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Log canonical thresholds
of three-dimensional Fano hypersurfaces

I. A. Cheltsov

Abstract. We study global log canonical thresholds of generic hypersur-
faces in P(1, a1, az,as,as) of degree Z?zl a; that have at most terminal
singularities.

Keywords: Fano variety, log canonical threshold, Tian’s alpha-invariant,
Kéhler-Einstein metric.

§ 1. Introduction

Let X be a Fano variety! with at most log terminal singularities.

Definition 1.1. The global log canonical threshold of X is the number

the log pair (X, AD) has log canonical singularities}
=S > 0.
ICt(X) bup{A €Q ’ for every effective Q-divisor D = —Kx >0

The number lct(X) plays an important role in Kéhler geometry.
Example 1.2. If X has at most quotient singularities and we have

dim(X)
let(X —_—
> Fnx) +1

then X admits an orbifold K&hler-Einstein metric [1].

Suppose further that X is a Fano variety with terminal Q-factorial singularities
and rk Pic(X) = 1.

Definition 1.3. The Fano variety X is said to be birationally superrigid if for
every linear system M on X without fixed components, the log pair (X, AM) has
canonical singularities, where A € Q is such that Kx + AM = 0.

Let X1,..., X, be Fano varieties with at most Q-factorial terminal singularities
and rkPic(X;) =1 for all i = 1,...,r. The following result is proved in [2].

Theorem 1.4. Suppose that X; is birationally superrigid and lct(X;) > 1 for all
i=1,...,r. Then

Bir(X; x -+ x X,) = Aut(Xy x -+ x X,)

LAll varieties are assumed to be projective, normal and defined over C.
AMS 2000 Mathematics Subject Classification. 14J45, 14E07, 14J17, 14J30, 14B05, 32Q20.
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and, for every rational dominant map p: X1 X ---x X, --+ Y whose generic fibre is

rationally connected, there is a subset {i1,... it} € {1,...,7} and a commutative
diagram
Xy x---x X,
- T P
X;, % xXZ-k———_g_____:;y

where & is a birational map and 7 is the natural projection.

Example 1.5. Let X be a generic hypersurface of degree 2n > 6 in P(1"*1 n).
Then X is birationally superrigid and let(X) =1 (see [2]).

Let us show how to generalize Theorem 1.4 to the case of Fano varieties with
non-biregular birational automorphisms (see [3]).

Definition 1.6. A variety X is said to be birationally rigid if for every non-empty
linear system M on X without fixed components there is a birational automorphism
¢ € Bir(X) such that the log pair (X, A\(M)) has canonical singularities, where
A € Q is such that Kx + A{(M) = 0.

The birational rigidity of X implies that

1) there is no dominant rational map p: X --» Y such that dim(Y) > 1 and the
generic fibre of p is rationally connected,

2) there is no birational map p: X --» Y such that ¥ 2 X has Q-factorial
terminal singularities and rk Pic(Y') = 1.

Definition 1.7. A subset I' C Bir(X) untwists all maximal singularities on X if
for every linear system M on X without fixed components there is an element £ € T"
such that the log pair (X, A{(M)) has canonical singularities, where A € Q is such
that Kx + A{(M) = 0.

The existence of a subset I' C Bir(X) that untwists all maximal singularities
implies that the group Bir(X) is generated by I' and the biregular automorphisms
(see [4]).

Definition 1.8. A variety X is said to be universally birationally rigid if the vari-
ety X ® Spec(K) is birationally rigid over K for every finitely generated field exten-
sion K of C.

We note that Definition 1.6 extends naturally to Fano varieties defined over any
perfect field.

Definition 1.9. A subset I' C Bir(X) universally untwists all maximal singular-
ities if, for every finitely generated field extension K of C, the induced subgroup

I' C Bir(X) C Bir(X ® Spec(K))
untwists all maximal singularities on X ® Spec(K).

Definitions 1.3 and 1.9 imply that if X is birationally superrigid, then every
non-empty subset of Bir(X) universally untwists all maximal singularities.
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Remark 1.10. As noticed by Kollar, in the case when dim(X) > 2, the whole
group Bir(X) universally untwists all maximal singularities if and only if Bir(X) is
countable.

Suppose that X1, ..., X, are Fano varieties with Q-factorial terminal singularities
and rk Pic(X;) =1 for all i = 1,...,r. Consider the projection

T X1><~-~XXZ-,1><XZ-><XZ-+1><---><XT —>X1><-~-><Xi,1><XZ-><Xi+1><---><Xr

and write J; for the generic fibre of 7; in the scheme sense.

Remark 1.11. The variety J; is a Fano variety defined over the field of all rational
functions on X1 Xoeeeees X Xi—l X Xz X Xi+1 X X XT».

There are natural embeddings of groups
[[Bir(x:) € Bir(Qy),...,Bir(3,)) € Bir(Xy x -+ x X,),
i=1

and the proof of Theorem 1.4 yields the following result (see [3]).

Theorem 1.12. Suppose that Xi,...,X, are universally birationally rigid and
let(X;) =1 foralli=1,...,7. Then

Bir(X; x -+ x X,.) = (Bir(34),...,Bir(3,), Aut(X; x -+ x X,.)),

the variety Xq X -+ x X,. is non-rational and, for every dominant rational map p:

X1 X -+ x X,. --» Y whose generic fibre is rationally connected, there is a subset
{i1,... i} C{1,...,r} and a commutative diagram
X1X"'XXT***G**>X1X XXT
l \ ) : p
T ~ -
X1-1><-~-><XZ-,€———————z ————————— Sy

where w is the natural projection and &, o are birational maps.

Corollary 1.13. Suppose that there is a subgroup T'; C Bir(X;) that universally
untwists all mazimal singularities and we have lct(X;) > 1 for all i = 1,...,r.
Then

Bir(X; x --- x X,) = <HFi,Aut(X1 X oo X X,,)>.
i=1

Let X be a generic quasi-smooth well-shaped hypersurface in P(1, a1, as, as, aq)
of degree Z?:l a; with terminal singularities, where a7 < as < ag < aq. Then X is
a Fano variety. For historical reasons, it is commonly referred to as a Reid—Fletcher
variety. In [5], a finite set 71,...,7; of birational involutions of X was found
explicitly and the following important and complicated result was proved.
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Theorem 1.14. The variety X is birationally rigid, the sequence of groups
1—(m,...,7%) — Bir(X) — Aut(X) — 1

is exact and the group (Ty,...,Tr) universally untwists all mazimal singularities.

There are 95 possibilities for the quadruple (a1, as,as,a4). Let I € {1,...,95}
be the ordinal number of the quadruple in the standard notation (see [5]). We shall
prove the following result.?

Theorem 1.15. Suppose that ¢ {1,2,4,5}. Then let(X) = 1.

In many cases one can show that the group Aut(X) is either trivial (see
Lemma 8.3) or isomorphic to Zs (see Corollary 8.2). Relations between the involu-
tions 71, ..., 7, are also known (see [6]). Thus one can obtain explicit applications
of Theorem 1.12.

Example 1.16. Suppose that J = 41. Using Theorems 1.12 and 1.14, one can
show (see Corollary 8.2 below) that there is an exact sequence of groups

1—>H(Zg*Zg)—>Bir(X><-~><X> Sy —— 1

i=1 m

by Theorem 1.15. Let V be a generic hypersurface of degree 2n > 6 in P(1"+1, n).

Then
Blr(X X V) = (ZQ * Zg) P Zs,

again by Theorems 1.12, 1.14 and 1.15 (see Example 1.5 and [7]).

It follows from [8] that let(X) > 16/21 for I = 1. We shall prove the following
result.

Theorem 1.17. Suppose that 3 =2. Then lct(X) > 7/9.

Corollary 1.18. Suppose that 1 # 4 and 3 # 5. Then X has a Kdhler—Einstein
metric.

For the convenience of the reader, we organize this paper in the following way.
1) We prove Theorem 1.15 in § 2, omitting the proofs of Lemmas 2.4, 2.10, 2.11.
2) We prove the technical Lemmas 2.4, 2.10, 2.11 in §§ 3, 5, 6 respectively.

3) We explicitly describe the group Bir(X) for J=9 and 3 =41 in §8.

4) We consider an alternative approach to the proof of Theorem 1.15 in §9.

§ 2. Log canonical thresholds

Consider a generic quasi-smooth well-shaped hypersurface X C P(1,aq,...,a4)
of degree d = 2?21 a; with terminal singularities, where a; < --- < a4. We write
J e {1,...,95} for the ordinal number of the quadruple (a1, as,as,as) according
to [5]. Then —K% <1 <= 1>6.

Suppose that J ¢ {1,2,4,5}. Let D be a divisor in |[-nK x|, where n € N.

2A sketch of the proof of Theorem 1.15 was given in [3].
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Remark 2.1. The proof of Theorem 1.15 implies that the log pair (X, %D) is not
log terminal if and only if n = 1. However, we do not need this fact in what follows.

Suppose that the log pair (X, 2 D) is not log canonical. To prove Theorem 1.15,
we must show that this assumption leads to a contradiction.

Remark 2.2. Let V be a variety with Q-factorial singularities and let B and B’
be effective Q-divisors on V such that (V, B) is log canonical and (V, B’) is not.
Then the log pair (V, ﬁ(B’ — aB)) is not log canonical for any o € Q such

that 0 < a < 1 and the divisor B’ — aB is effective.

Thus we may assume that D is an irreducible surface. It follows from [2] that

J#3.
Lemma 2.3. We have n # 1.

Proof. Suppose that n = 1. Then the log pair (X, D) is log canonical at every
singular point of X according to Lemma 8.12 and Proposition 8.14 of [9]. Tt follows
that a; = 1.

Suppose that the singularities of the log pair (X, D) are not log canonical at
some smooth point P of the hypersurface X. Let us derive a contradiction. We
consider only the case J = 14. The other cases are similar.

Suppose that J = 14. Then there is a double covering 7: X — P(1,1,1,4)
branched over a hypersurface F' C P(1,1,1,4) of degree 12, which is sufficiently
generic by assumption.

Put D = 7(D) and P = «(P). Counting parameters, we see that

which is a contradiction because the singularities of the log pair (D, 1 F|5) are not

log canonical at P by Lemma 8.12 of [9]. The lemma is proved.
Lemma 2.4. The log pair (X, %D) is log canonical at smooth points of X.

This lemma will be proved in § 3.

Hence there is a singular point O of X such that the log pair (X %D) is not log
canonical at O. Then O is a singular point of type %(1,a,r — a), where a and r
are coprime positive integers with r > 2a. Let a: U — X be a blow-up of O with
weights (1,a,7 — a). Then

1 1 d 1

k- gy Lps g - - 2.1
v X3 X ra(r —a) ajazazay  ra(r —a)’ (2.1)

where F is the exceptional divisor of a. There is a rational number p such that
D =a*(D)+uE = —nKy + (n - M>E,
r

where D is the proper transform of D on U. It follows from [10] that u > n/r.

Lemma 2.5. We have —K[3J > 0.
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Proof. Suppose that —K3 < 0. Let C be a curve in E. By Corollary 5.4.6 of [5]
there is an irreducible reduced curve I' C U such that I" generates an extremal ray of
the cone NE(U) different from the ray R>oC, and we have a numerical equivalence

I'=-Ky- (—bKU + CE),

where b > 0 and ¢ > 0 are integers.
Let T be a divisor in |[—Ky|. Then (T is a divisor in |—Kx| and

D-T=-Ky- (nKU + <’: - u)E) ¢ NE(U)

because p > n/r, b > 0 and ¢ > 0. However, the cycle D - T is effective since n # 1.
The lemma is proved.

Taking into account the range of values of (a1,as,as,ays), we see that 1 ¢
{75,84,87,93}.

Lemma 2.6. We have —K?, # 0.

Proof. Suppose that —K?, = 0 and J # 82. Then |—rKy| has no base points for
r > 0 and induces a morphism 7: U — P(1, a1, as) such that the diagram

/ \
X--——-———-—-—-—-—- - - - >]P>(17a17a’2)

is commutative, where 1) is the projection. The morphism 7 is an elliptic fibration.
Thus we have
— n n
D-C:—nKU~C’—|—<T—,u>E~C= (r—u)E-C<O,
where C is the generic fibre of 7, a contradiction.

Suppose that —K} = 0 and J = 82. Then X is a hypersurface of degree 36
in P(1,1,5,12,18). Its singularities consist of points P and @ of type £(1,2,3) and
+(1,1,5) respectively.

One can prescribe the hypersurface X by the equation

6
2y + Y 2 faeosi(z,y,2,t) = 0 C P(1,1,5,12,18) = Proj(Cla, y, 2, t, w)),
1=0

where wt(z) = wt(y) = 1, wt(z) = 5, wt(t) = 12, wt(w) = 18 and f; is a quasi-
homogeneous polynomial of degree i. Then P is given by x = z =t = w = 0.
Suppose that O = . Then the linear system |—rKy| has no base points
for 7 > 0, which leads to a contradiction as in the case J # 82. Hence we see
that O = P.
Let S be the proper transform on U of the surface that is cut out on X by y = 0.

Then 6
S = a*(—Kx) — 5E’
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and the base locus of the pencil |- K| consists of irreducible curves L and C such
that L is contained in the a-exceptional divisor E and the curve 7(C') is the unique
base curve of the pencil |-Kx|. Then —Ky -C = —1/6 and —Ky - L > 0. We also
have p < n/5 because

7[1,:(7KU+OL*(75K)())‘§'E>O

ol 3

since D # S by Lemma 8.12 and Proposition 8.14 of [9], a contradiction.

Taking into account the range of (a1, as,as,as), we see that

1¢ {11,14,19,22,28,34,37,39,49, 52, 53,57, 59, 64,
66,70, 72,73, 78,80,81,86,88,89, 90,92, 94, 95}.

Lemma 2.7. The groups Bir(X) and Aut(X) do not coincide.

