cycle C' € RTT we have

Supp(C) = Supp(S; - S2)

because S; - ' < 0 and Sy - I' < 0, which is impossible by Lemma 2.5 because the
linear system B is not composed of a pencil.

The following result is implied by Proposition 3.5.
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Proposition 3.6. The assertion of Theorem 1.10 holds for n € {14,22,28, 34,37,
39,52, 53,57, 59,66, 70,72,73,78,81, 86, 88, 89,90,92,94,95}.

Proof. We must show the existence of a commutative diagram

X----"--->v
|
n l (3.3)
\i
P(l,al,ag) - _go_ - — > PQ,

where 1 is the natural projection and ¢ is a birational map.

It follows from Theorems 3.3, Lemma 2.4 and Theorem 2.2 that (CS(X, %M)
contains a singular point P of the hypersurface X of type %(l,aﬂ" — a), where a
and r are coprime natural numbers and r > a.

Let m: Y — X be a weighted blow-up of the point P with weights (1,a,r — a)
and B the proper transform of the linear system M on the variety Y. Then
the equivalence B ~g —kKy holds by Theorem 2.2. Moreover, for every value
of n, either the inequality —K3 < 0 holds or the inequality —K3 = 0 holds.

Then —K3 = 0 by Proposition 3.5. Then the linear system |—rKy| does not
have base points for r > 0 and induces a morphism 7: ¥ — P(1, a1, as) such that
the diagram

is commutative. Let C be a generic fibre of the morphism 7 and S a general surface
in the linear system B. Then S ~g —kKy by Theorem 2.2. Hence, the equality
S - C = 0 holds, which implies that the surface S lies in the fibres of the elliptic
fibration 7. The latter implies the existence of the commutative diagram (3.3).

The following result implies Corollary 1.12.
Lemma 3.7. Our assumptions imply that n ¢ {3,60,75,84,87,93}.

Proof. Tt follows from Proposition 3.5 that n ¢ {75,84,87,93}.

Suppose that n = 3. Then the hypersurface X is smooth and the set CS (X , %M)
contains an irreducible curve I' such that —K x-I' = 1 by Lemma 2.4. Let v: X — X
be a blow-up of the curve I' and G the exceptional divisor of 7. Then the divisor
v*(=3Kx) — G is nef and big. But

(n*(=3Kx) = G)-5,-51 =0,

where S; is the proper transform of a general surface in M on X, which is impossible
by Corollary 2.6.

We have n = 60. Then X is a hypersurface in P(1,4,5,6,9) of degree 24.

It is easy to check that CS (X , %M) does not contain curves by Corollary 2.8,
which implies that the set (CS(X , %./\/l) consists of the singular point O of the
hypersurface X that is a quotient singularity of type §(1,4,5) by Proposition 3.5.
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Let m: Y — X be a weighted blow-up of the singular point O with weights (1,4, 5)
and D a proper transform of the linear system M on the threefold Y. Then
D ~g —kKy by Theorem 2.2. Let P and () be the points of Y contained in
the - exceptlonal divisor that are singularities of types 1(1, 1,3) and (1 1,4),
respectively. Then CS(Y, D) C {P,Q} by Lemmas 2.3 and 2.4.

Suppose that (CS(Y, %D) contains the point Q. Let a: U — Y be a weighted
blow-up of @) with weights (1,1,4) and B a proper transform of M on the vari-
ety U. Then B ~q —kKy by Theorem 2.2, the linear system |-4Ky/| is a proper
transform of the pencil |-4K x| and the base locus of the pencil |[-4Ky| consists of
an irreducible reduced curve Z on U such that the curve mo a(Z) is a base curve
of the pencil |-4Kx|. Let H be a general surface in |[—4Ky|. Then Z2? = —1/30
on H. But the equivalence B|gy ~g kZ holds, which is impossible by Lemmas 2.7
and 2.9.

We see that CS(Y, D) = {P}. Let 3: W — Y be a weighted blow-up of the
point P with weights (1,1,3) and D the proper transform of the general surface
in |[-5K x| on the variety W. Then D is nef and big, but the equality D-Hy-Hy =0
holds, where Hy and H are general surfaces in the proper transform of M on W,
which is impossible by Corollary 2.6.

We now consider a very simple case when there are many ways of birationally
transforming the hypersurface X into elliptic fibrations.

Proposition 3.8. Suppose that n = 11. Then the diagram (3.2) exists, where £ is
one of the five rational maps constructed in Example 1.7.

Proof. The threefold X is a hypersurface in P(1,1,2,2,5) of degree 10 whose singu-
larities consist of points Py, P, P3, Py and Ps that are singularities of types 5 1(1,1,1).
The hypersurface X is birationally superrigid. It follows from the constructlon in
Example 1.7 that there is a commutative diagram

where &; is a projection, 7; is the weighted blow-up of P; with weights (1,1, 1) and 7;
is an elliptic fibration. It follows from Theorem 2.2, Lemma 2.4 and Theorem 3.3
that the set CS(X, %/\/1) contains the singular point P; for some i € {1,2,3,4,5}.
Let D; be the proper transform of M on U;. Then D; ~g —kKy, by Theorem 2.2,
which implies the existence of the commutative diagram (3.2) for £ = &;.

The following result is obtained in [10].

Theorem 3.9. Suppose that (CS( , ;M) contains an irreducible curve C' on the
hypersurface X and n > 3. Then there are different surfaces S1 and Sy in the linear
system |—K x| such that the curve C is a component of the curve S; N Ss.

The following result is obtained in the thesis of D. Ryder.
Proposition 3.10. The assertion of Theorem 1.10 holds for n = 5.
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Proof. Suppose that n = 5. Then X is a general hypersurface in P(1,1,1,2,3) of
degree 7, the equality —K% = 7/6 holds, and the singularities of the hypersurface X
consist of two isolated singular points P and @ of types 1(1,1,1) and £(1,1,2),
respectively.

The hypersurface X can be given by the equation

w2f1('rayaz) + f4($7y727t)w + f7(z7y7zat) =0cC ]P)(17 17 1a253)
= PYOJ'((C[%%Z;@U/D»

where wt(x) = wt(y) = wt(z) = 1, wt(t) = 2 and wt(w) = 3, f; is a general
quasi-homogeneous polynomial of degree i, and @ is given by the equations x =
y =z =1t =0. There is a commutative diagram

where y and £ are the natural projections, the morphism w is an elliptic fibration,
the morphism « is a weighted blow-up of the point ) with weights (1,1, 2), the mor-
phism + is the birational morphism that contracts 14 smooth irreducible rational
curves C1,...,C14 into 14 isolated ordinary double points P, ..., P4, respectively,
of the variety Y, the morphism 7 is a double cover branched over the surface
R C P(1,1,1,2) that is given by the equation

f4(gj7ya th)2 - 4fl(‘ra Y, Z)f7(xayvzvt) =0C P(lv 17 17 2) = PI'Oj (C[xvya Z7t])

and has 14 isolated ordinary double points n(Py), ..., n(P14), and [ is the composite
of the weighted blow-ups with the weights (1,1,1) of two singular points of the
variety W that are singularities of types %(1, 1,1).

It follows from Theorem 3.9 that the set CS (X , %M) does not contain curves
(see the proof of Lemma 8.3).

Suppose that CS(X, 1 M) = {Q}. Let O be the singular point of the threefold W
such that a(O) = @ and D the proper transform of M on the threefold W. Then
(ONS (CS(VV, %D) by Theorem 2.2 and Lemmas 2.1 and 2.3. Let B be the proper
transform of D on the variety Y. Then it follows from Theorem 2.2 and Lemmas 2.3
and 2.4 that CS(Y, +B) contains a curve C' such that —Ky - C' = 1/2 and y on(C)
is a point.

There is an irreducible curve Z on Y such that n(Z) = n(C) and Z # C. Let S
be a general surface in the linear system |—Ky| that contains the curve C. Then
Z% < 0on S. But Blg ~g kC + kZ on S, which is impossible by Lemma 2.7
because B is not composed of a pencil.

It follows from Theorem 2.2 and Lemmas 2.3 and 2.4 that CS (X, %M) = {P, Q}
Hence, we have O € (CS(VV, %D) by Corollary 2.8 and Lemmas 2.1 and 2.3. Thus,
the proper transform of M on U is contained in the fibres of the elliptic fibration w
by Theorem 2.2.
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The assertion of Theorem 3.9 implies the following result.

Lemma 3.11. Suppose that as # 1. Then the set CS(X, %M) does not contain
curves.

Proof. Suppose that CS(X , %M) contains a curve C. Then the assertion of Theo-
rem 3.9 implies that there are surfaces S; and Ss in the pencil |- K x| such that C
is contained in the intersection S1 N Sy. Now the inequality as # 1 implies that the
cycle Sp - Sy is a reduced and irreducible curve. Hence, we have —Kx - C = —K&%,
which is impossible by Lemma 2.4.

We illustrate the application of Lemma 3.11 by proving the following result.
Proposition 3.12. The assertion of Theorem 1.10 holds for n = 18.

Proof. Let n = 18. Then X is a hypersurface in P(1,2,2,3,5) of degree 12 whose
singularities consist of points Oq,...,0O that are quotient singularities of type
£(1,1,1) and a point P that is a quotient singularity of type 1(1,2,3). The equal-
ity —K3% = 1/5 holds and there is a commutative diagram

U w
l in
X—=——-=-- > ]P)(L?,Z),

where v is the natural projection, the morphism « is the weighted blow-up of the
point P with weights (1,2,3), § is the weighted blow-up with weights (1,1,2) of
the singular point of the variety U that is a quotient singularity of type %(1, 1,2),
and 7 is an elliptic fibration.

It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS (X7 %M) =
{P}.

Let D be the proper transform of M on U and let @ and O be the singular
points of U contained in the exceptional divisor of the birational morphism « that
are singularities of types %(1, 1,2) and %(17 1,1), respectively. Then it follows from
Theorem 2.2 and Lemmas 2.1, 2.3 and 2.4 that D ~ —kKy, the set (CS(U7 %D) is
non-empty and the set CS (U, %D) contains either @ or O.

Suppose that (CS(U, %D) contains O. Let m: Y — U be the weighted blow-up
of O with weights (1,1,1), F' the m-exceptional divisor and H and P the proper
transforms of M and |-3Ky| on Y, respectively. Then H ~g —kKy by Theo-
rem 2.2, but 1
P~ (—3Ky) — 3 F,
and the base locus of the linear system P consists of the irreducible curve Z such
that aom(Z) is the base curve of the linear system |-3K x|. Moreover, for a general
surface S in P, the inequality S - Z > 0 holds, which implies that the divisor
7*(—6Ky) — F is nef and big. Let D; and D2 be general surfaces in the linear
system H. Then

(71'*(—6[([]) - F) . Dl . D2 = (71'*(—6KU) - F) . <7T*(—k‘KU) - SF) = O,

which is impossible by Corollary 2.6.
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Therefore, the set (CS(U, %D) contains the point Q). Let B be the proper
transform of M on W. Then the equivalence B ~g —kKyw holds by Theorem 2.2,
which easily implies the desired assertion.

We conclude this section by proving the following result, which is obtained in [5]
and [6].

Proposition 3.13. The assertion of Theorem 1.10 holds for n = 1.

Proof. Let X be a general hypersurface in P4 of degree 4. Then we must show that
there is a line L C X such that there is a commutative diagram

X---2--»v
|

vl lu (3.4)
\

IP)2___O-__> sz

where 1) is a projection from L and o is a birational map.

Suppose that (CS(X, %M) contains a point P of the quartic X. Let H be
a general hyperplane section of X passing through P. Then it follows from [7],
Lemma 1.10, that

4k* < multp(Dy - Dy) < Dy - Dy - H = 4K,

where Dy and D5 are general surfaces in M. Therefore, the support of the effective
one-dimensional cycle Dy - D5 is contained in the union of a finite number of lines
on the quartic X that pass through the point P. This is impossible by Lemma 2.5.

Therefore, CS (X , %./\/l) contains a curve C. Thus, the inequality
multe (M) > k holds, but it follows from Lemma 2.4 that deg(C) < 3.

Suppose that C' is not contained in any plane in P4. Then C is either a smooth
curve of degree 3 or 4, or a rational curve of degree 4 that has one double point.

Suppose that C is smooth. Let a: U — X be the blow-up of C', F' the exceptional
divisor of @ and D the proper transform of M on the variety U. Then the base
locus of the linear system |o*(— deg(C)Kx) — F| does not contain curves. We have

(o (—deg(C)Kx)— F) - Dy - Dy <0,

where Dy and D5 are general surfaces in the linear system D, which is a contradic-
tion.

Thus, the curve C' is a quartic curve with a double point P. Let g: W — X be
the composite of the blow-up of P and the blow-up of the proper transform of C.
Let G and E be the exceptional divisors of 3 such that S(E) = C and §(G) = P.
Then the base locus of the linear system |3*(—4Kx) — E — 2G| does not contain
curves. We have

(B (—4Kx) — E —2G) - D1 - Dy <0,

where Dy and D5 are general surfaces in the linear system D, which is a contradic-
tion. Hence, we see that C is contained in some two-dimensional linear subspace
of P4,

Suppose that deg(C) # 1. Then we have the following possibilities:
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(i) C' is a smooth conic;
(ii) C' is a smooth plane cubic;
(iii) C is a plane singular cubic.

Suppose that C' is smooth. Let a: U — X be a blow-up of C', F the exceptional
divisor of the birational morphism « and D the proper transform of M on U. Then
one can easily check that the base locus of the linear system |o*(— deg(C)Kx) — F|
does not contain curves. Therefore, the divisor a*(—deg(C)Kx) — F' is nef and
big. On the other hand, we have

(o (—deg(C)Kx) — F) - Dy - Do =0,

where D7 and Dy are general surfaces in the linear system D, which is impossible
by Corollary 2.6.

Hence, C' is a plane cubic with a double point P. Let 5: W — X be the
composite of the blow-up of P and the blow-up of the proper transform of C. Let
G and E be the exceptional divisors of the morphism 3 such that S(F) = C and
B(G) = P. Then the base locus of the linear system |5*(—3Kx) — FE — 2G| does
not contain curves, which implies that the divisor §*(—3Kx) — E — 2G is nef and
big. On the other hand, the inequality

(6*(~3Kx) — E—2G) - Dy - Dy <0

holds, where Dy and D5 are general surfaces in D, which is impossible by Corol-
lary 2.6.

Thus, we see that C is a line. The equality mult (D) = k implies the existence
of the commutative diagram (3.4) for L = C'.

§4. The case n = 2: a hypersurface of degree 5 in P(1,1,1,1, 2)

We use the notation and assumptions of §3. Let n = 2. Then X is a sufficiently
general hypersurface in P(1,1,1,1,2) of degree 5, the equality —K% = 5/2 holds
and the singularities of the hypersurface X consist of a point O that is a quotient
singularity of type 1(1,1,1).

The hypersurface X can be given by the equation

wzfl(xaya th) + f3(x7ya th)w + f5(x7ya Z7t) =0C P(la 13 17 17 2)
= PTOJ.((C[%%Z;@WD’
where wt(z) = wt(y) = wt(z) = wt(t) = 1 and wt(w) = 2, fi(z,y,2,t) is
a homogeneous polynomial of degree i, and the point O is given by the equa-

tions x =y =2z =1t =0. Let ¢»: X --» P? be the natural projection. Then there is
a commutative diagram
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where 7 is the weighted blow-up of the point O with weights (1,1,1), the
morphism + is the birational morphism that contracts 15 smooth rational curves
Cq,...,C15 to 15 isolated ordinary double points P, ..., P5, respectively, of the
variety Z, n is a double cover branched over the surface R C P3 of degree 6 given
by the equation

f3(95ay,27t>2 - 4f1($7yazat)f5<xay7zvt) =0C P3 = Proj(c[%y,z,t])

and has 15 isolated ordinary double points n(Py),...,n(Ps5), a; is a blow-up of C;,
0; is a blow-up of the point P;, w; is a birational morphism, y; is a projection from
n(FP;), and §; is an elliptic fibration. Moreover, the points n(Py),...,n(P5) are
given by the equations f3 = f1 = f5 = 0.

Remark 4.1. Let 7 be the birational involution of X induced by the double cover-
ing 1. According to [2], the group Bir(X) is generated by 7 and biregular auto-
morphisms of X. Moreover, it follows from [2] that generic fibres of yx; o 1) are
Bir(X)-invariant.

In the rest of this section we prove the following result.

Proposition 4.2. There is a commutative diagram

Ui- - -"-->v
gll l (4.1)
P2 - - — > P?
for some i € {1,...,15}, where @ is a birational map.

Proof. Let B; be the proper transform of the linear system M on the variety W;.
To prove the existence of the commutative diagram (4.1), it is enough to show that
B; lies in the fibres of the elliptic fibration & o w;. The latter follows easily from
the equivalence B; ~q —kKw;,.

Lemma 4.3. Suppose that the set CS(X, %M) contains a smooth point of X.
Then the commutative diagram (4.1) exists for some i € {1,...,15}.

Proof. Suppose that CS(X, %M) contains a smooth point P of X. Let S be
a sufficiently general surface in |—K x| that passes through P. In the case when
P ¢ Ullil 7(C;), the surface S does not contain irreducible components of the effec-
tive cycle Dy - Do, where D1 and Dy are general surfaces in the linear system M.
Therefore, in this case we have

5
multp(Dy - Do) < Dy - Dy - § = —k*K% = Dk,

which is impossible by [7], Lemma 1.10. Thus, the point P is contained in 7(C;)
for some 7. Following the arguments of [2], put C' = n(C;) and

M|s = L+ multe(M)C,
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where £ is a linear system on the surface S without fixed components. Then the
log pair multe (M) )
—C
k
is not log terminal at P by [11], Theorem 7.5. Let L; and Lo be general curves
in £. Then .y
t
multp(Ly - Lo) > 4(1 - m;”)w
by [7], Theorem 3.1. On the other hand, the equality

1
(s 1c

5 3
Ly Ly = B k* — multe(M)k — 3 mult? (M)

holds on the surface S because C2 = —3/2. Hence, we have

multe (M) ) 2

ng — multe(M)k — gmult%(M) > 4(1 — -

which implies the equality multe (M) = k. Thus, the curve 7(C;) is also contained
in the set CS(X , %M) It now follows from Theorem 2.2 that the equivalence
B; ~g —kKw, holds, which implies the desired assertion.

Hence, we may assume that (CS(X, %/\/1) does not contain smooth points of X.
Lemma 4.4. Let C be a curve on X such that C N Sing(X) = @. Then C ¢
CS(X, s M).

Proof. Suppose that CS(X, +M) contains C. Then multc(M) = k. Let H be
a very ample divisor on X. Then H ~g —AKx holds for some natural number \.
Thus, we have

2
ST NRZKE = H - 81+ Sy > mult(M)H - C > — MK - C,

where S; and S are general surfaces in M. Therefore, we have the following
possibilities:

(i) the equality —Kx - C =1 holds and C' is smooth and rational;

(ii) the equality —Kx - C' =2 holds and C' is smooth and rational;

(iii) the equality —Kx - C' = 2 holds and the arithmetic genus of C' is 1.

Let 0: X — X be the blow-up of the ideal sheaf of C' and G the exceptional
divisor of the birational morphism o. Then the variety X is smooth in the neigh-
bourhood of G whenever C is smooth. Moreover, in the case when C' has an
ordinary double point, the singularities of X in the neighbourhood of G consist of
a single isolated ordinary double point. In the case when C' has a cuspidal singu-
larity, the singularities of the variety X in the neighbourhood of G consist of an
isolated double point such that, in the neighbourhood of this point, X is locally
isomorphic to the hypersurface

z} + 23 + 23 + 2 = 0 C C = Spec(Clzo, 21, 22, 23]).

Let S; and S, be the proper transforms of S; and S, on X, respectively.
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Suppose that —Kx - C = 1. Then C is cut out in the set-theoretic sense by
the surfaces in the linear system |—2Kx| that pass through C. Moreover, the
scheme-theoretic intersection of two general surfaces in |-2K x| passing through C
is reduced at a general point of C. Thus, the divisor 0*(—2Kx) — G is nef and big
(see [2], Lemma 5.2.5). But the equality

(0'*(—2Kx) —G) 'Sl'gg =0

holds, which is impossible by Corollary 2.6.

Suppose that —Kx - C = 2 and C is smooth and rational. Then ¢*(—2Kx) — G
is nef because C' is cut out in the set-theoretic sense by the surfaces in the linear
system |-2K x| that pass through it, but the scheme-theoretic intersection of two
general surfaces in |—2K x| passing through C' is reduced at a general point of C.
We have

0> —3]{52 = (0'*<—2Kx) — G) -51 -5y

WV

0,

which is a contradiction.

Hence, the arithmetic genus of C' is 1 and —Kx - C' = 2. C' is the set-theoretic
intersection of the surfaces in |-4K x| that pass through C. Moreover, the scheme-
theoretic intersection of two general surfaces in |-4K x| passing through C' is
reduced at a general point of C. Hence, the divisor o*(—4Kx) — G is nef and
big. On the other hand, the equality

(0'*(—4Kx) - G) . Sl . SQ =0
holds, which is impossible by Corollary 2.6.

It follows from Theorem 2.2 that O € (X , %M) Let D be the proper transform
of M on Y. Then it follows from Theorem 2.2 that D ~g —kKy. Thus, the com-

mutative diagram (4.1) exists in the case when the set (CS(Y, %D) contains the
curve C;. Therefore, we may assume that

1
CS(Y,kD> N{Cy,...,Ci5} = @.

Lemma 4.5. (CS(Y, %D) does not contain smooth points of Y.

Proof. (CS(X , %M) does not contain smooth points of X. Therefore, to complete
the proof it is enough to show that (CS(K %D) does not contain points of the
exceptional divisor of the morphism 7, and this follows from Lemma 2.3.

Put H = (D). Then H ~g —kKz and the singularities of the log pair (z, %H)
are canonical. Thus, it follows from Lemma 2.1 that CS(Z, %’H) is non-empty.

Lemma 4.6. (CS(Z7 %H) does not contain points of Z.

Proof. Tt follows from Lemma 4.5 that smooth points of Z are not contained
in (CS(Z, %H) On the other hand, if P; € (CS(Z, %H), then (CS(Y, %D) contains
either the curve C; or one of its points, which is impossible.

Thus, there is a curve I' on Z that is contained in (CS(Z, %H) In particular, the
inequality multp(H) = k holds.
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Lemma 4.7. The equality —Kz -T' =1 holds.
Proof. Let H be a general divisor of the linear system |—Kz|. Then

2k = H-D; - Dy >multp(Dy - Do)H -T > —k*K, - T,

where D; and Ds are sufficiently general surfaces in the linear system H. Therefore,
the inequality —Kz - I' < 2 holds. Moreover, if the equality —Kz - I' = 2 holds,
then the support of the effective cycle Dy - Dy coincides with the curve I'. The
latter is impossible by Lemma 2.5.

The curve 7(T) is a line in P3 and n|r: I' — 7(T) is an isomorphism. However,
the arguments used in the proof of Lemma 4.7 easily imply that the set (CS(Z \ %H)
does not contain subvarieties of Z besides the curve I', and the inequality
multr(D; - Do) < 2k? holds, where Dy and D5 are general surfaces in H.

Lemma 4.8. The line n(I") is contained in the ramification surface R of the double
cover 1.

Proof. Suppose that 7(T") is not contained in R. Let S be a general surface in |— K z|
that passes through I'. Then

Hl|s = multr (H)I' + multo (H)Q + L,

where £ is a linear system on the surface S that does not have fixed components
and  is a smooth rational curve on Z such that 7(Q) = n(T") but Q # I'. We have

Slng(Z) Nnl= {P)iu-"apir} g {P17...7P15} = Smg(Z),

but P;; is an ordinary double point of S. The equalities ' = Q% = —2 + /2 hold
on S but r < 3. Hence, the inequality 922 < 0 holds on S. We have

(k — multo(H))Q? = (multr(H) — k) -Q+L-Q=L-Q>0,

where L is a general curve in £. Therefore, the inequality multo(H) > & holds.
Then 2 € (CS(Z, %H), which is impossible.

Let H be a general hyperplane in P3 passing through the line n(I'). Then the
curve

A=HNR=nT)uY

is reduced and 7(T") ¢ Supp(Y), where T is a plane curve of degree 5. Moreover,
the reducible curve A is singular at every singular point n(P;) of R that lies on n(T"),
but the set n(I") N Y contains at most 5 points. On the other hand, we have

Sing(A) Ny(l) = T Na(I),
which implies that |Sing(Z) NT'| < 5. Moreover, R is given by the equation

f3(xaya th)2 = 4f1(xay7 Z,t)f5($, Y, Z?t) - ]P)3 = PI‘Oj ((C[xvya Z?ﬂ)

and singular points of R are given by the equations f; = f3 = f5 = 0. We may
assume that the equations f; = f3 = 0 and f; = f5 = 0 define irreducible curves
in P2, which implies that at most 3 points of the subset Sing(R) C IP? lie on a single
line. Therefore, Bertini’s theorem implies that the intersection n(I') N YT contains
at least two different points O; and O, that are not contained in the set Sing(R).
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Remark 4.9. The hyperplane H is tangent to R at the points O; and Os.

Let L; be a general line on the plane H that passes through the point O; 6 the
proper transform of O; on Z and L the proper transform of L; on Z. Then Ljis
tangent to R at O; and the curve L; is irreducible and singular at the point 0; i

but —Kz - Lj = 2. Let H be the proper transform of H on Z and D a general
surface in the linear system H. Then

D|}NI = multr(’H)F + \I/,

where W is an effective divisor on H such that I' ¢ Supp(®). Let Aj=(D\T)NnL
Then

2k=D-L; > multaj(i ) multr (D Z multp(D) multp (L)
' PeA;
>2k+ Y multp(D) multp(L;),
PeA;

which implies that D N Z/j C I'. On the other hand, when we vary the lines L,
and Ls on the plane H, the curves Ly and Lo span two different pencils on the
surface H, whose base loci consist of the points O; and O,, respectively. Hence,
we have Supp(D) N Supp(H) = Supp(T'), where H is a general divisor in |—Kyz|
that passes through I' and D is a general divisor in H. But this is impossible by
Lemma 2.7. The assertion of Proposition 4.2 is proved.

§ 5. The case n = 4: a hypersurface of degree 6 in P(1,1,1,2,2)

We use the notation and assumptions of §3. Let n = 4. Then X is a general
hypersurface in P(1,1,1,2,2) of degree 6. The equality —K3% = 3/2 holds. The
singularities of X consist of points P;, P, and P3 that are quotient singularities of
type £(1,1,1).

