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We prove birational superrigidity and nonrationality of every sextic fivefold with ordinary double points.
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1 Introduction

All varieties are assumed to be projective, normal and defined over C.
In many cases the only known way to prove the nonrationality of a given Fano variety is to prove its birational
rigidity (cf. [16], [7] and [4]). Many counterexamples to the Liiroth problem are obtained in this way (see [13]).
Birational rigidity is proved in the following cases:

o for some smooth Fano threefolds (see [13], [12] and [14]);

o for many singular Fano threefolds (see [20], [22], [11], [9], [8] and [17]);

e for many smooth Fano n-folds (see [18], [23], [25], [2], [26], [27], [30], [10], [3] and [4]), where n > 3;
o for some singular Fano n-folds (see [20], [22], [28], [29] and [4]), where n > 3.

Let X be a hypersurface in P% of degree 6 that has at most isolated ordinary double points. Then

—Kx ~ OPG(]')!Xa

the variety X has Q-factorial terminal singularities and rk Pic(X) = 1 (see [1]). We prove the following result.
Theorem 1.1 The hypersurface X is birationally superrigid.
In the smooth case the assertion of Theorem 1.1 is proved in [2].

Example 1.2 The singularities of the hypersurface
xé(x% + 23 + 23 + 25 + 22 —l—xg) =28 +af + a8+ 28+ 28 + 28 c PO gProj(C[xo,...,xg])

consist of a single ordinary double point, which implies that it is nonrational by Theorem 1.1.
Example 1.3 Let X be a hypersurface with 729 isolated ordinary double points

2
Zai(mo,...,xﬁ)bi(xo,...,mg) =0cCPS= Proj(C[;vo,...,mg]),

where a; and b; are general homogeneous polynomials of degree 3. Then X is nonrational by Theorem 1.1.

The assertion of Theorem 1.1 is a fivefold generalization of the birational rigidity of a nodal Q-factorial quartic
threefold (see [13], [20] and [17]). The assertion of Theorem 1.1 is relevant to the results obtained in [28] and
[29], which cannot be used to produce explicit examples of nonrational Fano hypersurfaces.
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2 The Noether-Fano inequality

Let X be an arbitrary Fano variety having at most terminal and Q-factorial singularities such that rk Pic(X) = 1,
and the variety X is not birationally superrigid. Then the following result holds (see [5]).

Theorem 2.1 There is a linear system M on the variety X such that M does not have fixed components, and
the singularities of the log pair (X, yM) are not canonical, where v € Q is such that Kx + yM = 0.

In the rest of the section we prove Theorem 2.1. Let p : X --» Y be a birational map such that the rational
map p is not biregular and one of the following holds:

o the variety Y has terminal Q-factorial singularities and rk Pic(Y") = 1 (the Fano case);

o the variety Y is smooth, and there is a surjective morphism 7 : Y — Z such that sufficiently general fiber
of the morphism 7 has negative Kodaira dimension, and dim(Y") # dim(Z) # 0 (the fibration case).
Let us consider a commutative diagram

w
/X
X-—-=-5-->Y,

such that the variety W is smooth, o and (§ are birational morphisms. In the Fano case let D be the complete
linear system | — rKy | for r > 0, in the fibration case let D be the linear system |7*(H )|, where H is a very
ample divisor on the variety Z. Let M be a proper transform of D on the variety X. Take a v € Q such that

Kx +yM=0.
Suppose that the singularities of the log pair (X, yM) are canonical. Let us show that this assumption leads
to a contradiction. Let B be a proper transform on W of the linear system M. Then

k k !
ZaiFi = o (Kx +M) +Zain‘ = Kw +B = 3*(Ky ++D) +ZbiGia

i=1 i=1 i=1

where F} is a f-exceptional divisor, G; is an a-exceptional divisor, a; is a nonnegative rational number, and b; is
a positive rational number. Let n be a sufficiently big and sufficiently divisible natural number. Then

k 1
j=1 i=1
but 2% (Ow (8% (nKy + D) + DO nb;G;)) = 0 in the fibration case. Hence, the fibration case is impossible.
In the Fano case the equality h° (Ow (6* (nKy + D) + Z,lizl nb;G;)) = 1 implies that v = 1/r. Then

k 1
Z a; = Z b:iGi,
i=1 i=1

and Ele a; F; = 22:1 b;G; by [15, Lemma 2.19]. Thus, the log pair (X, y.M) has terminal singularities.