Proof. Suppose that Bir(X) = Aut(X). Let S be a generic surface in |—Ky|. By
Lemma 5.4.5 of [5] there is an irreducible surface T C U such that

1) we have T ~ ¢S — bE for some integers c > 1 and b > 1,

2) the intersection T - S is a reduced irreducible curve T,

3) the curve I' generates an extremal ray of the cone NE(U).

It is easy to construct the surface T explicitly (see [5]), and the possible values
of ¢ and b are given in [5]. The surface T is uniquely determined by the point O.

Put T = a(T). Then the singularities of the log pair (X, 1T) are log canonical
by Lemma 8.12 and Proposition 8.14 of [9]. It follows that D # T.

Let P be the pencil generated by the effective divisors nT and ¢D. Then the
singularities of (X, éP) are non-canonical, which contradicts Theorem 1.14.

It follows from [5] that

1¢ {11,21,29,35,50,51,55,62,63,67,71,77,82,83,85,91}.

Lemma 2.8. The divisor — Ky is numerically effective.

Proof. Suppose that the anticanonical divisor —Kjp is not numerically effective.
Then it follows from [5] that J = 47 and O is a singular point of type %(1, 2,3).
The hypersurface X can be given by the equation

3
Z4y + Zzif21—5i(xayazvt) =0C P(la 135777 8) = PI‘Oj((C[II},y,Z,t, w])a

=0

where wt(z) = wt(y) = 1, wt(z) = 5, wt(t) = 7, wt(w) = 8 and f; is a generic
quasi-homogeneous polynomial of degree i. Let S be the surface cut out by the
equation y = 0 on X, and let S be the proper transform of S on U. Then

g = Oé*(—Kx) — gE,



734 I. A. Cheltsov

but the divisor —3Ky + o*(—5Kx) is numerically effective (see [11]). We also have
1 < n/5 because

1 _
g —n=5(=3Ky +a”(~5Kx)) - 5-D > 0

since D # S by Lemma 8.12 and Proposition 8.14 of [9]. This contradiction proves
the lemma.

Thus the divisor — Ky is numerically effective and big (see Lemmas 2.5 and 2.6).
Lemma 2.9. We have pu/n—1/r < 1.

Proof. We only consider the case when J = 58 and O is a singular point of type
75(1,3,7) because the proof is similar in all other cases (see Lemma 6.3 below).
Thus we assume that J = 58. The threefold X can be given by

w?z + wfia(z,y, 2,t) + foa(x,y,2,t) = 0 C P(1,3,4,7,10) = Proj(Clz, y, 2, t, w]),

where wt(z) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 10 and f; is
a quasi-homogeneous polynomial of degree i. Let R be the surface cut out by
the equation ¢ = 0 on X, and let R be the proper transform of R on U. Then

— N 7

R=ao"(—4Kx) — SE
and (X, {R) is log canonical at O according to Lemma 8.12 and Proposition 8.14
of [9]. Then R # D and

— 4 2

<-Ky - R-D=—n—-=
0 v-R 35" 3H

because — K is numerically effective. Hence we have p < 6n/35.

We have shown that the log pair (U, £ D+ (£ — 1)E) is not log canonical at some
point P € E because

1— 1 1
KU+D:a*(KX +D> T ( - “)E.
n n T n

Lemma 2.10. The threefold U is smooth at the point P.

A proof of Lemma 2.10 is given in § 5.

Lemma 2.10 yields that multp(D) > n + n/r — p. It follows from [5] that we
have a dichotomy:

1) either d = 2r + a; for some j € {1,2,3,4},

2) or d # 2r +a; for all j € {1,2,3,4} but we have d = 3r + a; for some j.
Lemma 2.11. For every j € {1,2,3,4} we have d # 2r + a;.

A proof of Lemma 2.11 is given in §6.
Thus we have shown that d = 3r + a; for some j € {1,2,3,4}.
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Remark 2.12. Let V be a threefold with isolated singularities, and let B and T" be
distinct irreducible effective divisors on V. We put

B'T:iEiLi—‘y—A,
=1

where L; is an irreducible curve, g; is a non-negative integer and A is an effec-
tive 1-cycle whose support does not contain the curves Lq,...,L,. Then we have
Yoi_eH L <B-T-H for any numerically effective divisor H on V.

Tt follows from Lemma 2.11 that® I € {7,20, 23,36, 40, 44, 61, 76}.
Lemma 2.13. We have J# 7, 1# 20, 1 # 36.

Proof. Suppose that 1 € {7,20,36}. Then a; = 1. The point O is a singular point
of type a%(l, 1,a9 — 1) according to Lemmas 6.4, 6.10 and 6.12 below. One can
show that there is a commutative diagram

U

VC—) P(L 1,as, 2&4,30,4) T X > P(la 1, as, 2@4) - _5: -= P(lv L, a3)

where £, x, ¢ are projections, 7 is an elliptic fibration, ~ is a weighted blow-up
1

of a singular point of type a—4(1, 1,a3) with weights (1,1,a3), o is a birational
morphism that contracts [ non-singular rational curves C1,...,C; to [ isolated
ordinary double points, I = d(d — a4)/as, and V is a hypersurface of degree 42
in P(1,1,6,14,21).

Let T be the surface in |~ K| that contains the point P. Then multp(D) >
n+n/ag — .

Suppose that P ¢ Ué:l C;. Then it follows from the proof of Theorem 5.6.2
in [5] that the linear system |—2sa4 K| contains a surface H that has multiplicity
s > 0 at P and contains no components of the cycle D - T that pass through P.

Here s is a positive integer. Then

d _
23a4( n._p )ZD'T~H2mu1tp(D)s>s(n+n—M)s,

a1020a304 ag — 1 ag

which is impossible because p > n/as. Hence we can assume that P € C;. We put
5 T = mCl + A,

where m is a non-negative integer and A is an effective cycle whose support does
not contain Cq. The curve Cy is non-singular, a*(—Kx)-C7 = 2/as and E-Cq = 2.

31t follows from [5] that X has an elliptic involution <= J¢€ {7,20,23,36,40,44,61,76}.
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Let E be the proper transform of £ on W. Then E=~P(1,1,as/2) and the map

77|E P(la 15 113/2) - P(la 1,0,3)

is a finite morphism of degree 2. Hence we can find a surface R € |—a3Ky| such
that R passes through the curve C7 and contains no components of A that pass
through P. Thus we get

dn n
ag,( S )zR-A}multP(A)>n+—u—m,
a1a2a3a4 as — 1 a9
whence m > agn/a4 because p > n/ay. Therefore we have
asn —dnKx - a(C d
an o x-o(Ch) _ _dn
ay a1a2a304 2a1a3a4

by Remark 2.12 because —Kx - a(C1) = 2/as. It follows that J = 7.
The fibre of the projection % over the point ¥ (P) consists of two irreducible
components. One of them is the curve Cy. Let Z be the other. Then

4
C% = -2, Cy-Z=2, ZQ=—g
on the surface T. We write A = mZ + ), where ™ is a non-negative integer and 2
is an effective cycle whose support does not contain Z. Then

in 5m 3n

— —2u——=(Z+C1)-Q>— —p—m,

g~ g =(2+0) 5 —H—m
but 4m/3 > 2m — 5n /6 because Q- Z > 0. These inequalities contradict each other

because p > n/2 by [10]. The lemma is proved.

Thus we see that J € {23,40,44,61,76} and d = 3r + a;, where r = a3 > 2a
and 1 <j <2
The hypersurface X has a singular point @ of type %(1, a,7 — a) such that

5 1 1

X =

+
ra(r—a) ra(r —a)’
where 7 = a4 > 2a and a € N. It is known that X can be given by an equation of
the form
riws + 24a(20, 71, 72) = Taw; + 23b(20, 1, T2) + T3¢(T0, T1, T2) + d(T0, T1, T2) = 0

in Proj(Clxg, x1, xa, 3, 24]), where wt(xg) = 1, wt(xg) = ax and a, b, ¢, d are
quasi-homogeneous polynomials. We put [ = d(d — a4)/(a1az). It follows from [5]
that there is a commutative diagram

/\

V(—> P(l al,a2,2a4,3a4)— ; - >]P)(1 a17a272a4)— E: >P(1 al,ag)
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where &, x, 1 are projections, 7 is an elliptic fibration, ~ is a weighted blow-up with
weights (1,a,7 — a) of a point that dominates the point @), and ¢ is a birational
morphism that contracts the non-singular curves C1, ..., ;. It is known that V is
a hypersurface of degree 6a4 in P(1, a1, as, 2a4, 3a4).

We note that £ =2 P(1,a,r — a). Let L be a curve on E belonging to the linear
system |Op(1,q,r—a)(1)]-

Lemma 2.14. Suppose that P ¢ L. Then u > na(r +1)/(r? + ar).
Proof. There is a curve C € |Op(1,4,r—q)(a)| such that P € C. We put

Dl =6C+ 7Y =rulL,

where § is a non-negative integer and Y is an effective divisor on E whose support
does not contain the curve C. Then

T — ad

= (rp—ad)L-C=C-T >multp(T) >n+ - —p—.
T

r—a
It follows that u > na(r +1)/(r? + ar) because § < ru/a.

Let T be a surface in |~Ky|. Then —Ky - T - D > 0. It follows that g <
—na(r —a)K%.
Lemma 2.15. The point P is not contained in the surface T.

Proof. Suppose that P is contained in 7. Then P is not contained in the base
locus of the linear system |—aj K| because the base locus of |—a1 K| contains no
smooth points of E. The point P is not contained in Ué:1 C; because P € T.

The proof of Theorem 5.6.2 in [5] shows that there is a surface H € |—2saja4 Ky |
such that

25a1 a4 <nK§’< - ﬂ) =D-H-T>multp(D)s > s(n+ o ,u)s,
as r

where s is a positive integer. This is impossible because u > n/r.

It follows from Lemmas 2.14 and 2.15 that J € {23,44} in view of the fact
that u < —na(r —a)K3..

Let S be a surface in |—a; K| that contains P. Since pu > n/r, we see that
D+#8S.

Lemma 2.16. The point P is contained in Ui’:1 C;.
Proof. Suppose that P ¢ U§:1 C;. Then it follows from the proof of Theorem 5.6.2
in [5] that

2saja4 <nK§’( - ,u> =D-H-S>multp(D)s > s<n+ L ,u>s
as T

for some s € N and H € |-2sa4Ky|. This contradicts the inequality p > n/r.
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We may assume that P € Cy. Put
D-S=mC, + A,

where m is a non-negative integer and A is an effective cycle whose support does not
contain C;. Then it follows from Remark 2.12 that m < nd/(aad — asas) because
—KX . 04(01) = (d — CL3)/(CL3CL4).
The proof of Theorem 5.6.2 in [5] shows that there is a surface R € |—2sa4Ky|
such that
2sajay4 <—nK}°’( - 5) =R-AZ>multp(A)s > s(n + ; — = m),
2

where s € N. However, we have m < nd/(asd — asas), whence J = 23.

We have proved that X is a hypersurface of degree 14 in P(1,2,3,4,5) and O
is a singular point of type %(1, 1,3). Let M be a generic surface through P in the
linear system |—3Kx|. Then

S-M=C+ 7y,
where Z; is a curve with — Ky - Z1 = 1/5. We write
D-S=mC;+mZ; + 7,
where 77 is a non-negative integer and Y is an effective cycle whose support does not
contain the curves C; or Z;. Then m < 7n/15 by Remark 2.12, but u > n/4 and

%nfgufgm:MoT>multp(T)>Zn7ufm

because P ¢ Z;. The inequalities obtained lead to a contradiction.
Thus Theorem 1.15 is completely proved.

§ 3. Non-singular points

In this section we prove Lemma 2.4. We shall use the assumptions and notation
of that lemma. Let P be a smooth point of X such that the log pair (X, %D) is
not log canonical at P.

Lemma 3.1. Suppose that ay divides d and a; # as. Then —agagKg’( > 1.

Proof. Suppose that —asaz K% < 1. Let L be the unique base curve of the pencil
|—a1 Kx|, and let T be a surface in the linear system |—Kx|. Then D -T is an
effective 1-cycle and multp(L) = 1.

Suppose that P € L. Let R be a generic surface in |—a; Kx|. We write

D-T=mL+A,

where m is a non-negative integer and A is an effective cycle whose support does
not contain L. Then

—a1(n—am)K% =D-T-R—mR-L=R-A>multp(A) >n—m,

which is impossible because —alKg’( < 1. Thus we see that P ¢ L.
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Suppose that P € T. Then it follows from Theorem 5.6.2 of [5] that
ns > —sayasnKy = D -S-T > multp(D)s > ns

for some positive integer s and some surface S € |—saja3Kx|. Hence we see that
P¢T.

Let G be a generic surface through P in |—a2Kx|. Then G- D is an effective
cycle. By Theorem 5.6.2 of [5] one can find an integer s > 0 and an effective divisor
H € |-sasKx| such that

ns > —sazaznKy = D - H -G > multp(D)s > ns

because —asaz K% < 1. The resulting contradiction completes the proof.
We note that multp(D) > n (see [9]).
Lemma 3.2. Suppose that ay divides d and 1=ay #as. Then —azK3 > 1.

Proof. Suppose that —a3K% < 1. Arguing as in the proof of Lemma 3.1, we
see that P is not contained in the base locus of |-Kx|. Let T be the surface
in |—Kx| that passes through P. By Theorem 5.6.2 of [5] one can find an integer
s > 0 and a surface S € |-sa3K x| such that

ns > —saznKy = D -S-T > multp(D)s > ns.

This is a contradiction. The lemma is proved.
Lemma 3.3. Suppose that ay # as. Then —a1a4K§’( > 1.

Proof. Assume that —ajayK% < 1. Arguing as in the proof of Lemma 3.2, we see
that a; # 1. Then, arguing as in the proof of Lemma 3.1, we see that P is not
contained in the unique surface of the linear system |—Kx]|.

Let S be a surface through P in |—a; Kx|. We may assume that

multp(S) < ap

because P ¢ T and X is generic. Then S # D.