Let ¢: X --» P2 be the natural projection. Then a generic fibre of the rational
map v is an elliptic curve and the composite ¥ o7 is a morphism, where n: ¥ — X
is the composite of the weighted blow-ups of the singular points P;, P> and P with
weights (1,1,1).

Proposition 5.1. The assertion of Theorem 1.10 holds for n = 4.

Proof. To prove this, we must show the existence of a commutative diagram

X---%-- -V
|

Yl iu (5.1)
\i

IP2 _____ > P2

where ¢ € Bir(P?). Let Z be an element of CS(X, +M). We have the following
possibilities:
(i) Z is a curve contained in X \ Sing(X);
(ii) Z is a curve containing a singular point of X;
(iii) Z is a singular point of X.



Elliptic structures on Fano hypersurfaces 785

Suppose that Z is an irreducible curve that does not contain singular points
of X. Then the equality —Kx - Z = 1 holds by Lemma 2.4, which implies that Z
is smooth. Let v: W — X be the blow-up of Z and G the exceptional divisor of
the morphism ~. Then the divisor v*(—4Kx) — G is nef, which implies that

(7*(74KX) — G) . §1 . 52 2 0,

where the S; are the proper transforms on W of sufficiently general surfaces in M.
We have

0 < (7*(—4[()() - G) . 51 . gz = —k2,
which is a contradiction.

Suppose that Z is an irreducible curve that passes through some singular point
of X. Then the inequality —Kx - Z < 1 holds by Lemma 2.4. The curve Z
is contracted by the rational map ¢ to a point, and either —Kx - Z = 1/2
or —Kx-Z=1.

Let F be a sufficiently general surface in |—K x| that passes through Z. Then
F'is smooth outside P, P, and P3, which are isolated ordinary double points of F.
Let Z be a fibre of 1) over the point /(7). Then the generality of X implies that Z
is an irreducible component of Z.

Suppose that 7 consists of two irreducible components, Z and Z. Then the
inequality Z 2 < 0 holds on F. But the equivalence M|p ~o kZ + kZ holds. On
the other hand, we have

M|p =multz(M)Z + mult ;(M)Z + F,

where F is a linear system on F' that does not have fixed components. We have
(k—mult z(M))Z ~g F, which implies that mult z(M) = k, and the support of the
effective cycle S - S5 is contained in Z U Z. But this is impossible by Lemma 2.5.
Suppose that Z consists of three irreducible components, 7, Z and Z. Then
—KX-Z:—KX-Z:—KX~Z:%,

and the intersection form of the curves Z and Z on F is negative definite. Thus,
the support of the cycle Sy - S3 is contained in the union Z U ZU Z, where S; and
Sy are general surfaces in M. However, this is impossible by Lemma 2.5. Hence,
we see that CS(X, 1 M) C {Py, P», P3}.

Let m: U — X be the composite of the weighted blow-ups with weights (1,1, 1)
of the singular points of X that are contained in the set (CS(X7 %M) and D the
proper transform of M on U. Then it follows from Theorem 2.2 that the equivalence
D ~q —k Ky holds, but the divisor — Ky is nef.

Suppose that (CS(U, %D) contains a subvariety A of U. Then A is contained
in an exceptional divisor, G say, of 7. Then A is a line on the surface G = P?
by Lemma 2.3. On the other hand, the linear system |7*(—2Kx) — G| does not
have base points and the divisor 7*(—2Kx) — G is nef and big. It follows from [9],
Lemma 0.3.3, that there is a proper Zariski-closed subset A C U that contains all
curves on U having trivial intersection with the divisor 7*(—2Kx) — G. We have

2k% = (7" (—2Kx) — G) - S1 - So = multh (D) (7" (-2Kx) — G) - A = 2k,
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where S; and S, are the proper transforms of S and S, on U, respectively. Thus,
the support of the effective cycle Sy - S5 is contained in the subset A U A, which is
impossible by Lemma 2.5. Hence, the set (CS(U, %D) is empty.

The equality —K7 = 0 holds by Lemma 2.1. Then 7 = n and —Ky ~
(¥ om)*(Op2(1)). Hence, the linear system D lies in the fibres of the elliptic fibra-
tion ¢ o . Therefore, the commutative diagram (5.1) exists.

§6. The case n = 6: a hypersurface of degree 8 in P(1,1,1,2,4)

We use the notation and assumptions of §3. Let n = 6. Then X is a sufficiently
general hypersurface in P(1,1,1,2,4) of degree 8, the equality —K% = 1 holds and
the singularities of X consist of points P, and P, that are singularities of type
%(17 1,1). There is a commutative diagram

N o

where v is the natural projection, 7 is the composite of the weighted blow-ups of
the singular points P; and P, with weights (1,1,1) and 7 is an elliptic fibration.

Proposition 6.1. The assertion of Theorem 1.10 holds for n = 6.

Proof. Tt follows from Theorem 3.3 that (CS(X , %M) does not contain smooth

points of X. Therefore, CS (X, %M) contains a singular point of X by Corollary 3.4
and Theorem 2.2.

Remark 6.2. Suppose that (CS(X, %M) contains both of the points P; and Ps.
Then it follows easily from Theorem 2.2 that the assertion of the Theorem 1.10
holds for X. We may thus assume that P; € (CS(X, %M) 2 Ps.

Lemma 6.3. The set (CS(X, %M) does not contain curves.

Proof. Suppose that CS (X , %M) contains an irreducible curve C'. Then —Kx-C =
1/2 by Lemma 2.4.

Let C be the proper transform of C' on U. Then —Ky - C' = 0, which implies
that C' is a component of a fibre of 1. Therefore, C' is contracted by the rational
map ¥: X --» P2 to a point. In particular, C' is smooth and rational.

Let S be a general surface in |[—K x| that contains C. Then S is smooth outside
the points P; and P,, which are isolated ordinary double points on S. Let F
be a fibre of the rational map v over the point ¢(C). Then F consists of two
irreducible components and C'is one of them. Let Z be the other component of F.
Then Z2? < 0 on S but

Mls = multg(M)C +multz(M)Z + L,

where £ is a linear system with no fixed components. We have (k—mult z(M))Z~qL,

which implies that multz (M) = k. It follows from Theorem 2.2 that CS(X, 1 M)
contains P, which is a contradiction.
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Thus, the set (CS(X,%M) consists of the point P;. Let (: Y — X be the
weighted blow-up of P; with weights (1,1,1) and D the proper transform of M
on Y. Then D ~g —kKy by Theorem 2.2 and (CS(Y, %D) # @ by Lemma 2.1.

Let T be a subvariety of Y contained in CS(Y, D). Then ((T) € CS(X, + M),
which implies that T' C G, where G is the exceptional divisor of (. It follows from
Lemma 2.3 that T is a line in G = P2. But this is impossible by Lemma 2.4.

§7. The case n = 7: a hypersurface of degree 8 in P(1, 1,2, 2, 3)

We use the notation and assumptions of §3. Let n = 7. Then X is a suffi-
ciently general hypersurface in P(1, 1,2, 2,3) of degree 8 whose singularities consist
of points P, P,, P3; and P, that are quotient singularities of type %(1, 1,1) and
a point @ that is a quotient singularity of type %(1, 1,2).

Let &: X --» P(1, 1, 2) be a projection such that there is a commutative diagram

/
i

where «; is the weighted blow-up of P; with weights (1,1,1), 5; is the weighted
blow-up of the proper transform of @ on the variety U; with weights (1, 1,2), and
7; is an elliptic fibration.

Let &: X --» P(1, 1, 2) be a projection such that there is a commutative diagram

U Yo
l \
[e75)
X-----—-"=-———-—-—- - >P(17172)a
o

where «y is the weighted blow-up of @ with weights (1,1, 2), fy is the blow-up with
weights (1,1, 1) of the singular point of Uy that dominates @, and 7 is an elliptic
fibration.

Proposition 7.1. There is a commutative diagram

X---2-- -X----- -V
|
& | lv (71)
\
P(1,1,2)— — — — — — e > p2

for some i € {0,1,2,3,4}, where o and ¢ are birational maps.
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Proof. The set CS (X , %M) is non-empty and does not contain smooth points of X.
It follows from Lemma 3.11 that (CS(X, %./\/l) C{Py, Py, P53, Py, Q}.

Lemma 7.2. The set (CS(X, %./\/l) does not contain two points of the set {Py, P,
P37 P4}

Proof. Suppose that (CS(X, %M) contains the points P, and P,. Let m: W — X
be the composite of the weighted blow-ups of P; and P, with weights (1,1,1) and
B the proper transform of M on W. Then B ~g —kKw by Theorem 2.2. But
the base locus of |—Ky| consists of a curve C' such that C? = —1/3 on a general
surface in the pencil |—Ky/|. But this is impossible by Lemma 2.7.

Let D; be the proper transform of M on Uj;.

Remark 7.3. If the set (CS(X, %M) contains the point @, then (CS(UO, %DO) is
non-empty by Lemma 2.1. Similarly, (CS(Ul-, %Di) is non-empty if (CS(X, %M)
contains P;.

Lemma 7.4. The set (CS(X, %M) does not consist of the point P;.

Proof. Suppose that (CS(X, %M) = {P;}. Then the set (CS(Ui, %Dv) contains an
irreducible subvariety Z C U; by Lemma 2.1. Let E; be the exceptional divisor
of ;. Then Z is a line on the surface E; = P? by Lemma 2.3, which is impossible
by Lemma 2.4.

Therefore, if P; € (CS(X, %M), then (CS(X7 %M) = {P;,Q}. This implies that
the proper transform of M on Y; lies in the fibres of the elliptic fibration ;. Thus,
if P, € CS(X, +M), then the commutative diagram (7.1) exists. Thus, we may
assume that the set CS(X, M) consists of the point Q.

Let O be a singular point of the variety Uy contained in the exceptional divisor
of the morphism «agy. Then O is contained in (CS(UO, %Do) by Lemma 2.3, which
implies the existence of the commutative diagram (7.1) by Theorem 2.2. The asser-
tion is proved.

§ 8. The case n = 8: a hypersurface of degree 9 in P(1,1, 1, 3,4)

We use the notation and assumptions of §3. Let n = 8. Then X is a sufficiently
general hypersurface in P(1,1,1,3,4) of degree 9, the equality —K% = 3/4 holds
and the singularities of X consist of one point O that is a quotient singularity of
type (1,1,3).

Proposition 8.1. The assertion of Theorem 1.10 holds for n = 8.
Proof. The hypersurface X can be given by the equation

wQZ + fS(xvya th)w + f9($7y7 Zat) =0C ]P)(]-v 13 1; 37 5)
> Proj(Cle, g, ,w]), (8.1)

where wt(z) = wt(y) = wt(z) = 1, wt(t) = 3, wt(w) = 4, and f; is a quasi-
homogeneous polynomial of degree i. The point O is given by x =y =2z =t = 0.
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There is a commutative diagram

w ’ U
/\LO‘ \
Y /X\ 7
\ 5// \\\\7’3 /
w ;/ \\\ n
]P)(lalal;?)) _____________ ; IP2’

where &, ¥ and y are natural projections, « is the weighted blow-up of the singular
point O with weights (1, 1,3), § is the weighted blow-up with weights (1, 1, 2) of the
singular point of W that is a quotient singularity of type %(17 1,2), 7 is the weighted
blow-up with weights (1,1, 1) of the singular point of U that is a quotient singularity
of type %(1, 1,1), n is an elliptic fibration, o is a birational morphism that contracts
15 smooth rational curves to 15 isolated ordinary double points Pi,..., Pi5 of Y,
respectively, and w is a double cover branched over the surface R C P(1,1,1,3)
given by the equation

f5($,y,2’,t)2 - 4Zf9(x,y,z,t) =0C IP(L 17 173) = PI‘Oj(C[’JJ,y,Z,t])

and has 15 isolated ordinary double points w(Py),...,w(Pi5) given by z = f5 =
Jo=0.

Let G be the exceptional divisor of the morphism «, F' the exceptional divisor
of the morphism 3, P the singular point of W, @ the singular point of U, D the
proper transform of M on W, H the proper transform of M on U, P the proper
transform of M on Z, and B the proper transform of M on Y.

Remark 8.2. The divisors — Ky and —Ky are nef and big, and w o o(G) is given
by z = 0.

It follows from Theorem 3.3 that the set CS (X , %M) does not contain smooth
points of X. It follows from Corollary 3.4 and Theorem 2.2 that O € (CS(X, %M)

Lemma 8.3. The set (CS(X, %M) does not contain curves.

Proof. Let L be a curve in CS (X , %./\/l) . It follows from Theorem 3.9 that there are
two different surfaces D and D’ in the linear system |— K x| such that the irreducible
curve L is a component of the cycle D - D’, which is reduced and contains at most
two components.

Let P be the pencil in |-Kx| generated by D and D’. Then we may assume
that D is a sufficiently general surface in P. Applying Lemma 2.7 together with
the proof of Lemma 2.4 to M and P, we immediately obtain a contradiction
in the case when the equality —Kx - L = 3/4 holds. Therefore, we may assume
that either —Kyx - L = 1/4 or —Kx - L = 1/2. We consider only the case
—Kx - L =1/4 because the case —Kx - L = 1/2 is simpler and very similar.

Let Sy be the proper transform on W of the surface given by z = 0 and Ly
the proper transform on W of L. Then Sy must contain Ly because

)
SW NQ O[*<—Kx) — Z G,
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but G - Ly > 1/3. Thus, either the curve Ly is contracted by o or the curve
w(Ly) is a ruling of the cone P(1,1,1,3) contained in the surface w o o(G), where
Ly = O’(Lw)

Suppose that Ly is not contracted by o. Then w(Ly) is not contained in
the surface R, which implies that w(Ly) contains at most one singular point of R
different from the point woo (P). Moreover, the curve w(Ly ) must contain a singular
point of R different from w o o(P) because otherwise —Kx - L = 3/4. Thus, we
may assume that w(Ly ) contains the point w(P).

Let Dy and D{ be the proper transforms on Y of D and D', respectively.
Then P; is an isolated ordinary double point of Dy . Thus, we see that the proper
transform of the curve L’ on the threefold W is contracted to the point P; by o
and

Dy - Dy = Ly + Ly,

where Ly is a ruling of the cone G = P(1, 1, 3). In particular, we have —Kx - L' =
1/4, which is impossible by the equality —Kx - L = 1/4. Hence, Ly is contracted
by o.

Let L} be the proper transform on W of L’ and L}, = o(L{;,). Then w(L})
is a ruling of the cone P(1,1,1,3) contained in the surface w o o(G). w(L4 ) is not
contained in R, which implies that w(L} ) contains at most one singular point of R
different from w o o(P). w(Lj} ) must contain a singular point of R different from
woo(P) because —Kx - L'# 3/4. Thus, we may assume that w(L}) contains w(Py).

Since P; is an isolated ordinary double point of Dy and o(Ly ) = P;, we have

Dy DYy =Ly + LYy,

where L}, is a ruling of G = P(1, 1, 3). The intersection Ly N L}, consists of a point
O’ ¢ G. Hence, the intersection L N L’ contains the point «(O’), which is different
from O.

The surface D is smooth at the point «(O’) but (L + L')- L' =1/2 on D, which
implies that L’ - L’ < 0 on D. Therefore, we have

M|p=miL+mol' + L.=kL+ kL',

where L is a linear system on D that does not have fixed components and m, and
mo are natural numbers such that mq > k. In particular, we have

0< (mi—k)L L+ L-L'=(k—my)L - L,

which implies that my = m; = k and M|p = kL + kL', which is impossible by
Lemma 2.7.

It follows from Theorem 3.3 that CS(X, M) = {O}. Hence, the assertion of
Theorem 2.2 implies that D ~g —kKw. But it follows from Corollary 2.8 and
Lemmas 2.1 and 2.3 that CS(W, +D) = {P}.

The equivalence H ~q —kKy holds by Theorem 2.2. Hence, the set (CS(U, %H)

contains the point ¢ by Lemmas 2.1 and 2.3. We see that P lies in the fibres of n
by Theorem 2.2.
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§9. The case n = 9: a hypersurface of degree 9 in P(1,1, 2, 3, 3)

We use the notation and assumptions of §3. Let n = 9. Then X is a sufficiently
general hypersurface in P(1, 1,2, 3, 3) of degree 9, the equality —K3% = 1/2 holds and
the singularities of X consist of points P, P, and P3 that are quotient singularities
of type (1,1,2) and a point O that is a quotient singularity of type (1,1, 1).

Let £: X --» P(1,1,2) be a projection. There is a commutative diagram

where «; is the blow-up of P; with weights (1,1,2), 5;; is the weighted blow-up
with weights (1,1,2) of the proper transform of P; on the variety U, ~;; is the
weighted blow-up with weights (1, 1,2) of the proper transform of P, on U;;, and 1
is an elliptic fibration, where ¢ # j and k ¢ {1, j}.

Remark 9.1. The divisors —Ky, and —Ky,; are nef and big.

There is a commutative diagram

where y is a projection, 7 is the blow-up of @ with weights (1,1,1) and o is an
elliptic fibration.

Proposition 9.2. Fither there is a commutative diagram

X---"-—-»v
|
¢ i 0.1)
N
P(1,1,2) - - > — — > P2

or there is a commutative diagram

X--—-—---- > X - - - — — >V
[
X! iv (9.2)
v
P(1,1,3) = = — —— = — — — — — — -~ P2,

where ¢, w and v are birational maps.
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Proof. Note that this proposition implies the assertion of Theorem 1.10 for n = 9.

Lemma 9.3. Suppose that @ € (CS(X7 %M) Then there is a commutative dia-
gram (9.2).

Proof. Let B be the proper transform of M on Z. Then B ~y —kKx by Theo-
rem 2.2, which implies the equality S - C' = 0, where S is a general surface in M
and C is a generic fibre of the morphism o. Thus, the commutative diagram (9.2)
exists.

We may assume that CS (X, %M) C{Py, P2, P3} by Theorem 3.3 and Lemma 3.11.

Lemma 9.4. The commutative diagram (9.1) ewists whenever CS(X, 1 M) = { Py,
Py, Ps}.

Proof. See the proof of Lemma 9.3.

Therefore, we may assume that the set CS (X \ %M) does not contain the point Ps
but does contain the point P;.

Lemma 9.5. The set (CS(X, %./\/l) contains the point Ps.

Proof. Suppose that CS(X, M) consists of the point P;. Let B be the proper
transform of M on U;. Then B ~g —kKy, by Theorem 2.2, and Lemma 2.1
implies that the set (CS(Ul, %B) is non-empty.

Let Z be an element of the set (CS(Ul, %B) and G the exceptional divisor of
the birational morphism «;. Then it follows from Lemmas 2.3 and 2.4 that Z is
a singular point of G which is a quotient singularity of type %(17 1,1) on U;.

Let §: W — U; be the weighted blow-up of the point Z with weights (1,1,1),
D the proper transform of M on W, and F a general surface in the linear sys-
tem [—Kyy|. Then the inequality A = —1/2 holds on F, but D|p ~g kA by
Theorem 2.2, which is impossible by Lemmas 2.9 and 2.7.

We can now apply the arguments of the proof of Lemma 9.5 to get a contra-
diction.

§10. The case n = 10: a hypersurface of degree 10 in P(1,1,1, 3,5)

We use the notation and assumptions of §3. Let n = 10. Then X is a hyper-
surface in P(1,1,1,3,5) of degree 10, the equality —K% = 2/3 holds and the sin-
gularities of X consist of a point O that is a quotient singularity of type %(17 1,2).
There is a commutative diagram

w
/ \
X Y
/ IR /
T~ n
PL,1,1.8)— - ———— —————_ s p2
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where £, 1 and y are natural projections, « is the weighted blow-up of O with
weights (1,1,1), 8 is the weighted blow-up with weights (1,1,1) of the singular
point of W, and n is an elliptic fibration.

Proposition 10.1. The assertion of Theorem 1.10 holds for n = 10.

Proof. Let @ be the unique singular point of the variety W, D the proper transform
of M on W and 'H the proper transform of M on Y.

Lemma 10.2. The set (CS(X, %./\/l) does not contains curves.

Proof. Suppose that (CS(X, %M) contains a curve C. Then —Kx - C = 1/3 by
Lemma 2.4, which implies that C is contracted by the rational map 1 to a point.

The variety P(1,1, 1, 3) is cone whose vertex is the point £(O). The curve £(C) is
a ruling of the cone P(1,1,1,3). The generality of the hypersurface X implies that
&(C) is not contained in the ramification surface of the morphism £. Thus, there is
an irreducible smooth rational curve Z on X such that Z # C and £(Z) = £(C).

Let S be a general surface in the linear system |—K x| that contains the curves
C and Z. Then Z> < 0 on S. But M|s ~g kC + kZ, which easily leads to
a contradiction using Lemmas 2.7 and 2.9 because multo (M) = k.

The set CS (X, %M) consists of the point O by Theorem 3.3. The set (CS(VV, %D)
contains the point @) by Lemmas 2.1 and 2.3. But H ~g —kKy by Theorem 2.2,
which implies that H is contained in the fibres of . The assertion is proved.

§11. The case n = 12: a hypersurface of degree 10 in P(1,1, 2, 3,4)
We use the notation and assumptions of §3. Let n = 12. Then X is a general
hypersurface in P(1,1,2,3,4) of degree 10 whose singularities consist of points P
and P, that are singularities of type 1(1,1,1), a point P; that is a singularity of
type 7(1 1,2) and a point Py that is a singularity of type %(1, 1,3).
Proposition 11.1. The assertion of Theorem 1.10 holds for n = 12.

There is a commutative diagram

FZ
N

where 1) is a projection, as is the weighted blow-up of P3 with weights (1,1,2), ay
is the weighted blow-up of Py with weights (1,1, 3), 84 is the weighted blow-up with
weights (1,1,3) of the proper transform of the point Py on Us, (B3 is the weighted
blow-up with weights (1, 1, 2) of the proper transform of the point P3 on Uy, 35 is the
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weighted blow-up with weights (1,1, 2) of the singular point of Uy that is contained
in the exceptional divisor of ay, 3 is the weighted blow-up with weights (1,1, 2) of
the proper transform of the point Ps; on the variety Uys, 5 is the weighted blow-up
with weights (1, 1,2) of the singular point of Us4 that is contained in the exceptional
divisor of the morphism (4, and 7 is an elliptic fibration.

Remark 11.2. The divisors —Ky,, —Ky,, —Ky,, and —Ky,, are nef and big.
Proof of Proposition 11.1. It follows from Theorem 3.3 and Lemma 3.11 that

1
(CS(X, k/\/l) C {Py, Py, Py, Py}

Lemma 11.3. The set (CS(X, %./\/l) does not contain Py or Ps.

Proof. We assume that P; € (CS(X , %M) and seek a contradiction.

Let m: W — X be the weighted blow-up of the singular point P; with weights
(1,1,1), B the proper transform of M on W, S a general surface in the pen-
cil |-Kw|, and Z the base curve of |[~Kyw|. Then Z? = —1/24 on S. But
Bls ~g kZ by Theorem 2.2, which is impossible by Lemmas 2.9 and 2.7.

Let D3, Dy, D34 and Dys be the proper transforms of M on Us, Uy, Uss and
Uys, respectively. Then it follows from Lemma 2.1 that (CS(U 10 %Du) # & in the
case when D, ~Q —kKy,.

Lemma 11.4. Suppose that the set (CS(X, %M) contains the point Py. Let P3
be the proper transform of Ps on Uy and Ps the singular point of Uy such that
Ot4(]55) = P4. Then D4 NQ 7kKU4 and (CS(U4, %D4) g {]53,]55}.
Proof. The equivalence Dy ~q —kKy, follows from Theorem 2.2. We must show
that (CS(U4, %D4) C {Ps3, Ps}. Suppose that the set (CS(U4, %D4) is not contained
in {P3, Ps}. Let C be an element of (CS(U4, %D4) that is different from the points
P3 and Ps. Then a4(C) is contained in the set (CS(X, %M% which implies that
OZ4(C) = P4.

Let G be an exceptional divisor of the blow-up ay. Then G = P(1,1,3), and
we can identify G with a cone over a smooth rational curve in P? of degree 3. It

follows from Lemma 2.3 that C' is a ruling of the cone G. But this is impossible by
Corollary 2.8.

Lemma 11.5. Suppose that Ps € (CS(X, %M) Let Py be the proper transform
of Py on Us. Then D3~q — kKy, and (CS(Ug, %Dg) = {]54}.
Proof. See the proof of Lemma 9.5.

It follows from Theorem 2.2 that either Dsy ~0 —kKy,, or Dys ~Q —kKy,,.
Let D be the proper transform of M on Y.

Lemma 11.6. Suppose that Dsy ~¢ —kKy,,. Then D~y —kKy.

Proof. Let F be the exceptional divisor of the morphism 3, G the exceptional
divisor of the morphism 34, P5 the singular point of the surface G and Py the
singular point of the surface F. Then D ~g —kKy by Theorem 2.2 if the set

CS(U34, %'D34) contains the point p5.
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We may assume that Ps ¢ (CS(U34,%D34). Then P € CS(U34,%D34) by
Lemmas 2.1 and 2.3. Let 7: W — Usy be the weighted blow-up of the point P
with weights (1,1,1), B the proper transform of M on W and S a general surface
in the linear system |—Ky|. Then the base locus of |—Ky| consists of the irre-
ducible curve A such that B|g ~g kA. But A% < 0 on S, which is impossible by
Lemmas 2.9 and 2.7.

Arguing as in the proof of Lemma 11.6, we see that D ~g —kKy in the case
when Dy5 ~q —kKy,;. But it follows from the equivalence D ~g —kKy that the
linear system D lies in the fibres of the elliptic fibration 7. Hence, the assertion is
proved.

§12. The case n = 13: a hypersurface of degree 11 in P(1, 1,2, 3,5)

We use the notation and assumptions of § 3. Let n = 13. Then X is a sufficiently
general hypersurface in P(1,1,2,3,5) of degree 11, the singularities of X consist
of a point P that is a quotient singularity of type %(1, 1,1), a point P, that is
a singularity of type #(1,1,2) and a point P3 that is a singularity of type £(1,2,3).
The equality —K% = 11/30 holds.