There is a rational number . > + such that (X, uM) and (X, uB8) have terminal singularities. Then

k l
o (Kx + pM) —l—Za;Fi = Kw + uB = 8*(Ky + uD) +Zb;Gi,
i=1 i=1

where a, and b, are positive rational numbers.

Let n be a sufficiently big and divisible natural number, and let ¢): W --» U be a rational map that is given by
the linear system |[n Ky + nuB|. Then the map 1 o 3~ ! is biregular, because the divisor n(Ky + uD) is very

ample. But the divisor 22:1 nblG; is effective and (3-exceptional. Similarly, we see that ¢ o o~ is biregular,
which implies that p is biregular. The latter is a contradiction. Thus, we proved Theorem 2.1. O
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3 The lemma of Corti

Let X be a variety with an ordinary double point O € X, and let Bx be an effective Q-Cartier divisor on X. Let
W —X

be a blow up of the point O, E be a m-exceptional divisor, and Byy be a proper transform of Bx on W. Then
7*(Bx) = Bw + multp (BX)E,

where multo (By ) is a nonnegative rational number.
Suppose that dim(X') > 3 and the log pair (X, Bx ) is not canonical at the point O. Then multo (Bx) > 1/2.
In the rest of the section we prove the following result, which is implied by [6, Theorem 3.10].

Lemma 3.1 The inequality multo(Bx) > 1 holds.

Suppose that multo(Bx ) < 1. Let us show that this assumption leads to a contradiction.
Replacing the divisor Bx by (1 —¢€) Bx for some positive sufficiently small rational number €, we may assume
that multo (Bx) < 1. Taking hyperplane sections, we may assume that dim(X') = 3 by [15, Theorem 17.6].

Lemma 3.2 Let S be a surface P* x P, and Bgs be an effective divisor on the surface S of bi-degree (a, b),
where a and b are rational numbers in [0, 1). Then the log pair (S, Bgs) has log-terminal singularities.

Proof. Suppose that the singularities of (S, Bg) are not log-terminal. Then the locus of log canonical singu-
larities LCS(S, Bg) is not empty and consists of points of the surface S. Then LCS(S, F'+ Bg) is not connected,
where F is a general fiber of any projection of the surface S to P'. The later contradicts [15, Theorem 17.4]. O

The inequality multo (Bx) < 1 and the equivalence
Kw + By =7* (KX + Bx) + (1 — multp (Bx))E,

imply that there is a proper subvariety Z C E such that the log pair (W, By ) is not canonical at general point of
the variety Z. Then (E, By |g) is not log terminal by [15, Theorem 17.6], which is impossible by Lemma 3.2.

4 Main inequalities

Let X be a variety with an ordinary double point O € X, and let M be a liner system on the variety X such that
the linear system M does not have fixed components. Put 7 = dim(X). Suppose that r > 4. Let

'V —X

be a blow up of the variety X at the point O, and let £ be a m-exceptional divisor. Let BB be a proper transform of
the linear system M on the variety V. The variety E can be identified with a smooth quadric in P". Then

B~ m*(M) — multo(M)E,

where multo (M) is a natural number, which is different from the multiplicity of M at the point O.
Let S7 and 59 be sufficiently general divisors in the linear system M, and H; be a sufficiently general hyper-
plane section of the variety X that passes through the point O, where i = 1,...,r — 2. Put

multp (51 . 52) = 2mu1t20 (SIL) + Z mult p (§1 . §2)mu1tp (ﬁl) ...multp (ﬁT_g),
PcFE

where multo (S;) and multo (H;) are natural numbers that are defined in the same way as the number multo (M),
and S; and H; are the proper transforms on the variety V' of the divisors .S; and H;, respectively.
Remark 4.1 It follows from elementary properties of blow ups that the inequality