By Theorem 5.6.2 of [5] one can find an integer s > 0 and a surface H €
|—sas K x| such that H has a singularity of multiplicity at least s at P and contains
no components of D - S that pass through P. We have

ns > —sajaynKy = D-S - H > multp(D)s > ns

because —ajasK% < 1. The resulting contradiction completes the proof of the
lemma.

Taking into account the range of (a1, as,as,aq), we see that
Je{6,7,8,9,10,12, 13, 14,16, 18, 19, 20, 22, 23, 24, 25, 32, 33, 38}

by Lemmas 3.1-3.3. We now treat the remaining cases separately.
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Lemma 3.4. We have J# 6 and 1 # 10.

Proof. We may assume that J = 6 since the case J = 10 can be treated in a similar
way. It follows from [11] that X has singular points O; and O of type %(1,1,1)
such that there is a commutative diagram

/U : Y
v X ¢
\ ¢ - T
w 2 \\\s
P(L,1,1,4) - —————5—————— ~P(1,1,1)

where &, 1 and y are projections, « is a blow-up of O; with weights (1,1,1), v is
a blow-up with weights (1,1,1) of the point that dominates O, 7 is an elliptic
fibration, w is a double covering and o is a birational morphism that contracts 48
irreducible curves C1, ..., Cys.

The threefold U contains 48 curves Zi,..., Zss such that a(Z;) U a(C;) is the
fibre of the natural projection v over the point 1(C;). We put Z; = a(Z;) and
C; = a(C;). Let L be the fibre of the projection 1 that passes through the point P,
and let T, T» be generic surfaces through P in the linear system |—Kx|.

Suppose that L is irreducible. As usual, we write

D-Ty =mL+T,

where m is a non-negative integer and Y is an effective cycle whose support does
not contain L. Then m < n (see Remark 2.12), but

n—m=D Ty -To—mTy-L=T5-A>multp(A) >n —mmultp(L),

which implies that L is singular at P. Hence there is an irreducible surface T' €
|- K x| which is also singular at P. Now let S be a generic surface through P in
the linear system |—2Kx|. Then

2n=D-T-S >z multp(D-T) > 2n.

This contradiction shows that the curve L is reducible.

We have shown that L = C; U Z;. Write D|p, = miC; + moZ; + A, where
the m; are non-negative integers and A is an effective cycle whose support does not
contain C; or Z;.

In the case when P € C; N Z;, there is a surface T € |—Kx| such that T is
singular at P. Arguing as in the previous case, we obtain a contradiction. Hence

we may assume that P € C; and P ¢ Z,.

We have equations 612 = 75 = —3/2 and C; - Z; = 2 on the surface 7. Then

_ 1 3 — 1 3
0<A-Z¢=§n—2m1+§m2, n—mlgA-Ci:§n+§m1—2m2,
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and it follows from Remark 2.12 that mi + mo < 2n. Hence my < n. Therefore
the log pair (Tl,éi + %A) is not log canonical at P by Theorem 7.5 of [9] since
P ¢ Z,;. Then we have

multp(A|5i) >n,

again by Theorem 7.5 of [9]. Thus,

_ 1 _ I 1 3
n<A-C¢:§n—mlCZ-2—m2Zi-Ci:§n+§m1—2m2,

which is easily seen to contradict the inequalities obtained above.
Lemma 3.5. We have J # 12.

Proof. Assume that J=12. Then X is a hypersurface of degree 10 in P(
with singular points Py, Pa, Ps, Py of types = (1 1,1), (1, 1,1), %(1, 1,2
respectively. There is a commutative dlagram

/\112

where v is the natural projection, n is an elliptic fibration, as is a weighted
blow-up of P; with weights (1,1,2), a4 is a blow-up of P, with weights (1,1, 3),
B4 is a weighted blow-up with weights (1,1,3) of the point that dominates Py,
B3 is a weighted blow-up with weights (1,1,2) of the singular point that domi-
nates Pz, (5 is a weighted blow-up with weights (1, 1,2) of the singular point of the
ay-exceptional divisor, 3 is a weighted blow-up with weights (1,1,2) of the sin-
gular point that dominates Ps, and 75 is a weighted blow-up with weights (1, 1, 2)
of the singular point of the (34-exceptional divisor.

Let L be the fibre of ¢ that passes through P. Arguing as in the proof of
Lemma 3.1, we see that L is not the base curve of the pencil |—Kx|. It follows that
L does not pass through P; or Ps.

Since X is generic, the curve L is reduced and has at most double points out-
side Py. We have —Kx - L = 5/6, and there is a unique surface T € |—Kx]|
through P. The exceptional divisors of 75 and =3 are sections of the elliptic fibra-
tion 7).

Assume that L is irreducible. Write

> —
FE-
—

N

<\

D -T=mL+A,

where m is a non-negative integer and A is an effective cycle whose support does
not contain L. Let S be a generic surface through P in the linear system |—2Kx|.

Then 5 6
én — gm =S-AZzmultp(A) >n—mmultp(L) >n— 2m,
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which implies that m > n/2. However, m < n/2 (see Remark 2.12). Thus the
fibre L is reducible.

Let C be an irreducible component of L that passes through Ps, and let Z be
an irreducible component of L that is different from C. Then

1 1
-Kx-C= 7, —Kx-C>—,
3 4
Indeed, the curve Z does not pass through Ps because the exceptional divisor of
the birational morphism =3 is a section of the elliptic fibration 7.

Let C be the proper transform of C' on Us. Then

—4Kx - Z € N.

1
—KX-ng = —Ky, -C=0,

but there are only finitely many curves on Us whose intersection with the divi-
sor —Ky, is trivial. Hence we may assume that L = C + Z and —Kx - Z = 1/2.
The hypersurface X can be given by the equation

w?z + w(tQ +tfs(z,y,2) + fo(x,y,2)) + tfr(x,y,2) + fro(z,y,2) =0
C Proj(Cla,y, 2, 4, wl),
where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = 3, wt(w) = 4, and f; is a quasi-
homogeneous polynomial of degree i. Let R be the surface cut out on X by the

equation
wz + t2 + tfg(l',y, Z) = Oa
and let R be the proper transform of R on the threefold Uys. Then
. oo 6 10

o 6 o 5
R-Z7=2—E.Bs(7) - 2G-Z< —6Kx-Z—2—2,
FT Bs(Z) 3 X 6

where F and G are the exceptional divisors of ay and (5 respectively and Z is the
proper transform of Z on Uys. Hence Z is one of the finitely many curves that are
contracted by the natural projection X --» P(1,1,2,3), and we have L = C + Z
if —Kx -Z =1/4. We write

D|T =mcC +mzZ +,

where m¢ and mz are non-negative integers and (Q is an effective divisor whose
support does not contain C' or Z. We get a system of linear inequalities

Q-C = (multp(D) — mz multp(Z) — me multp(C)) mult p(C),
Q- Z > (multp(D) — myzmultp(Z) — me mult p(C)) mult p(2),

and —meKyx -C —mzKx - Z < 5n/12. Tt is easy to see that

5 7 7
/R Z=- 2= ——
4’ ¢ 4’ ¢ 12
on the surface T in the case when —Kx - Z = 1/4, and
4
7?=-1, C-Z=2 02:—§

if —Kx - Z # 1/4. Simple calculations now yield a contradiction.
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Lemma 3.6. We have J # 13.

Proof. Assume that J=13. Then X is a hypersurface of degree 11 in P(1,1,2,3,5).
The singularities of X consist of points Py, P, P3 of types %(171, 1), %(1,172),
1(1,2, 3) respectively.

Let L be the fibre of the projection X --» P(1,1,2) that contains P. The proof
of Lemma 3.1 shows directly that L is not the base curve of the pencil |[-Kx|. Tt
follows that P; ¢ L and the curve L has at most double points outside Ps.

Arguing as in the proof of Lemma 3.5, we see that L = C+Z, where C and Z are
irreducible curves such that C' # Z and either —Kx -C =1/50or —Kx - C =1/3.

Suppose that —Kx -C = 1/5. Then —Kx - Z = 8/15 and C' is one of the finitely
many curves contracted by the projection X --» P(1,1,2,3). The hypersurface X
is given by the equation

w’y +wy(x,y, 2, t) + h(z,y, 2,t) = 0 C P(1,1,2,3,5) = Proj(Clz, y, 2, t, w]),

where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = 3, wt(w) = 5, and g and h are
quasi-homogeneous polynomials. Let R be the irreducible reduced surface cut out
on X by the equation y = 0. Then R contains the curves Z and C and we have

4 6 2
c?=—= C-Z=—, 7= _=
5’ 5 15
on R. (These equations make sense since the surface R is normal.) We write
D|R =mcC+myZ + Q,

where m¢c and my are non-negative integers, and ) is an effective divisor whose
support does not contain C' or Z. Thus we get

4 6
gn+gmc—ng=Q'C>ﬂ—mC—mZa

8 6 2
1—5n75m0+1—5mZ:Q~Z>n7mcfmZ

in the case when P € C'N Z. However we have 3m¢+8myz < 11n/2 by Remark 2.12.
Hence P ¢ C'N Z and either

1 4
gn+gmc—ng:Q-C>n—mc and
8 6 2
—n— - — =0-Z2>0,
BT et e 0

or Q-C >0and Q- Z >n— myg, which leads to a contradiction.
We have shown that —Kx - C =1/3 and —Kx - Z = 2/5. Let a: U — X be
a weighted blow-up of the singular point P, with weights (1, 1,2). Then the proper
transform of C' on U is one of the finitely many curves on U whose intersection
with — Ky is trivial. Let S be the surface through P in |[-Kx|. Then
4 6
C?=——, C-7Z=27%=——
3 5
on S. Arguing as in the case when —Kx - C' = 1/5, we arrive at a contradiction.
The lemma is proved.
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Lemma 3.7. We have J # 14.

Proof. Assume that J=14. Then X is a hypersurface of degree 12 in P(1,1, 1,4, 6).

The singularities of X consist of a singular point O of type %(1, 1,1). Let ¢:
X --» P2 be the natural projection, and let L be the fibre of 1 that contains P.
Since —Kx - L = 1/2, we see that L is a reduced irreducible curve.

Let Ty and Ty be generic surfaces through P in |—Kx|. We write
D . T1 = mL —+ A,

where m is a non-negative integer and A is an effective cycle whose support does
not contain L. Then m < n by Remark 2.12. However,

n—m
2

=D- Ty - To—mIy - L=Ty - A > multp(A) > n—mmultp(L).

It follows that m > n if multp(C) = 1. Hence the curve C is singular at P and,
therefore, there is a surface T' € |— K x| which is also singular at P. We have

2n=D-T-S >z multp(D -T) > 2n,

where S is a generic surface through P in |-4Kx|. This is a contradiction.
Lemma 3.8. We have J # 16.

Proof. Assume that J=16. Then X is a hypersurface of degree 12 in P(1,1,2,4,5).
The singularities of X consist of three points of type %(1, 1,1) and a point O of

type £(1,1,4).
There is a commutative diagram

U ’ w - Y
| |
X _______ w_ _— = — >]P)(171,2)

where « is a weighted blow-up of O with weights (1,1,4), 3 is a weighted blow-up

with weights (1, 1,3) of the singular point of type %(1, 1,3), v is a blow-up with

weights (1, 1,2) of the singular point of type %(1, 1,2), n is an elliptic fibration, and
1 is the natural projection. The proof of Lemma 3.1 yields that ¢(P) is a smooth
point of P(1,1,2).

Let L be the fibre of ¢ that passes through P. Then L contains no singular
points of X of type 3(1,1,1). It follows that the curve L is reduced. Since X is
generic, we see that L has at most double singular points outside O. Let T" be the
unique surface through P in the linear system |—Kx|. Then L C T.

Assume that the curve L is irreducible. Write D - T = mL + A, where m is
a non-negative integer and A is an effective cycle whose support does not contain L.

Then 3 6
5n — gm =S-AZzmultp(A) >n—mmultp(L) >n— 2m,
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where S is a generic surface through P in the linear system |—2Kx|. We have
shown that m > n/2. But this is impossible since m < n/2 by Remark 2.12. This
contradiction shows that the fibre L must be reducible.

Let C be an irreducible component of L that minimizes the number —Kx - C.
Then we have —K x - C' = 1/5 because —Kx - L = 3/5. The hypersurface X can be
given by

w?z +wy(z,y, 2, t) + h(z,y,z,t) = 0 C P(1,1,2,4,5) = Proj(Clz, y, 2, t,w]),

where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = 4, wt(w) = 5, and g, h are generic
quasi-homogeneous polynomials. Let R be the surface cut out by the equation
z=0on X, and let R be the proper transform of R on W. Then

3a.

R=(a0f)(-2Kx) ~ 1°(B) - |

where F and G are the exceptional divisors of the birational morphisms « and (3
respectively.
Let C and C be the proper transforms of C' on W and U respectively. Then
oo 17 3 . 1 7 1

O=-_"fFg.C-ZGg.C<=-—-_—__°= .
R-C 5 5EC 4GC’\7 20 4<0

It follows that the curve C' is contained in the surface R. Since X is generic, it
follows that —Ky -C =0and E-C = 1.

Moreover, since X is generic, we also see that the surface T is quasi-smooth and
the curve L consists of two components, C' and Z, where Z is an irreducible curve
and —Kx - Z = 2/5. We have

6 8

02:—7 C'Z:— Z2:_

4
5’ 5’ )

on the surface T. Hence we arrive at a contradiction by repeating the proof of
Lemma 3.6.

Lemma 3.9. We have J # 18.

Proof. Assume that J=18. Then X is a hypersurface of degree 12 in P(1,2,2,3,5).
The singularities of X consist of 6 points of type %(17 1,1) and a point O of type
£(1,2,3).

It follows from [11] that there is a commutative diagram

;
U<——"—"—"W
a n
X-----=P(122)

where « is a weighted blow-up of O with weights (1,2, 3), 3 is a weighted blow-up
with weights (1,1, 3) of the singular point of type =(1,1,2), n is an elliptic fibration,
and 1 is the natural projection.