There is a commutative diagram

/ \ P(1,1,2),
NG
RN

where 1 is a projection, s is the weighted blow-up of P, with weights (1,1,2),
ag is the weighted blow-up of Ps with weights (1,2, 3), (3 is the weighted blow-up
with weights (1,2,3) of the proper transform of the point P; on Us, (2 is the
weighted blow-up with weights (1,1, 2) of the proper transform of P» on Us, (4 is
the weighted blow-up with Weights (1,1,2) of the singular point of Us that is the
quotient singularity of type 5 1(1,1,2) contained in the exceptional divisor of az, 2 is
the weighted blow-up with Welghts (1,1,2) of the proper transform of Py on Usy,
4 is the weighted blow-up with weightb (1,1,2) of the singular point of Uss that
is the quotient singularity of type 3(1 1,2) contained in the exceptional divisor of
the morphism f3, and 7 is an elliptic fibration.

Proposition 12.1. The assertion of Theorem 1.10 holds for n = 13.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, M) C {P,, Ps}.

Lemma 12.2. The set (CS(X, %M) contains the point Ps.
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Proof. Suppose that P3 ¢ (CS(X, %M) Then (CS(X, %M) = {P}. Let Dy
be the proper transform of M on Us,. Then it follows from Theorem 2.2 that
Dy ~0 —kKy,, but the set (CS(UQ, %Dg) is non-empty by Lemma 2.1.

Let E be the exceptional divisor of the morphism «s. Then E can be identified
with a cone over the smooth rational curve in P? of degree 3. Let Z be a subvariety
of Uy that is contained in the set CS(UQ, %Dg). Then it follows from Lemmas 2.3
and 2.4 that Z is the vertex of the cone E.

The point Z is a quotient singularity of type %(17 1,1) of Us. Let w: W — Us be
the blow-up of Z with weights (1,1,1) and S a sufficiently general surface in the
pencil |—=Ky|. Then the base locus of |—Kyy| consists of an irreducible curve A
such that A% = —3/10 on the surface S, but B|s ~g kA, where B is the proper
transform of M on W. We have B|s = kA, which is impossible by Lemma 2.7.

Lemma 12.3. The set (CS(X, %./\/l) contains the point Ps.

Proof. Suppose that CS(X, M) does not contain P,. Then CS(X, M) consists
of the point P3. Let D3 be the proper transform of M on Us. Then (CS(Ug, %D3) £
by Lemma 2.1.

Let G be the exceptional divisor of the morphism «g, P; the singular point
of G that is a quotient singularity of type %(1, 1,2) on Us, and Ps the singular
point of the surface G that is a quotient singularity of type %(1, 1,1) on Us. Then
G = P(1,2,3), and it follows from Lemma 2.3 that either CS(Us, %Dg) = {P,}, or
Ps e CS(Ug, %'Dg)

Suppose that the set CS(Us, +Ds) contains Ps. Let m: W — Us be the weighted
blow-up of Ps with weights (1,1,1), B the proper transform of M on W, L the
curve on the surface G that is contained in }OP(17273)(1)|, L the proper transform
of L on W and S a general surface in [~ Kyy|. Then Bls ~g kA+kL by Theorem 2.2
and the base locus of |—Kyy| consists of L and the irreducible curve A such that
aom(A) is the base curve of the pencil |-Kx|. The equalities

I - B NS A
6 3
hold on the surface S, and this implies that the intersection form of A and L on S
is negative definite. But this is impossible by Lemmas 2.7 and 2.9.

Hence, the set CS((Ug,)\Dg) consists of the point Py. Let D34 be the proper
transform of M on Uszy. Then (CS(U34, %DM) # @& by Lemma 2.1 because the
equivalence D3q ~q —kKy,, holds by Theorem 2.2.

Let E be the exceptional divisor of the morphism 34 and Pgs the singular point
of the surface E. Then F = P(1,1,3), Ps is a quotient singularity of type %(1, 1,1)
on Usy, and Py € CS(U34, %’D34) by Lemma 2.3.

Let ¢: Z — Usyq be the weighted blow-up of Pg with weights (1,1, 1), H the proper
transform of M on Z and F a general surface in the pencil |—=Kz|. Then the base
locus of |~ K| consists of irreducible curves L and A such that the equalities

A2 2 o3 Ap-a
6 2
hold on F. Thus, the intersection form of A and L on F is negative definite, but
H|r ~Q kA + kL by Theorem 2.2, which is impossible by Lemmas 2.7 and 2.9.
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We see that (CS(X, %M) = {P2, P3}. Let Da3 be the proper transform of M
on Uss. Then Daz ~q —kKy,, by Theorem 2.2, and (CS(UQ:),,%DQ?)) # @ by
Lemma 2.1.

Remark 12.4. The proof of Lemma 12.2 implies that the set CS(Usg, £D23) does
not contain the singular point of the variety Uss that is contained in the exceptional
divisor of 5. But the proof of Lemma 12.3 implies that CS(UQg, %DQ:),) does not
contain the singular point of Uss that is a singularity of type %(1, 1,1) contained in
the exceptional divisor of 3.

Therefore, the set (CS(Ugg, %DQ?,) contains the singular point of Uss that is a sin-
gularity of type 3(1,1,2) contained in the (3-exceptional divisor. Let P be the
proper transform of M on Y. Then P ~g —kKy by Theorem 2.2, which implies
the assertion of the proposition.

§13. The case n = 15: a hypersurface of degree 12 in P(1, 1,2, 3, 6)

We use the notation and assumptions of §3. Let n = 15. Then X is a general
hypersurface in P(1,1,2,3,6) of degree 12, the equality —K% = 1/3 holds and the
singularities of X consist of points P; and P» that are quotient singularities of type
#(1,1,1) and points P; and P, that are quotient singularities of type %(1,1,2).

Proposition 13.1. The assertion of Theorem 1.10 holds for n = 15.

Proof. There is a commutative diagram
Y
e
U W B
R % -7 v
xo--

where 1 is the natural projection, « is the weighted blow-up of P3; with weights
(1,1,2), B is the weighted blow-up of P, with weights (1,1,2), 7 is the weighted
blow-up with weights (1,1,2) of the proper transform of Py on U, § is the
weighted blow-up with weights (1, 1,2) of the proper transform of P; on W, and n
is an elliptic fibration.

We have (CS(X7 %M) C {Ps;,P4;} by Theorem 3.3, Proposition 3.5 and
Lemma 3.11.

Let 'H be the proper transform of M on Y. To complete the proof we must show
that H lies in the fibres of the morphism 7, which follows easily from the condition
CS(X, M) = {P3, P,} by Theorem 2.2.

We may assume that Py ¢ (CS(X, %M) > Ps.

Let B be the proper transform of M on U and @ the singular point of U that
is contained in the exceptional divisor of the morphism a. Then B ~g —kKy
by Theorem 2.2, and it follows from Lemmas 2.1 and 2.3 that the set (CS(U, %B)
contains Q.
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Let (: Z — U be the weighted blow-up of @ with weights (1,1,1), D the proper
transform of M on the threefold Z and S a general surface in |—Kz|. Then the base
locus of the pencil |~ K 7| consists of an irreducible curve A such that A% < 0on S,
which is impossible by Lemmas 2.9 and 2.7 because D|g ~Q —kA by Theorem 2.2.

§ 14. The case n = 16: a hypersurface of degree 12 in P(1,1, 2,4, 5)

We use the notation and assumptions of §3. Let n = 16. Then X is a general
hypersurface in P(1,1,2,4,5) of degree 12, the equality —K% = 3/10 holds and the
singularities of X consist of points Py, P> and P;3 that are quotient singularities of
type 3(1,1,1) and a point P, that is a quotient singularity of type 1(1,1,4).

There is a commutative diagram

U L w - Y
N e (R}

where 1 is the natural projection, « is the weighted blow-up of P, with weights
(1,1,4), B is the weighted blow-up with weights (1, 1,3) of the singular point of U
that is contained in the exceptional divisor of «, 7 is the weighted blow-up with
weights (1,1,2) of the singular point of W that is contained in the exceptional
divisor of 3, and 7 is an elliptic fibration.

Proposition 14.1. The assertion of Theorem 1.10 holds for n = 16.

Proof. The divisors —Ky and — Ky are nef and big. The morphism 7 coincides
with the map given by the linear system |—2Ky|.
It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS (X, %M)

consists of the point Py. Let G be the exceptional divisor of the morphism «, Ps the
singular point of the surface G and D the proper transform of M on U. Then G
is a cone over a smooth rational curve of degree 4 and P; is a singularity of type
1(1,1,3) on U.

We see that D ~q —kKy by Theorem 2.2 and (CS(U, %D) # @ by Lemma 2.1.

Lemma 14.2. The set (CS(U, %D) consists of the point Ps.

Proof. Suppose that CS(U, %D) contains a subvariety C of U that is different from

the point Ps. Then it follows from Lemma 2.3 that C is a ruling of the cone G,
which is impossible by Corollary 2.8.

Let H be the proper transform of M on W. Then it follows from Theorem 2.2
and Lemmas 2.1 and 2.3 that the set (CS(VV, %H) contains the singular point of W
that is contained in the exceptional divisor of 5. Therefore, the proper transform
of M on Y lies in the fibres of the morphism 7 by Theorem 2.2, which completes
the proof.
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§ 15. The case n = 17: a hypersurface of degree 12 in P(1,1, 3,4, 4)

We use the notation and assumptions of §3. Let n = 17. Then X is a general
hypersurface in P(1,1,3,4,4) of degree 12 whose singularities consist of points P,
P, and Ps that are singularities of type i(l, 1,3). There is a commutative diagram

where v is a projection, w is the composite of the weighted blow-ups of P;, P
and P; with weights (1,1, 3), and w is an elliptic fibration.
It follows from Example 1.4 that there is a commutative diagram

where & is a projection, «; is the blow-up of P; with weights (1,1,3), §; is the
weighted blow-up with weights (1, 1,2) of the singular point of U; that is contained
in the exceptional divisor of the morphism «;, and n; is an elliptic fibration.

The assertion of Theorem 1.10 for n = 17 follows from the next result.

Proposition 15.1. Fither there is a commutative diagram

Xx---2-—-svy
|
Pl iv (15.1)
A
P(1,1,3) - -5~ — > P?
or there is a commutative diagram
o P
X-=-—-=--- X-—-—-—-- >V
I
& | lu (15.2)
\
P(1,1,4) - ————-=-—-————— > p2

for some i € {1,2,3}, where ¢, o and v are birational maps.
Proof. Tt follows from Theorem 3.3 and Lemma 3.11 that CS (X, %M) C{Py, P, P3}.

Remark 15.2. Tt follows from Theorem 2.2 that the commutative diagram (15.1)
exists in the case when the set CS(X, + M) contains the points Pi, P, and P;.
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Hence, we may assume that P; € (CS(X, %./\/l) % Ps.
Remark 15.3. The divisor — Ky, is nef and big.

Let D be the proper transform of M on Uy, P; the proper transform of P, on U;
and P, the singular point of U; that is contained in the exceptional divisor of «;.
Then D ~q —kKy, by Theorem 2.2, and it follows from Lemma 2.1 that the set

CS(U1, %D) is non-empty.

Remark 15.4. It follows easily from Theorem 2.2 that the commutative diagram
(15.2) exists in the case when CS(Uy, £D) contains P;.

Therefore, we may assume that (CS(Ul, %D) does not contain P;. Hence, it
follows from the proof of Lemma 9.5 that CS(Ul, %D) does not contain a subvariety
of U that is contained in the exceptional divisor of a;;. Thus, the set (CS(Ul7 %D)
contains Ps.

Let v: W — U; be the weighted blow-up of P, with weights (1, 1,3), B the proper
transform of M on W, S a general surface in |— Ky |, and C the base curve of the
pencil [—Kyw|[. Then B ~g —kKw by Theorem 2.2, the curve C is irreducible,
the inequality C? = —1/24 holds on the normal surface S, and the equivalence
Bls ~g kC holds, which is impossible by Lemmas 2.9 and 2.7. The assertion is
proved.

§16. The case n = 19: a hypersurface of degree 12 in P(1,2, 3, 3,4)

We use the notation and assumptions of §3. Let n = 19. Then X is a general
hypersurface in P(1,2,3,3,4) of degree 12, the singularities of X consist of points
O1, O3, O3 that are quotient singularities of type %(1, 1,1), and points Py, P, Ps,
Py that are quotient singularities of type %(17 1,2). The equality —K% = 1/6 holds.

It follows from Example 1.7 that for every i € {1,2,3,4} there is a commutative
diagram

where & is a projection, m; is the blow-up of P; with weights (1,1,2), and n; is
an elliptic fibration.

Proposition 16.1. There is a commutative diagram

X-—-" sy
|
€l J{” (16.1)
\i
P(1,2,3)— — = — — > P2

for some i € {1,2,3,4}, where o is a birational map.
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Proof. Tt follows from Theorem 3.3, Corollary 3.4, Theorem 2.2 and Proposition 3.5
that the set CS(X, %M) contains the point P; for some i € {1,2,3,4}.

Let D be the proper transform of M on U;. Then D ~g —kKy, by Theorem 2.2,
which implies the existence of the commutative diagram (16.1).

The assertion of Proposition 16.1 implies the assertion of Theorem 1.10 for n = 19.

§17. The case n = 20: a hypersurface of degree 13 in P(1, 1, 3,4,5)

We use the notation and assumptions of §3. Let n = 20. Then X is a general
hypersurface in P(1,1,3,4,5) of degree 13, the equality —K% = 13/60 holds, and
the singularities of X consist of a point P, that is a singularity of type %(1, 1,2),
a point P2 that is a singularity of type (1 1,3), and a point Pj that is a singularity
of type = L(1,1,4). There is a commutative diagram

N

P(1,1,3),

/ \ / -7

where 1 is the natural projection, as is the weighted blow-up of P, with weights
(1,1, 3), ag is the weighted blow-up of P; with weights (1,1,4), 33 is the weighted
blow-up with weights (1,1,4) of the proper transform of P; on Us, (2 is the
weighted blow-up with weights (1,1, 3) of the proper transform of P, on Us, (4 is
the weighted blow-up with weights (1,1, 3) of the singular point of Us that is con-
tained in the exceptional divisor of ag, 72 is the weighted blow-up with weights
(1,1,3) of the proper transform of Py on Usy, 74 is the weighted blow-up with
weights (1,1, 3) of the singular point of Usz that is contained in the exceptional

divisor of the morphism (3, and 7 is an elliptic fibration.
It follows from Example 1.7 that there is a commutative diagram

Y
y ‘ w
U, Us = P(1,1,4)
X”//

where ¢ is a projection, «; is the blow-up of P; with weights (1,1,2), ag is
the weighted blow-up of P3 with weights (1,1,4), 5 is the weighted blow-up with
weights (1,1,4) of the proper transform of P3 on Uy, 7 is the weighted blow-up
with weights (1,1,2) of the proper transform of P; on Usz, and w is an elliptic
fibration.
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Proposition 17.1. FEither there is a commutative diagram

X,,7377>X777/’77>V
|
vl iu (17.1)
A
P(1,173) —————— LT T T T T > ]P)Q

X,,7377>X777P77>V

|

¢ v 17.2

v i (17.2)
P(1,174) —————— T T T T T > ]P2

where o, v and ( are birational maps.
Proof. Tt follows from Theorem 3.3 and Lemma 3.11 that CS (X, %M) C{P, Py, Ps}.

Lemma 17.2. Suppose that {Py, P3} C CS(X, 1 M). Then the commutative dia-
gram (17.2) exists.

Proof. Let B be the proper transform of M on Y and S a general surface in B.
Then S ~g —kKy by Theorem 2.2. We see that S - C' = 0, where C' is a generic
fibre of w, which implies the existence of the commutative diagram (17.2).

Lemma 17.3. The set CS(X, +M) does not contain the set {Py, Py}.

Proof. Suppose that {P;, Py} C CS(X,+M). Let 7: W — U; be the weighted
blow-up with weights (1,1, 3) of the proper transform of Py on U; and B the proper
transform of M on W. Then B ~g —kKw by Theorem 2.2.

The linear system |—Kyy| is a pencil whose base locus is the irreducible curve A
such that oy o w(C') is the curve cut out on X by the equations z =y = 0.

Let S be a sufficiently general surface in the linear system |— K|, Ps the proper
transform of the singular point Ps on W and Ps and Pg other singular points of W
such that oy o m(Ps) = Py and «y o m(Pg) = P». Then Ps is a quotient singularity
of type %(1717 1) on W, Ps is a quotient singularity of type %(1, 1,2) on W, the
surface S is smooth outside the points P3, P; and Pg and the singularities of S
at the points P3, Ps and Pg are Du Val singularities of types A4, A; and Ao,
respectively.

The equality A? = —1/30 holds on S. But the equivalence B|g ~g kA holds,
which implies that Bls = kA. We can now easily obtain a contradiction using
Lemmas 2.7 and 2.9.

Lemma 17.4. The set (CS(X, %M) does not consist only of the point P;.

Proof. Suppose that CS(X, $ M) = {P;}. Let D be the proper transform of M
on U;. Then the equivalence D ~g —kKy, holds by Theorem 2.2. Moreover,

it follows from Lemma 2.1 and the proof of Lemma 9.5 that the set (CS(Ui, %D)

contains the singular point of U; that is the singular point of the exceptional divisor
of the birational morphism «;.
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Let m: W — U; be the weighted blow-up with weights (1, 1,4) of the singular
point of the variety U; that is contained in the exceptional divisor of the mor-
phism «;, and let B be the proper transform of M on W. Then B ~g —kKw by
Theorem 2.2.

Let S be a sufficiently general surface in the pencil |-Ky/| and A the unique
base curve of |[—=Ky|. Then S is normal but the curve A is irreducible, rational
and smooth. Moreover, simple computations imply that

-9/20 ifi=1,
A? =1 -1/30 if i=2,
0 if i =3,

on S. However, we have the equivalence B|s ~¢ kA, which implies (see the proof of
Lemma 17.3) that the curve a; o m(A) is contained in the set CS(X, M) if i # 3.
It follows that i = 3.

Let G be the exceptional divisor of a3 and Py the singular point of Us that is
contained in G. Then P, is a quotient singularity of type %(17 1,3) on Us.

It follows from Lemmas 2.3 and 2.4 that the set (CS(Ug, %D) consists of the
singular point Pj.

The variety W is the variety Uss and the birational morphism 7 is the mor-
phism (4. Thus, the divisor —Ky is nef and big. Therefore, it follows from
Lemmas 2.1 and 2.3 that the set (CS(VV, %B) contains the singular point of W that
is contained in the exceptional divisor of .

Let p: Z — W be the weighted blow-up with weights (1,1,2) of the singular
point of W that is contained in the exceptional divisor of 7 and let P be the proper
transform of M on Z. Then the equivalence P ~g —kKz holds by Theorem 2.2.
Let F be a general surface and T the unique base curve of the pencil |- Kz|. Then F'
is irreducible and normal. But I' is irreducible, rational and smooth. The equality
I'? = —1/24 holds on F. But P|s ~g kI', which easily leads to a contradiction
using Lemmas 2.7 and 2.9.

It follows from Theorem 3.3 and Lemma 3.11 that we may assume that
CS(X, M) = { P, Ps}.

Let D be the proper transform of M on Uss. Then D ~g —kKy,, by The-
orem 2.2. It now follows from Lemmas 2.1 and 2.3 that the set (CS(UQ;),, %D)
contains either the singular point of Us3 that is contained in the exceptional divisor
of the morphism (33 or the singular point of Usz that is contained in the exceptional
divisor of (35.

Lemma 17.5. The set CS(UQ?,, %D) does not contain the singular point of Uss
that is contained in the exceptional divisor of (s.

Proof. Let E be the exceptional divisor of 35 and Pg the singular point of the
surface E. Then Pg is a quotient singularity of type %(1, 1,2) of Usz. Suppose that
the set (CS(U23, %’D) contains Pg.

Let m: W — Us3 be the weighted blow-up of Ps with weights (1,1,2), B the
proper transform of M on W, S a general surface in |—Ky/| and A the base curve
of |[=Kw/|. Then S is normal, A is irreducible, and B|s ~q kA by Theorem 2.2. But
the equality A% = —1/24 holds on S, which is impossible by Lemmas 2.9 and 2.7.
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Hence, the set (CS(Ugg,, %D) contains the singular point of Us3 that is contained in
the exceptional divisor of 33. Thus, the existence of the commutative diagram (17.2)
follows easily from Theorem 2.2. The proposition is proved.

§ 18. The case n = 23: a hypersurface of degree 14 in P(1,2, 3,4, 5)

We use the notation and assumptions of §3. Let n = 23. Then X is a general
hypersurface in P(1,2,3,4,5) of degree 14, the singularities of X consist of points
P, P, and Ps that are quotlent singularities of type 5(1 1,1), a point Py that is
a quotient singularity of type (1 1,2), a point P5 that is a quotient singularity of
type 4(17 1,3) and a point PG that is quotient singularity of type %(1,273). The
equality —K% = 7/60 holds.

Proposition 18.1. The assertion of Theorem 1.10 holds for n = 23.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, M) C {Ps, Ps}. There is a commutative diagram

N T
N

where 1) is the natural projection, as is the weighted blow-up of the singular point P
with weights (1,1,3), ag is the weighted blow-up of Ps with weights (1,2,3), 35 is
the weighted blow-up with weights (1, 1,3) of the proper transform of Ps on Us,
O is the weighted blow-up with weights (1,2,3) of the proper transform of Pg
on Us, and 7 is an elliptic fibration.

Lemma 18.2. The set (CS(X, %M) contains the point Pg.

> IP(L 27 3)7

Proof. Suppose that (CS(X, %M) does not contain Ps. Then the set CS (X, %M)
consists of the point Ps. Let D5 be the proper transform of M on Us. Then Ds ~0
—kKy, by Theorem 2.2, but the set (CS(U5, iDr) is non-empty by Lemma 2.1.

Let P; be the singular point of Us that is contained in the exceptional divisor
of the morphism «s. Then P; is a quotient singularity of type 7(1, 1,2) on Us,
and it follows from Lemma 2.3 that (CS(U5, %D5) contains P;. Let m: U — Us be
the weighted blow-up of P; with weights (1,1,3). Then the linear system |—2Kp|
is a proper transform of the pencil |—2K x|, and the base locus of | —2K7;| consists of
a single irreducible curve Z such that asom(Z) is the unique base curve of |[-2Kx|.

Let S be a sufficiently general surface in |—2Ky|. Then S is normal and contains
the curve Z, and the inequality Z2< 0 holds on S because — K3, < 0. However, the
equivalence Blg ~g kZ holds by Theorem 2.2, where B is the proper transform
of M on W. It follows from Lemma 2.9 that

Supp(S) N Supp(D) = Supp(Z2),
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where D is a sufficiently general surface in the linear system B. But this is
impossible by Lemma 2.7 because B is not composed of a pencil.

It follows easily from Theorem 2.2 that the assertion of Theorem 1.10 holds
for X whenever (CS(X , %M) contains P; and Ps;. Thus, we may assume that
Ps ¢ (CS(X , %M) We claim that this assumption leads to a contradiction.

Let Dg be the proper transform of M on Us. Then Dg ~0 —kKy, by The-
orem 2.2, which implies that the set (CS(Ug, %D(g) is non-empty by Lemma 2.1.
Let P; and Ps be the singular points of U that are quotient singularities of types
%(17 1,2) and %(1, 1,1), respectively, contained in the exceptional divisor of ag.

Lemma 18.3. The set (CS(U(;, %’Dg) does not contain the point Pr.

Proof. Suppose that P; € (CS(Ug, %DG). Let v: W — Ug be the weighted blow-up
of P; with weights (1,1,2) and let S be a sufficiently general surface in |—2Kyy|.
Then S is irreducible and normal, the linear system |—2Kyy| is the proper transform
of the pencil |-2K x|, and the base locus of |-2Ky/| consists of the irreducible
curve A such that the equality

2 3 1
A° = 2Ky, = —=
6

holds on S. Moreover, the equivalence B|g ~g kA holds, where B is the proper
transform of M on W. But this is impossible by Lemmas 2.9 and 2.7.

Therefore, the set (CS(U(;, %D(;) contains the point Pg by Lemma 2.3.

Remark 18.4. The linear system |-3Kp,| is the proper transform of the linear
system |[-3Kx| and the base locus of |-3Ky;| consists of the irreducible fibre
of ¢ o ag that passes through the singular point Ps.

Let 7: U — Us be the weighted blow-up of the point Pg with weights (1,1,1),
F' the exceptional divisor of the morphism 7, D the proper transform of M on U
and H the proper transform of |-3Ky,| on U. Then D ~g —kKy by Theorem 2.2.
Simple computations imply that

N 1

and the base locus of H consists of the irreducible curve Z such that ag o 7(2) is
the base curve of |-3Kx|. Moreover, the equality S - Z = 1/12 holds, where S
is a general surface in H.

Let Dy and D5 be general surfaces in the linear system D. Then S - Dq - Dy =
—k? /4, which is a contradiction. The assertion is proved.

§19. The case n = 25: a hypersurface of degree 15 in P(1,1,3,4,7)

We use the notation and assumptions of §3. Let n = 25. Then X is a general
hypersurface in P(1,1,3,4,7) of degree 15, the equality —K3% = 5/28 holds, and
the singularities of X consist of a point P; that is a quotient singularity of type
$(1,1,3) and a point P, that is a quotient singularity of type (1,3,4).

Proposition 19.1. The assertion of Theorem 1.10 holds for n = 25.
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There is a commutative diagram

where 1 is the natural projection, a; is the weighted blow-up of P; with weights
(1,1,3), ag is the weighted blow-up of P, with weights (1,3,4), (2 is the
weighted blow-up with weights (1,3,4) of the proper transform of P, on Uy, (3 is
the weighted blow-up with weights (1, 1,3) of the proper transform of P; on Us,
B3 is the weighted blow-up with weights (1,1,3) of the singular point of Us that
is a quotient singularity of type i(l, 1,3) contained in the exceptional divisor of
the morphism «s, 71 is the weighted blow-up with weights (1,1, 3) of the proper
transform of Py on Uss, 73 is the weighted blow-up with weights (1,1, 3) of the point
of Ui that is a quotient singularity of type i(l, 1,3) contained in the exceptional
divisor of 2, and n is an elliptic fibration.

Remark 19.2. The divisors — Ky, —Ky,, —Ky,, and —Kyy,, are nef and big.

Proof of Proposition 19.1. It follows from Theorem 3.3, Lemma 3.11 and Proposi-
tion 3.5 that CS(X, M) C {Py, P,}.

Lemma 19.3. The set (CS(X, %./\/l) contains the point Ps.

Proof. Suppose that CS (X , %./\/l) does not contain P,. Let Dy be the proper trans-
form of M on U;. Then (CS(X, %M) ={P}, and (CS(Ul, %Dl) # & by Lemma 2.1
because the equivalence Dy ~g —kKy, holds by Theorem 2.2.