multp (5’1 . 5’2) > 2mu1t20 (Si) + multz (§1 . §2)
holds for any irreducible subvariety Z C E of codimension one.
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Example 4.2 Let X be a singular hypersurface in P® of degree 6 that has at most isolated ordinary double
points, and let O be a singular point of the variety X. It follows from [1] that

where H is a hyperplane section of the variety X, and n € N. Then multo (S - S2) < 6n2.
Suppose that (X , %M) is canonical in a punctured neighborhood of O, and (X , %M) is not canonical at O.
Lemma 4.3 Suppose that r > 5. Then multo (S - S2) > 612,

Proof. We may assume that r = 6, because the proof in the case » > 6 is similar. Then
1 1 It
Ky +-B=x" (KX + —M> + <4 M)E
n n n

Put X = ﬂ?=1 H; and M = M| . The point O is an ordinary double point of the variety X, and the singu-
larities of the log pair (X , %M) are not log canonical in the point O by [15, Theorem 17.6].
Let 7 : V — X be a blow up of the point O, and E be an exceptional divisor of 7. Then the diagram

ye——"—>V

X—X
is commutative, where V’ is identified with a proper transform of X on the variety V. We have E = ENV. Then
multp (M) = multp (M) s

and we may assume that multo (M) < 2n, because otherwise multo (Sy - Sa) > 6n2.
Let B be a proper transform of the linear system M on the variety V', and 5 be a proper transform of the linear
system M on the threefold V. Then B = B, and we have

multo (M)

1 S~ & 1
KV+EB+( - —1>E+H1+H2+H3EW*(Kx+EM+H1+H2+H3>

and

Ko+ lBJr <multo(M) 7 1>E — (KX i 1M>7
n n n

but multo (M) < 2n. Thus, there are irreducible subvarieties @ C E and @ C E such that

e the log pair (V, 8 + (multo (M) /n — 1)E) is not log canonical at general point of €2,

o the log pair (V, 28 + (multo(M)/n — 1)E) is not log canonical at general point of 2, and Q C QN V.

We may assume that © and €2 have the biggest dimensions among allvsubvarieties having such properties.

We have (2 = Q NV when dim(£2) > 0. Let us show that Q2 = QN V when dim(2) = 0.

Applying [15, Theorem 17.4] to the log pair (V, LB + (multo(M)/n — 1)E) and the morphism 7, we see
that in the case dim(§2) = 0 the locus of log canonical singularities

LCS <V, %B + (multo(M)/n — 1)E>

consists of a single point £ in the neighborhood of the divisor E. In particular, we have @ = QN V.
Suppose that dim(£2) = 0. Then 2 = Q N V implies that €2 is a linear subspace in P% of codimension 3 that
is contained in the smooth quadric hypersurface E C PS. The latter is impossible by the Lefschetz theorem.

Hence, the inequality dim(€2) > 1 holds, which implies dim(§2) = 4.
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We see that the singularities of the log pair (V, B + (multo(M)/n — 1)E) are not log canonical at general
point of the irreducible subvariety {2 C FE that has dimension 4. Therefore, we can apply [6, Theorem 3.1] to
the log pair (V, %B + (multo(M)/n — 1)E) in the general point of the subvariety 2. The latter gives

multq (§1 . §2) > 4(2n2 — nmulto (M)),
where §i is a proper transform of S; on the variety V. Hence, the inequalities
multp (51 . Sg) > 2multp (M)2 + multq (§1 . §2) > 6n° + Q(n — multp (/\/l))2 > 6n?
hold, which is exactly what we need to proof. O

Let A be an effective divisor on the variety X passing through the point O and A be its proper transform on
the variety V. Suppose that A does not contain irreducible components of the cycle S; - S2, and A does not
contain irreducible components of the cycle Sy - So. Then we can put

multo (S1 - Sz - A) = 2mult), (S;)multo (A)

+ Z mult p (§1 . §2 . A)multp (Ig'l) ...multp (ﬁ.,-_g),
PEE

which implies multo (S - Sz - A) = multo(Si|a - S2|a) if O is an isolated ordinary double point of A.
Lemma 4.4 Suppose that r = 4. Then there is a line A C E C P* such that

multo (51 - Sy - A) > 6n2

in the case when O is an ordinary double point of the divisor A, and A C A.