1
3
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Let C be the scheme fibre of v that passes through P, and let L be a reduced
irreducible component of C. Then

4
~Kx-C=2.  —10Kx-LeN

But the rational number —5K x - L is an integer unless the curve L passes through
a singular point of type %(1, 1,1). Thus we see that C = 2L whenever C' passes
through such a singular point.

Let T be the surface in |—Kx|, and let S and S be generic surfaces through P
in |—2Kx|. Then S and S are irreducible. We have S D L € S but S # D # 8.

Assume that L C T. Then C' = 2L and —Kx - L = 2/5. Since X is generic, the
singularities of L are at most double points. We write D|p = mL + Y, where m is
a non-negative integer and Y is an effective cycle whose support does not contain L.
Then we have

2 4
En T gm= ST 2 multp(Y) > multp(D) — multp(L) > n — 2m.

It follows that m > n/2. But m < n/2 by Remark 2.12, a contradiction.

We have shown that L ¢ T. Assume that C' = L. Then multp(L) < 2. We
write

D-S=mC+T,
where m is a non-negative integer and T is an effective cycle whose support does
not contain C. Then
4 8 . . .
En 5m:S~T > multp(T) > n — 2m.

It follows that m > n/2. But m < n/2 by Remark 2.12, a contradiction.

We have shown that C' # L but L does not pass through a point of type %(1, 1,1).
Since the threefold X is generic, it follows that C' = L+ Z, where Z is an irreducible
curve and Z # L. We write

D|S =mpL+mzZ +Q,

where my and my are non-negative integers and 2 is an effective divisor on S
whose support does not contain the curves L and Z. There is no loss of generality
in assuming that

—Kx - L<—-Kx-Z.

It follows that either —Kx-L=1/5and —Kx-Z=3/5,or —Kx-L=—Kx-Z=2/5.
Assume that —Kx - L = 2/5. Then L and Z are smooth outside O, and

4 4 4 :
gn_gmL— gT)’LZ :S|SQ>multp(Q) >n—1mrp—mgc.

It follows that my +m¢c > n. But mp +mec < n by Remark 2.12, a contradiction.
Thus we have —Kx - L = 1/5. The hypersurface X can be given by

w?z + wg(x,y, z,t) + h(z,y,2,t) =0 C P(1,2,2,3,5) = Proj(Clz, y, z, t, w]),
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where wt(z) = 1, wt(y) = wt(z) = 2, wt(t) = 3, wt(w) = 5, and g, h are generic
quasi-homogeneous polynomials of degree 7 and 12 respectively. Let R be the
surface cut out on X by the equation z = 0, and let R and L be the proper
transforms on U of the surface R and the curve L respectively. Then R - L < 0.
It follows that L € R D Z, the curve L is contracted by the projection X --»
P(1,2,2,3) to a point and the intersection L N Z contains no singular points of X
different from O.

Let Z be the proper transform of Z on the threefold U, and let 7: R — R be
the birational morphism induced by «. Then

where S is the proper transform of S on U.
Let E be the curve on R which is contracted by 7 to a point. Then

L*= -1, L-Z=L-E=1, Z == E°=-=" Z-E=-

on the surface R. It follows that L? = —29/35, L - Z = 43/35, Z? = —1/35 on the
surface R.
Suppose that P € LN Z. Then my, + 3mc < 5n by Remark 2.12. But

29 43

gn+£mL—£mZ:Q-L>n—mL—mZ,
2 43
gn—ﬁmL+£mZ:Q~Z>n—mL—mZ,

which leads to a contradiction. Hence cither L> P ¢ Z, or Z> P ¢ L.
Suppose that Z 3 P ¢ L. Then Q-Z > n —myz and Q- L > 0, which easily

yields a contradiction. Thus we see that L 5 P ¢ Z. Then
29 43 2 43 1
St omy - —my =Q-L>n— e —my=Q-2Z>0.
T HE AN T ST, g T gLt g

It follows that my < n. By Theorem 7.5 of [9], the log pair
1
(R, L+ 2oy Q)
n n
is not log canonical at P. Then multp(Q|z) > n by Theorem 7.5 of [9]. Thus we
see that Q- L > n, which easily yields a contradiction.

Lemma 3.10. We have ] # 19.

Proof. Suppose that J = 19. Then X is a generic hypersurface of degree 12
in P(1,2,3,3,4). Let T be the unique surface in the linear system |-Kx|, and
let S be a generic surface through P in the linear system |-6Kx|. Then P ¢ T
since otherwise

n=D-S-T>multp(D) > n.

Let H and G be generic surfaces through P in the linear systems |-2K x| and
|-3K x| respectively. Then

n=D-H-G>multp(D) >n
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provided that D # H. Hence we see that D = H, n = 2 and multp(D) > 3. Since
X is generic, an easy parameter count shows that the inequality multp(D) > 3 is
impossible in the case when P ¢ T', a contradiction.

Lemma 3.11. We have J # 20.

Proof. Suppose that J=20. Then X is a hypersurface of degree 13 in P(1, 1,
The singularities of X consist of points P, P, P3 of types 7(1 1,2), %(
S 1(1,1,4) respectively.

Arguing as in the proof of Lemma 3.2 and using Theorem 5.6.2 of [5], we see that
multp(D) < n in the case when the point P is not contained in the finitely many
curves contracted by the projection X --» P(1,1,3,4). Hence we may assume that
P is contained in one of the curves contracted by the projection X --» P(1,1, 3,4).
There is a commutative diagram

P
N e

where £ is a projection, a; is a blow-up of P; with weights (1,1, 2), a3 is a weighted
blow-up of P; with weights (1,1,4), 43 is a blow-up with weights (1,1,4) of
the singular point that dominates P3, 71 is a blow-up with weights (1,1,2)
of the singular point that dominates P;, and w is an elliptic fibration.

Let Z be the fibre of ¢ that contains P. Then Z = L + C, where L and C are
irreducible curves with —Kx - L = 1/5 and —Kx - C = 2/3. The curves L and C
are smooth at P.

Let S be a surface through P in the linear system |—Kx|. Then S contains L
and C'. One can assume that S is quasi-smooth.

We have L? = —6/5, C? = 2/3, and L - C = 2 on the surface S. Write

3,4,5).
1,1,3),

>P(1,1,4)

D|T = mLL + mCC + Q,

where mj and m¢ are non-negative integers and €2 is an effective 1-cycle whose
support does not contain L or C. Suppose that P € L N C. Then

1
371_5_5771L—2m(1:Q-L>n—mL—mC’

which leads to a contradiction. Hence we have shown that P € L and P ¢ C. Then
1

6
gn—i-gmL—2mc:Q'L>n—mL7

2 2
gn—ZmL—gmc:Q-C’>0

This also leads to a contradiction. The lemma is proved.
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Lemma 3.12. We have 1 # 22.

Proof. Suppose that J = 22. Then X is a generic hypersurface of degree 14
in P(1,2,2,3,7). Let T be the unique effective divisor in the linear system |—Kx|,
and let S be a generic surface through P in the linear system |-6Kx|. Then P ¢ T
since otherwise we have the contradictory inequality n = D - S - T > multp(D).

Let S be a generic surface through P in the linear system |—2Kx|. It is easy
to see that there is a surface S3 € |[-3K x| that also passes through P but contains
no components of the cycle D -.S;. Thus we have

n=D-85-S3 > multp(D) > n,

which contradicts the assumption. The lemma is proved.
Lemma 3.13. We have ] # 23.

Proof. Suppose that J=23. Then X is a hypersurface of degree 9 in P(1,2,3,4,5),
and the natural projection ¥: X --» P(1,2,3,4) is a finite morphism outside 21
smooth rational curves C, ..., Cs; such that ¢(C;) is a point and —Kx - C; = 1/5.

Arguing as in the proof of Lemma 3.1, we see that the point P is not contained in
the base locus of the linear systems |-K x|, | -2Kx|. Let R be a surface through P
in the pencil |[-2Kx|. Then the proof of Lemma 3.10 yields that R # D.

Suppose that P ¢ Ufil C;. Then it follows from the proof of Theorem 5.6.2
in [5] that there is a surface H € |—4sK x| that has multiplicity at least s > 0 at
the point P and contains no components of the effective cycle D - R, where s is
a positive integer. Then

56
ns > o5ns = H-D-R>multp(D)s > ns,

a contradiction. Thus we may assume that P € (.

Let M be a generic surface through P in |[-3Kx|. Then M - R = Cy + Z;, where
7y is an irreducible curve smooth at P and —Kx - Z; = 1/2.

It is easy to see that M # D. We write

D‘M =m101 —|—m2Z1 +T = —TLK)(|1\/[,

where m; and ms9 are non-negative integers and Y is an effective cycle whose support
does not contain C7 or Z;. The surface M is normal and smooth at P, but we have

C? =—- Zi=-1, C1-Z,=2

on M. We may assume that P € Z; since the case P ¢ Z; is simpler. Then
1 8
gn—i—gml —2mo =" -Cy >n—mq —ma,
1
5n—2m1 +mo =" 21 >n—mqy— mas.
Hence we have strict inequalities mq > n/2 and mo > n/2, which contradict the
inequality mq /5 + ma/2 < Tn/20 (see Remark 2.12). The lemma is proved.
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Lemma 3.14. We have 1 # 24.

Proof. Suppose that J=24. Then X is a hypersurface of degree 15 in P(1,1,2,5,7).
The singularities of X consist of a point P; of type 5 (1, 1,1) and a point P; of type
1(1,2,5).

It follows from [11] that there is a commutative diagram

U ’ w - Y
| |
X _______ w_ _—_— = = >P(171,2)

where « is a weighted blow-up of P, with weights ( 1,2,5
with weights (1,2, 3) of the singular point of type (1,
up with weights (1, 1,2) of the singular point of typ %
fibration.

Let L be the fibre of ¢ that passes through P. Arguing as in the proof of
Lemma 3.1, we see that L is not the base curve of |-Kx|. It follows that L
does not pass through P;. The singularities of L consist of at most double points
outside Ps.

Suppose that L is irreducible. Let T be a generic surface through P in the pencil
|-Kx|. We write D-T =mL + A, where m is a non-negative integer and A is an
effective cycle whose support does not contain L. Then

%n - gm =S -A>multp(A) >n—mmultp(L) > n —2m,
where S is a generic surface through P in |-2Kx|. Hence m > n/2, which is
impossible because m < n/2 by Remark 2.12; a contradiction. Thus the fibre L
is reducible.

The divisor —7K x is a Cartier divisor in a neighbourhood of L, but —7Kx-L = 3.
Hence L consists of at most 3 components, all components of L pass through Ps,
and there is a component C' of L such that —Kx - C = 1/7.

The hypersurface X can be given by the equation

5), B is a weighted blow-up
2,3), v is a weighted blow-
(1,1, ) and 7 is an elliptic

w?y +wg(z,y, z,t) + h(z,y,2,t) = 0 CP(1,1,2,5,7) = Proj(Clz, y, 2,t, w]),

where wt(z) = wt(y) = 1, wt(z) = 2, wt(t) = 5, wt(w) = 7, and g, h are quasi-
homogeneous polynomials. Let R be the surface cut out on X by the equation y =0.
Then

_ 8
R=a'(-Kx) - - E.

where R is the proper transform of R on U and FE is the exceptional divisor of a.
Let C be the proper transform of C' on U. Then

It follows that C' C R. Since X is generic, the curve C' must be one of the 12 curves
that satisfy —Ky-C=0and E-C = 1.
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The surface R is normal and L consists of two components, C' and Z, where Z
is an irreducible curve and —Kx - Z = 2/7. Then
23 31 15
2 2
== L7 == 72— _°
¢ 28’ ¢ 287 28
on the surface R. We write D|g = mcC + mzZ + ), where m¢ and my are
non-negative integers and 2 is an effective divisor on R whose support does not
contain C' or Z. Then m¢ + 2myz < 3n/2 by Remark 2.12.
Suppose that P € C'N Z. Then

LB g
7n 28mc 28mz— n—mc—mzg,
2 1 1

?n—z—smc+2—sz:Q~Z>n—mc—mZ,

which leads to a contradiction. Hence we have either C 3 P ¢ Z, or Z > P ¢ C.
Suppose that C 5 P ¢ Z. Then

1 2 1

?n+£m073—8m2:9~0>n77no,

2 31 15

N — — - =07 2 )

7" T g T g™ 0
which leads to a contradiction. Thus we have Z 5> P ¢ C. Then

1 23 31

= — - — =Q-C>0,

7 g™me T 98"

2 31 15

?n—2—8mc+%mZ:Q-Z>n—mZ.

It follows that me > 16. But me < 3/2 by Remark 2.12, a contradiction. The
lemma is proved.

Lemma 3.15. We have J # 25.
Proof. Suppose that J = 25. Then X can be given by the equation

wy + wg(x,y, z,t) + h(x,y,2,t) =0 C P(1,1,3,4, 7) 2 Proj(Clx, y, z, t, w]),

where wt(z) = wt(y) = 1, wt(z) = 3, wt(t) = 4, wt(w) = 7, and g, h are generic
quasi-homogeneous polynomials of degree 8 and 15 respectively.

Let ¢p: X --» P(1,1,3) and &: X --» P(1,1,3,4) be the natural projections.
Then £ is a finite morphism outside the smooth irreducible curves C4, ..., Cig that
are cut out on X by the equations

y=g(z,y,2t) = hz,y,2,t) =0,

and the normalization of the generic fibre of v is an elliptic curve. It follows from
the proof of Lemma 3.13 that multp(D) < n in the case when P ¢ U£1 C;.

We may assume that P € C. The fibre of ¥ over the point ¢ (C}) consists of two
irreducible components: let Z; be the one such that Z; # Cy. Then the curve Z;
is smooth at P.
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Let T be the surface cut out on X by the equation y = 0. Then P € C; C T
and the surface T' is normal. The intersection form of the curves C; and Z; on the
surface T is given by

9 1 9 11 17
Zl_—%, Cl_—ﬁ, Z1'C1—ﬁ-

We write D|r = mecCi+mzZy+Q, where me and myz are non-negative integers
and € is an effective divisor on T whose support does not contain C; or Z;. Then
me < 5n/4 and my < 5n/11 by Remark 2.12 because we have —Ky - Cy = 1/7
and —Kx - Z; = 11/28 respectively.