Let P5; be the singular point of U; that is contained in the exceptional divisor
of a;. Then Ps is a quotlent singularity of type = (1 1,2) on Uy, and it follows from
Lemma 2.3 that (CS(Ul, = ) contains it.

Let m: W — U; be the blow-up of Ps with weights (1,1,2) and let S be a suffi-
ciently general surface in the pencil |[—=Ky/|. Then S is irreducible and normal and
the base locus of the pencil |—Kyy| consists of the irreducible curve A such that
A? = —1/14 on S. But Blg ~¢ kA, where B is the proper transform of M on W.
Therefore, we have Bls = kA, which implies that

Supp(S) N Supp(D) = Supp(A),
where D is a general surface in 3. But this contradicts Lemma 2.7.

Let G be the exceptional divisor of ap, Dy the proper transform of M on Us,
P, the proper transform of P; on Ug, and Ps and P, the singular points of Us that
are quotient singularities of types 7 1(1,1,3) and 1 ( 1,1,2), respectively, contained in
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the exceptional divisor G. Then G = P(1,3,4), P3 and Py are singular points of G,
and Dy ~q —kKy, by Theorem 2.2. Hence, the set (CS(UQ, %Dg) is non-empty by

Lemma 2.1. Moreover, the proof of Lemma 19.3 implies that (CS(UQ, %Dg) £{P}.
Lemma 19.4. The set (CS(UQ, %Dg) does not contain both Ps and Pj.

Proof. Suppose that {Ps, P,} C CS(UQ, %Dg). Let m: W — Us be the composite of
the weighted blow-ups of P3 and Py with weights (1,1,3) and (1, 1,2), respectively,
and let B be the proper transform of M on W. Then B ~g —kKyw by Theorem 2.2.

Let S be a general surface in the pencil |—Kw|. Then S is irreducible and
normal, but the base locus of |—Kyy| consists of the irreducible curves C' and L
such that the curve ap o w(C) is the unique base curve of |—Kx/|, the curve m(L) is
contained in G, and 7(L) is the unique curve in |Op(1, 5, 4)(1)|. We have

B|S ~Q —kKw|5 ~Q k‘S|s =kC+ kL,

but the intersection form of L and C' on S is negative definite. Now applying
Lemma 2.9, we obtain a contradiction to Lemma 2.7.

It follows from Lemma 2.3 that CS(UQ, %’DQ) ¢ {Py, P, P,}.
Lemma 19.5. The set (CS(UQ, %Dg) contains either Py or P.

Proof. Suppose that the set (CS(UQ, %Dg) does not contain either of the singular
points Py, P;. Then (CS(UQ, %Dg) consists of the point Ps.

The linear system |—Ky,| is the proper transform of |—K x| and the base locus
of |—Ky,| consists of the irreducible curves L and A such that as(A) is the unique
base curve of |[—Kx/|, L is contained in the divisor G and L is the unique curve of
the linear system ‘OP(1,374)(1)’.

Let ﬁ(} be the singular point of the variety Uss that is contained in the excep-
tional divisor of (3 and let Do3 be the proper transform of M on Usz. Then
Dy3 ~g —kKu,, by Theorem 2.2, and it follows from Lemmas 2.1 and 2.3 that the
set (CS(Ugg, %Dgg) contains the point ]36, which is a quotient singularity of type
1(1,1,2) on Uss.

Let m: W — Uss be the weighted blow-up of Py with weights (1,1,2), D the
proper transform of M on W, and L and A be the proper transforms of L and A
on W, respectively. Then D ~q —kKyw by Theorem 2.2, |-Kw| is the proper

transform of |~ K7, |, and the base locus of |—Kyy| consists of the curves L and A.

Let S be a general surface in |[—=Kyy|. Then S is irreducible and normal and the
equivalence D|g ~g kA+ kL holds. But the equalities A = ~7/12, L? = -5/6
and A- L =2/3 hold on S. Therefore, the intersection form of the curves Aand L
on S is negative definite, which is impossible by Lemmas 2.9 and 2.7.

The hypersurface X can be given by the equation
’U.)2y + ”U.)t2 + wtf4(x, Y, Z) + ’U]fg(.’ﬂ, Y, Z)
+ tfll(-r7ya Z) + f15(.’L', y,Z) =0C PI‘Oj ((C[‘T7 yazataw])a

where wt(z) = 1, wt(y) = 1, wt(z) = 3, wt(t) = 4, wt(w) = 7 and f;(x,y,t) is
a sufficiently general quasi-homogeneous polynomial of degree 1.
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Remark 19.6. Suppose that the set CS(UQ, %Dg) contains both P; and P;. Then
the assertion of Theorem 2.2 easily implies the existence of a commutative diagram

X-mm b %
|

P | \LV
Y

P(1,1,3)- - - —— = B,

where ( is a birational map.
Therefore, we may assume that (CS(UQ, %Dg) does not contain both P; and Ps.
Lemma 19.7. The set CS(UQ, %Dg) contains the point P;.

Proof. Suppose that Py ¢ CS(UQ, %Dg). Then CS(UQ, %Dz) ={P,}.

Let m: W — U, be the weighted blow-up of P, with weights (1,1,2), E the
exceptional divisor of 7, and G and B the proper transforms of G and M on W,
respectively. Then it follows from Theorem 2.2 that the equivalence B ~g —kKw
holds. But the proof of Lemma 19.5 implies that the set (CS(W, %B) does not
contain the singular point of the variety W that is contained in the exceptional
divisor of w. Therefore, the singularities of the log pair (VV7 %B) are terminal by
Lemma 2.3.

Let S;, Sy, S, S¢ and S, be the proper transforms on W of the surfaces that are
cut out on X by the equations =0, y =0, 2 =0, t = 0 and w = 0, respectively.
Then

S, ~q (a2 0m)' (—Kx) = 2 = 2.G,
Sy ~g (agom)*(—=Kx) — gE* % G,
S, ~g (agom)"(=3Kx) — %E - % G, (19.1)
S, ~g (2 0 )" (4K x) — gE - % e

Sw ~0 (042 (@) 7T)*(—7Kx).

The base locus of the pencil |—Kyy | consists of the irreducible curves C' and
L such that the curve ag o 7(C') is cut out by the equations x = y = 0 on the
hypersurface X, the curve 7(L) is contained in G, and the curve w(L) is contained
in the linear system |OP(1’37 4)(1)‘.

The equivalences (19.1) imply that the rational functions y/z, zy/z*, ty/z°
and wy3 /20 are contained in the linear system |aS,|, where a = 1, 4, 5 and 10,
respectively. Therefore, the linear system |—20Ky/ | induces a birational map x:
W --» X’ where X’ is a hypersurface with canonical singularities in P(1,1,4,5, 10)
of degree 20. In particular, the divisor —Kyy is big.

It follows from [12] that there is a birational map ¢: W --» Z such that ¢ is
regular outside C and L, the map ( is an isomorphism in codimension 1, and the
divisor —K 7 is nef and big. Let P be the proper transform of M on Z. Then
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the singularities of the log pair (Z7 %73) are terminal because ( is a log-flop with
respect to the log pair (VV, %B), which has terminal singularities. But it follows
from Lemma 2.1 that the singularities of (Z, %P) are not terminal.

Hence, the set (CS(UQ, %Dg) consists of the points P, and Py. Let m: W — U,
be the composite of the weighted blow-ups of the points P; and P, with weights
(1,1,3) and (1, 1, 2), respectively, let G'and B be the proper transforms of G and M
on W respectively, and let F' and E be exceptional divisors of 7 that dominate
the points P; and Py, respectively. Then the equivalence B ~g —kKw holds by
Theorem 2.2. Arguing as in the proof of Lemma 19.5, we see that the singularities
of the log pair (W, +B) are terminal.

Let S;, Sy, S, S¢ and S, be the proper transforms on W of the surfaces that are
cut out on X by the equations =0, y =0, 2 =0, t = 0 and w = 0, respectively.
Then

w

S ~g (a0 m)*(~Kx) ~ 2 B~ 2 G~ F
Sy~ (ar o) (~Kx) ~ B~ 2 G 1 F.
5. ~g (az0m) (-3Kx) ~ 2 B~ 2G5 F,
i~ (ar o) (~4Kx) ~ DB~ G,
Sw ~q (g om)"(=TKx) — 1—1F,
4

and it follows that the rational functions y/z, zy/x*, twy*/z'® and wy®/2'0 are
contained in the linear system |aS;|, where a = 1, 4, 15 and 10, respectively. The
linear system |—60Kyy| induces a birational map y: W --» X’ such that the vari-
ety X’ is a hypersurface in P(1, 1,4, 10, 15) of degree 30. In particular, the
divisor — Ky is big. We can now obtain a contradiction in the same way as in
the proof of Lemma 19.7. The proposition is proved.

§20. The case n = 26: a hypersurface of degree 15 in P(1,1, 3, 5, 6)

We use the notation and assumptions of §3. Let n = 26. Then X is a sufficiently
general hypersurface in P(1,1,3,5,6) of degree 15, the equality —K% = 1/6 holds,
and the singularities of X consist of points P, and P, that are quotient singularities
of type 1(1,1,2) and a point P3 that is a quotient singularity of type &(1,1,5).
There is a commutative diagram

U L w - Y
Yo S B(LLY).

where 1 is the natural projection, a is the weighted blow-up of P3; with weights
(1,1,5), B is the weighted blow-up with weights (1, 1,4) of the singular point of U



810 I. A. Cheltsov

that is contained in the exceptional divisor of «, 7 is the weighted blow-up with
weights (1,1,3) of the singular point of W that is contained in the exceptional
divisor of 3, and 7 is an elliptic fibration.

It follows from Example 1.5 that there is a commutative diagram

where ¢; is a projection, o; is the weighted blow-up of P; with weights (1,1, 2)

and w; is an elliptic fibration induced by the linear system |—6Ky,
It follows from [2] that the group Bir(X) is generated by biregular automorphisms

of X and a birational involution 7 € Bir(X) such that ¢y o 7 = ¢ and & o7 = &.
The rest of the section is devoted to proving the following result.

Proposition 20.1. Either there is a commutative diagram

X---"-—->vy
|
W J{» (20.1)
Al
P(1,1,3) - -5 —>DP?
or there is a commutative diagram
X----"—-->v

|
&l J/” (20.2)
\i
P(l,l,ﬁ)— -y T 0= IP)27

where ¢ and o are birational maps and t =1 or 2.

Proof. Tt follows from Theorem 3.3 and Lemma 3.11 that CS (X, %M) C{P, P, Ps}.

Lemma 20.2. Suppose that P; € (CS(X7 %/\/1), where i € {1,2}. Then the com-
mutative diagram (20.2) exists.

Proof. Let B be the proper transform of M on U;. Then B ~g —kKy, by Theo-
rem 2.2, which implies the existence of the commutative diagram (20.2).

Therefore, we may assume that the set CS(X , %M) consists of the point Ps.

Let D be the proper transform of M on U and P, the singular point of U that
is contained in the exceptional divisor of . Then D ~g —kKy by Theorem 2.2.

Lemma 20.3. The set (CS(U, %D) consists of the point Py.

Proof. Let G be an exceptional divisor of the blow-up a. Then G is a cone over
a smooth rational curve of degree 5 and Py is the vertex of G. Suppose that
(CS(U, %D) contains a subvariety C' of U that is different from the point P;. Then
C'is a ruling of G by Lemma 2.3, which is impossible by Corollary 2.8.



Elliptic structures on Fano hypersurfaces 811

Let H be the proper transform of M on W. Then 'H ~g —kKw by Theorem 2.2.
But it follows from Lemmas 2.1 and 2.3 that (CS(VV, %'H) contains the singular
point of W that is contained in the exceptional divisor of 5. The existence of the
diagram (20.1) now follows from Theorem 2.2.

§21. The case n = 27: a hypersurface of degree 15 in P(1, 2, 3,5,5)

We use the notation and assumptions of §3. Let n=27. Then X is a general
hypersurface in P(1,2,3,5,5) of degree 15, whose singularities consist of a point O
that is a singularity of type %(1, 1,1), and points Py, P, and Ps that are singularities
of type é(1,2,3).

Let ¢: X --» P(1,2,3) be the natural projection. Then 1 is undefined only at
the points Py, P, and P3. The generic fibre of 1 is a smooth elliptic curve. There
is a commutative diagram

o

where «; is the blow-up of P; with weights (1,2, 3), 8;; is the weighted blow-up with
weights (1,2, 3) of the proper transform of P; on U, v,; is the weighted blow-up
with weights (1,2,3) of the proper transform of P, on U,;, and 7 is an elliptic
fibration, where i # j and k ¢ {4, j}.

Proposition 21.1. The assertion of Theorem 1.10 holds for n = 27.

Proof. Tt follows from Lemma 3.11 and Proposition 3.5 that (CS(X, %M) c{p,
Py, P3}.

Remark 21.2. The assertion of Theorem 1.10 holds for the hypersurface X by The-
orem 2.2 in the case when (CS(X7 %M) ={Py, Py, P5}.

We may assume that CS (X , %M) contains P; but not P3. We shall show that
this assumption leads to a contradiction.

Lemma 21.3. The set (CS(X, %./\/l) contains the point Ps.

Proof. Suppose that (CS(X, %M) does not contain P,. Then (CS(X, %M) con-
sists of the point P;. Let D; be the proper transform of M on U;. Then Theo-
rem 2.2 implies that the equivalence Dy ~g —kKy, holds. The set (CS(Ul, %Dl) is
non-empty by Lemma 2.1.

Let G be the exceptional divisor of oy and O, @ the singular points of G that
are quotient singularities of types %(17 1,2), %(1, 1,1) on Uy, respectively. Then it
follows from the assertion of Lemma 2.3 that (CS(U 1 %Dl) contains either O or Q.

The linear system |—2Ky, | is a pencil and its base locus consists of the irreducible
curve C' which passes through O and is contracted by the rational map v o a; to
a singular point of the surface P(1,2,3).
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Suppose that the set (CS(Ul, %Dl) contains the point O. Let w: W — Uy be the
weighted blow-up of O with weights (1, 1,2), B the proper transform of M on W
and C the proper transform of C' on W. Then B ~g —kKw by Theorem 2.2, the
linear system |—2Kyy| is the proper transform of the pencil |-2K7, |, and the base
locus of |—2Ky| consists of the curve C. Let S be a general surface in |[—2Kyy|.
Then B|gs ~0 kC. But 6’2 < 0 on S. But this is impossible by Lemmas 2.7 and 2.9.

Hence, CS(Ul, %Dl) contains Q). Let (: U — U; be the weighted blow-up of @
with weights (1,1,1), F' the exceptional divisor of ¢, H the proper transform of M
on U and P the proper transform of |[-3Ky,| on U. Then H ~q —kKy by Theo-
rem 2.2. But

1
P ~q *(-3Ky,) — 3 F,

and the base locus of P consists of the irreducible curve Z such that the curve
aq 0 ((Z) is the unique base curve of |-3Kx|. Therefore, we have

(¢80 -5 F) - 2= g5

which implies that

3k2 . 1 . Eo\?
2 = (cesku) - 5 F) - (¢ hk) - £ 1)
1
>

= <C*(3KU1) -

where H; and Hs are general surfaces in H. The resulting contradiction completes
the proof of the lemma.

We have CS (X, %M) = {P;, P,}. We can now apply the proof of Lemma 21.3
to the proper transform of M on Uy to get a contradiction. The proposition is
proved.

§ 22. The case n = 29: a hypersurface of degree 16 in P(1,1, 2,5, 8)

We use the notation and assumptions of § 3. Let n = 29. Then X is a sufficiently
general hypersurface in P(1,1,2,5,8) of degree 16, the equality —K% = 1/5 holds,
and the singularities of X consist of points O, O, that are quotient singularities of
type %(1, 1,1) and a point P that is a quotient singularity of type %(1, 2,3). There
is a commutative diagram

B
U w
al ln
X—-=- _1/1_ > ]P)(]-a]-72)a

where 1 is the natural projection, « is the weighted blow-up of P with weights
(1,2,3), B is the weighted blow-up with weights (1, 1,2) of the singular point of U

that is a quotient singularity of type 3(1,1,2), and 7 is an elliptic fibration.
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Proposition 22.1. The assertion of Theorem 1.10 holds for n = 29.

Proof. The hypersurface X is birationally superrigid. It follows from Theorem 3.3,
Lemma 3.11 and Proposition 3.5 that CS(X, t M) = {P}.

Let D be the proper transform of M on U. Then D ~g —kKy by Theorem 2.2.
Let G be the a-exceptional divisor and let @, O be the singular points of G that
are singularities of types %(1, 1,2), %(17 1,1), respectively. Then it follows from
Lemmas 2.1 and 2.3 that the set (CS(U, %D) either consists of the point O or
contains Q.

Suppose that (CS(U, %D) contains O. Let m: Y — U be the weighted blow-up
of O with weights (1,1, 1), H the proper transform of M on Y, L the curve on G
that is contained in |Op(1,273) (1) |, L the proper transform of L on Y, and S a general
surface in |~ Ky|. Then H ~q —kKy by Theorem 2.2, and the base locus of the
pencil |-~ Ky | consists of the curve L and the irreducible curve A such that com(A)
is the base locus of |~ K x|. The equalities A? = —1, L? = —4/3 and A- L = 1 hold
on S. Thus, the intersection form of the curves A and L on S is negative definite.
We have H|g ~o kA + kL, which is impossible by Lemmas 2.7 and 2.9.

Therefore, (CS(U, %D) contains the point (). Let BB be the proper transform of M
on W. Then B ~0 —kKw by Theorem 2.2, which implies that B is contained in
the fibres of 7. The proposition is proved.

§ 23. The case n = 30: a hypersurface of degree 16 in P(1,1, 3,4, 8)

We use the notation and assumptions of §3. Let n = 30. Then X is a general
hypersurface in P(1,1, 3,4, 8) of degree 16, the equality —Kg’( = 1/6 holds, and the
singularities of X consist of a point O that is a quotient singularity of type %(17 1,2)
and points Py, P, that are singularities of type %(1, 1,3).

There is a commutative diagram

SN

where 1 is the natural projection, « is the weighted blow-up of P; with weights
(1,1,3), B is the weighted blow-up of P, with weights (1,1,3), ~ is the
weighted blow-up with weights (1,1,3) of the proper transform of P on U, 4 is
the weighted blow-up with weights (1,1, 3) of the proper transform of P; on W,
and 7 is and elliptic fibration.

There is a commutative diagram
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where ¢ is a projection, ¢ is the blow-up of O with weights (1,1,2), and w is an
elliptic fibration.

Proposition 23.1. FEither there is a commutative diagram

X---"---»v
|
" lu (23.1)
N
P(1,1,3) - — = — — > p2

X—==-==- >X-—— - - >V
|
¢! iu (23.2)
\i
P(1,1,4) - — — — — — e -~ P2,

where ¢, 8 and o are birational maps.

Proof. Suppose that O € CS (X , %M) Then the existence of the commutative dia-
gram (23.2) follows from Theorem 2.2. Similarly, the existence of the commutative
diagram (23.1) follows from Theorem 2.2 in the case when CS(X, 1 M) = {Py, P,}.
Therefore, we may assume that CS (X , %M) consists of the singular point P; by
Theorem 3.3, Proposition 3.5 and Lemma 3.11.

Let @ be the singular point of U such that a(Q) = P; and B the proper transform
of M on U. Then Q € (CS(U, %B) by Theorem 2.2 and Lemmas 2.1 and 2.3.

Let v: U — U be the weighted blow-up of @ with weights (1, 1,2), D the proper
transform of M on U and S a sufficiently general surface in the pencil ’—K 17|. Then
D ~g —kKg by Theorem 2.2, S is normal and the base locus of ’—Kﬁ| consists
of the irreducible curve A such that a o v(A) is the unique base curve of |—Kx|.
Moreover, the inequality A% < 0 holds on S. But the equivalence D|g ~g kA holds,
which is impossible by Lemmas 2.9 and 2.7.

§ 24. The case n = 31: a hypersurface of degree 16 in P(1,1,4,5,6)

We use the notation and assumptions of §3. Let n = 31. Then X is a general
hypersurface in P(1, 1,2, 3, 4) of degree 10 and — K% = 2/15. The singularities of X
consist of points Py, P, and P3 that are singularities of type %(17 1,1), %(1, 1,4)
and %(1, 1,5), respectively. There is a commutative diagram

L N
P(1,1,4),

/ \ /
\ /
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where 1 is a projection, as is the weighted blow-up of P, with weights (1,1,4), as is
the weighted blow-up of P; with weights (1,1,5), 83 is the weighted blow-up with
weights (1,1,5) of the proper transform of Ps on Us, (o is the weighted blow-up
with weights (1, 1,4) of the proper transform of P, on Us, (4 is the weighted blow-
up with weights (1,1,4) of the singular point of Us that is contained in the excep-
tional divisor of as, 72 is the weighted blow-up with weights (1,1, 4) of the proper
transform of Py on Usy, 74 is the weighted blow-up with weights (1,1,4) of the
singular point of Uss that is contained in the exceptional divisor of (35, and 7 is an
elliptic fibration. There is a commutative diagram

Us W
X----- > P(1,1,6),

where £ is a projection, [ is the weighted blow-up with weights (1,1,3) of the
singular point of Uy that is a quotient singularity of type i(l, 1,3), and w is an
elliptic fibration.

Proposition 24.1. Either there is a commutative diagram

X-—-- _p_ ——>V
|
vl iv (24.1)
\
P(1,1,4)— — - — — > P2
or there is a commutative diagram
X———g——>X——_p__>V
|
¢! iu (24.2)
N
P(LLS) —————— == > ]P)Z,

where @, 0 and o are birational maps.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
(CS(X7 %M) C {P,, P3}. Let Dy, D3, Doz and D3y be the proper transforms of M
on Us, Us, Uz and Usy, respectively. Then it follows from Lemma 2.1 that the set
(CS(UN, %Du) is non-empty if D, ~q —kKy,,.

Lemma 24.2. Suppose that the set (CS(X, %M) contains the point Ps3. Let Py be

the proper transform of Py on Us and Py the singular point of Us that is contained
in the exceptional divisor of az. Then D3 ~q —kKy, and (CS(U?,, %Dg) C {Ps, Py}.

Proof. The equivalence D3 ~¢ —kKy, follows from Theorem 2.2. Suppose that
1 _
CS <U37 z D3) Z {Pa, Py}.

We shall show that this assumption leads to a contradiction.
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Let G be the exceptional divisor of ag. Then G =2 P(1,1,5), and it follows from
Lemma 2.3 that there is a curve C' C G of the linear system |O[p>(1’ 1,5)(1)’ that is
contained in (CS(U;),7 %Dg,), which is impossible by Lemma 2.4.

Lemma 24.3. Let P3 be the proper transform of Py on Uy. Suppose that the set
(CS(X ./\/l) contains the point Py. Then either CS(UQ, kDQ) = {Ps} or the com-
mutative diagram (24.2) exists.

Proof. The equivalence Dy ~¢q —kKy, follows from Theorem 2.2. Suppose that
the set (CS(UQ, %Dg) does not consist of the point Ps. Let P5 be the singular point
of U, that is contained in the exceptional divisor of ay. Then Ps is a quotient
singularity of type %(1, 1,3) on Us, and CS(UQ, %Dz) contains Ps by Lemma 2.3.

Let B be the proper transform of M on W. Then B ~q —kKw by Theorem 2.2,
which implies the existence of the commutative diagram (24.2).

By Theorem 2.2, we may assume that either Doz ~q —kKy,, or D3y ~q —kKuy,,.
Let D be the proper transform of M on Y.

Lemma 24.4. Suppose that Doz ~ o —kKuv,s. Then D~y —kKy.

Proof. Let I be the exceptional divisor of 2, G the exceptional divisor of f3,
P, the singular point of G and Ps the singular point of the surface F. Arguing
as in the proof of Lemma 24.3, we see that (CS(Ugg, kDQg) does not contain the
point P;. Hence, it follows from Lemmas 2.3 and 2.1 that the set (CS(Ugg7 %Dgg)

contains the point P, which implies that D ~g —kKy by Theorem 2.2.
Lemma 24.5. Suppose that D3s ~q —kKy,,. Then D ~q —kKy.

Proof. Let G be the exceptional divisor of 3y, P, the proper transform of P on Usy
and Pg the singular point of the surface G. Then G is a cone over a smooth rational
cubic curve and Py is a quotient singularity of type 5(1 1,2) on Usy.

The set CS(UQg, kD23) is non-empty by Lemma 2.1. But the equivalence
D ~g —kKy follows from Theorem 2.2 if CS (U23, %Dgg) contains P,. Therefore,
we may assume that (CS(Ugg, %Dgg) contains Pg by Lemma 2.3.

Let m: W — Usy be the weighted blow-up of Ps with weights (1,1,3), B the
proper transform of M on W and S a sufficiently general surface in the pencil
|-Kw/|. Then the base locus of |—Ky| consists of the irreducible curve A such
that the equivalence Bls ~g kA holds, and the inequality A% < 0 holds on S.
It follows from Lemma 2.9 that B|s = kA, which is impossible by Lemma 2.7.

Hence, the equivalence D ~g —kKy holds, which implies that D is contained in
fibres of n. But this implies the existence of the commutative diagram (24.1). The
proposition is proved.

§ 25. The case n = 32: a hypersurface of degree 16 in P(1, 2, 3,4, 7)

We use the notation and assumptions of § 3. Let n = 32. Then X is a sufficiently
general hypersurface in P(1,2,3,4,6) of degree 16, and the equality —K% = 2/21
holds. The singularities of X consist of points Py, P,, P3; and P, that are quotient
singularities of type %(17171), a point Ps; that is a quotient singularity of type
£(1,1,2) and a point Py that is a singularity of type 1(1,3,4).
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Proposition 25.1. The assertion of Theorem 1.10 holds for n = 32.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, %M) ={Ps}.

There is a commutative diagram

where 1 is the natural projection, « is the weighted blow-up of Ps with weights
(1,3,4), B is the weighted blow-up with weights (1, 1,3) of the singular point of U
that is a quotient singularity of type i(L 1,3) contained in the exceptional divisor
of a, and 7 is an elliptic fibration.

Let E be the exceptional divisor of a and D the proper transform of M on U.
Then £ = P(1,3,4), and it follows from Theorem 2.2 that D ~g —kKy. But the
set (CS(U, %D) is non-empty by Lemma 2.1.

Let P; and Pg be the singular points of U contained in the divisor E that are
singularities of types %(1, 1,2) and %(1, 1,3), respectively.