Proof. We have multo(M) > n by Lemma 3.1, but

multo(/\/l)>

1 1
et b e (e Lad) 4 - "

Suppose that O is an ordinary double pointon A. Put S; = S;|a and M = M. Then the log pair (A, 2 M)
is not log canonical in the point O by [15, Theorem 17.6].
Let7: A — A be ablow up of O, and FE is a T-exceptional divisor. Then the diagram

AV
A= X

is commutative, where we can identify A w@ A, and E = E N A can be considered as a nonsingular quadric
hypersurface in P3. The inequality multo ( M ) > 2n gives

multo (51 - Sy - A) = multp (51 . 5’2) > 8712,

hence, we may assume that multo (M) < 2n.
Let M be a proper transform of the linear system M on the variety A. Then multo ( M) < 2n implies that
there is an irreducible subvariety = C F such that the singularities of the log pair

<A, %/WJr (multo (M) /n — 1)E>.

are not log canonical in the general point of =.

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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Suppose that = is a curve. Let S;bea proper transform of S; on the variety A. Then the inequality
multo (5'1 . 5'2) > 2multo(M)? + mult= (5'1 . 5’2)
holds. Applying [6, Theorem 3.1] to (A, %/ﬁ + (multo (M) /n — 1) E) at the general point of E, we see that
mult= (51 . 52) > 4(2n2 — nmulto (M)),
which immediately implies that
multp (,5_’1 . 5’2) > 2mu1t%(ﬂ) + 4(2n2 — nmulto(M)) > 6n2.

To conclude the proof we may assume that = is a point.

Suppose that A is a general hyperplane section of X such that O € A. We can apply [15, Theorem 17.4] to
the morphism 7 and the log pair (A, %M + (multo (M) /n — 1) E). We see that

e cither (V, LB + (multo(M)/n — 1)E) is not log canonical at general point of a surface contained in E,

e or (V, 2B + (multo(M)/n — 1)E) is not log canonical at general point of aline A C Eand = = AN A.

In the case when the log pair (V, £ B+ (multo (M) /n—1)E) is not log canonical at general point of a surface
contained in E, the previous arguments implies the inequality multo (S; - S2) > 6n2.
We may assume that there is a line A C E such that © = A N A and the singularities of the log pair

(v, %B 4 (multo(M)/n - 1)E>

are not log canonical at general point of the curve A. .
The line A does not depend on the choice of A. So, we may assume that A C A, where A = A. Then

<A, %f\/ﬂ (multo (M) /n — 1)E)

is not log canonical at the general point of A by [15, Theorem 17.6], because multo (M) > n.
Now we can apply [6, Theorem 3.1] to the log pair (A, %M + (multo(ﬂ)/n — l)E) at general point of
the curve A to obtain the inequalities

multp (5'1 . 5'2) > Qmulté(ﬂ) + 4(2712 — mnulto(ﬂ)) > 6n2,
which conclude the proof. O

Finally, let us prove the following result.
Lemma 4.5 Suppose that r = 5. Then multp (51 . Sg) > 6n2.

Proof. Put X = HyNHyand M = M| 5. Then (X, %M) is not log canonical at O by [15, Theorem 17.6],
and O is an ordinary double point of the threefold X .Let7:V — X beablow up of O, and E be an exceptional
divisor of the morphism 7. Then we can identify V' with a proper transform of X on the variety V. Because

multo (S - Sp) > 2mult? (M) > 6n2

in the case when multo (M) > 2n, we may assume that the inequality multo (M) < 2n holds.
Let BB be a proper transform of the linear system M on the variety V. Then B = B|;,. We have

multo(M) ]

1
Kv+—B+<
n n

o~ 1
>E+H1+H2_7T*(Kx+ﬁM+H1+H2)

and Ky, + %BJr (multo(M)/n—1)E = 7* (K ¢+ %M) So, there are subvarieties 2 C F and Q C E such that

www.mn-journal.com © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim
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e both subvarieties € and § are irreducible and §2 can v,
e the log pair (V, B + (multo (M) /n — 1)E) is not log canonical at general point of {2;
e the log pair (V, 18 + (multo(M)/n — 1)E) is not log canonical at general point of .