Suppose that P € C1 N Z;. Then

11 17
?TH_Q c ﬁmZ—Q-Cl>n—mc—mZ,
11 17 1
%n—ﬁmc+%mZ:Q-Zl>n—mc—mz.

It follows that mz > 5n/11, a contradiction. Hence we have P € C; and P ¢ Z.
Then

1 11 17

- it _ L -Q. _
7n+14mc 14mz Cy >n—mg,
11 17 1

- = — =0-Z; >0,

28” 14mc+28mz 120

which leads to a contradiction to the assumption. The lemma is proved.
Lemma 3.16. We have J # 32, J# 33, J # 38.

Proof. Suppose that J € {32,33,38}. The projection X --» P(1,a,as,a3) con-
tracts finitely many smooth curves. Let C' be one of them and let M be a generic
surface containing C' in the linear system |—aK x|, where a = 3 for J # 33 and
a =2 for J=33.

Let ¢: X --» P(1, a1, a2) be the natural projection, and let Z be the component
of the fibre of ¢ over the point (C) such that Z # C. Then

10 6 12
cC?=-=, Z?=-= C-Z=-= if 1=232,
7 7 7 !

9 24 12

c?=-Z, ZP=-—_, C-Z=Z= if 1=233,
7 35 7
11 1

02:_§7 22:_%, C-Z:§3 if 1=238

on the surface M. Arguing as in the proof of Lemma 3.13, we easily get a contra-
diction. The lemma is proved.

Thus we have shown that J € {7,8,9}.
Lemma 3.17. We have J# 9.

Proof. Suppose that J=9. Then X is a hypersurface of degree 9 in P(1,1,2,3, 3).
The singularities of X consist of points O1, Oz, O3 of type %(1, 1,2) and one singular
point of type 1(1,1,1).
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It follows from [11] that there is a commutative diagram

v X !
\ £ - T
w i/ \\\s
P(1,1,2,3) = = = = === — — — — - ~P(1,1,2)

where £, ¢ and x are projections, « is a blow-up of Oy with weights (1, 1, 3), 7y is the
composite of weighted blow-ups with weights (1,1,3) of the singular points that
dominate O and Og, the morphism 7 is an elliptic fibration, w is a double covering
and o is a birational morphism that contracts 27 smooth rational curves Cy, ..., Cor.

The threefold U contains 27 irreducible curves Zi, ..., Zo7 such that a(Z;) is
a curve and the union a(Z;) U «(C;) is the fibre of 1) over the point ¢(C;).

We put Z; = a(Z;) and C; = a(C;). Then
— — 2
-Kx - Z;=-2Kx-C; = 3

but O, € 62‘, O ¢ éi, O3 ¢ éi, O, §é 72‘, O, € Z,L' and O3 € 71

It follows from the proof of Lemma 3.1 that P is not contained in the base curve
of |—KX ‘

Let L be the fibre of ¢ that contains P. Since X is generic, it follows that L is
reduced and its singularities consist of finitely many double points. We easily see
that L = a(Z;) U a(C;) for some i if L is reducible.

Suppose that L is irreducible. Let T be the unique surface through P in the
linear system |—Kx|. We write D-T = mL+ A, where m is a non-negative integer
and A is an effective cycle whose support does not contain L. Then m < n/2.

We may assume that L is singular at P since otherwise we easily get a contra-
diction. Suppose that T is smooth at P. Then

n—2m=A-L>n-—2m,
which is a contradiction. Thus the surface T is singular at P and
n—2m=A-S5>multp(D)multp(T) —mS - L > 2n— 2m,

where S is a generic surface through P in |-2Kx/|, a contradiction.

Thus the curve L is reducible. We may assume that L = C;UZ; and the
surface T is quasi-smooth. Then C) = —4/3, Z. = —2/3 and Cy - Z; = 2 on
the surface T, but

Dir =miCi1 +meZ1 + Y = —nKx|r,

where m, and mso are non-negative integers and Y is an effective divisor whose
support does not contain the curves C'; or Z7.
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Suppose that P € Z,; N C;. Then

1 4 — _
§n+§m1—2m2 =T1-C; >n—mi—ma, gn—Zml—l—gmz =T-Z; >n—mj;—mas.
It follows that m; >n/2 and ms >n/2, but my/3 + 2ms/3 <n/2 by Remark 2.12,
a contradiction.
We may assume that C; > P ¢ Z; because the case Z; > P ¢ C is simpler.

Then

1 4 — 2 2 _

-n+-m;—2me="-Cy >n—myq, -n—2my+-me="-2Zy >0,

3 3 3 3
which gives m; < n because m1/3 + 2my/3 < n/2. Tt follows from the proof of
Lemma 3.9 that multp(Y - C1) > n, which implies that n/3 + 4m;/3 — 2mg > n.
The resulting inequalities are incompatible.

Lemma 3.18. We have J # 8.

Proof. Suppose that J= 8. Then X is a hypersurface of degree 9 in P(1,1,1,3,4).
Its singularities consist of one singular point O of type %(17 1,3). There is a com-
mutative diagram

B
U w
/ia \
Y /X\\ 7
\ ¢ - T~ /
w ‘/ \\\\ "
P(l,l,LS) ————————————— >P2

where £, 1 and x are projections, « is a weighted blow-up of O with weights (1, 1, 3),
0 is a weighted blow-up with weights (1, 1,2) of the singular point of type %(1, 1,2),
«v is a blow-up with weights (1,1, 1) of the singular point of type %(1, 1,1), nis an
elliptic fibration, o is a birational morphism that contracts smooth rational curves
C1,...,Ci5, and w is a double covering.

We put C; = a(C;). Then —Kx - C; = 1/4.

Let L be the fibre of v that passes through P, and let S be a generic surface
through P in the linear system |—Kx|. Then L is reduced and L C S.

Suppose that the curve L is irreducible. Arguing as in the proof of Lemma 3.5,
we see that L must be singular at P. Hence some surface T € |—K x| is singular
at P. We write D -T = mL 4+ A, where m is a non-negative integer and A is an
effective cycle whose support does not contain L. Then

3 3
= S-A Zmultp(A) > 2n —mmultp(L) = 2n — 2m.

It follows that m > n. But m < n by Remark 2.12, a contradiction.
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Thus the fibre L is reducible. Arguing as in the proof of Lemma 3.9, we see
that L = C; + Z;, where Z; is an irreducible curve and —Kx - Z; = 1/2. The
hypersurface X can be given by the equation

w?z + fs(x,y, 2z, )w + fo(x,y,2,t) =0 CP(1,1,1,3,4) 2 Proj(Clz, y, 2, t, w]),

where wt(z) = wt(y) = wt(z) = 1, wt(t) = 3, wt(w) = 4, and f; is a quasi-
homogeneous polynomial of degree i. Let R be the surface cut out on X by the
equation z = 0. Then

17 3 11
C? = —— 72 == C; Z;=—
¢ 20’ ¢ 5’ 10
on the surface R. We write D|g = mcC; + mzZ; + T, where me and my are
non-negative integers and Y is an effective cycle whose support does not contain
C; or Z;. Then
17 11 1 11

1 3
— — - — . > - — — — — 7> 0.
4n+ 20mc 1OmZ T-C; >0, 2n 10mc + 5mZ YT-Z;>20

It follows that mec < n and myz < n because mg + 2my < 3n by Remark 2.12.
Suppose that P € Z; N C;. Arguing as in the proofs of Lemmas 3.9 and 3.17,
we get

1 17 11
Zn+%mc_EmZ:TCZ>n_mZ7
1 11
gn—l—omc+ng—T-Zi>n—mc,

which contradicts the inequality m¢c + 2myz < 3n. Now the proofs of Lemmas 3.9
and 3.17 show that either

17 11 1 11 3
Zn+%mc—EmZ:T-C¢>n, in—ﬁmc—Fng:T-Zi}O,
or we have a system of linear inequalities
1 n 17 11 >0 1 11 n 3 -
T R T R B AT A S

In both cases we easily derive a contradiction. The lemma is proved.
Lemma 3.19. We have J# 7.

Proof. Suppose that J=7. Then X is a hypersurface of degree 8 in P(1,1,2,2, 3).
The singularities of X consist of a singular point @ of type %( 1,1,2) and 4 singular
points of type %(1, 1,1).

Let ¢: X --» P(1,1,2) be the natural projection. Then there is a commutative
diagram
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where « is a weighted blow-up of @ with weights (1, 1,2), 3 is a blow-up with weights
(1,1,1) of the singular point that dominates @, and 7 is an elliptic fibration.

Let C' be the fibre of v that passes through P. Arguing as in the proof of
Lemma 3.1, we see that C' is not the base curve of the pencil |—Kx|. It follows
that |— K x| contains a unique surface S that passes through P, and the curve C' is
reduced and contains no singular points of type %(1, 1,1).

Suppose that C' is irreducible. Then the singularities of C' consist of finitely
many double points outside Q). Arguing as in the proof of Lemma 3.5, we see that
C must be singular at P. Thus either the surface S is singular at P, or there is an
irreducible surface in |-2K x| which is singular at P. Arguing as in the proof of
Lemma 3.18, we obtain a contradiction. Hence C' is reducible.

Arguing as in the proof of Lemma 3.5, we see that C = L 4+ Z, where L and Z
are irreducible curves with L # Z and either

2
—KX~L:—KX-Z:§7
or —Kx-L=1/3 and —Kx - Z = 1. The proof of Lemma 3.9 shows that L is one
of the finitely many curves contracted by the projection X --» P(1,1,2,2). Then

L? = —— 72 =0, Z-L=2

on the surface S. Arguing as in the proof of Lemma 3.18, we obtain a contradiction.
The lemma is proved.

This completes the proof of Lemma 2.4.

8§ 4. Non-superrigid threefolds

We use the notation and assumptions of Lemma 2.10. Then X is not birationally
superrigid by Lemma 2.7. Let us show that J ¢ {27, 30,41, 68}.

Lemma 4.1. We have J # 30 and 1 # 41.

Proof. We may assume that J = 41 because the proof of the inequality J # 30 is
similar. Using the notation of §8, we can assume that O = O; by Lemmas 2.4
and 2.6.

Let G be the surface on X cut out by the equation w = 0, and let G be the
proper transform of G on U. Suppose that p > 3n/10. Then D # G and

0<-Ky-G-D= (a*(—KX) - ;)E) (a*(-10Kx) = 3E) - (" (—nKx) — p)

15p

4

It follows that p < 4n/15 < 3n/10.
Suppose that P is a smooth point of U. Then

1— 1 Itp(D 1
l<multp(-D+ (X -2)E :%JFH_,_
n n 5 n n 5
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It follows that multp(D) > 6n/5 — p. Let S be the unique surface through P in
the linear system |—Ky|. Then D # S.

Suppose that P ¢ UZil C;. Let H be a generic surface through P in [~10K7|.
Then H contains no components of the cycle D - S. It follows that

5 6
- = D-S-H —
n—gh= S-H> i
which is a contradiction. Thus there is a curve C; such that P € C;.

The fibre of the rational map 1 o a over the point 1/1( ) consists of the curve C;
and another irreducible curve C; such that —Kps - =1/5and E-C; =0. We
write

5-S:m0i+m@+A,

where m and T are non-negative integers and A is an effective cycle whose support
does not contain C; or C;. Let R be a generic surface through P in the linear
system |—4Ky|. Then

2 4 6
5n—u+5m:R~A> FN T B M.
It follows that m—4m/5 > 4n/5. But m+m < n/2 by Remark 2.12, a contradiction.
Thus the threefold U is singular at P. Let ¢: U—Ubea weighted blow-up of P
with weights (1,1,3). Then
D =.*(D) - vF,
where v is a positive rational number, F'is the exceptional divisor of the birational

morphlsm ¢, and D is the proper transform of D on U.
Let E be the proper transform of E on U. Then

y 1\« — 1 3 3
D+(M—5n>EEL*<D+(u—5n>E> —( —|—4u—20n)F

It follows that v > 2n/5 — 3u/4 because of [10].

Let 7 and T’ be generic surfaces in |—=K|. Then T-T" = L, where L is an
irreducible curve. We write D -T = eL + T, where ¢ is a non-negative integer and
T is an effective cycle whose support does not contain L. Then

} . .11 1
<P YT (D Teel)= —n——p— =+ =
0 ( eL) gt T3 +30

It follows that v < 3n/10 — 3p/4 4+ ¢/10. But v > 2n/5 — 3u/4. Then

3. 3+7>2 _3
10" 1" 10 gt

which is impossible because € < n by Remark 2.12. The lemma is proved.
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Lemma 4.2. We have J # 27 and 1 # 68.

Proof. We may assume that J = 68 because the proof of J # 27 is similar. Then
X is a hypersurface of degree 28 in P(1,3,4,7,14). It contains singular points Oq
and O, of type 1(1,3,4).

We may assume that O = O; (see Lemmas 2.4, 2.5). Then X can be given by
the equation

t2w + tf21($7y7 Z7’LU> + f28(w7y7sz) =0C P(L 3a 4» 77 14) = Proj((C[x,y, Zﬂf,ﬂ)]),

where wt(z) = 1, wt(y) = 3, wt(z) = 4, wt(t) = 7, wt(w) = 14 and f; is a quasi-
homogeneous polynomial of degree i. The point O is given by x =y =2 = w = 0.
There is a commutative diagram

1 X !
\ 5// \\\\¢
w ﬁ/ \\\s
P(1,3,4,14) = === === ——— — — — >P(1,3,4)

where £, ¥ and x are projections, v is a weighted blow-up with weights (1, 3,4) of
the point that dominates Os, the morphism 7 is an elliptic fibration, o is a birational
morphism that contracts 49 curves C1,...,C49, and w is a double covering.

Exceptional divisors of the birational morphism « o« are sections of 7, and U
contains 49 smooth irreducible curves Zi, ..., Zy9 such that «(Z;) is a curve and
a(Z;) U a(C;) is the fibre of the projection ¢ over the point ¢(C;). It follows that
—Ky-Z; =1)17.