Lemma 25.2. Suppose that Py € CS (X, %M) Then there is a commutative dia-
gram

X——-———-- =V
|
V J{u (25.1)
\i
P(1,2,3) - — co 7 P2

where ( is a birational map.

Proof. Let H be the proper transform of M on Y. Then it follows from Theorem 2.2
that H ~g —kKy. Hence, H lies in the fibres of 7, which implies the existence of
the commutative diagram (25.1).

We may assume that (CS(U, %D) = {P;} by Lemma 2.3.

Let v: W — U be the weighted blow-up of P; with weights (1,1,2), F' the
exceptional divisor of v, E the proper transform of the surface £ on W and B
the proper transform of M on W. Then F' = P(1,1,2), and it follows from Theo-
rem 2.2 that B ~o —kKw.

The hypersurface X can be given by the quasi-homogeneous equation
w2y + ’LUfg(SC, Y,z t) + flﬁ(x7 Y, z, t) =0C P(la 23 33 4’ 7) = PI'Oj (C[I, Y, z, ta ’ZU]),

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 4, wt(w) = 7, and fo and
fi6 are quasi-homogeneous polynomials of degree 9 and 16, respectively. Let S
be the unique surface in the linear system |—Kx| and D a general surface in the
pencil |-2Kx|. Then S is cut out by z = 0 and D is cut out by

Az? + py = 0,
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where (A, 1) € PL. The surface D is normal and the base locus of |[-2K x| consists
of the curve C such that C =D - S.

In the neighbourhood of Ps, the monomials x, z and ¢ can be regarded as weighted
local coordinates on X such that wt(x) = 1, wt(z) = 3 and wt(z) = 4. Then in the
neighbourhood of the singular point Py, the surface D can be given by the equation

A2 4 pe12® + e02a0 4 32203 4 6423 + est®nx 4 egta® feqtza? +--0) =0,
where ¢; € C. In the neighbourhood of P7, a can be given by the equations
.1 .3 P
T=TZ7, 2 =27, t=1z7,

where Z, § and Z are weighted local coordinates on U in the neighbourhood of
the smgular point Py such that wt(#) = 1, wt(3) = 2 and wt(f) = 1. Let D, S
and C be the proper transforms on U of D, S and C, respectively, and let E be
the exceptional divisor of a. Then in the neighbourhood of P;, E is given by the
equation zZ = 0, D is given by the vanishing of the analytic function

NE2 4 p(e12%% 4 €0270 4 €337 + €42 + 51232 + e6l2°2 + eqt2i% + - -),

and S is given by the equation = 0.
In the neighbourhood of the singular point of F', § can be given by the equations

. __1 L _2 ~ 1
T =XZz3, Z=12z3, t=1z3,

where Z, z and t are weighted local coordinates on W in the neighbourhood of the
singular point of F' such that wt(z) = wt(z) = wt(f) = 1. The surface F is given
by the equation z = 0, the proper transform of D on W is given by the vanishing
of the analytic function

A2+ ,u(slx 34 522 75 4+ 53233 +e4+ &t Tz + Eﬁtx 72 4+ 5752552 +---)=0,

the proper transform of S on W is given by the equation & = 0, and the proper
transform of E on W is given by the equation z = 0.

Let P, D, S and C be the proper transforms on W of the pencil |-2K x|, the
surface D, the surface S and the curve C, respectively, and let H be the proper
transform on W of the surface that is cut out on X by the equation y = 0. Then
Dis a general surface in the pencil P and

_ . D)
ENQV(E)_gF,
I * 2 * 2 * 2* 6
Dr~g (aon) (—QKX)—§7 (E>—§FNQ (aon) (—QKX)—§E—§F,
_ § 1, 1 i 1- 3
S~ (@o9) (—KX)—§7 (E)—gFNQ (aon) (_KX)_?E_?
7 * * 9 * 9 — 6 — —
(25.2)

The curve C'is contained in the base locus of P but is not the only such curve. To
see this, let L be the curve on £ that is contained in |Op(; 3.4y(1)|, which means that
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L is given locally by the equations # = Z = 0, and let L be the proper transform
of L on W. Then L is also contained in the base locus of P. Moreover, it follows
from local computations that the base locus of P does not contain curves outside
the union CU L. The curve C is the intersection of the divisors S and H and the
curve L is the intersection of the divisors S and E. Moreover, we have 2C = D- H
C+L=S-Dand 2L =D-E.

The curves C and L can be regarded as divisors on the normal surface D. Then
it follows from the equivalences (25.2) that

-7 (25.3)

which implies that the intersection form of (:7 and_E on D is negative definite. On
the other hand, the equivalence B|p ~q kC + kL holds, which is impossible by
Lemmas 2.9 and 2.7. The proposition is proved.

Remark 25.3. Let NE(W) be the closure in R?® of the cone that is generated
by the effective one-dimensional cycles on W. Then the negative definiteness of
the intersection form of C' and L on D implies that C' and L generate the two-
dimensional extremal face of the cone NE(W) that does not contain irreducible
curves on W other than C and L. This can be shown using the equivalences (25.2)
without studying the geometry of C'and L on D.

§26. The case n = 36: a hypersurface of degree 18 in P(1,1,4,6,7)

We use the notation and assumptions of § 3. Let n = 36. Then X is a sufficiently
general hypersurface in P(1,1,4, 6, 7) of degree 18, the equality — K% = 3/28 holds,
and the singularities of X consist of a point P; that is a quotient singularity of type
%(17 1,1), a point P, that is a quotient singularity of type i(l, 1,3) and a point Ps
that is a quotient singularity of type %(1, 1,6).

There is a commutative diagram

Us Ba Usa s %
agl ln
X _ - = P(1,1,4),

where 1 is the natural projection, ag is the weighted blow-up of P3 with weights
(1,1,7), B4 is the weighted blow-up with weights (1,1, 6) of the singular point of Us
that is contained in the exceptional divisor of asg, 75 is the weighted blow-up with
weights (1,1,4) of the singular point of Usy that is contained in the exceptional
divisor of the birational morphism (3,4, and 7 is an elliptic fibration.

Remark 26.1. The divisors —Kyp, and —Ky,, are nef and big.
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It follows from Example 1.8 that there is a commutative diagram

/\\ 

where £ is a projection, s is the blow-up of P with weights (1,1,3), a3 is the
weighted blow-up of P3 with weights (1,1,6), G2 is the weighted blow-up with
weights (1,1,3) of the proper transform of P, on Us, 5 is the weighted blow-
up with weights (1,1, 6) of the proper transform of P; on Us, and w is an elliptic
fibration.

Remark 26.2. The divisor — Ky, is nef and big.

P(1’ 17 6)7

In this section we prove the following result.

Proposition 26.3. Fither there is a commutative diagram

X___E__>X———p——>v
|

v iu (26.1)
\

P(1,1,4)— — — — — — e . P2

X------- -V
|
€l \Lu (26.2)
\i
P(LLG)_ s > Pza

where (, p and o are birational maps.

Proof. 1t follows from Theorem 3.3, Proposition 3.5 and Lemma 3.11 that @ #
CS(X, M) C {P,, Ps} and the existence of the commutative diagram (26.2) is
obvious if CS(X, + M) D {P, Ps}.

Lemma 26.4. The set (CS(X, %M) contains the point Ps.

Proof. Suppose that Ps ¢ (CS(X, %M) Then (CS(X, %M) = {P}. Let D3 be the
proper transform of M on U and Py the singular point of Uy that is contained in
the exceptional divisor of as. Then Dy ~o —kKy, by Theorem 2.2, P is a quotient
singularity of type 5(1 1,2) on Uy and it follows from Lemmas 2.1 and 2.3 that
FPs € (CS(UQ, sz)

Let m: Z — Us be the weighted blow-up of Ps with weights (1,1, 3), B the proper
transform of M on Z and S a general surface in |—Kz|. Then S is normal and the
base locus of |—Kz| consists of the irreducible curve A such that B|s ~¢q kA.

The equality A% = 1/7 holds on S, but this is impossible by Lemmas 2.7 and 2.9.
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For the rest of the proof we may assume that CS(X, ;M) = {Ps}. Let D3 be
the proper transform of M on Uz and P, the singular point of Us contained in the
exceptional divisor of a3. Then Ds ~Q —kKy, and P, is a quotient singularity of
type %(1, 1,5) of Us. It follows from Lemmas 2.1 and 2.3 that P, € (CS(Ug, %Dg).

Lemma 26.5. The set (CS(Ug, %ID:;) consists of the point Py.

Proof. Suppose that CS(Ug, %Dg) contains a subvariety C of Us that is different
from the point Py. Let G be the exceptional divisor of 34. Then G is a cone over
a rational normal curve in P9 of degree 6. The curve C' must be a ruling of G by
Lemma 2.3, but this is impossible by Lemma 2.4.

Hence, (CS(U;),, %D3) consists of the point Py. Let D34 be the proper transform
of M on Usy and Ps the singular point of Uss contained in the exceptional divi-
sor of 4. Then D3y ~o —kKy,, by Theorem 2.2, and P is a quotient singularity
of type 5(1 1,4) of Usy. But (CS(U34, %D34) contains Ps by Lemmas 2.1 and 2.3.
It follows from Theorem 2.2 that the proper transform of M on Y is contained
in the fibres of n, which implies the existence of the commutative diagram (26.1).
The proposition is proved.

§27. The case n = 38: a hypersurface of degree 18 in P(1,2, 3,5, 8)

We use the notation and assumptions of §3. Let n = 38. Then X is a general
hypersurface of degree 18 in P(1,2,3,5,8). The singularities of X consist of points
P, and P, that are quotient singularities of type %(1,1,1), a point P3 that is
a quotient singularity of type %(17 2,3) and a point Py that is a quotient singularity
of type £(1,3,5). The equality —K% = 3/40 holds.

Proposition 27.1. The assertion of Theorem 1.10 holds for n = 38.

Proof. The singularities of the log pair (X , %M) are canonical (see Remark 3.2).

It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS( , }CM) -

{Ps3, P,}. Arguing as in the proof of Proposition 21.1, we see that P, € (CS( , % )
There is a commutative diagram

where 1 is the natural projection, ag is the weighted blow-up of P; with weights
(1,2,3), a4 is the weighted blow-up of Py with weights (1,3,5), (B4 is the
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weighted blow-up with weights (1,3,5) of the proper transform of Py on Us, (3 is
the weighted blow-up with weights (1,2,3) of the proper transform of P; on Uy,
(s is the weighted blow-up with weights (1,2, 3) of the singular point of Uy that is
a quotient singularity of type %(17 2,3) contained in the exceptional divisor of ay,
v is the weighted blow-up with weights (1,2,3) of the proper transform of Ps
on Uys, 75 is the weighted blow-up with weights (1, 2, 3) of the singular point of Usy
that is a quotient singularity of type %(1, 2,3) contained in the exceptional divisor
of B4, and 7 is an elliptic fibration.

Let D4 be the proper transform of M on Uy, Ps the proper transform of P3
on Uy, and P5; and Py the singular points of Uy that are quotient singularities of
types %(1,273) and %(1,1,2)7 respectively, contained in the exceptional divisor
of ay. Arguing as in the proof of Proposition 25.1, we see that (CS(U4, %D4) contains
either Ps or Ps.

Suppose that Ps € (CS(U4, %Dg,). Arguing as in the proofs of Propositions 21.1
and 25.1, we see that CS (U47 %D5) contains Ps. Therefore, the assertion of The-
orem 2.2 implies that Theorem 1.10 holds for X. Thus, we may assume that
(CS(U4, %D5) contains Ps.

Let D45 be the proper transform of M on Us and P;, Py the singular points
of Uys that are quotient singularities of types %(1,1,1), %(1,1,2)7 respectively,
contained in the exceptional divisor of 35. Then it follows from Lemma 2.1 that
(CS(U457 %D45) # @, and Theorem 2.2 implies that Theorem 1.10 holds for X in
the case when (CS(U45, %D45) contains the proper transform of P3 on Uys.

By Lemma 2.3, we may assume that (CS(U457 %D45) N{P;, P} # @.

Suppose that P; € (CS(U45,%D45). Then by considering the proper trans-
form of the complete linear system |—3K x| on the weighted blow-up of P; with
weights (1,1, 1), we easily obtain a contradiction as in the proof of Lemma 21.3.

Thus, the set (CS(U45, %’D45) contains the point Pg. Let w: W — Uys be the
weighted blow-up of Pg, B the proper transform of M on W and D a general
surface in |—2Ky|. Then B ~g —kKw by Theorem 2.2, the surface D is normal
and the pencil |-2Kyy| is the proper transform of the pencil |-2Kx|. The base
locus of |[-2Kyy| consists of curves C' and L such that oy o 55 o 7(C') is the unique
base curve of |-2K x| and the curve 3507 (L) is contained in the exceptional divisor
of ay.

The intersection form of C' and L on D is negative definite. But the equivalence
Bl|p ~gq kC + kL holds, which is impossible by Lemmas 2.9 and 2.7.

§ 28. The case n = 40: a hypersurface of degree 19 in P(1, 3,4,5,7)

We use the notation and assumptions of §3. Let n = 40. Then X is a gen-
eral hypersurface in P(1,3,4,5,7) of degree 19. The singularities of X consist
of a point P; that is a quotient singularity of type %(17 1,2), a point P, that is
a quotient singularity of type i(l, 1,3), a point P that is a quotient singularity
of type £(1,2,3) and a point P4 that is a quotient singularity of type +(1,3,4),



Elliptic structures on Fano hypersurfaces 823

and —K% = 19/420. There is a commutative diagram

/// i;:\\\\\\\\i\\\\\\\\*P@&Q,
\ ST

where 1 is the natural projection, ag is the weighted blow-up of P; with weights
(1,2,3), a4 is the weighted blow-up of P, with weights (1,3,4), (33 is the
weighted blow-up with weights (1,2, 3) of the proper transform of Ps on Uy, (4 is
the weighted blow-up with weights (1,3,4) of the proper transform of P, on Us,
and 7 is an elliptic fibration.

Proposition 28.1. The assertion of Theorem 1.10 holds for n = 40.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
(CS(X7 %M) C {Ps, Py}. The singularities of the log pair (X, %M) are canoni-
cal. Let D3 and D, be the proper transforms of M on Uz and Uy, respectively.

Lemma 28.2. Suppose that (CS(X, %M) = {Ps, Py}. Then there is a commutative
diagram

X-—-F-——»vy
|
vl lu (28.1)
P(1a374)_ - C_ - = Pza

where ¢ 1s a birational map.

Proof. Let H be the proper transform of M on Y. Then it follows from Theorem 2.2
that the equivalence H ~g —kKy holds, which implies that 7 lies in the fibres of 7.
This implies the existence of the commutative diagram (28.1).

Let Ps and Py be the singular points of Us contained in the exceptional divisor
of ag such that Ps and Fs are quotient singularities of types 5 1(1,1,1) and %(1, 1,2),
respectively, and let P; and Pg be the singular points of U, that are quotient singu-
larities of types %(1, 1,2) and %(1, 1,3), respectively, contained in the exceptional
divisor of a4. Then it follows from Theorem 2.2 and Lemmas 2.1 and 2.3 that

(CS(Ug, %Dg) contains either Ps or Py if (CS(X, %M) does not contain Pj;

(CS(U4, %D;;) contains either P; or Pg if (CS(X, %M) does not contain Pj.
Lemma 28.3. Suppose that Py ¢ (CS(X, %./\/l) Then Ps ¢ (CS(U;;, %Dg).

Proof. Suppose that (CS(Ug, %Dg) contains Ps5. Let v: W — Us be the weighted
blow-up of P5 with weights (1,1, 1), F' the exceptional divisor of v, D the proper

transform of M on W, H the proper transform of the pencil [-3K x| on W, D a gen-
eral surface in the linear system D and H a general surface in H. Then

_ . 3 1
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where F is the exceptional divisor of ag. The base locus of H consists of a curve 5’
such that az o (C) is the unique base curve of [-3Kx|. On the other hand, i

follows from Theorem 2.2 that D ~q —kKw. The equivalence Dz ~0 kC holds

But C’ <0 on H Tt follows from Lemma 2.9 that the support of the cycle H- D
consists of C, which is impossible by Lemma 2.7.

Lemma 28.4. Suppose that Py ¢ (CS(X, %M) Then Ps ¢ (CS(U;»H %’Dd)

Proof. We suppose that Ps € (CS(Ug, %Dg) and seek a contradiction.

Let v: W — Us be the weighted blow-up of Ps with weights (1, 1,2), let F' and G
be the exceptional divisors of as and =, respectively, let B and D be the proper
transforms of M and |—7K x|, respectively, on W and let D be a general surface
in D. Then it follows from Theorem 2.2 that B ~qp —kKw. But the base locus
of D does not contain curves. Moreover, we have

k
B NQ —/{JKW NQ) (043 o} ’y)*(—k‘Kx) - 7’}/*(F) - G,

k
5 3

and the divisor D is nef because the base locus of D does not contain curves. But
D-By-By = —k?/12, where By and Bs are general surfaces in B. This contradiction
completes the proof of the lemma.

Lemma 28.5. Suppose that Ps ¢ CS(X, %M) Then Pr ¢ (CS(U4, %D4).

Proof. We suppose that (CS(U4, %D4) contains P and seek a contradiction.

Let v: W — Uy be the weighted blow-up of P; with weights (1,1,2), F' the
exceptional divisor of y, D the proper transform of M on W, ‘H the proper transform
of |-4Kx| on W, D a general surface in D and H a general surface in H. Then

= 4 1
Fing (a309)"(—4Kx) = 27" (E) - 5

7

and the base locus of H consists of a curve C such that az o y(C) is the base
curve of |-4Kx|. It follows from Theorem 2.2 that D ~q —kKyw . The equality

C = —1/30 holds on H, which implies that the support of the cycle H- D consists
of C because D) 5 i~o kC But this is impossible by Lemma 2.7.

Lemma 28.6. Suppose that Ps ¢ (CS(X, %M) Then Pg ¢ (CS(U4, %D4).

Proof. We suppose that (CS(U4, %D4) contains Pg and seek a contradiction.

Let v: W — Uy be the weighted blow-up of Ps with weights (1,1,3), D the
proper transform of M on W, H a general surface in |-3Ky | and D a general
surface in D. Then D ~g —kKw. But the base locus of |-3Ky| consists of an

irreducible curve C such that a4 o (C) is the base curve of |[-3Kx|. The equality
o= —1/20 holds on H But D|ﬁ ~0 kC, which implies that the support of the
cycle H- D consists of C. But this is impossible by Lemma 2.7.

The proposition is proved.
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§29. The case n = 43: a hypersurface of degree 20 in P(1, 2,4, 5,9)
We use the notation and assumptions of §3. Let n = 43. Then X is a general
hypersurface in P(1,2,4,5,9) of degree 20 and the equality —K3% = 1/18 holds.
The singularities of X consist of points P, P, P53, P, and Ps that are quotient
singularities of type %(1, 1,1) and a point Py that is a quotient singularity of type
1(1,4,5).
9( y Xy

Proposition 29.1. The assertion of Theorem 1.10 holds for n = 43.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, $M) = {Ps}. There is a commutative diagram

U Y
al in
X--- 71/)7 = ]P)(17274)7

where 1 is the natural projection, « is the weighted blow-up of Ps with weights
(1,4,5), B is the weighted blow-up with weights (1,1,4) of the singular point of U
that is a quotient singularity of type é(l, 1,4) contained in the exceptional divisor
of a, and 7 is an elliptic fibration.

Let D be the proper transform of M on U and P7, Ps the singular points of U
that are quotient singularities of types 1(1,1,3), £(1,1,4), respectively, contained
in the exceptional divisor of a. Then D ~g —kKy by Theorem 2.2.

We must show that the proper transform of M on Y is contained in the fibres
of n. This is implied by Theorem 2.2 if Py € (CS(U, %’D) Thus, we may assume

that Ps ¢ CS(U, 1 D).

Remark 29.2. The set CS(U, +D) contains P; by Lemma 2.3 because —Ky is nef
and big.

Let v: W — U be the weighted blow-up of P; with weights (1, 1, 3), B the proper
transform of M on W and Py the singular point of W that is a quotient singularity
of type %(1, 1,2) contained in the exceptional divisor of 7. Then B ~q —kKw by
Theorem 2.2.

Lemma 29.3. The set (CS(I/V, %B) does not contain the point Py.

Proof. We suppose that (CS(I/V, %B) contains Py and seek a contradiction.

Let m: Z — W be the weighted blow-up of Py with weights (1,1,2), H the
proper transform of M on Z and P the proper transform of |[-5K x| on Z. Then
H ~qg —kKz by Theorem 2.2, but the base locus of P consists of an irreducible
curve I' such that oo~y om(I') is the base curve of |-5Kx|.

Let H; and Hs be general surfaces in H and D a general surface in P. Then
D -T=1 and D?>=6. Therefore, the divisor D is nef and big, but elementary
computations imply that D - Hy - Ho = 0, which is impossible by Corollary 2.6.

Therefore, Lemma 2.3 has the following consequence.

Corollary 29.4. The singularities of the log pair (W, %B) are terminal.
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The hypersurface X can be given by the following quasi-homogeneous equation
of degree 20:

U}2y + wfll(x,?hzat) + fZO(xayazvt) =0C P(132a4,579) = PI‘Oj ((C[x,y,z,t, w])a

where wt(z) = 1, wt(y) = 2, wt(z) = 4, wt(t) = 5, wt(w) = 9, and fi(x,y,2,1)
is a quasi-homogeneous polynomial of degree 7. Let D be a general surface in the
pencil |[-2K x| and S the surface cut out on X by the equation = 0. Then D is
cut out on X by the quasi-homogeneous equation A\a? + puy = 0, where (\, ) € PL.
The base locus of |-2K x| consists of the irreducible curve C' cut out on X by the
equations x =y = 0.

In the neighbourhood of the point Py, the monomials z, z and ¢ can be regarded
as weighted local coordinates on X such that wt(z) = 1, wt(z) = 4 and wt(t) = 5.
Then in the neighbourhood of P;, the weighted blow-up « is given by the equations

~ L 4 ~.5
T =xz9, 2 =29, t=1z9,

where %, Z and £ are weighted local coordinates on U in the neighbourhood of P;
such that wt() = 1, wt(Z) = 3 and wt(f) = 1.

Let E be the exceptional divisor of o and 5 § C the proper transforms on U
of D, S, C, respectively. Then E is given by the equation z = 0 and S by the
equation & = 0. Moreover, it follows from the local equation of D that D- S =
C’ +2L,, where Ly is the curve given locally by the equations Z = & = 0. Moreover,
D is not normal at a general point of Ly and D ~o 285.

In the neighbourhood of Py, 7y is given by the equations

1 3 ~ — 1
i=zz1, =71, i=tz1,
where Z, Z and t are weighted local coordinates on W in the neighbourhood of Py
such that wt(z) = 1, wt(z) = 2 and wt(¢) = 1. In particular, the exceptional
divisor of 7 is given by the equation Z = 0 and the proper transform of S on W is
given by the equation z = 0.

Let F be the exceptional divisor of v and D, S, E, C, L, the proper transforms

on W of D, S, E, C, Ly, respectively. Then

S~ —Kw ~g (@oy)"(—Kx) — 97 (E) — ZF’

Ia * 2 * 1

D ~2Kuy g (007)" (2Kx) ~ 27" (E) ~ 3 F, (20.1)
_ i} 3
E~gv"(E)= S F

Let Ly be the curve on W given by the equations Z = Z = 0. Then

- F = 2L,

]

D-S=C+2L+L,, D-E=2L,

and the base locus of |~2Kyy| consists of C, L; and Lo. The equivalences (29.1)
imply that

— 2 - 2
DCZO, D[/]_:—g7 DL2:§
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Let Hand T be the proper transforms on W of the surfaces cut out on X by the
equations y = 0 and ¢t = 0, respectively. Then

— 5 1 5 - 2
Trg(aoy) (=5Kx)— 7" (E) =~ Fr~g(aoy) (=5Kx)— - E— - F,

i N 3 oty )
HNQ(OéO’Y)*(—2KX)—57*(E)—§FNQ(040’)’)*(—2KX)—§E—gF,

which implies that —14Kw ~g 14D ~Q 2T + 2H+ 2E, and the support of the cycle

T- H does not contain Ly or C. Therefore, the base locus of |—~14 K| does not con-
tain curves other than L;. The singularities of the mobile log pair (W, A\| — 14Ky, |)
are log-terminal for some rational number A > 1/14, but the divisor Ky +
A|—14Kyy| has non-negative intersection with all the curves on W except L.
It follows from [12] that the log-flip (: W --» Z in L; with respect to the log
pair (W, A| — 14Ky |) exists.

Let P be the proper transform of M on Z. Then the singularities of the log pair
(Z,+P) are terminal because those of the log pair (W, +B) are, but the rational
map ( is a log flop with respect to the log pair (W, +8) while —K is numerically
effective because the base locus of |—14Ky/| does not contain curves other than Lq
and the inequality —Kyw - L1 < 0 holds. We claim that —K is big, which is
impossible by Lemma 2.1.

The rational functions y/z% and ty/x" are contained in |2S| and |7S|, respec-
tively, but the equivalences (29.2) imply that /2% and ty/x" are contained in |2§ |

and |7§ |, respectively.
Let Z be the proper transform on W of the irreducible surface cut out on X by
the equation z = 0. Then the equivalences

_ 4 4 - 1
Z ~g (aon) (—4Kx) = 577 (E) ~q (a0 )" (-4Kx) - g E—- g F

hold, so that —6Kw ~q Z 4 H+ E. Thus, the rational function zy/x% is contained
in the linear system ’65 ‘ Thus, the linear system |—42Ky | maps W dominantly

onto some three-dimensional variety, which implies that the divisor —K  is big.
Thus, the proposition is proved.

Remark 29.5. The function wy®/x'® belongs to |155|. Thus, |-210Ky| induces
a birational map W --» X’ such that X’ is a hypersurface in P(1,2,6,7,15) of
degree 30.

§ 30. The case n = 44: a hypersurface of degree 20 in P(1,2,5,6,7)

We use the notation and assumptions of §3. Let n = 44. Then X is a general
hypersurface in P(1,2,5,6,7) of degree 20, and the equality —K% = 1/21 holds.
The singularities of X consist of points P;, P, and P that are quotient singularities
of type %(17 1,1), a point P, that is a quotient singularity of type %(1, 1,5), and
a point P5 that is a quotient singularity of type (1,2,5).
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There is a commutative diagram

/ \\\P<1,2,5>,

where 1) is a projection, ay is the weighted blow-up of Py with weights (1,1,5), a5 is
the weighted blow-up of P5 with weights (1,2,5), (4 is the weighted blow-up with
weights (1, 1,5) of the proper transform of Py on Us, 5 is the weighted blow-up
with weights (1,2,5) of the proper transform of Ps on Uy, and 7 is an elliptic
fibration.