‘n v
We may assume that the subvarieties (2 and (2 have the biggest dimensions among all subvarieties with such
properties. Then {2 = Q NV in the case when dim(€2) > 1.

Suppose that dim(£2) > 1 holds. Then dim(Q) = 3. Therefore, the inequality
multg (Sl . Sg) > 4(2n2 — nmulto(M))
holds by [6, Theorem 3.1]. Therefore, the inequalities
multo (S1 - S) > 2mult (M) + multo (S1 - Sz) > 6n
hold. Thus, we may assume that dim(Q) =0.
Applying [15, Theorem 17.4] to the log pair (V, %B + (multo(M)/n — 1)E) and 7, we see that the locus
LCS <V, %B + (multo(M)/n —1)E

consists of a single point €2 in the neighborhood of the divisor E. Hence, the subvariety (2 is a plane in P®.

The referee pointed out to the author that €2 cannot be a plane. We follow the arguments of the referee to
complete the proof. Let us use the arguments of the original proof of Lemma 3.1 (see [6, Theorem 3.10]).

Let X bea general hyperplane section of X passing through the point O that is locally given as

zy+ 2t =0C C° = Spec(C[x,y, z,t,u])

in the neighborhood of the point O, which is givenby z = y = 2z =t = u = 0. Then X has non-isolated singu-
larities. But we can apply the previous arguments to the variety X.
Let V be the proper transform of X on the variety V, and let 7 : V' — X be the induced morphism. Then
1 o 1
Ky, + EB + (multo(M)/n — 2)E = #* (K)v( + EM')“(> ,

where B = B |, and E is the exceptional divisor of the morphism 7, which is a cone over P! x P!,
Let S, and S'y be Weil divisors on X that are given by the equations z = ¢t = Oandy = ¢t = 0, respec-
tively. Then S, and S, are not Q-Cartier divisors, but the divisor S, + .5, is Cartier. We have

1.4 o o o 1 o o
Ky, + EB + (multo(M)/n —1)E + H, + H, = &* (K)Z' + EM‘X + 5 + Sy) ,
where H, and H. y are proper transforms of the subvarieties S, and S'y on the variety v, respectively. Then
o1 o o
LCS <V7 —B + (multo(M)/n — 1)E> =Q,
n

where () = Q| is a line on E c P*. Indeed, we can apply the previous arguments to ( X, %

5 TS5z +5y).
There are natural ways to desingularize the varieties X and V. There is a commutative diagram

N
ST e A

where we use the following notation:

(© 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.mn-journal.com
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. gfé is a blow up of the ideal sheaf of the curvex =y =2 =t = 0;

e (O and &, are blow ups of the ideal sheaves of S, and S'y respectively;

. ﬁvx and By are blow ups of the exceptional surfaces of ¢, and &, respectively;

° 5 s Bz By are blow ups of the fibers of ¢, &, ¢y over the point O, respectively;

) 15 is a blow up of the ideal sheaf of the proper transformof x =y =2 =t = 0;
e 7, and ¥, are blow ups of the ideal sheaves of Iu{x and fly, respectively;

e 4, and 5y are blow ups of the exceptional surfaces of ¥, and 7, respectively.

v 9

The varieties W, Wx, Wy, [?, Ux, [?y are smooth, the morphisms ¢, ¢, ¥z, ¥, are small, and 7 o i =¢ok.
Let I be the exceptional divisor of the birational morphism £. Then

o= P(Oplxpl ® Op1ixpr (1))’

where Op1,p1(1) is a hyperplane section of P! x P! with respect to the natural embedding into P3.
The morphism & j is a projection to P! x P, the morphisms 7, o bz

pand 7y 0 Sy  are projections to P,

the morphisms b0 7 and Sy  are contractions of the exceptional section of F to curves, and J}