Suppose that p > 3n/14. Let M be the surface on X cut out by the equation
w = 0, and let M be the proper transform of M on U. Then

M = o*(~14Kx) — 3E.

It follows that D # M. The divisor — Ky is numerically effective and big. Thus we
have

0< <Ky T D = (" (-Kx) = 1) - (0" (-14x) - 35) (" (-nfx) )
IR

It follows that p < 4n/21 < 3n/14. So the inequalities 3n/14 > u > n/7 hold.
Suppose that the threefold U is smooth at P. Then

multp(D) > %n — 1

and there is a surface S € |[—=3Ky| that contains P. Let T be the unique surface in
the linear system |—Kp|.
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Suppose that P € T. Then P ¢ U?il C;. In particular, one can show that there
is a surface H € [~84Ky| that contains P and does not contain components of the
effective cycle D - T'. Hence we have

2n—Tu=D-T-H > %nf,u.
It follows that u < n/7. But p > n/7 by [10], a contradiction.

This proves that P is not contained in 7. Let L be the unique curve on the
surface £/ = IP(1,3,4) which is contained in the linear system |Opy 3.4)(1)[. Then
P ¢ L=T-E. It follows that there is a unique smooth irreducible curve C C E
through P in the linear system |Op(; 3.4)(3)|. We write

Dlp=eC+ Y =17uL,

where ¢ is a non-negative integer and Y is an effective cycle on E whose support
does not contain C. Then

T — 3¢

1 :(7u—35)L-C:C-T>multP(T)>§n—u—5.

7
It follows that 11p +¢e > 32n/7. But € < 7u/3 because Y = (7u — 3¢)L. We have

40 32
—up =11 > —n.
3 H e -1
It follows that pu > 12n/35. This is a contradiction because p < 3n/14.

Suppose that P is a singular point of type i(l, 1,3). Let ¢: U — U be the
weighted blow-up of the point P with weights (1,1,3). Then

v

D =.*(D) — vF,

where v is a positive rational number, F' is the exceptional divisor of the birational
morphism ¢ and D is the proper transform of D on U.
Let E be the proper transform of £ on U. Then

. 1Y) « — 1 1 1
D—s—(u—?)EEL*(D—F(u—?n)E) — <y+4,u—28n)F.

It follows that v > 2n/7 — u/4 according to [10].
Let T be the proper transform of 7" on U, and let H be a generic surface in the
. We write D -T = eL + ®, where ¢ is a non-negative integer,

linear system |—3K
L is the base curve of the pencil [-3K |, and ® is an effective cycle whose support
does not contain the curve L. Then

9 uou u 1 1 9
O<H~<I>:H~(D~T75L):ﬁnfzufwaﬂe,

but v > 2n/7 — p/4, which implies that ¢ > n/3. The last inequality is impossible
since £ < n/3 by Remark 2.12.
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Thus P is a singular point of type 1(1,1,2). Let v: U — U be the weighted
blow-up of P with weights (1,1,2). Then

D =v*(D) - 6G,

where 6 is a rational number, G is the exceptional divisor of the birational mor-
phism v, and D is the proper transform of the surface D on the threefold U.
Let F be the proper transform of £ on U. Then

N 1 N — 1 2 2
D+ (,u—,?n)EEv*(D—i— (u—7n>E> — <9—|— 3u—21n)G.

It follows that 6 > 3n/7 — 241/3 according to [10].

Let S be a generic surface in |—4Ky|. Then T'-S = L, where L is an irreducible
curve such that a(L) is the base curve of the pencil |[-4Kx|. We write D - T =
eL+ VU, where ¢ is a non-negative integer and W is an effective cycle whose support
does not contain L.

Let 7 and S be the proper transforms on U of the surfaces T and S respectively.

Then ) .
vi(=Ky) - 3G, S =v*(—4Ky) — 3G

but 7- 5 = L, where L is the proper transform of the curve L. Write DT =elL+2
for some effective cycle = whose support does not contain the curve L. Then

N N N N 2 1 1 1

because S - L = 1/42. On the other hand, § > 3n/7 — 2u1/3. Therefore we have

T

1 2 1 1. 2 1 1/3 2
< —n
DS TR Lol M VAL L'

5

This is a contradiction. The lemma is proved.

We note that the approach used to prove Lemmas 4.1 and 4.2 may also be applied
to prove Lemmas 2.10 and 2.11.

§ 5. Singular points
In this section we prove Lemma 2.10. We shall use the hypotheses and notation of
that lemma. Suppose that P is a singular point of U. Let us derive a contradiction.
The point P is a singular point of type %(1, a, 7 — a), where @ and 7 are coprime
positive integers with 7 > 2a. Let #: W — U be the blow-up of P with weights
(1,a,7 — a@). Then

4
1 1 . i 1 1
~Kijy = ~K% - - _ 2O g -

a(r—a) Ta(F—a) ajasasay X ra(r—a) Fa(F—a)’
Let D be the proper transform of D on W. There is a rational number v such
that y
D = (aof)"(—nKx) — pb"(E) — vG,
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where G is the (-exceptional divisor. Then
1. 1) « 1— 1
Kw+-D+ (“)Eﬂ*(KU+D+ (’“‘)E) — G = —<G,
n n o r n nor
where F is the proper transform of E on W and € is a rational number. Then € > 0
because of [10].

Lemma 5.1. We have —K3, # 0.

Proof. Suppose that —K73, = 0. It follows from [11] that the linear system |—rKyy |
is free and induces an elliptic fibration : W — Y for » > 0. Then

0<D-C=-eG-C<0,

where C' is a generic fibre of the elliptic fibration 7. This contradiction proves the
lemma.

Thus it follows from [11] that either — K3, <0 or the anticanonical divisor — Ky,
is numerically effective and big.

Lemma 5.2. Suppose that _ng < 0. Then —Kw 1is not big.

Proof. Suppose that —Ky is big. Then it follows from [11] that we have the
following alternative:

1) either 3= 25 and O is a singular point of type %(1, 3,4),

2) or 3 =43 and O is a singular point of type %(1,4, 5).

Suppose that J = 43. Then the divisor — Ky — 40*(Ky) is numerically effective
(see [11]) and there is a surface H in the linear system |—2K x| such that

N 11 3
1 = (a0 )" (~2Kx) - 5 0°(B) - 3G,
where H is the proper transform of H on W. Hence
. . 5011
0<H-D-(—Kw —45"(Ky)) = §n—Zu—y.

This is a contradiction because v — n/3 + 3u/4 = ne > 0 and u > n/9.
Thus we see that J = 25. Tt follows from [11] that the divisor — Ky — 3v*(Ky)
is numerically effective and there is a surface R C W such that

R= (00 f)" (~Kx) — SB°(5) - 2C

and v+ 2u/3 — 3n/7 = ne > 0. Then

| . 5 8
0<KR-D - (—Kw—30 (KU)):?nfgu—V.

This is a contradiction because p > n/7. The lemma is proved.
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Let T be a surface in |[-K x|, and let P be the pencil generated by the divisors
nT and D. Then

EAnKWzﬂaoﬁf&mﬂk)f;ﬁ%E)f;G, (5.1)

where 5 is the proper transform of the pencil P on the threefold W.
Lemma 5.3. The divisor —Kyy is numerically effective and big.

Proof. Suppose that —Ky is not numerically effective and big. Then —K3, < 0
and — Ky is not big by Lemma 5.2. Tt follows from [12] that the equivalence (5.1)
almost uniquely determines* the pencil P.

Suppose that J € {45,48,58,69,74,79}. Then O is of type ;14(1,@1,&3) and X
can be given by

U}2Z + wf(:c,y,z,t) + g(ll?,y72’,t) =0C ]P)(17a17a27a37a4) = PI‘Oj(C[l’,y,Z7t,'IU]),

where wt(z) = 1, wt(y) = a1, wt(2) = aq, wt(t) = asz, wt(w) = a4, and f, g are
quasi-homogeneous polynomials. Let S be the surface on X cut out by the equation
z = 0, and let M be the pencil generated by the divisors asT and S. It follows
from [12] that P = M or P = |—a1 Kx|.

Suppose that P = |-a1Kx|. Then p = n/a;, which is impossible because
w>njag.

Thus we see that P = M. Let M be a divisor in M, and let M be the proper
transform of M on U. If M # S, then the following numerical equivalence holds:

M=o (M) - 2E.
a4
The inequality g > n/a4 implies that D =S. On the other hand, since X is generic,
we see from Lemma 8.12 and Proposition 8.14 of [9] that the log pair (X, a—125’) has
log canonical singularities at O, a contradiction.
Thus we see that J ¢ {45,48,58,69,74,79}. Suppose that J # 76. Then O is
a singular point of type 714(1’ ay,as) and X can be given by

’(1)22' —i—wf(a:,y,z,t) + g(x,y7z,t) =0C ]P)(].,(ll,(lg,(lg,a4) = PI‘Oj((C[ZL’,y,Z,t,’LU]),

where wt(z) = 1, wt(y) = a1, wt(2) = as, wt(t) = as, wt(w) = a4 and f, g are
quasi-homogeneous polynomials. Here O is given by the equations x =y = z =
t=0.

Let S be the surface on X cut out by the equation z = 0, and let M be the
sheaf generated by the divisors a2T and S. It follows from [12] and the numerical
equivalence (5.1) that either P = |—a; Kx| or P = M. But we have n # a; because
> n/ay. Thus we see that P = M and n = as.

Let M be any divisor in the pencil M, and let M be the proper transform of M
on U. If M # S, then

M

ar(M) - B p.
as

4For example, by [12], (5.1) implies that n = 1 if a; = 1.
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But u > n/ay. We see that D = S| but the log pair (X, éS) has log canonical
singularities at O according to Lemma 8.12 and Proposition 8.14 of [9] since X is
generic by hypothesis. This is a contradiction.

Thus we see that J = 76. Arguing as in the previous case, we easily get a con-
tradiction. The lemma is proved.

We have proved that J € {8,12,13, 16,20, 24, 25, 26, 31, 33, 36, 38,46, 47, 48, 54,
56,58, 65, 74, 79}.

Lemma 5.4. The case 1 ¢ {12,13,20,25,31,33,38,58} is impossible.
Proof. Suppose that 1 ¢ {12, 13,20, 25,31, 33,38,58}. Then

_ _ 1, _ [(n n
r=a4, r—a=az, T=r—a, a=a, 77,{:‘:1/—%(7’—&) —— i e

Suppose that J # 24. Then X can be given by the equation
w2z + wf(x,y,z,t) + 9(35»% Zat) =0C ]P(]-valva%a?naél) = PI'Oj((C[ZL',y, thaw])v

where wt(z) = 1, wt(y) = a, wt(z) = d — 2a4, wt(t) = a3, wt(w) = a4, the point O
is given by the equations x = y = z =t = 0, and f, g are quasi-homogeneous
polynomials. Then

d—r r—a

B (E) -

R=(aof) (~azKx) - G,
where R is the proper transform on W of the surface cut out by the equation z = 0
on X. Then D # R and

n Z?Zl ai  pd—r) v

ayasay a(r—a) af(

S]]
N—

=3

= —Kw-D-R>0.

SJ

)

It follows that 1 < n/r because € > 0, a contradiction.
Thus J = 24. We use the notation in the proof of Lemma 3.14. Then

= (00 ) (~Kx) — 20"(B) - 26,

where R is the proper transform of the surface R on the threefold W. We have

1 V-
%’nfﬁ[Lf*I/:wa~D°R20,

but ne = v+ 3u/5 —2n/7 > 0 and p < n/7. This leads to a contradiction. The
lemma is proved.

The divisor — Ky is numerically effective and big and we have J € {12, 13, 20, 25,
31,33, 38,58}. Then

r = ay, r—a=as, a=ai, F—a=as, as # as,

r—2a 2
nw—-n
r—a r

ne=v-+
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according to [11], and W has a singular point P # P of type %(17 a,7—a) such that
the diagram

U ° w : 4
X —m—— — — ;7777>P(1,a1,a2)

is commutative, where ) is a projection, 7 is a blow-up of P with weights (1,a,7—a),
and 7 is an elliptic fibration. Let F be the exceptional divisor of 7, and let G be the
proper transform of the surface G' on the threefold V. Then F and G are sections
ofnand G FP ¢ E.

Lemma 5.5. We have € < 1.

Proof. We may assume that J = 25 since the proof is similar in the other cases.
If J = 25, then

0 —Ki-D-E = (5(E)-16 ) (-5 (B)1G ) (8" (B)-v6) = T,

where O and P are singular points of types %(1,3,4) and %(17 1,3) respectively.
Then

—l—l 2 <2 2 <
ne=v+—p—-n<2u—-n<
i h=z

because the proof of Lemma 2.9 yields that p < 15n/56. The lemma is proved.

n

o~ =

Thus the singularities of the log pair (VV, %[) + (% — %)E + EG) are not log
canonical at some point @ € G.

Lemma 5.6. The threefold W is smooth at the point Q.

Proof. Suppose that W is singular at ). Then @ is a singular point of type
%(17 1,7 —1), where either ¥ =7 —a or ¥ =a # 1. Let w: W — W be a weighted
blow-up of @ with weights (1,1,# — 1), and let H be the proper transform of the
pencil P on the threefold W. Then H = —nkKy, by [10].

It follows from [12] and the equivalence H = —nkKy;, that n = ru = a;. But we
saw earlier that u > n/r, a contradiction. The lemma is proved.

The log pair (VV7 %D + (% — %)Eu' + €G> is not canonical at Q. It follows that

n+n/r—u—ne, if Q ek,

lto(D) > .
multo(D) {n—na, if Q¢ FE.

Lemma 5.7. There is a surface T € |[—Ky| such that Q € T.