There is a commutative diagram

Us W
X-— == P(1,1,3)

where & is a projection, (s is the weighted blow up with weights (1, 2, 3) of the singu-
lar point of Us that is a singularity of type = (17 2, 3) contained in the as-exceptional
divisor, and w is an elliptic fibration.

Proposition 30.1. FEither there is a commutative diagram

X--—-————-- >V
|
vl J{V (30.1)
\
P(1,2,5) - - P2
or there is a commutative diagram
X___E_—>X———p——>v
|
¢ iu (30.2)
Y
]P(]., ]., 3) —————— e > ]P>2,

where ¢, ¢ and o are birational maps.

Proof. 1t follows from Lemma 3.11 and Proposition 3.5 that CS(X, : M) C { Py, Ps}.
Arguing as in the proof of Lemma 18.2, we see that (CS(X, %./\/l) contains Ps. The
existence of the commutative diagram (30.1) follows easily from Theorem 2.2 in
the case when (CS(X, %./\/l) = {Py, Ps}. Thus, we may assume that (CS(X, %M)
consists of the point Ps.
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Let D5 be the proper transform of M on Us. Then D5 ~g —kKy, by
Theorem 2.2, which implies that (CS(U57 %DE)) is non-empty by Lemma 2.1. Let
G be the exceptional divisor of as and Pg, P; the singular points of the sur-
face G that are quotient singularities of types é(l7 2,3), %(1, 1,1) on Us, respectively.
In the case when (CS(U5, %D{)) contains Pg, the existence of the commutative dia-
gram (30.2) follows from Theorem 2.2. Therefore, we may assume by Lemma 2.3
that (CS(U5, %Dg,) contains the point P;.

Remark 30.2. The linear system |-5Kp.| is a proper transform of |[-5Kx| and
its base locus consists of the irreducible curve that is the fibre of the rational
map ¥ o a5 passing through Pr.

Let : U — Us be the weighted blow-up of P; with weights (1,1,1), let I be the
exceptional divisor of the blow-up 7, let D be the proper transform of M on U and
let H be the proper transform of | -5K, | on U. Then D ~q —kKy by Theorem 2.2.
But

1
Mg (= 5Ke) — 5 F,

and the base locus of H counsists of an irreducible curve Z such that as o 7w(Z) is
the unique curve in the base locus of |-5Kx|.

Let S be a general surface in H. Then the equality S - Z = 1/3 holds, which
implies that the divisor 7*(—10Ky,) — F is nef. Let Dy and D5 be general surfaces
in D. Then

L

2
' (w*(lOKUs)F)-(w*(kKUS)];F) — (+"(~10Ky,)~F)-D1-Dy > 0,

which is a contradiction. The proposition is proved.

§31. The case n = 47: a hypersurface of degree 21 in P(1,1,5,7,8)

We use the notation and assumptions of §3. Let n = 47. Then X is a general
hypersurface in P(1,1,5,7,8) of degree 21 whose singularities consist of a point P;
that is a singularity of type %(1,2,3) and a point P, that is a singularity of
type £(1,1,7).

Proposition 31.1. The assertion of Theorem 1.10 holds for n = 47.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, M) C{Py, P,}.

The hypersurface X can be given by the equation

2 3

w’z + Z wz'gi3—si(x,y,t) + Z Z'gnsi(z,y,t) = 0 C Proj(Clz,y, 2, t,w]),
i=0 i=0
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where wt(z) = 1, wt(y) = 1, wt(z) = 5, wt(t) = 7, wt(w) = 8 and g;(z,y,t) is
a quasi-homogeneous polynomial of degree i. There is a commutative diagram

U w Y
! |
) - - - = PLLY),

where « is the weighted blow-up of P, with weights (1,1,7), 8 is the weighted
blow-up with weights (1,1, 6) of the singular point of U that is a quotient singularity
of type %(1, 1,6), ~ is the weighted blow-up with weights (1,1,5) of the singular
point of W that is a quotient singularity of type %(17 1,5), and 7 is an elliptic
fibration.

Lemma 31.2. The set (CS(X, %M) contains the point Ps.

Proof. Suppose that (CS(X, %/\/l) does not contain P,. Then CS(X, %M) ={P}.

Let m: Z — X be the weighted blow-up of P; with weights (1,2,3), E the
exceptional divisor of m and B the proper transform of M on Z. Then E =
P(1,2,35) and B ~¢ —kKz by Theorem 2.2.

Let P; and P, be the singular points of Z contained in E that are singularities
of types %(1, 1,1) and %(17 1,2), respectively. Arguing as in the proof of Proposi-
tion 22.1, we see that the singularities of the log pair (Z7 %B) are terminal.

The base locus of the pencil |—Kz| consists of irreducible curves C' and L such
that the curve 7(C') is cut out on X by the equations x = y = 0 and L is contained
in the divisor F and in the linear system |OP(1’273) (1) | The inequalities —Kz-C <0
and —Kz-L > 0 hold. It follows from [12] that there is an antiflip (: Z --+ Zin C.
Then the divisor — K7 is nef.

Let P be the proper transform of M on Z. Then the singularities of the log pair
(Z %73) are terminal because those of the log pair (Z, %B) are, and the antiflip ¢
is a log flop with respect to the log pair (Z, %B) The rational functions y/x,
zy/x®, ty/x®, yw/2° are contained in the linear system |—akK 7|, where a = 1,6,8,9,
respectively. Therefore, the complete linear system |—72K 7| induces a birational
map x: Z --» Xsuch that Xis a hypersurface of degree 24 in P(1,1,6,8,9). Hence,
the divisor — Kz is big, which is impossible by Lemma 2.1.

Let G be the exceptional divisor of o, D the proper transform of M on U, Pj the
proper transform of P; on U and P5 the singular point of U that is contained in G.
Then D ~y —kKy by Theorem 2.2.

Lemma 31.3. The set (CS(U, %D) contains the point Ps.

Proof. Suppose that Ps ¢ CS(U, +D). Then CS(U, D) = {P1} by Lemmas 2.1
and 2.3.

Let 7: Z — U be the weighted blow-up of P; with weights (1,2,3), E the
exceptional divisor of 7 and G, B the proper transforms of G, M on Z, respectively.
Then B ~q —kKz by Theorem 2.2. Arguing as in the proof of Lemma 31.2, we see

that the singularities of the log pair (Z, £B) are terminal.
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Let S;, Sy, Sz, S; and Sy, be the proper transforms on Z of the surfaces cut out
on X by the equations x =0, y =0, 2 =0, t = 0 and w = 0, respectively. Then

Si ~q (a0 m) (~Kx) ~ £ B~ £ G,
Sy ~g (aom)*(~Kx) ~ S B~ <G,
S, ~g (o m)* (—5Kx) - %E _ ? a, (31.1)
Sy ~g (0 m)* (—TKy) - %E - gé,
Sy g (0o m)* (~8Kx) - gE

The base locus of |-Kz| consists of irreducible curves C' and L such that the
curve aon(C') is cut out on X by the equations x = y = 0, the curve L is contained
in the divisor E, and L is the unique curve of ‘Op(17273)(1)|.

It follows from [12] that there is an antiflip (: Z --» Z in C such that the
divisor —K7 is nef.

Let P be the proper transform of M on Z. Then the singularities of the log pair
(Z, %P) are terminal. The equivalences (31.1) imply that the functions y/z, zy /x5,
ty/x® and wzy? /' are contained in the complete linear system |aS,|, where a =
1,6, 8 and 15, respectively. Hence, the linear system |—120K 7| induces a birational
map x: Z --» Xsuch that Xis a hypersurface of degree 30 in P(1, 1,6, 8,15). Hence,
the divisor — Kz is big, which is impossible by Lemma 2.1.

Remark 31.4. Tt follows from Lemma 2.4 that CS(U, +D) = {Ps}.

Let H be the proper transform of M on W, F' the exceptional divisor of 3, P the
proper transform of P; on W and Py the singular point of W contained in F. Then
H ~g —kKw by Theorem 2.2, which implies by Lemma 2.1 that (CS(VV, %H) #* .

Lemma 31.5. Suppose that ]36 € (CS(W, %H) Then there is a commutative dia-
gram

X—-——————— =V
|
¥ J{u (31.2)
\i
P(1,1,5) — — co 7 P2

where ( is a birational map.

Proof. Let B be the proper transform of M on Y. It follows from Theorem 2.2 that
B ~g —kKy, which implies that 5 lies in the fibres of 7. This implies the existence
of the diagram (31.2).

We may assume by Lemma 2.3 that CS(VV, %H) consists of the point P.

Let w: Z — W be the weighted blow-up of P, with weights (1,2,3), E the
exceptional divisor of 7, B the proper transform of M on Z and G, F the proper
transforms on Z of the surfaces G, F, respectively. Arguing as in the proof of
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Lemma 31.2, we see that the singularities of the log pair (Z , %B) are terminal. But
B ~g —kKz by Theorem 2.2.

Let S, Sy, S-, S¢ and S,, be the proper transforms on Z of the surfaces cut out
on X by the equations t =0, y =0, 2 =0, t = 0 and w = 0, respectively. Then

1 1~ 1~

. 6 1~ 1~

1 13 ~ ~

SZNQ(a0ﬁ077)*(—5KX)—3E—§3G—§F, (31.3)

2 7~ 3~

StNQ(aoﬁOTr)*(—?KX)—gE—gG—iF,
3
SwNQ(aOﬁOﬂ)*(—SKX)—gE.

The equivalences (31.3) imply that the functions y/x, zy/x%, tzy?/z'* and
w2y /2?1 are contained in the linear systems |S,| |65,/, [14S,| and |21S,|, respec-
tively. Therefore, the complete linear system |—42Ky| induces a birational map
X: Z --» Xsuch that Xis a hypersurface in P(1, 1,6, 14,21) of degree 42. The base
locus of |-42K | consists of an irreducible curve C such that the curve o o (C)
is cut out on X by the equations # = y = 0. Therefore, it follows from [12] that
there is an antiflip ¢: Z --» Z in C, which implies that —K 3 is nef and big. The
rational map ( is a log flop with respect to the log pair (Z, %B) Therefore, we see
that the singularities of the log pair (Z %73) are terminal, where P is the proper
transform of M on Z. But this is impossible by Lemma 2.1. The proposition is
proved.

Remark 31.6. We have constructed birational transformations of X into hyper-
surfaces in P(1,1,6,8,9), P(1,1,6,8,15) and P(1, 1,6, 14,21) of degrees 24, 30 and
42, respectively. The anticanonical models of the varieties U and W are hyper-
surfaces in P(1,1,5,7,13) and P(1,1,5,12,18) of degrees 26 and 36, respectively.
Arguing as in the proof of Proposition 31.1, we see that, up to the action of the
group Bir(X), there are no other non-trivial birational transformations of X into
Fano threefolds with canonical singularities.

§ 32. The case n = 48: a hypersurface of degree 21 in P(1, 2, 3,7,9)

We use the notation and assumptions of §3. Let n = 48. Then X is a general
hypersurface in P(1,2,3,7,9) of degree 21 whose singularities consist of a point Py
that is a singularity of type %(17 1,1), points P, and P; that are singularities of
type +(1,1,2) and a point P that is a singularity of type &(1,2,7). There is
a commutative diagram

U w Y
X--------——-——-—- - > P(1;273)7
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where 1 is the natural projection, « is the weighted blow-up of P, with weights
(1,2,7), B is the weighted blow-up with weights (1,2,5) of the singular point of U
that is a quotient singularity of type %(1, 2,5) contained in the exceptional divisor
of a, 7y is the weighted blow-up with weights (1,2, 3) of the singular point of W that
is a singularity of type %(17 2, 3) contained in the exceptional divisor of 3, and 7 is
an elliptic fibration.

Proposition 32.1. The assertion of Theorem 1.10 holds for n = 48.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
(CS(X7 %M) = {P4}. Let E be the a-exceptional divisor, D the proper trans-
form of M on U and Ps5, Py the singular points of U contained in the surface F
that are singularities of types %(1, 1,1), %(1, 2,5), respectively. Then E = P(1,2,7),
but D~ —kKy by Theorem 2.2.

Lemma 32.2. The set (CS(U, %D) does not contain the point Ps.

Proof. Suppose that (CS(U, %D) contains P;. Let m: Z — U be the weighted
blow-up of Ps with weights (1,1,1), G the exceptional divisor of the blow-up 7
and B, P the proper transforms of the linear systems M, |-7K x| on Z, respectively.
Then B ~q —kKz by Theorem 2.2, but the base locus of P does not contain curves.
Let H be a general divisor of P. Then H is numerically effective. But

H-By By = <(ao7r)*(—kKX) - gw*(E) - ];G>

X ((ozon')*(—?KX) - gﬂ'*(E) - ;G) = —ék{

where By and By are general surfaces in B. The resulting contradiction completes
the proof of the lemma.

It follows from Lemmas 2.1 and 2.3 that CS(U, D) = {Ps}. Let F be the
exceptional divisor of the blow-up g, H the proper transform of M on W and Pr,
Ps the singular points of W contained in F' that are singularities of types %(1, 1,1),
£(1,2,3), respectively. Then F = P(1,2,5), but H ~g —kKw by Theorem 2.2.

Lemma 32.3. Suppose that Py € (CS(W, %H) Then there is a commutative dia-
gram

X----"---»vy
|
v lu (32.1)
A
P(1,2,3)- - - - - > P?,

where ( is a birational map.

Proof. Let S be the proper transform of a general surface in M on Y and I' a generic
fibre of . Then S ~g —kKy by Theorem 2.2, which implies that S-I' = 0.
Therefore, S lies in the fibres of 7, which implies the existence of the commutative
diagram (32.1).
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By Lemmas 2.1 and 2.3, we may assume that P; € (CS(W, %'H)

Let m: Z — W be the weighted blow-up of P; with weights (1,1,1), G the
exceptional divisor of the blow-up 7 and B the proper transform of M on Z. Then
B ~qy —kKz by Theorem 2.2.

The hypersurface X can be given by the equation
’lU2Z =+ wle(:Ca Y,z t) + f21(iE, Y, =z, t) =0C P(lv 2? 37 77 9) = PI‘Oj (C[I’7 Y, =, tv w])v

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 9 and f;(x,y,2,1t)
is a quasi-homogeneous polynomial of degree i. Let P be the proper transform
on Z of the pencil of surfaces cut out on X by the equations Az> + puz = 0, where
(A, 1) € PL. Then the base locus of P consists of irreducible curves C, L and Lo
such that oo 3o w(C) is the curve cut out on X by the equations x = z = 0,
B om(Ly) is contained in the exceptional divisor E, 3 o w(L1) is the unique curve
in the base locus of IOP(1’277)(1)|, (L) is contained in F and 7(Lsy) is the unique
curve of ’O]Pi(l’z’g))(l)‘.

Let D be a general surface in P, E and F the proper transforms of £ and F
on Z, respectively and S the proper transform on Z of the surface cut out on X
by the equation x = 0. Then

S-D=C+ L+ Lo, E-D =3L,, F-D =3L,,

the surface D is normal, and

F g n*(F) - %G,
B (Bon)(B) - 27°(F) - 5 G,
3 5 5 (32.2)
D ~g (aofom) (=3Kx) — 9 (Bom)*(E) — ?W*(F) — §G,
§ g (o fom)*(~Kx) — 5 (Bom)*(B) — 3 °(F) 5 G.

The curves C, L and Ly are divisors on D. It follows from the equivalences (32.2)
that

1 2
C-C=Li-Li=-5, ILyly=-3, CLi=Cly=L L=0

which implies that the intersection form of the curves C, Ly and Ly on D is negative
definite. On the other hand, we have B|p ~q kC+kLy+kLs, where B is a general
surface in B. But this is impossible by Lemmas 2.9 and 2.7. The proposition is
proved.

§ 33. The case n = 49: a hypersurface of degree 21 in P(1,3,5,6,7)

We use the notation and assumptions of §3. Let n = 49. Then X is a general
hypersurface in P(1,3,5,6,7) of degree 21 whose singularities consist of points Py,
P, and P5 that are singularities of type %(17 1,2), a point P, that is a singularity
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of type 1(1,2,3) and a point P that is a singularity of type £(1,1,5). There is
a commutative diagram

where v is a projection, « is the blow-up of Ps with weights (1,1,5), and 7 is an
elliptic fibration. There is a commutative diagram

where ¢ is a projection, 8 is the blow-up of Py with weights (1,2,3) and w is an
elliptic fibration.

Proposition 33.1. Either there is a commutative diagram

X-—-—-—-- =V
|
Pl J/V (33.1)
N
P(1,3,5) - —g — P2
or there is a commutative diagram
X----"--—-5 Vv
|
&l \Lu (332)
\
P(1,3,6) — — e P2,

where ¢ and o are birational maps.

Proof. Tt follows from Theorem 3.3, Proposition 3.5 and Lemma 3.11 that
CS(X, M) C {Py, Ps}.

Suppose that the set CS (X, %/\/1) contains the point P;. Let D be the proper
transform of M on U. Then D ~g —kKy by Theorem 2.2. Intersecting a general
surface in D with a generic fibre of w, we see that D lies in the fibres of w. This
implies the existence of the commutative diagram (33.2). Similarly, we see that the
commutative diagram (33.1) exists in the case when P; € CS(X, +M).

§ 34. The case n = 51: a hypersurface of degree 22 in P(1,1,4,6,11)

We use the notation and assumptions of §3. Let n = 51. Then X is a hyper-
surface of degree 22 in P(1,1,4,6,11) and the equality —K% = 1/12 holds. The



836 I. A. Cheltsov

singularities of X consist of a point P; that is a quotient singularity of type %(1, 1,1),
a point P, that is a quotient singularity of type %(1, 1,4) and a point Pj that
is a quotient singularity of type %(1, 1,5).

There is a commutative diagram

U 0 Y
l in
X—--- 71)7 > P(17174)a

where 1 is the natural projection, a is the weighted blow-up of P3; with weights

(1,1,5), B is the weighted blow-up with weights (1, 1,4) of the singular point of U

that is contained in the exceptional divisor of o, and 7 is an elliptic fibration.
There is a commutative diagram

where ¢ is a projection, 7 is the blow-up of P, with weights (1,1,3) and w is
an elliptic fibration.

Proposition 34.1. FEither there is a commutative diagram

X---"-—->v
|
Y J/V (34.1)
\
P(1,1,4) - -5 — > P2
or there is a commutative diagram
X----"-—-->v
|
€l \Lu (34.2)
A
P(1,1,6)— — — — — > P2,

where ¢ and o are birational maps.

Proof. The fact that X is birationally superrigid implies that the singularities of
the log pair (X , %M) are canonical.

Suppose that P, is contained in (CS(X , %./\/l) . Let D be the proper transform
of M on W. Then D ~g —kKw by Theorem 2.2, and this implies the existence of
the commutative diagram (34.2).

We may assume that (CS(X, %M) = {P3} by Theorem 3.3, Proposition 3.5 and
Lemma 3.11.
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Let B be the proper transform of M on U. Then B ~q —kKy by Theorem 2.2,
but the anticanonical divisor —Ky is nef and big. It follows from Lemmas 2.1
and 2.3 that the set (CS(U, %B) contains the singular point of U that is contained
in the exceptional divisor of a.

Let H be the proper transform of M on Y. Then H ~ —kKy by Theorem 2.2.
Intersecting a general surface in ‘H with a generic fibre of 7, we see that H lies in
the fibres of 7. This implies the existence of the commutative diagram (34.1).

§ 35. The case n = 56: a hypersurface of degree 24 in P(1,2,3,8,11)

We use the notation and assumptions of §3. Let n = 56. Then X is a general
hypersurface in P(1,2,3,8,11) of degree 24 whose singularities consist of points Py,
P, and Pj that are singularities of type %(1, 1,1) and a point P, that is a singularity
of type - (1,3,8). The equality —K% = 1/22 holds.

There is a commutative diagram

U ’ W E Y
Yoo s ---->PF123)

where 1 is the natural projection, « is the weighted blow-up of P, with weights
(1,3,8), 3 is the weighted blow-up with weights (1,3,5) of the point of U that is
a quotient singularity of type %(1, 3,5) contained in the exceptional divisor of a,
~ is the weighted blow-up with weights (1,2, 3) of the point of W that is a quotient
singularity of type %(1, 2,3) contained in the exceptional divisor of 3, and 7 is an
elliptic fibration.

Proposition 35.1. The assertion of Theorem 1.10 holds for n = 56.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
(CS(X7 %M) = {P,}.

Let E be the exceptional divisor of a, D the proper transform of M on U and Ps,
Ps the singular points of U contained in E that are singularities of types é(l, 1,2),
£(1,3,5), respectively. Then E = P(1,3,8), and D ~g —kKy by Theorem 2.2.
The divisor —Kp is nef and big. It follows from Lemmas 2.1 and 2.3 that one
of the following assertions holds:

(i) the set CS(U, D) contains the point Ps;

(ii) the set (CS(U, %D) consists of the point Ps.
Lemma 35.2. The set (CS(U, %D) does not contain the point Ps.

Proof. We suppose that (CS(U, %D) contains P5 and seek a contradiction.

Let m: Z — U be the weighted blow-up of Ps with weights (1,1,2), G the
exceptional divisor of the blow-up 7 and B, P the proper transforms of M, |-8K x|
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on Z, respectively. Then B ~g —kKz, but the base locus of P does not contain
curves. In particular, a sufficiently general surface H in P is nef, but

H By -By= ((aow)*(—szX) - %W*(E) - I;;G)

. 8 . 2 4\
where B; and By are general surfaces in 5. But this is impossible by Corollary 2.6
because H3 > 0.

Hence, the set (CS(U7 %D) consists of the point Ps. Let F' be the exceptional
divisor of (3, H the proper transform of M on W and P;, Ps the singular points
of W contained in F' that are singularities of types %(1, 1,2), %(1, 2, 3), respectively.
Then ‘H ~q —kKw by Theorem 2.2. It follows from Lemmas 2.1 and 2.3 that
CS(W, tH) ={Pr} or Py € CS(W, t H).

Arguing as in the proof of Lemma 32.3, we obtain the existence of a commutative
diagram

X-— ">y
I
P \LV
Y
P(1,2,3)— - = — - > P?

in the case when Py € (CS(VV, %’H), where ( is a birational map. Thus, we may
assume that CS(W, +H) = {Pr}.

Let m: Z — W be the weighted blow-up of P; with weights (1,1,2), G the
exceptional divisor of 7 and B the proper transform of M on Z. Then B ~g —kKz
by Theorem 2.2.

Lemma 35.3. The singularities of the log pair (Z7 %B) are terminal.

Proof. Suppose that the set CS(Z, %B) is non-empty. Let Py be the singular point
of the surface G. Then Py is a singularity of type %(1, 1,1) of Z, the set (CS(Z, %B)
contains Py by Lemma 2.3, and G = P(1,1,2).

Let 7: Z — Z be the weighted blow-up of Py with weights (1,1,1) and G the
exceptional divisor of 7. Take any divisor D on Z such that

D~y —2K5; — (Bomon)" (16Ky) — (mo@)" (18Kw).

Analyzing the base locus of the pencil ‘—QKZ , we see that D is nef, but D? > 0.

Thus, the divisor D is nefiand big. But D - H, - H, = 0, where H, and H, are
the proper transforms on Z of general surfaces in M. But this is impossible by
Corollary 2.6.

The hypersurface X can be given by the equation
w2y + wflS(xv Y, 2, t) + f24(xv Y, =z, t) =0C ]P(]-v 27 37 87 11) = PI‘Oj ((C[.’E, Y, =z, tv ’LU]),

where wt(z) = 1, wt(y) = 2, wt(2) = 3, wt(t) = 8, wt(w) = 11 and f;(x,y, 2,t) is
a sufficiently general quasi-homogeneous polynomial of degree i. Let E and F be
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the proper transforms on Z of E and F, respectively, and let Sy, S, S3 and Sg
be the proper transforms on Z of the surfaces cut out on X by the equations x = 0,
y =0, z=0 and t = 0, respectively. Then

1

F‘NQ 7 (F) — gG,

7 5 2

Eng (Bom)"(E) - 2n'(F) - 2.
Si ~g (o Bom) (—Kx) — %(ﬁow)*(E) _ éﬂ*(F) - %G,

13 5 5 (35.1)
52 ~Q (aoﬁow)*(_2KX) — ﬁ(ﬁoﬂ.)*(E) o gﬂ_*(F)_ §G7
S3 ~q (voBon)*(—3Kx) — %(5O7T)*(E) _ gﬂ*(F)_ %G,
Sg ~q (o fom)"(=8Kx) - % (8o m)*(E).

The base locus of |—2Kz| consists of irreducible curves C, Ly, Lo and L3 such
that the curve ao 8o w(C) is cut out on X by the equations 2 = y = 0, the curve
B om(Ly) is contained in F, the curve 3o m(Lq) is contained in |OP(1’3,8)(1)|, the
curve 7(Lg) is contained in F', the curve 7(Ls) is contained in ’OIF’(L&S) (1)’ and L3 is
contained in G and in |Op(171,2)(1)|. Then

Si-D=C+2L,+2Ly+Ls, E-D=2L,, F-D=2L,, G-D=2Ls,

where D is a general surface in |-2Kz|. It follows from the equivalences (35.1) that

1 1 1 1
K, = — Ky L= —- Ky L= —— Ky Ls— .
z-C 10’ z L1 3 z - Lo 0’ z Ls=3

The singularities of the log pair (Z, \| — 2K z|) are log-terminal for some rational
number A > 1/2 because X is birationally rigid. But the divisor Kz + A |[-2Kz|
has non-negative intersection with all curves on Z except L; and Lo. It follows
from [12] that there is a birational map ¢: Z --» Z which is an isomorphism in
codimension 1, and the divisor —K 7 is numerically effective.

Let P be the proper transform of M on Z. Then the singularities of the log pair
(Z %73) are terminal because those of the log pair (Z7 %B) are, and ( is a log flop

with respect to the log pair (Z, %B) It follows from the equivalences (35.1) that
_KZ NQ Sl and

) 1 - 2 5
SlNQ(aOIBO’ﬂ') (—KX)_HE_HF_H,

. 13 - 156 o 21

* Lo (35.2)

. 8 - 5- 7
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The equivalences (35.2) imply that the rational functions y/22, zy/2° and ty* /2
are contained in the linear systems |251|, |551| and [145;], respectively. In par-
ticular, the complete linear system |—70Kz| induces a dominant rational map
Z --»P(1,2,5,14), which implies that the divisor —K is nef and big. But this is
impossible by Lemma 2.1. The proposition is proved.