1 1s the contrac-
tion of the exceptional section of the surface F to the vertex of the cone E, where E = 15(15)

The subvariety ) is a line on the cone 2 C P* that does not pass through its vertex. But (ﬁx + ﬁy) =1,
which implies that we may assume that H, -Q=0and ﬁy Q=1

Let D, and Dy be the proper transforms of H, and H, y on the variety I_'V]y respectively, and I be the proper
transform of € on the variety Uy. Then ﬁx .T'=0and ﬁy T =1. Moreover, we have

15 A - = * 1
Kﬁy+E'D+(multo(M)/n—l)G—i—Dx—i—Dy (7 0%y) (K)“HFEM

X+Sx+5y>,

where D and G are proper transforms of B and E on the variety I_'V]y respectively.

The morphism 7, contracts the divisor G. But the morphism 7j, | ~ is a P2-bundle.
& Then Y N D, isalinein Y = P2, the intersection I' N Y is a point that is
not contained in Y N Dy, and Y N ﬁy = @&. So, in the neighborhood of the fiber Y of the morphism 7j, the locus

LetY bea general fiber of 7,

9 1. o 9 9
LCS (Uy, =D + (multo(M)/n—1)G + D, + Dy)
n
consists of I and Dm which is impossible by [15, Theorem 17.4], because rn Dz =d. O

5 Main result

Let X be a hypersurface in P® of degree 6 with isolated ordinary double points. Suppose that X is not birationally
superrigid. Let us show that this assumption leads to a contradiction.

It follows from Theorem 2.1 that there is a linear system M on the hypersurface X that does not have fixed
components such that the log pair (X , %M) is not canonical, where m € N such that M ~ —mKx.

Let Z be a proper irreducible subvariety of X such that (X , #M) is not canonical at general point of Z, and
the subvariety Z has the biggest dimension among such subvarieties. Then dim(Z) < 1 by [21, Theorem 2].

Suppose that either dim(Z) # 0 or Z is a smooth point of X. Let P be a general point of Z, and V be a general
hyperplane section of X that contains P. Put B = M|y. Then V is a smooth hypersurface in P5 of degree 6,
and the singularities of (V, %B) are not canonical at the point P by [15, Theorem 17.6].

www.mn-journal.com © 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



1352 Cheltsov: On nodal sextic fivefold

Let S7 and S5 be sufficiently general divisors in B, and F' = S7 - So. Then
dim{O cF | multo(F) > m} <1
by [27, Proposition 5]. Let Y be a general hyperplane section of V' that contains P. Put P = B|y . Then
dim{O € FNY | multo (Fly) >m} <0 (5.1)

by [10, Proposition 4.5], because Y is a smooth hypersurface in P* of degree 6.
The log pair (Y, L7P) is not log canonical at P by [15, Theorem 17.6]. Let  : P* --» P2 be a general
projection, and L be a general line in P2, Then it follows from [10, Theorem 1.1] that

n(P) € LCS (P2, L+ #m [F‘YD S L,

but it follows from [10, Proposition 4.7] and the inequality 5.1 that the log pair (P2, 237, [F|y]) is log terminal
in a punctured neighborhood of the point n(P). The latter is impossible by [15, Theorem 17.4], because

1 1
Kpz + L —{F‘ };——L.
P2t Jr4mQ77 Y 2

We see that Z is a singular point of the variety X. Let 7 : U — X be a blow up of Z, and E be a m-exceptional
divisor. Then mult z (M) > m by Lemma 3.1. But

Ky + %H =7* (KX + %M) + (3 — %multz(/\/l)) B,

where H is a proper transform of M on the variety U. Let M; and M> be general divisors in M. Then
multz (My - Ma) > 6m”

by Lemma 4.5. Let H;, Hy, Hs be general hyperplane sections of X that pass through the point Z. Then
6m?® = My - Ms - Hy - Hy - Hy > multy (M, - M) > 6m?,

which is a contradiction. The obtained contradiction completes the proof of Theorem 1.1. O

Acknowledgements The author would like to thank the referee who helped to improve the original assertion of Lemma 4.5.
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