Proof. If ay = 1, then the existence of a surface T' € |— K| passing through @Q is
obvious. Hence we may assume that a; # 1. Then J € {33, 38, 58}.
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Suppose that J = 38. Then there is a unique surface T' € |—Ky/|. Suppose
that @ is not contained in T'. Arguing as in the proof of Lemma 2.14, we see that

v

multg (D) < (a1 + a2)v/a;. Then

I/M>n— —ln — 1/—4—§ —gn
a 7 7))
but multg(D) > n 4+ n/r — pu — ne. Hence p > 55n/56 — 5v//2. But the inequality
—Kw - D > 0 and the proof of Lemma 2.9 yield that v < 10/7 and p < 9n/40

respectively.
The hypersurface X can be given by the equation

w2y + w(t2 + tf5($, Y, Z) + fl()(xa Y, Z)) + tfl?)(‘r,ya Z) + flS(Ivya Z) =0
C Proj((c[‘r’y7zat7w])7

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 5, wt(w) = 8 and fi(z,y,2) is
a quasi-homogeneous polynomial of degree i. Let S be the proper transform on W
of the surface cut out on X by the equation wy+ (t2+tf5(z, y, z) + fi0(z,y,2)) = 0.

Then 13
—G
5 b

but S =+ D. Since the divisor —Kyy is numerically effective, we see that

cooo 3 6 13

S=(aoB)*(~10Kx) — %ﬁ*(E) -

but v < 8u/5. It follows that v < 9n/35. We now easily obtain a contradiction.
This proves that J # 38.
Suppose that I = 33. Then X is a hypersurface of degree 17 in P(1,2,3,5,7),
O is a singular point of type %(1, 2,5), and P is a singular point of type £(1,2,3).
The proofs of Lemmas 5.5, 2.9 yield that v < 7u/5 and p < 17/70. Arguing as

v

in the proof of Lemma 2.14, we see that multg (D) < 5v/2. It follows that

§1/ >n— — 1n —|\v+ § — gn
2 g sH ")
whence 7v/2 + 8u/5 > 10n/7. The threefold X can be given by the equation

w22 + w(tQ + tf5(l’,y,2’) + flO(xvyaZ)) +tf12(x,y,z) + f17(xayaz) =0
C Proj(C[$7y7Z7t7wD7

where wt(z) = 1, wt(y) = 2, wt(z) = 3, wt(t) = 5, wt(w) = 7, and f; is
a quasi-homogeneous polynomial of degree i. Let S be the surface cut out on X by
the equation

wz + (tQ + tf5(xay7 Z) + flO(xa y7z)) = 07
and let S be the proper transform of S on W. Then

12
-G,

S =(aof) (~10Kyx) — gﬁ*(E) 3
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but the singularities of the log pair (X, {55) are log canonical by Lemma 8.12 and
Proposition 8.14 of [9]. Thus we see that S # D.
The divisor — Ky is numerically effective. Hence

0<—Kw-D-S==n——pu—2u,

but v < 7u/5. Then v < 34n/135 contrary to the inequalities p < 17n/70 and
Tv/2 4 8u/5 > 10n/7.

Thus we have J = 58. Then X is a hypersurface of degree 24 in P(1,3,4,7,10),
O is a singular point of type 7 (1 3,7), and P is a singular point of type (1 3,4).

The proofs of Lemmas 5.5 and 2.9 yield that v < 10u/7 and p < 6/35. Arguing
as in the proof of Lemma 2.14, we see that

1 4 1
> multg (D D) > n — 1™ ) T 1/—}—?#—371

since ne = v +4u/7 —n/5. It follows that 10v/3 4+ 11x/7 > 13n/10. Then

397”L>E > >£n
190"~ 35" 7 H 7 190

because v < 10u/7. The resulting contradiction completes the proof of the lemma.

It follows from [11] that |[~rKyw| has no base points for » > 0 and induces
a birational morphism w: W — W such that W is a hypersurface of degree 6as
with only canonical singularities in P(1, aq, as, 2as, 3a3).

Lemma 5.8. The morphism w is not an isomorphism in a neighbourhood of Q.

Proof. Suppose that w is an isomorphism in a neighbourhood of ). Then it follows
from the proof of Theorem 5.6.2 in [5] that there is a divisor R € |—2sajasKw|
such that multg(R) > s for some positive integer s, but the set Supp(R) contains
no components through @ of the cycle D-S. Then

4
25a1a3<n2i_1al p_ ¥ >R.D.T

a1a2a304 aiaz  ayaz

- — 2
Zmuth(D-T)s> <n—y—ﬂa3 a1 +TL>S
as aq

because @) ¢ E. For all possible values of J we easily see that this inequality cannot
hold because ne = v + (a3 — a1)u/as — 2n/ay > 0. The lemma is proved.

Thus there is a unique curve C' C W that contains @) and satisfies

1
Ky C=0, p(-Ky)-C=—, C-G=1.

Q4

It follows that J ¢ {33, 38,58} by Lemma 5.7. Hence we have J € {12,13,20,25,31}.



Log canonical thresholds of Fano hypersurfaces 767

We write D-T = mC +, where m is a non-negative integer and € is an effective
1-cycle whose support does not contain C. Then it follows from Remark 2.12 that

5 11 1 13

<on—p om<on-op om< Snegp,
ST S gt T ok S gt Tl
51 2
m< =n— -, m< =n —
7" 3k 3"

in the cases when J = 12,13, 20, 25, 31 respectively. We recall that G is a section of
the fibration 7.

Let ‘H be the pencil consisting of all surfaces through @ in the linear system
|—asKw|, and let H be a generic surface in H. Then C is the only curve in the
base locus of H that passes through ). Hence,

4
(7121:1 @ I v
an — —

a1a20a30a4 ajas ayas

) =H-Q>multg(Q) >n—v—pu

It follows that either J =12 or J = 13.
Lemma 5.9. We have J # 12.

Proof. Suppose that J = 12. Let R be a generic surface through @ in the linear
system |—2Kyy|. Then
Rlp=C+L+Z,
where L = G|r, Z is a reduced curve and P ¢ (3(Z).
Suppose that Z is irreducible. Then we have

4
22:—3, c?=-2, L*=-

| W

on the surface T'. As usual, we write
D‘T =mcC+mrL+mzZ + 7T,

where m¢, my, and mz are non-negative integers and Y is an effective cycle whose
support does not contain the curves C, L or Z.

Suppose that @ ¢ E. Then me > 2n/3 — myz/3 because
5

2 9 1 1 3 2
Gl T ghTV = R-D-T = mL—l—ng—i—R-T > mL+§mZ+§n—l/—§u—mL—mc,

but 4mz/3 = 2me — n/3 because Y - Z > 0. Therefore we have

2 7
— — > —
me > 3n+ 3mz = 12n—|— ZmC»

whence m¢e > 7n/6. But me < 5n/6 by Remark 2.12 since —Kx - a0 3(C) = 5/6.
This proves that Q € E. Then C C E and 5(C) € |Op(1,1,3)(1)]. But

5 2 o 1 1 7 5
En—gu—u =R-D-T= mL—l—gmz—i-R-T > mL—l—ng—l-Zn—V—g,u—mL—mc.
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It follows that m¢ > 11n/12 — p +mz/3. We have —Kx - a0 $(Z) = 5/6 and
Z - =2. But

5
gmz > 2me +2u — 6”

because Z-T > 0. Then myz > 3n/2. But mz < n/2 by Remark 2.12, a contradic-
tion.

. Therefore the curve Z is reducible. Then @ € Eand Z=2+7 , Where Z and
Z are irreducible curves such that

G-Z=G Z=-Ky-p(Z)=0
and —Kx - o 3(Z) = 7/12. It is easy to calculate that

. 4 N
77 =— 77 =C%=-2 L?=-Z
37 C ) 27

LC=2-C=4-2=2-C=1, L-Z=L-Z=0
on the surface T'. As in the previous case, we write
D|p =meC +mpL+mzZ + @,
where T, My, My are non-negative integers and ® is an effective cycle whose

support does not contain C, L or Z. Then

7
R|T~<I>>muth(<I>)>1n—u—gy—mL—mC

and ® - Z > 0. Clearly, *(—Ky)|p - ® > 0. Hence we see that

—— 11 4 1 4 S e + 5 e+ <
m —n — —-m —Mmy =2m - =n, m <
e} 12 1% 3 Zs 3 Z Cc T M 6 cTH

But these linear inequalities are incompatible. The resulting contradiction com-
pletes the proof of the lemma.

Lemma 5.10. We have 1 # 13.
Proof. Suppose that 1= 13. Then C' C E because otherwise

—Ty.

| Ot

11 1 1 7 1
2<30n6u21/> =H-Q>multg(Q) > sV gp—m
and, therefore, m > 2n/3 contrary to the inequalities m < 11n/15 — /2 and
w>n/5 We write -
D|y =mC + 17,

where 7 is a non-negative integer and Y is an effective cycle whose support does
not contain C. Then m < 5u/2 because 3(C) € |Op1,2,3)(2)| and the curve C' is
reduced, where F = P(1,2,3). Hence we have mt < 11n/12 because p < 11n/30.

Clearly, the log pair (W, %D + E 4 ¢@) is not log canonical at Q. Hence the log

pair
-2 1
v+ /3 n/BG +T>
n B n

(E,C+
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is not log canonical at @ by Theorem 7.5 of [9]. Then

5 7 1
g,u—uz(WC—i—T)-C’:T-C}muth(T\C) >en—v=gp

by Theorem 7.5 of [9]. It follows that u > 7n/10, but x < 11n/30, a contradiction.
The lemma is proved.

This completes the proof of Lemma 2.10.

§ 6. Quadratic involutions

In this section we prove Lemma 2.11. We shall use the hypotheses and notation
of that lemma. Suppose that d = 2r + a;. To prove Lemma 2.11, we must derive
a contradiction.

Lemma 6.1. We have J#9 and 1 # 17.

Proof. We may assume that J = 9 since the proof of J 2 17 is similar. We use the
notation from the proof of Lemma 3.17 and identify the point O with O;.

Suppose that g > 2n/3. Let G be the surface cut out by the equation w = 0
on X, and let G be the proper transform of G on U. Then

_;E> (@ (=3Kx)—2E)-(a (—nK x) —p1) = gn—Bu.

0<—-Ky-G-D= <a*(—KX)
It follows that u < n/2 < 2n/3, a contradiction. Thus p < 2n/3.
Suppose that P € C;. Let S be a surface through P in the linear system |—Ky|.

We write o
D-S=mC; +mZ; + A,

where m and 7 are non-negative integers and A is an effective cycle whose support
does not contain the curves C; or Z;. Let R be a generic surface through P in the
linear system |—2K|. Then we have

2 4
n—u—gm:R-A>§n—u—m,

whence m — 4m/3 > n/3. Put H = a(S). Then
2 [
c-=_2 Z‘:‘g’ Ci-Z;=2

on the surface H. On the other hand, if we write
D‘H = mél —|—m71 + Q= —’I7JI(X|H7

where € is an effective divisor whose support does not contain the curves C; or Z;,

then ) 5 )
0<Q-7:§n—m6i-7i—m7i2:gn—Qm—i—gm.

This contradicts the inequality m — 4m/3 > n/3. We see that P ¢ Ufil C;.
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Let L be the fibre of the rational map 1 o « over the point 1) o a(P), and let S
be a surface through P in the linear system |—Ky|. We write

D-S=mL+T,

where m is a non-negative integer and Y is an effective cycle whose support does
not contain the curve L. Let R be a generic surface through P in |[-2K|. Then

2 4
nfufgm:RoA>§n7ufm

because the curve L is smooth at P. Hence m > n. But Remark 2.12 yields that
m < n/2, a contradiction. The lemma is proved.

Lemma 6.2. We have J# 6 and 1 # 15.

Proof. We may assume that J = 15 since the proof of J # 6 is similar. Then O
is a singular point of type %(1,1,2) and X is a hypersurface of degree 12 in
P(1,1,2,3,6). We have a commutative diagram

b ,7

P(1,1,2,6) — — — — — — — — — — — — — ~P(1,1,2)

where £, ¢ and x are projections, v is a weighted blow-up with weights (1, 1, 2)
of the singular point of type %(1, 1,2), o is a birational morphism that contracts
rational curves C,...,Csq, 1 is an elliptic fibration, and w is a double covering.
Let S be the unique surface through the non-singular point P in the linear system
|—=Ky|. Then multp(D - S) > n — p.
Suppose that P ¢ Uffl C;. Let H be a generic surface through P in the linear

system |—~6K7;|. Then H contains no components of the effective cycle D-S. Hence,
— 4
2n—3u=D-S-H> 3N M

It follows that p < n/3. Hence there is a curve C; such that P € C;.
The fibre of the rational map v o over the point 1(P) consists of the curve C;
and an irreducible curve C; such that —Ky - C; = 1/3 and E - C; = 0. We write

E-S:mCﬁ-m@—i—A,

where m and m are non-negative integers and A is an effective cycle whose support
does not contain the curves C; or C;. Let R be a generic surface through P in the
linear system |—2Ky|. Then

2 2

4
gn—,ufgm:R'A>§nfu—m.

It follows that m — 2m/3 > 2n/3.
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We put S = a(S), Z = a(C;) and Z = a(Z;). Then S is a generic surface
of degree 12 in P(1,3,4,8), and the curves Z and Z are contained in S. We have

22 =7"=—- Z-Z=2

on the surface S. Write D g=mZ +mZ + Q, where Q is an effective divisor on §
whose support does not contain Z or Z. Then

o a1 4
0<Q~Z:gn—mZ-Z—mZ2:§n—2m+§m,

but m > 2n/3 + 2m/3. The resulting inequalities are incompatible. The lemma
is proved.

It follows from the equation d = 2r 4 a; that the threefold X can be given by
xfx] + l'if(l'[), x1,T2,T3, .’174) + g(fEO, x1,T2,T3, {)3'4) =0C PI'Oj((C[(EO, x1,T2,T3, .'174]),

where ¢ # j, a; = r, wt(zg) = 1, wt(zr) = ag, and f, g are general quasi-
lgomogeneous polynomials that do not depend on 2;. We put a3 = az4—;, G4 = a;a;,

d = 2a,. Then there is a commutative diagram

[e3

U X

|
gi €

v
Ve———P(l,a1,a2,a3,a4) - — 5 — — = P(1,a1,a2,a3)

where & and y are projections and ¢ is a birational morphism that contracts ratio-
nal curves Ci,...,C;, where | = a;a;(d — a;) Z?:l a; and V is a hypersurface of
degree d in P(1, a1, as, as, @4) with terminal singularities. Then —K x -a(Cy) = 1/a;.