§ 36. The case n = 58: a hypersurface of degree 24 in P(1, 3,4, 7,10)

We use the notation and assumptions of §3. Let n = 58. Then X is a hyper-
surface of degree 24 in P(1,3,4,7,10) and the equality —K% = 1/35 holds. The
singularities of X consist of points Py, P», P3 of types 3 1(1,1,1), (17 3,4), 10(1 3,7),
respectively.

Proposition 36.1. The assertion of Theorem 1.10 holds for n = 58.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, M) C {P>, P3}.

There is a commutative diagram

/ \ / -7

where 1 is the natural projection, as is the weighted blow-up of P, with weights
(1,3,4), ag is the weighted blow-up of P; with weights (1,3,7), 33 is the weighted
blow-up with weights (1,3,7) of the proper transform of P3 on Uy, (5 is the
weighted blow-up with weights (1,3,4) of the proper transform of P, on Us, (4 is
the weighted blow-up with weights (1, 3,4) of the singular point of Us that is a quo-
tient singularity of type %(1, 3,4) contained in the exceptional divisor of ag, 2 is
the weighted blow-up with weights (1,3,4) of the proper transform of Ps on Usy,
4 is the weighted blow-up with weights (1, 3,4) of the singular point of Uz that is

a quotient singularity of type %(17 3,4) contained in the exceptional divisor of fs,
and 7 is an elliptic fibration.

Lemma 36.2. The set (CS(X, %./\/l) contains the point Ps.

Proof. Suppose that CS (X , %M) does not contain Ps. Let D, be the proper trans-
form of M on Uy and O, @) the singular points of U, contained in the exceptional
divisor of g that are singularities of types %(17 1,2), i(l, 1,3), respectively. Then
D, ~o —kKy, by Theorem 2.2.

Suppose that O € CS(UQ, %Dg). Let w: W — Us be the weighted blow-up of O
with weights (1,1,2), B and P the proper transforms of M and |-4Kx| on W,
respectively, and S a general surface in P. Then the base locus of P consists
of an irreducible curve C such that as(C) is the base curve of |-4Kx|. Then
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B ~q —kKw by Theorem 2.2. The surface S is normal, the inequality C? <0
holds on S and B|s ~g kC. Thus, it follows from Lemma 2.9 that

Supp(S) N Supp(B) = Supp(C),

where B is a general surface in B. But this is impossible by Lemma 2.7 because B
is not composed of a pencil.

Thus, we see that Q) € (CS(UQ, %Dg) by Lemma 2.3 because (CS(UQ, %Dg) #* O
by Lemma 2.1.

Let ¢: U — Uj be the weighted blow-up of @ with weights (1,1, 3), H the proper
transform of M on U, H a general surface in H and D a general surface in |-3Ky|.
Then D is normal and the base locus of |—3K(| consists of an irreducible curve Z
such that az(Z) is the unique base curve of |[-3Kx|. The equivalence H|p ~q kZ
holds by Theorem 2.2 and the inequality Z? < 0 holds on D. But this is impossible
by Lemmas 2.7 and 2.9.

Let Dy and Dy3 be the proper transforms of M on Us and Uss, respectively.
Arguing as in the proof of Lemma 36.2, we obtain the following corollaries.

Corollary 36.3. Suppose that Do ~q —kKu,. Then the set CS(UQ, %Dg) does not
contain subvarieties of Us that are contained in the exceptional divisor of as.

Corollary 36.4. Suppose that Do ~q —kKuy,,. Then the set (CS(U23, %Dgg) does
not contain subvarieties of Uss that are contained in the exceptional divisor of (.

Let D3 and Dy3 be the proper transforms of M on Us and Usy, respectively.
Then Dy ~0 —kKy, by Theorem 2.2.

Lemma 36.5. The set (CS(X, %M) contains the point Ps.

Proof. Suppose that Py ¢ (CS(X, %M) Then D3 ~q —kKy, by Theorem 2.2, and
this implies that the set (CS(Ug, %Dg) is non-empty by Lemma 2.1.

Let Py and Ps be the singular points of Us contained in the exceptional divisor
of a3 that are quotient singularities of types %(1, 3,4) and %(1, 1,2), respectively.
Then the set CS(U3, %Dg) contains either P, or Ps by Lemma 2.3. It follows from
Lemma 36.2 that (CS(U?,, %D3) does not contain Ps.

Thus, (CS(US7 %Dg,) contains Py. Then D3y ~q —kKy,, by Theorem 2.2, and
the set (CS(U34, %D34) is non-empty by Lemma 2.1 because — Ky, is nef and big.

Let Ps and P; be the singular points of Us4 contained in the exceptional divisor
of 4 that are quotient singularities of types %(17 1,2) and %(1, 1,3), respectively.
Then the set CS(Usy, 1 D34) contains either Ps or Pr by Lemma 2.3.

Suppose that (CS(U34, %D34) contains P;. Let (: U — Uszy be the weighted
blow-up of P; with weights (1, 1, 3), H the proper transform of M on U, H a general
surface in H and D a general surface in |[-3Ky|. Then D is normal and the base
locus of |-3Ky| consists of an irreducible curve Z such that ago54(Z) is the unique
base curve of |-3Kx|. Moreover, the equivalence H|p ~¢ kZ holds and AR
on D. But this is is impossible by Lemmas 2.7 and 2.9.

Therefore, the set (CS(U34, %D34) contains the point Fjg.

The hypersurface X can be given by the quasi-homogeneous equation

wQZ + wf14('ray7zat) + f24(537ya27t) = O - Proj((c[may7zat7w])7
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where wt(x) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10 and f;(x,y, z,w) is
a quasi-homogeneous polynomial of degree i. Let P be a pencil consisting of the
surfaces cut out on X by the equations Az* 4+ pz = 0, where (A, ) € P'. Then
the base locus of P consists of the irreducible curve cut out on X by the equations
r=2z=0.

Let w: W — Usy be the weighted blow-up of Ps with weights (1,1,2), B the
proper transform of M on W, H the proper transform of P on W, H a general
surface in ‘H and E, F', G the exceptional divisors of as, B4, m, respectively. Then

1 4 1
— 2 (Baom) () = 2 ()" (F) - 5 G,
the surface H is normal and the base locus of ‘H consists of curves C' and L such
that az o B4 ow(C') is the unique base curve of P and £, o (L) is the unique curve
on the surface £ = P(1,3,7) that is contained in |Op(137)(1)|.

Let S be a surface in |—~Kyy| and E the proper transform of £ on W. Then
S-H=C+Land E-H =4L. But

H ~g (agoByom)*(—4Kx)

Er~g (Brom) (E) = = (m)"(F) - 7 G,

which implies that the intersection form of L and C' on H is negative definite. On
the other hand, the equivalence B|y ~g kC + kL holds, and this is impossible by
Lemmas 2.9 and 2.7.

Hence, we see that (CS(X7 %M) = {P, P3}, and Da3 ~qo —kKy,, by Theo-
rem 2.2. It follows easily from Lemmas 2.1 and 2.3, the proof of Lemma 36.5
and Corollary 36.4 that the set (CS(U23, %Dgg) contains the singular point of Usg
that is a quotient singularity of type %(17 3,4) contained in the exceptional divisor
of B3. This implies that the proper transform of M on Y lies in the fibres of 1 by
Theorem 2.2. The proposition is proved.

§ 37. The case n = 64: a hypersurface of degree 26 in P(1, 2,5,6,13)

We use the notation and assumptions of §3. Let n = 64. Then X is a general
hypersurface in P(1, 2,5, 6, 13) of degree 26. The singularities of X consist of points
Py, Py, P3, P, that are singularities of type %(1, 1,1), a point Ps that is a singularity
of type é(1,2,3) and a point Py that is a singularity of type %(1, 1,5). There is
a commutative diagram

where 1 is a projection, « is the blow-up of Ps with weights (1,1,5) and 7 is an
elliptic fibration. There is a commutative diagram
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where ¢ is a projection, (3 is the blow-up of the point Ps with weights (1,2,3) and
w is an elliptic fibration.

Proposition 37.1. Either there is a commutative diagram

X-—-———-——-- =V
|
Y lu (37.1)
Y
P(1,2,5) - -5~ > P2
or there is a commutative diagram
X-—--"-——>vy
|
¢l lu (37.2)
\i
P(1,1,3) = = - = — = P2,

where ¢ and o are birational maps.

Proof. See the proof of Proposition 33.1.

§ 38. The case n = 65: a hypersurface of degree 27 in P(1,2,5,9,11)

We use the notation and assumptions of §3. Let n = 65. Then X is a general
hypersurface of degree 27 in P(1,2,5,9,11) and the equality —K3% = 3/110 holds.
The singularities of X consist of a point P; that is a quotient singularity of type
%(17 1,1), a point P, that is a quotient singularity of type é(l, 1,4) and a point Ps

that is a quotient singularity of type ﬁ(l, 2,9). There is a commutative diagram

U W Y
X s> PB(L25)

where 1 is the natural projection, a is the weighted blow-up of P3; with weights
(1,2,9), 8 is the weighted blow-up with weights (1,2,7) of the point of U that
is a singularity of type %(1,2, 7) contained in the a-exceptional divisor, v is the
weighted blow-up with weights (1,2, 5) of the singular point of type %(1, 2,5) con-
tained in the [-exceptional divisor, and 7 is an elliptic fibration.

Proposition 38.1. The assertion of Theorem 1.10 holds for n = 65.

Proof. Tt follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, 1M) = {Ps).

Let E be the exceptional divisor of o, D the proper transform of M on U and Pj,
P5 the singular points of U contained in the surface E that are singularities of types
%(17 1,1), %(1,2, 7), respectively. Then D ~q —kKy by Theorem 2.2. It follows
from Lemmas 2.1 and 2.3 and the proof of Lemma 32.2 that CS(U, D) = {Ps}.
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Let F' be the exceptional divisor of §, H the proper transform of M on W
and Py, Pr the singular points of W contained in F' that are singularities of types
%(1, 1,1), %(1,2,5), respectively. Then H ~g —kKw by Theorem 2.2. It follows
from Lemmas 2.1 and 2.3 that the set (CS(U, %D) contains either Py or Ps.

Remark 38.2. In the case when (CS(VV, %H) contains Py, it follows from Theo-
rem 2.2 that there is a commutative diagram

X -V
|
P | \LV
N

P(1,2,5)~ - - = — > P,

where ( is a birational map.

We may assume that Pg € CS(W, +H). Note, that £ = P(1,2,9) and F =
P(1,2,7).

Let m: Z — W be the weighted blow-up of Ps with weights (1,1,1), G the
exceptional divisor of m and B the proper transform of M on Z. Then G = P?, and
B ~g —kKz by Theorem 2.2. The hypersurface X can be given by the equation

’LU2Z + wf16(x7ya th) + f27(xa Y, Zat) =0C P(la 27 57 9a 11) = PI’Oj ((C[x’ya Z,t, UJ]),

where wt(z) = 1, wt(y) = 2, wt(z) = 5, wt(t) = 9, wt(w) = 11 and f;(x,y, 2,1t)
is a quasi-homogeneous polynomial of degree i. Let E and F be the proper trans-
forms of E and F on Z, respectively, and let P be the proper transform on Z of
the pencil of surfaces cut out on X by the pencils Ax® + puz = 0, where (\, u) € PL.

The base locus of P consists of irreducible curves C, Ly, Lo, A1, Ay and A
such that oo §ow(C) is cut out on X by the equations x = z = 0, fow(Ly) is
contained in E, o m(Ly) is the unique curve in |Op(12,9)(1)|, m(L1) is contained
in F' and in ‘OP(LQJ)(I) . Ay and A, are the lines on G cut out by E and F,
respectively, and A is a line on G different from A; and As.

Let D be a general surface in P and S the proper transform on Z of the surface
cut out on X by the equation z = 0. Then

S-D=C+ L+ Lo, E-D =50, + Ay, F-D=5Ly+ A,

and the surface D is normal, and smooth in the neighbourhood of G. Then
Ap-Dg=A1-Ly=Ay- L1 =1, A-C=Ay-C=0, A}=A3=-4 (381)
on D. But

Frgm(F) =56,
Brg (Bom)(E) — o7 (F) ~ 2 G,
5 . 3 (38.2)
D ~g (dofBom) (—=bKx) — 1 (Bom)*(FE) — §77*(F) — §G7
§ g (o fom)*(~Kx) — 1o (Fom)*(E) - g 7*(F) — 5 G.
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It follows from (38.1) and (38.2) that

1 3
C-C=Li-Li=-5, Iyla=—3f, O Li=ClLy=L L=0

on D. The intersection form of the curves C, L; and Ly on D is negative definite.
But B|p ~Q kC + EkLy + kLo, which is impossible by Lemmas 2.9 and 2.7. The pro-
position is proved.

§ 39. The case n = 68: a hypersurface of degree 28 in P(1, 3,4,7,14)

We use the notation and assumptions of §3. Let n = 68. Then X is a hypersur-
face of degree 28 in P(1,3,4,7,14). The singularities of X consist of a point P; that
is a singularity of type %(17 1,1), a point P, that is a singularity of type %(1, 1,2) and
points P3 and Py that are singularities of type %(1, 3,4). The equality —K% = 1/42
holds. There is a commutative diagram

Y
o N
U w - P(1,2,3),

where 1) is a projection, « is the weighted blow-up of P3 with weights (1,3,4),
0 is the weighted blow-up of P, with weights (1,3,4), v is the weighted blow-up
with weights (1,3,4) of the proper transform of Py on U, § is the weighted blow-
up with weights (1, 3,4) of the proper transform of P; on W, and 7 is an elliptic
fibration.

Proposition 39.1. The assertion of Theorem 1.10 holds for n = 68.

Proof. Tt follows from Lemma 3.11 and Proposition 3.5 that CS (X, %M) C{Ps, Py}.
The desired assertion is obvious in the case when (CS(X , %M) = {Ps3, P,}. Hence,
we may assume that Py ¢ CS (X, %./\/l)

Let B be the proper transform of M on U and Ps, Py the singular points of U
that are singularities of types %(1, 1,2), 1(1,1,3), respectively, contained in the
exceptional divisor of . It follows from Lemma 2.3 that the set (CS(U , %B) contains
either P5 or Fs.

Suppose that P € (CS(U7 %B) Let m: W — U be the weighted blow-up of P
with weights (1, 1,3) and B and P the proper transforms on W of M and |-3K x|,
respectively. Then B ~g —kKw by Theorem 2.2 and the base locus of P consists
of an irreducible curve Z such that oo w(Z) is the base curve of |-3Kx|.

Let S be a general surface in P and B a general surface in B. Then S is normal
and Z2 < 0 on S. But Bls ~q kZ. Therefore, the support of the cycle B -5 is
contained in Z by Lemma 2.9, which is impossible by Lemma 2.7.

Hence, (CS(U, %B) contains Ps. Let (: Z — U be the weighted blow-up of P;
with weights (1, 1,2) and D and H the proper transforms on Z of M and |—4Kx/|,
respectively. Then D ~g —kKz by Theorem 2.2 and the base locus of H consists

of an irreducible curve C such that o o ((C) is the base curve of |[-4Kx|.



846 I. A. Cheltsov

Let H be a general surface in H. Then H - C = 0 and H? > 0. Thus, the
divisor H is nef and big. On the other hand, the equality H - Dy - Dy = 0 holds,
where D; and D are general surfaces in D. But this is impossible by Corollary 2.6.

§40. The case n = 74: a hypersurface of degree 30 in P(1, 3,4,10, 13)

We use the notation and assumptions of §3. Let n = 74. Then X is a hypersur-
face of degree 30 in P(1,3,4,10,13), the equality —K% = 1/52 holds and the sin-
gularities of X consist of a point P; that is a quotient singularity of type %(1, 1,1),
a point P, that is a quotient singularity of type i(l, 1,3) and a point Pj that
is a quotient singularity of type %(1, 3,10).

There is a commutative diagram

U ’ w - Y
y |
X _______ 1; —_—_—— = > ]P)(l,374),

where 1 is the natural projection, a is the weighted blow-up of P3; with weights
(1,3,10), B is the weighted blow-up with weights (1, 3,7) of the singular point of U
that is a quotient singularity of type %0(1, 3,7) contained in the exceptional divisor
of a, 7 is the weighted blow-up with weights (1,3,4) of the singular point of W
that is a quotient singularity of type %(1, 3,4) contained in the exceptional divisor
of (3, and 7 is an elliptic fibration.

Proposition 40.1. The assertion of Theorem 1.10 holds for n = 74.

Proof. 1t follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that
CS(X, M) = {P3}.

Let E be the exceptional divisor of a;, D the proper transform of M on U and P;,
P5 the singular points of U contained in the divisor E that are quotient singularities

of types 3(1,1,2), 75(1,3,7), respectively. Then D ~g —kKy by Theorem 2.2.

Lemma 40.2. The set (CS(U, %D) does not contain the point Pj.

Proof. Suppose that CS(U, +D) contains P;. Let m: Z — U be the weighted
blow-up of P, with weights (1,1,2), G the exceptional divisor of 7 and B the
proper transform of M on Z. Then B ~g —kKz by Theorem 2.2.

Let D be a divisor on Z such that the equivalence D ~g —4Kz — 7 (36 Kyr)
holds. Analyzing the base locus of |—4K 7|, we see that D is nef and big. But

D-By-By= <(ozo7r)*(—kKX) - %W*(E) - §G> (—4Kz — 7*(36Ky)) = 0,

where By and Bs are general surfaces in B. But this is impossible by Corollary 2.6.

Corollary 40.3. The set (CS(U, %D) consists of the point Ps by Lemmas 2.1
and 2.3.



Elliptic structures on Fano hypersurfaces 847

Let F' be the exceptional divisor of §, H the proper transform of M on W
and Pg, Pr the singular points of W contained in F' that are quotient singularities
of types %(17 1,2), %(1, 3,4), respectively. Then H ~g —kKw by Theorem 2.2.

Suppose that the set (CS(VV, %H) contains the point P;. Arguing as in the proof
of Lemma 32.3, we see that the assertion of Theorem 1.10 holds for X. Hence, we
may assume that (CS(VV, %H) does not contain P;. Thus, CS (VV, %H) consists of
the singular point Ps by Lemmas 2.1 and 2.3.

Let m: Z — W be the weighted blow-up of Ps with weights (1,1,2), G the
exceptional divisor of 7 and B the proper transform of M on Z. Then B ~g —kKz
by Theorem 2.2.

Let D be a divisor on Z such that D ~o —4Kz — (Bom)"(20Ky) — 7*(24Kw ).
Then D is nef and big. But

D'Bl'BQZO,

where By and Bs are general surfaces in B. But this is impossible by Corollary 2.6.
The proposition is proved.

§41. The case n = 79: a hypersurface of degree 33 in P(1,3,5,11,14)

We use the notation and assumptions of §3. Let n = 79. Then X is a general
hypersurface of degree 33 in P(1,3,5,11,14) and the equality —K% = 1/70 holds.
The singularities of X consist of points P, and P, that are singularities of types
1(1,1,4) and 5(1,3,11), respectively.

Proposition 41.1. The assertion of Theorem 1.10 holds for n = 79.

Proof. There is a commutative diagram

U ’ W - Y
X o __ s-- -~ P135),

where 1 is the natural projection, « is the weighted blow-up of P, with weights
(1,3,11), § is the weighted blow-up with weights (1, 3,8) of the singular point of
type ﬁ(l, 3,8) contained in the exceptional divisor of «, 7 is the weighted blow-up
with weights (1, 3,5) of the singular point of type é(l, 3,5) contained in the excep-
tional divisor of 3, and 7 is an elliptic fibration.

It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS (X, %/\/1) =
{ P2}

Let E be the exceptional divisor of c, D the proper transform of M on U and P,
Py the singular points of U contained in E that are quotient singularities of types
%(17 1,2), 1—11(1, 3,8), respectively. Then D ~gy —kKy. It follows from Lemmas 2.1
and 2.3 and the proof of Lemma 40.2 that CS(U, D) = {P4}.

Let F' be the exceptional divisor of 3, H the proper transform of M on W
and Ps, Py the singular points of W contained in F that are quotient singularities
of types 3(1,1,2), §(1,3,4), respectively. Then H ~g —kKyw by Theorem 2.2.
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In the case when the set (CS(VV7 %H) contains the point Fg, it follows easily from
Theorem 2.2 that the assertion of Theorem 1.10 holds for X. Therefore, we may
assume that (CS(VV, %’H) consists of the point P; by Lemmas 2.1 and 2.3.

Let m: Z — W be the weighted blow-up of Ps with weights (1,1,2), G the
exceptional divisor of 7 and B the proper transform of M on Z. Then B ~g —kKz
by Theorem 2.2. The hypersurface X can be given by the equation

’LU22 + wflg(x7yazvt) + f33($7y,2’at) =0C P(1727378a 11) = Proj((C[x,y,z,t,w]),

where wt(z) = 1, wt(y) = 3, wt(z) = 5, wt(t) = 11, wt(w) = 14 and f;(z,y, 2, t)
is a quasi-homogeneous polynomial of degree i. Let P be the linear system on X
generated by the monomials 230, y'9, 26, 1228, 29222, tyS2 and wtz, let R be the
proper transform of P on Z and let R be a general surface in R. Then R is nef and
big because the base locus of R does not contain curves. But

2
R~ (0 fom) (~30Kx) — 22 (Bom) (E) - = n°(F) ~ 2 G,
which implies that R- B; - By = 0, where By and By are general surfaces in B. This

contradicts Corollary 2.6.

§42. The case n = 80: a hypersurface of degree 34 in P(1, 3,4,10,17)

We use the notation and assumptions of §3. Let n = 80. Then X is a general
hypersurface of degree 34 in P(1, 3,4, 10, 17) whose singularities consist of a point P;
that is a singularity of type %(1, 1,1), a point P, that is a singularity of type
%(1, 1,2), a point P5 that is a singularity of type %(17 1,3) and a point Py that is

a singularity of type 15(1,3,7). The equality —K% = 1/60 holds.
Proposition 42.1. The assertion of Theorem 1.10 holds for n = 80.

Proof. There is a commutative diagram

U Y
al ln
X—--- _l/)_ > IP)(17374)’

where 1 is the natural projection, « is the weighted blow-up of P; with weights
(1,3,7), B is the weighted blow-up with weights (1, 3,4) of the singular point of U
that is a quotient singularity of type %(1, 3,4) contained in the exceptional divisor
of a, and 7 is an elliptic fibration.

It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS (X7 %M) =
{Fs}.

Let D be the proper transform of M on U and Ps, Ps the singular points of U

1

that are quotient singularities of types $(1,1,2), $(1,1,3), respectively, contained

in the exceptional divisor of a. Then D ~q —kKy by Theorem 2.2. It follows from

Lemmas 2.1 and 2.3 that either Ps5 € (CS(U, %D) or Ps € (CS(U, %D) In the latter
case, the assertion of Theorem 1.10 holds for X by Theorem 2.2.
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We may assume P5; € CS(U, %D) The hypersurface X can be given by the
quasi-homogeneous equation

2+ 12 fra(@,y, 2,w) + tfaa(,y, 2,w) + faa(z,y, 2,w) = 0 C Proj(Clz, y, 2, t,w]),

where wt(z) = 1, wt(y) = 3, wt(z) =4, wt(t) = 10, wt(w) = 17 and f;(z,y, z, w) is
a general quasi-homogeneous polynomial of degree i. Let P be the pencil consisting
of the surfaces cut out on X by the equations Az* + puz = 0, where (\,u) € PL
Then the base locus of P consists of the irreducible curve cut out on X by the
equations z = z = 0.

Let v: W — U be the weighted blow-up of P5; with weights (1,1,2), B the
proper transform of M on W, H the proper transform of P on W, D a sufficiently
general surface in H and E, F' the exceptional divisors of «, , respectively. Then
the surface D is normal, the equivalences

2
D ~g —4Ky ~q (a07y)*(—4Kx) — = v*(E) —

4
F
5

3
hold and the base locus of H consists of curves C' and L such that coy(C') is the base
curve of P and (L) is the curve on E = P(1,3,7) that is contained in |Op(1 3,7)(1)|-

Let S be the unique surface in |—Kyw| and E the proper transform of E on W.
Then S-D =C+ L and E- D = 4L. The equivalence F ~g v*(E) — 2F holds,
which implies that

C'C:— C~L:07 L.L:_

1 2
37 7

on D. Hence, the intersection form of C' and L on D is negative definite. But
B|p ~q kC + kL, which is impossible by Lemmas 2.9 and 2.7.

§43. The case n = 82: a hypersurface of degree 36 in P(1,1,5,12,18)

We use the notation and assumptions of §3. Let n = 82. Then X is a general
hypersurface of degree 36 in P(1,1,5,12,18), the equality —K% = 1/30 holds and
the singularities of X consist of a point P; that is a quotient singularity of type
%(17 2,3) and a point P, that is a quotient singularity of type %(1, 1,5).

Proposition 43.1. The assertion of Theorem 1.10 holds for n = 82.

Proof. Suppose that P, € (CS(X , %M) There is a commutative diagram

where 1) is a projection, « is the weighted blow-up of P, with weights (1,1, 6) and 7 is
an elliptic fibration. Let D be the proper transform of M on U. Then D ~q —kKy
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by Theorem 2.2, which implies the existence of a commutative diagram

X----S---»vy
|

" l
\i

P(1,1,5) — — = — — ~ P2,

where o is a birational map. Thus, it follows from Theorem 3.3, Lemma 3.11
and Proposition 3.5 that we may assume that the set CS (X, %M) consists of the
point P;.

Let m: W — X be the weighted blow-up of P; with weights (1,2,3) and B
the proper transform of M on W. Then B ~g —kKw by Theorem 2.2. The
singularities of the exceptional divisor of 7 consist of the points @) and O that are
quotient singularities of types (1 1,1) and %(1, 1,2) on W, respectively.

Suppose that the set (CS(I/V, +B) is non-empty. Then it contains either O or Q.
Arguing as in the proof of Proposition 22.1, we see that (CS(VV, %B) can contain
neither O nor @ because B is not composed of a pencil.

Hence, the singularities of the log pair (W, +B) are terminal. Arguing as in the
proof of Proposition 29.1, we see that there is a birational map v: W --» Y such
that 7 is an antiflip, the divisor — Ky is nef and big and |—r Ky | induces a birational
map Y --» X’ such that X’ is a hypersurface in P(1,1,6,14,21) of degree 42 with
canonical singularities (see [2], proof of Theorem 5.5.1), where r > 0.

Let H be the proper transform of M on Y. Then H ~q —kKy because v is an
isomorphism in codimension one. The map ~ is a log flip with respect to (W, A\B)
for some rational number A > 1/k. Thus, the singularities of the mobile log pair
(Y7 %H) are terminal, which is impossible by Lemma 2.1.

§44. Conclusion of the proof of Theorem 1.10

We use the notation and assumptions of §3. In this section we complete the
proof of Theorem 1.10.

Proposition 44.1. Suppose that n € {21,24,33, 35,41, 42, 46,50, 54,55, 61, 62, 63,
67,69,71,76,77,83,85,91}. Then there is a commutative diagram

X-——---"--- -V
|
| lu (44.1)
\
P(l,al,ag) - T T T IP2,

where 1 is the natural projection and o is a birational map.

Proof. Tt follows from Theorem 3.3 and Lemma 3.11 that the set CS (X , k./\/l) con-
sists of singular points of X. We shall prove the existence of the diagram (44.1)
case by case.

Case n = 21. The variety X is a general hypersurface in P(1,1,2,4,7) of degree 14,
the equality — K% = 1/4 holds and the singularities of X consist of points O and Oz
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that are quotient singularities of type %(1, 1,1) and a point P that is a quotient
singularity of type i(l, 1,3). It follows from Proposition 3.5 that CS (X, %M) ={P}.
Let D be the proper transform of M on U. Then D ~¢ —kKy by Theorem 2.2, and
it follows from Lemmas 2.1 and 2.3 that the set (CS(U, %D) contains the singular
point of U that is contained in the exceptional divisor of a. The existence of
the commutative diagram (44.1) now follows from Theorem 2.2 because there is
a commutative diagram

U w
ai in
X—=- _"/)_ > P(17172)a

where 1 is the natural projection, « is the weighted blow-up of P with weights
(1,1, 3), B is the weighted blow-up with weights (1, 1,2) of the singular point of U
that is a singularity of type %(1, 1,2), and 7 is an elliptic fibration.

Case n = 24. The variety X is a general hypersurface in P(1,1,2,5,7) of degree 15.
The equality —K% = 3/14 holds. The singularities of X consist of a point P; that is
a quotient singularity of type %(1, 1,1) and a point P, that is a quotient singularity
of type %(1, 2,5). There is a commutative diagram

U ’ w i Y
X— - — - - — - 1;_———>P(1,1,2),

where « is the weighted blow-up of P with weights (1,2,5), § is the weighted
blow-up with weights (1, 2, 3) of the singular point of U that is a singularity of type
%(17 2,3), v is the weighted blow-up with weights (1, 1,2) of the singular point of W
that is a quotient singularity of type %(1, 1,2), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) = {P»}.

Arguing as in the proof of Proposition 22.1, we see that D ~q —kKw, where
D is the proper transform of M on W and the set (CS(VV, %D) does not contain
subvarieties of W that are not contained in the exceptional divisor of 3. We can
apply the arguments in the proof of Proposition 22.1 to the log pair (W, %D) to
prove that the set (CS(VV, %D) contains the singular point of W that is a singularity

of type é(l, 1,2). This implies the existence of the commutative diagram (44.1) by
Theorem 2.2.

Case n = 33. The variety X is a general hypersurface in P(1,2,3,5,7) of degree 17.
The equality —K% = 17/210 holds. The singularities of X consist of a point Py that
is a quotient singularity of type %(1, 1,1), a point P, that is a quotient singularity
of type £(1,1,2), a point P3 that is a quotient singularity of type £(1,2,3) and
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a point P, that is a singularity of type %(1, 2,5). There is a commutative diagram

Y
N
U45 (17273)
/ \ f/ -7
\ / LT

where ag is the weighted blow-up of Ps; with weights (1,2,3), a4 is the weighted
blow-up of P, with weights (1,2,5), 84 is the weighted blow-up with weights (1,2, 5)
of the proper transform of P, on Ujz, (3 is the weighted blow-up with weights
(1,2,3) of the proper transform of P3 on Uy, (5 is the weighted blow-up with
weights (1,2, 3) of the singular point of the variety U, that is a quotient singularity
of type 1(1,2,3) contained in the exceptional divisor of vy, 73 is the weighted
blow-up with weights (1,2,3) of the proper transform of P; on Uys, 75 is the
weighted blow-up with weights (1,2, 3) of the singular point of Usy that is a quo-
tient singularity of type %(1, 2, 3) contained in the exceptional divisor of 84, and 7
is an elliptic fibration.

Arguing as in the proof of Proposition 18.1, we see that (CS( , i/\/l) = {Ps, Py}.

Let D34 be the proper transform of M on Uz, and let P5 and Pg be the sin-
gular points of Uy that are quotient singularities of types ¢ 1(1,2,3) and 5 11,1,1),
respectively, contained in the exceptional divisor of 4. Then D3y ~g —kKy,, by
Theorem 2.2. It follows from Lemma 2.3 and the proof of Proposition 18.1 that
P; e (CS(U34, %D34). The existence of the commutative diagram (44.1) now follows
from Theorem 2.2.

Case n = 35. The Variety X is a general hypersurface in P(1,1, 3,5,9) of degree 18
and the equality —K% = 2/15 holds. The singularities of X consist of points
P, and P, that are smgularltles of type 3 (1 1,2) and a point P5 that is a singularity
of type 5(1, 1,4). There is a commutatlve diagram

U*W
al n
X-—-—--- > P(1,1,3),

where « is the blow-up of Ps; with weights (1,1,4), is the blow-up with weights
(1,1, 3) of the point of U that is a singularity of type = (1 1,3), and 7 is an elliptic
fibration.

It follows from Theorem 3.3, Lemma 3.11 and Proposition 3.5 that CS (X, %M) =
{Ps}.

Let D be the proper transform of M on U. Then D ~g —kKy by Theorem 2.2.
It follows from Lemma 2.3 that the set CS(U, +D) contains the singular point of U
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that is contained in the exceptional divisor of a. The existence of the diagram (44.1)
follows from Theorem 2.2.
Case n = 41. The variety X is a general hypersurface in P(1, 1,4, 5, 10) of degree 20
whose singularities consist of a point O that is a singularity of type %(1 1,1) and
points P; and P, that are singularities of type (1 1,4).

There is a commutative diagram

/N
< —

where « is the weighted blow-up of P; with weights (1,1,4), 8 is the weighted
blow-up of P5 with weights (1,1,4), 7 is the weighted blow-up with weights (1, 1,4)
of the proper transform of P, on U, ¢§ is the weighted blow-up with weights
(1,1,4) of the proper transform of P; on W, and 7 is an elliptic fibration.

It follows from Proposition 3.5 that (CS(X7 %./\/l) C {P, P»}. Arguing as in
the proof of Proposition 13.1, we see that the diagram (44.1) exists.

Case n = 42. The variety X is a hypersurface in P(1,2,3,5,10) of degree 20. The
equality —K% = 1/15 holds. The singularities of X consist of points Py, P, Ps
that are quotient singularities of type %(1, 1,1), a point P, that is a singularity of
type #(1,1,2) and points Ps, Ps that are singularities of type £(1,2,3).

There is a commutative diagram

/
\ /

where « is the weighted blow-up of Ps with weights (1,2,3), 8 is the weighted
blow-up of Ps with weights (1,2, 3), 7 is the weighted blow-up of the proper trans-
form of Ps on U with weights (1,2,3), § is the weighted blow-up of the proper
transform of P; on W with weights (1,2, 3), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) C {Ps, Ps}. The existence of the
diagram (44.1) follows from Theorem 2.2 in the case when CS(X, 1 M) = {Ps, Ps}.
Thus, we may assume that CS(X, t M) = {Ps}.

Let B be the proper transform of M on U and O, @ the singular points of U
that are quotient singularities of types 5(1 1,2), (1, 1,1), respectively, contained
in the exceptional divisor of a. Arguing as in the proof of Lemma 21.3, we see that
CS(U, 1B) = {Q}.

Let (: Z — U be the weighted blow-up of @ with weights (1,1,1), D the
proper transform of M on Z and H the proper transform of |-3Kx| on Z. Then
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D ~q —kKz by Theorem 2.2. The base locus of H consists of an irreducible curve ¢
such that a0 {(C) is the base curve of |-3Kx]|.

Let S be a general surface in H. Then S is normal and C? < 0 on S. But the
equivalence D|g ~g kC holds, which is impossible by Lemmas 2.7 and 2.9.

Case n = 45. The variety X is a general hypersurface in P(1,3,4,5,8) of degree 20
whose singularities consist of a point P; of type %(1, 1,2), points P> and P5 of type
1(1,1,3) and a point Py of type £(1,3,5).

There is a commutative diagram

U ’ %
al ln
X-—-—-—-- > P(1,3,4),

where « is the weighted blow-up of P, with weights (1,3,5), 8 is the weighted
blow-up with weights (1, 2, 3) of the singular point of U that is a quotient singularity
of type %(1,2,3) contained in the exceptional divisor of «, and 7 is an elliptic
fibration.

It follows from Proposition 3.5 that CS(X, 1 M) = {P4}.

Let B be the proper transform of M on U, Ps the singular point of U that is
a quotient singularity of type %(17 2,3) contained in the exceptional divisor of «
and Pg the singular point of U that is a quotient singularity of type %(1, 1,1)
contained in the exceptional divisor of a. Then it follows from Lemma 2.3 that
CS(U, 1B) N {Ps, Ps} # @.

Arguing as in the proof of Proposition 30.1, we see that Ps € (CS(U, %B), which
implies the existence of the commutative diagram (44.1) by Theorem 2.2.
Casen = 46. The variety X is a general hypersurface in P(1, 1, 3,7, 10) of degree 21.

The equality —K% = 1/10 holds. The singularities of X consist of a point P that
is a singularity of type %(17 3,7). There is a commutative diagram

U 2 w E Y
X s---->PLLY),

where « is the blow-up of P with weights (1,3,7), § is the blow-up with weights
(1,3,4) of the singular point of U that is a singularity of type %(1, 3,4), v is the
blow-up with weights (1, 1,3) of the singular point of W that is a singularity of
type i(l7 1,3), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, M) = {P}.

Let D be the proper transform of M on W. Arguing as in the proof of Propo-
sition 22.1, we see that D ~g —kKw and the set (CS(VV, %D) does not contain
subvarieties of W that are not contained in the exceptional divisor of 3. The set
CS(W, £ D) is non-empty because the divisor —Kyy is nef and big. Therefore, we
can apply the arguments in the proof of Proposition 22.1 to the log pair (W, D),
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which implies that the set (CS(VV, %D) contains the singular point of W that is
a singularity of type $(1,1,3). The existence of the commutative diagram (44.1)
is implied by Theorem 2.2.

Case n = 50. The variety X is a general hypersurface in P(1,1,3,7,11) of degree 22
and the inequality —K% = 2/21 holds. The singularities of X consist of a point Py
that is a quotient singularity of type %(1, 1,2) and a point P, that is a quotient
singularity of type %(1, 3,4). There is a commutative diagram

B
U w
al ln
X—=—=- > IP(17173)’

where « is the blow-up of P> with weights (1,3,7), § is the blow-up with weights
(1,1, 3) of the singular point of U that is a singularity of type %(17 1,3) and 7 is an
elliptic fibration.

It follows from Proposition 3.5 that CS(X, M) = {P»}. Arguing as in the
proof of Proposition 22.1, we see that the diagram (44.1) exists.

Case n = b4. The variety X is a general hypersurface in P(1,1,6,8,9) of degree 24
whose singularities consist of a point P; type %(1, 1,1), a point Ps of type %(1, 1,2)
and a point P of type %(1, 1,8). The equality —K3 = 1/18 holds.

There is a commutative diagram

U g w E Y
X s ---->PLL6),

where « is the blow-up of Ps; with weights (1,1,8), § is the blow-up with weights
(1,1,7) of the singular point of U that is a singularity of type %(1, 1,7), v is the
blow-up with weights (1, 1,3) of the singular point of W that is a singularity of
type %(1, 1,6), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that (CS(X, %./\/l) = {P;}. Arguing as in the
proof of Proposition 14.1, we see that the diagram (44.1) exists.

Case n = 55. The variety X is a general hypersurface in P(1, 2, 3,7, 12) of degree 24
whose singularities consist of points Py, P» of type %(1, 1,1), points Ps, Py of type
%(17 1,2) and a point Ps of type %(1, 2,5). There is a commutative diagram

U<—"""-W
al n
X————— > P(1,2,3),
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where « is the blow-up of P5 with weights (1,2,5), 3 is the blow-up with weights
(1,2, 3) of the singular point of U that is a singularity of type %(17 2,3) and 7 is an
elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) = {Ps}.

Let B be the proper transform of M on U and let Ps and P; be the singular points
of U that are singularities of types %(1, 1,1) and %(1, 2, 3), respectively, contained
in the exceptional divisor of o. Then (CS(U, %B) C {Ps, P;} by Lemmas 2.1, 2.3
and 2.4.

The existence of the diagram (44.1) follows from Theorem 2.2 in the case when
P; e (CS(U, %B) Hence, we may assume that (CS(U, %B) consists of the point Pg.

The hypersurface X can be given by the equation

tBZ + t2f10($aya va) + tf17(x,y,z,w) + f24(fE,y, va) =0C Proj (C[l’,y, tha w])v

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 7, wt(w) = 12 and f;(x,y, z,w)
is a sufficiently general quasi-homogeneous polynomial of degree i. Let v: W — U
be the weighted blow-up of Ps with weights (1,1, 1), H the proper transform of M
on W, P the proper transform on W of the pencil of surfaces cut out on X by the
equations A\z® + pz = 0, where (\,u) € PL, and D a sufficiently general surface
in P. Then the base locus of P consists of irreducible curves C, L and A such that
a o y(C) is the base curve of |-3Kx|, 7(L) is contained in the exceptional divisor
of v and A is contained in the exceptional divisor of .

The surface D is normal. The intersection form of the curves L and C on the
surface D is negative definite. But H|p ~g kC + kL, which is impossible by
Lemmas 2.9 and 2.7.

Case n = 61. The variety X is a general hypersurface in P(1,4,5,7,9) of degree 25.
The equality —K3% = 5/252 holds The singularities of X consist of a point P; that
is a quotient singularity of type (1, 1,3), a point P, that is a quotient singularity
of type ?(1,2,5) and a point P3 that is a quotient singularity of type %(1,4,5).
There is a commutative diagram

/N

> ]P)(]‘74) 5),

\ R e

where s is the weighted blow-up of P, with weights (1,2,5), as is the weighted
blow-up of P; with weights (1,4,5), B2 is the weighted blow-up with weights (1,2, 5)
of the proper transform of P, on Ujz, (3 is the weighted blow-up with weights
(1,4,5) of the proper transform of P; on Us, and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, M) C {P,, Ps}. Arguing as in the
proof of Lemma 36.2, we see that CS (X, %./\/l) ={P,, P3}. The existence of the diag-
ram (44.1) follows from Theorem 2.2.
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Case n = 62. The variety X is a hypersurface in P(1,1,5,7,13) of degree 26. The
equality —K% = 2/35 holds. The singularities of X consist of a point Py that
is a quotient singularity of type £(1,2,3) and a point P, that is a singularity of
type 3(1,1,6).

There is a commutative diagram

U ’ Y
al ln
X---—-- > P(1,1,5),

where « is the weighted blow-up of P, with weights (1,1,6), § is the weighted
blow-up with weights (1, 1, 5) of the singular point of U that is a quotient singularity
of type ¢(1,1,5), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that (CS(X, %M) C {Py, P»}. Arguing as in the
proof of Proposition 31.1, we see that the commutative diagram (44.1) exists.

Case n = 63. The variety X is a general hypersurface in P(1, 2, 3,8, 13) of degree 26.
The singularities of X consist of points P, P>, P3 that are quotient singularities
of type %(17 1,1), a point P, that is a quotient singularity of type %(17 1,2) and
a point Ps that is a singularity of type %(17 3,5). The equality —K% = 1/24 holds.
There is a commutative diagram

U Y
al ln
X——- _¢_ > ]P)(]-ang)a

where « is the weighted blow-up of Ps; with weights (1,3,5), § is the weighted
blow-up with weights (1, 2, 3) of the singular point of U that is a quotient singularity
of type %(1,2,3) contained in the exceptional divisor of «, and 7 is an elliptic
fibration.

It follows from Proposition 3.5 that CS(X, t M) = {Ps}.

Let B be the proper transform of M on U and Py, P; the singular points of U that
are quotient singularities of types %(1, 2,3), %(17 1,1), respectively, contained in the
exceptional divisor of a. Then it follows from Lemma 2.3 that the set (CS(U, %B)
contains either Ps or P;.

Suppose that CS (U, %B) contains P;. Let v: W — U be the weighted blow-up
of P; with weights (1,1,1) and let H and P be the proper transforms of the linear
system M and the pencil |-2K x| on W, respectively. Then the base locus of P
consists of irreducible curves C' and L such that « o (C) is the unique curve in
the base locus of |—-2K x| and (L) is contained in the exceptional divisor of «.
The intersection form of L and C on D is negative definite. On the other hand, the
equivalence H|p ~g kC + kL holds, which is impossible by Lemmas 2.9 and 2.7.

Therefore, the set (CS(U, %B) contains the point Ps. The assertion of Theo-
rem 2.2 implies the existence of the commutative diagram (44.1).
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Casen = 67. The variety X is a general hypersurface in P(1, 1,4, 9, 14) of degree 28.
The singularities of X consist of a point P; that is a quotient singularity of type
1(1,1,1) and a point P, that is a quotient singularity of type %(1, 4,5). The equal-
ity —K% = 1/18 holds. It follows from Proposition 3.5 that CS(X, tM) = {P,}.
There is a commutative diagram

U*W
al n
X———-—-- > P(1,1,4),

where « is the weighted blow-up of P, with weights (1,4,5), 8 is the weighted
blow-up with weights (1,1,4) of the singular point of U that is a quotient singu-
larity of type %(17 1,4), and 7 is an elliptic fibration. Arguing as in the proof of
Proposition 22.1, we see that the commutative diagram (44.1) exists.

Case n = 69. The variety X is a general hypersurface in P(1,4,6,7,11) of degree 28.
The singularities of X consist of points Py, P, that are quotient singularities of
type £(1,1,1) and points P, P, that are quotient singularities of types £(1,1,5),
%(1, 4,7), respectively. The equality —K% = 1/66 holds. There is a commutative
diagram

U*W
al n
X--my > P(1,3,4),

where « is the weighted blow-up of Py with weights (1,4,7), 8 is the weighted
blow-up with weights (1,3,4) of the singular point of type %(1, 3,4), and 7 is an
elliptic fibration. It follows from Proposition 3.5 that CS(X, t M) = {P4}.

Let B be the proper transform of M on U and let Ps and Ps be the singular
points of U that are quotient singularities of types %(1, 3,4) and i(l, 1,3), respec-
tively, contained in the exceptional divisor of «.. Then it follows from Lemmas 2.1
and 2.3 that the set (CS(U, %B) contains either Ps; or Ps. Arguing as in the proof
of Lemma 28.5, we see that (CS(U7 %B) does not contain Pg. Thus, it contains Ps.
The existence of the commutative diagram (44.1) follows from Theorem 2.2.

Case n = 71. The variety X is a general hypersurface in P(1,1, 6,8, 15) of degree 30
whose singularities consist of points P, P, and P3 that are singularities of types
%(17 1,1), %(1, 1,2) and %(1, 1,7), respectively. The equality —K% = 1/24 holds.

It follows from Proposition 3.5 that CS(X, M) = {P3}. There is a commutative

diagram
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where « is the weighted blow-up of P3 with weights (1,1,7), 8 is the weighted
blow-up with weights (1,1,6) of the singular point of U that is contained in the
exceptional divisor of a, and 7 is an elliptic fibration.

Let D be the proper transform of M on U. Then D ~g —kKy by Theorem 2.2
and it follows from Lemmas 2.1 and 2.3 that the set (CS(U , %D) contains the singular
point of U that is contained in the exceptional divisor of a. The existence of the
commutative diagram (44.1) is implied by Theorem 2.2.

Case n = 76. The variety X is a general hypersurface in P(1,5, 6,8, 11) of degree 30
whose singularities consist of points P, P, and P3 that are singularities of types
%(17 1,1), %(1,3,5) and ﬁ(1,5,6), respectively. The equality —K% = 1/88 holds.
There is a commutative diagram

/// 22:\\\\\\\\1\\\\\\\\*P@am,
\ ST

where ao is the weighted blow-up of P with weights (1,3,5), as is the weighted
blow-up of P3 with weights (1,5, 6), 2 is the weighted blow-up of the proper trans-
form of P, on Us with weights (1,3,5), (5 is the weighted blow-up of the proper
transform of Ps on Us with weights (1,5,6), and 7 is an elliptic fibration.

Arguing as in the proofs of Lemmas 29.3 and 36.2, we see that (CS(X, %M) =
{P2, Ps}. The existence of the commutative diagram (44.1) follows from Theo-
rem 2.2.

Casen = 77. The variety X is a general hypersurface in P(1,2, 5,9, 16) of degree 32.
The singularities of X consist of points P;, P, that are quotient singularities of type
%(1, 1,1), a point P that is a quotient singularity of type (1, 1,4) and a point P,
that is a quotient singularity of type 5(1, 2,7). The equahty —K% = 1/45 holds.
There is a commutative diagram

U ? Y
X ===~ PB(1,25)

where « is the blow-up of Py with weights (1,2,7), § is the blow-up with weights
(1,2,5) of the singular point of U that is a singularity of type %(1, 2,5), and 7 is
an elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) = {P4}.

Let B be the proper transform of M on U and let P; and Py be the singular points
of U that are singularities of types %(1,2,5) and £(1,1,1), respectively, contained
in the exceptional divisor of a.. It follows from Lemmas 2.1 and 2.3 that the set
CS(U, +B) contains either Ps or Pg.
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Suppose that CS (U, %B) contains Pgs. Let v: W — U be the weighted blow-up
of P; with weights (1,1, 1), let H and D be the proper transforms of M and |—16K x|
on W, respectively, let D be a general surface in D and let H; and Hs be general
surfaces in H. Then the base locus of D does not contain curves. In particular, the
divisor D is nef. But D - Hy - H; < 0.

Therefore, the set (CS(U, %B) contains the point Ps. The assertion of Theo-
rem 2.2 now implies the existence of the commutative diagram (44.1).

Case n=283. The variety X is a general hypersurface in P(1, 3,4, 11, 18) of degree 36.
The singularities of X consist of a point P; that is a quotient singularity of type
%(1, 1,1), points P, and P; that are quotient singularities of type %(1, 1,2) and
a point P, that is a quotient singularity of type ﬁ(1,4, 7). The equality —K% =
1/66 holds. There is a commutative diagram

U<—"""-"W
al n
X--- Pl P(1,3,4),

where « is the weighted blow-up of Py with weights (1,4,7), 8 is the weighted
blow-up with weights (1,3, 4) of the singular point of U that is a quotient singularity
of type %(1, 3,4), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) = {Py}.

Let B be the proper transform of M on U and let P; and Py be the singular points
of U that are singularities of types %(1, 3,4) and i(l, 1,3), respectively, contained
in the exceptional divisor of .. Then it follows from Lemmas 2.1 and 2.3 that the
set CS(U, +B) contains either P5 or Ps.

Arguing as in the proof of Proposition 25.1, we see that (CS(U7 %B) does not
contain Ps. Thus, it contains the point Ps. The existence of the diagram (44.1)
follows from Theorem 2.2.

Case n=_85. The variety X is a general hypersurface in P(1,3,5,11,19) of degree 38.

The singularities of X consist of a point P; that is a quotient singularity of type

%(1, 1,2), a point P, that is a quotient singularity of type %(1, 1,4) and a point Ps

that is a quotient singularity of type 75 (1,3,8). The equality —K% = 2/165 holds.
There is a commutative diagram

U ’ Y
al ln
X— > P(1,3,5)

where « is the weighted blow-up of P3 with weights (1,3,8), 8 is the weighted
blow-up with weights (1, 3,5) of the singular point of U that is a singularity of type
£(1,3,5), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, : M) = {Ps}.
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Let B be the proper transform of M on U and let P, and Ps be the singular points
of U that are quotient singularities of types %(1,3,5) and %(1, 1,2), respectively,
contained in the exceptional divisor of a. Then it follows from Lemmas 2.1 and 2.3
that the set (CS(U, %B) contains either P, or Ps.

Suppose that CS (U, %B) contains P5. Let v: W — U be the weighted blow-up
of Ps with weights (1, 1,2), let H and D be the proper transforms of M and |—19K x|
on W, respectively, let D be a general surface in D and let H; and Hs be general
surfaces in H. Then the base locus of D does not contain curves. Thus, the divisor D
is nef. In particular, the inequality D-H;-H; > 0 holds. But D-H,-H; = —2k?/15,
which is a contradiction.

Hence, the set (CS(U, %B) contains the singular point P,. The existence of the
commutative diagram (44.1) follows from Theorem 2.2.

Casen=91. The variety X is a general hypersurface in P(1,4, 5,13, 22) of degree 44.

The singularities of X consist of a point P; that is a quotient singularity of type

%(17 1,1), a point P, that is a quotient singularity of type é(l, 2,3) and a point Ps

that is a quotient singularity of type 1—13(1, 4,9). The equality —K% = 1/130 holds.
There is a commutative diagram

U g W
al ln
X == P(1,4,5)

where « is the weighted blow-up of P3 with weights (1,4,9), 8 is the weighted
blow-up with weights (1,4, 5) of the singular point of U that is a quotient singularity
of type %(1, 4,5), and 7 is an elliptic fibration.

It follows from Proposition 3.5 that CS(X, t M) = {Ps}.

Let B be the proper transform of M on U and let P, and P;5 be the singular points
of U that are quotient singularities of types %(1,4,5) and i(l, 1,3), respectively,
contained in the exceptional divisor of a. Then it follows from Lemmas 2.1 and 2.3
that (CS(U, %B) contains either P, or Ps.

Arguing as in the proof of Proposition 25.1, we see that (CS(U7 %B) does not con-
tain P5. Thus, it contains the singular point P,. The existence of the commutative
diagram (44.1) follows from Theorem 2.2.

This completes the proof of Theorem 1.10.
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