Let M be the surface cut out on X by the equation z; = 0, and let M be the
proper transform of M on the threefold U. Since X is generic, it follows from
Lemma 8.12 and Proposition 8.14 of [9] that M # D.

Lemma 6.3. We have p < —ajnK%(r —a)a/(d —r) < n(d —r)/(ra;).

Proof. The inequality p < —a;nK% (r — a)a/(d — r) is trivial: we have
0<—-Ky-M-D= —ajan’( -

since the divisor — Ky is numerically effective. It remains to show that —a;nK% x
(r—a)a/(d—r) <n(d—r1)/(raj).
Suppose that —a;nK% (r —a)a/(d —r) > n(d —r)/(ra;). Then

d—
r < —ang}(

r—a)a  daj(r—a)a
ra; d—r (d —r)ajazazay’

but ajasazas > a;r(r — a)a. Thus we have (d —r)? < d(d — 2r), a contradiction.
The lemma is proved.
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We note that £ = P(1,a,r —a) and the linear system |Op(1,q,7—q)(1)| consists of
a single curve when a # 1. Taking into account the possible values of (a1, az, as, as),
we see that

a=1=13€{7,8,12,13,16, 20, 25, 26, 30, 36, 31,41, 47,54}
by Lemmas 6.1, 6.2.

Lemma 6.4. We have J# 7.

Proof. Suppose that J = 7. Then X is a hypersurface of degree 8 in P(1,1,2,2,3)
and O is a singular point of type %(1, 1,2). Let S be the unique surface through P
in the linear system |—Ky|. Then S is smooth at P.

The singularities of U consist of singular points Py, Py, P, P3 and Py of type

%(17 1,1) such that Py is a singular point of E. There is a commutative diagram
—— Y
X------- oo =PLL2)

where &; is a projection, ; is a blow-up of P; with weights (1,1,1), and #; is an
elliptic fibration.

Suppose that P ¢ Uizl C;. We easily see that the proper transform of the
surface F on the variety Y; is a section of the elliptic fibration n; if i # 0. Hence
there is a surface H € |-2Ky| such that

2 1 — — 4
Z(Snzu) =D-H-S>multp(D) > 3

This is a contradiction. Thus, we may assume that P € (.
Clearly, —Kx - a(Cy) = 1/3. Then

M‘S =C1+7; = (—2KU — E)|S,

where Z; is an irreducible curve and —Kx - «(Z1) = 1. We put L = E|g. Then

3 3
C}=-2, Zf:LZ:—§, C,-Zi=L-C =1, L-21=5
on the surface S. Write D|s = mcCy +mzZy +mp L+, where mc, mz and mp,
are non-negative integers and {2 is an effective cycle on S whose support does not
contain the curves Cy, Z; or L. Then

3

3 3
n—§u+§mz—§mL—mC:Zl'Q>0.

It follows that 3mz/2 > 3(p +mr)/2 + me — n. We similarly see that

3 3
§u—§mz+§mL—mC:L-Q>O.
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It follows that 3(u 4+ mp)/2 = 3mz/2 + me. We also have

4 4
gn—u—mL—mZ =(L+C1+Z1)-Q > multp(Q) > gn—u—mL—mc,
whence me > my and 4n/3 > p+ my + myz. This proves that myz < n/2 and
me < n/2.

By Theorem 7.5 of [9], the log pair

(s.0, Tats=r

/ 3L + Z + Q>
is not log canonical at P because m¢c < n. It follows that

1
Cy-Q 2 multp(Qle,) >n—mp —p+ 3"
by Theorem 7.5 of [9]. Hence m¢c > myz/2 + n/2. But we already know that
me < n/2, a contradiction. The lemma is proved.

Lemma 6.5. We have J # 8.

Proof. Suppose that J = 8. We use the notation from the proof of Lemma 3.18.
Let R be the proper transform of the surface R on the threefold U, and let S be
a generic surface through P in |—Kpy|. Then multp(S) = 1.

Suppose that P ¢ R. Then R|g is an irreducible curve. We denote it by Z.
Write ﬁ|s =mpF +myzZ + Y, where mp and my are non-negative integers, F is
a smooth irreducible curve with E|g = F, and T is an effective divisor on S whose
support does not contain the curves I’ or Z. Then

FQ:ZQ:—é, Z.F=2
3 3
on the surface S. Hence 4my /3 > 5(u+mp)/4—3n/4 because Y- Z > 0. We have

4 4 5 5
§u+§mp—§mZ:T-F>1n—,u—mF,

whence 7(pu +mp)/3 > 5n/4 + 5myz /3. Therefore we see that

It follows that mz > n. But Remark 2.12 implies that mz < n because
a*(—=Kx) - Z = 3/4, a contradiction.
Thus P € R. Suppose that P ¢ Ui'=1 C;. There is a surface H € |-3Ky| such

that

3 5 — — — 5

3l-n—-p|=D-H-R>zmultp(D) > —n— p.

4 3 4
It follows that u < m/4. But g > n/4 by [10], a contradiction. Thus, we may
assume that P € (1.
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Put B = E| and C1 + Z; = S|, where B and Z; are irreducible curves. Write
5|§ =mcCi+mzZ1 +mpB 4+,

where mc, Mz and mp are non-negative integers and (2 is an effective divi-
sor (on the surface R) whose support does not contain the curves Cy, Z; or B.
We easily see that

20 2

2 B.-Z == B-Cy=2,-Ci =1
37 3 1 3’ 1 1 1

on the surface R. Then 27z /3 > 2(mp + p) + Mc — n/2 because Q- Z > 0, but

3 5 1 1 5
-n— = — = - = = +Z1)-Q > Itp(Q2 -n — [ — —
4n 3u 3mz 3mB (Cq 1) multp () > 4n n—mp—mc

since the curve Z; does not pass through P. Therefore we have

_ _ _ 1 1_ 4
my = 2(mp + p) +me — §n> gmz—i—gu,

[N )

whence Mz > 4u > n. On the other hand, we have

9 5
1n—5u—mz—m3=3(Cl+Zl)-Q>multp(Q) > zn—u—mg—mc,

whence m¢o > myz + 4 —n > n. But Remark 2.12 implies that m¢c + 2myz < 3n
because a*(—Kx)-Z; = 1/2 and o*(—Kx)-C; = 1/4, a contradiction. The lemma
is proved.

Lemma 6.6. We have J # 12.

Proof. Suppose that 3J=12. Then X is a hypersurface of degree 10 in P(1,1,2,3,4),
and O is either a singular point of type %(1, 1,2) or a singular point of type %(1, 1,3).
Let S be a surface through P in the pencil |—Kp|. Then S is smooth at P.
Suppose that P ¢ U2:1 C;. Then we have u < n/r because the proof of Theo-
rem 5.6.2 in [5] yields that there is a surface H € |—s(7 — r)Ky| such that

) — _
s(7—a)(12n—rﬁa> =D-H-S>multp(D)s > (n—k?—u)s,

where s is a positive integer. But we have p > n/r by [10], a contradiction.

We may assume that P € C;. Let R be a generic hypersurface through P in the
linear system |—2Ky|. Then R-S = Ci + Z + L, where Z and L are irreducible
curves such that L C E and Z # Cy. We write

E|S = mCCl + mZZ + ’ITLLL + T,

where m¢c, myz and my are non-negative integers and Y is an effective divisor
(on the surface S) whose support does not contain the curves Ci, Z or L.
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Suppose that r = 3. Then C? = —2, Z? = —1 and C; - Z = 2 on the surface S.
Therefore we have
5

4
gn—u—mZ:R-(T+mLL)>gn—u—mc

because R - L > 0. Thus we have m¢e > n/2 +myz. But
1
in—ch—l—mZ:(Q—i—mLL)-Z}O.

This leads to a contradiction because m¢ > n/2 +my.
Thus we see that r = 4. Then Z2 = L2 = —-4/3, C} = —2and L-C, = Z-Cy =
Z-L =1, but

5 — 2 2 2 2 5)
én—u:R-D-S:§mL+§mZ+R-T> gmL—l—ng—&—Zn—u—mc—mL.
It follows that me > 5n/12 + 2myz /3 — (u+ myg)/3. But

4 4 5
gu:L-(mcCl +mzZ+mpL+7T)> —gmL—l—mZ—l—mc—i-Zn—,u—mL—mC.

Therefore 7(pu +myp)/3 > 5n/4 + my. We have u+ my < %n — myg and %mz >

(b+mp)+me — %n because —Ky - YT > 0and Y- Z > 0 respectively. So we have

myz > n/2 because
3mz 1% mryp, 6n 3mZ 3 1% mry, 7 4Tl mz 67?, 3mz.

But it follows from the proof of Theorem 5.6.2 in [5] that

5 1 ) 5
33(1271_ gM—Tn,L —mZ> =M -1 > multp(D)s > (4n_M_mL _mC>8

for some integer s > 0 and some surface M € |-3sKy|. We have m¢c > myz and
1 > (p+mp) + ! > 25 + + !
-m m mgz——=n>=|-n+m mz — —n
3z K L Z7 1 7\ A z=19™
whence my < n/2. This contradicts the previous inequality mz > n/2. The lemma
is proved.

Lemma 6.7. Suppose that 1 = 13. Then O is a singular point of type %(1,2,3).

Proof. Suppose that O is not a singular point of type %(17 2,3). Then O is a singular
point of type %(1, 1,2). Let S be a surface through P in |~Ky|. Then D # S by
Lemma 2.3.

Suppose that the birational morphism ¢ is an isomorphism in a neighbourhood
of P. Then it follows from the proof of Theorem 5.6.2 in [5] that one can find an
integer s > 0 and a surface H € |—5sKy| such that

11 1 — — 4
Cm—Zul=D-H-S> -n— .
5s<30n 2”) D-H-S>multp(D)s > (3n u)s

It follows that 4 < n/3. But this is impossible since p > n/3 by [10].
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We see that o contracts some irreducible curve passing through P. This curve is
actually unique. We denote it by L. Then P € L and —Ky - L = 0. The curve L
is smooth and rational.

Let H be a generic surface through P in the linear system |—2K7|. There is an
irreducible curve C' C U such that H|g = L + C. Then

6
’=-2, L-C=2, 02:_5
on the surface S. We write D|s = mpL + mcC + Q, where my, and m¢ are
non-negative integers and € is an effective divisor whose support does not contain
Lor Z. Then P ¢ C and

1 4
§n7u72m0+2mL:Q~L>gnfmume,

but 2n/5 — 2my, 4+ 6mc/5 = Q- C > 0. This easily leads to a contradiction. The
lemma is proved.

Lemma 6.8. We have J # 16.

Proof. Suppose that 3J=16. Then X is a hypersurface of degree 12 in P(1, 1, 2,4, 5),
and O is a singular point of type %(1, 1,4). Let S be the unique surface through P
in the pencil |—Ky|. Then S is smooth at P.

Suppose that P ¢ Uézl C;. Then there is a surface H € |—4Ky| that passes

through P and contains no components of the effective cycle D - S. Then
3 1 — _ 6
4{ —n——-p :D~H-S>multp(D)>gn7u.

This leads to a contradiction. Thus we may assume that P € C;. Then C; C S.
Let ¢: X --» P(1,1,2) be the natural projection, and let F' be the curve cut out
on the surface S by the divisor E. Then the fibre of the rational map v o« over the
point ¢ o a(P) consists of the curves F' and € and another irreducible curve Z
such that
5 9 3

ZQ:FQ:—Z, C? = -2, Z-C,=F-C, =1, Z.F:1

on the surface S. It is easy to see that P = F'N (. We write
ﬁ‘s = mcCl + mFF + mZZ + Q,

where m¢, mpr and my are non-negative integers and ) is an effective cycle whose
support does not contain the curves Cy, F or Z. Then the linear system |—4Ky|
contains a surface M that passes through P and contains no components of €.
We have

3 1 1 1 6
4(10n—4,u—4mz—4mp> = M|g-Q > multp(Q) > gn—u—mp—mc.
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It follows that m¢e > myz. On the other hand, we have

3 1
o Ih= —Kyls - (mcCr+mpF +mzZ +Q)

mr+mg

7KU|5~(m001+mpF+mzz): 1

It follows that mp +mz < 6n/5 — p. We similarly have

g +§m fém —mg =2 F>§n7 —mgc —m
gP T T Mz c = 5 K c F
whence 9(pu + mg)/4 > 6n/5+ 3mz /4. Since Q- Z > 0, it follows that

-my =

1 —u+mec+ —mp— -n.

4 4 5
But mz < 3n/4 by Remark 2.12 because —Kx - «(Z) = 2/5. Thus we have

9/6 9 6 3
2 on—n) = lurme) > on+ Smy,

1\5 1 5" T

15 >5 3 LB 2 8., .3
—n=-my = m mp — -—n m mp — —n.
16 7 Z ghmme Ty me =g 2 g ez e Ty

But these linear inequalities are easily seen to be incompatible, a contradiction.
The lemma is proved.

Lemma 6.9. We have J # 25.

Proof. Suppose that J=25. Then X is a hypersurface of degree 15 in (1, 1, 3,4,7),
and O is either a singular point of type 3 1(1,1,3) or a singular point of type % (1 3,4).

Suppose that O is of type Z(lv 1, 3). Let S be the unique surface through P in
the pencil |—Ky|. Then D # S.

Suppose that the birational morphism ¢ is an isomorphism in a neighbourhood
of P. Then the proof of Theorem 5.6.2 in [5] shows the existence of an integer s > 0
and a surface H € |—7sKy| that has multiplicity at least s at P and contains no
components through P of the cycle D - S. Then

5 1 — — 5
-yl =D-H -S> -n — .
7s<28n 3u> D-H-S>multp(D)s > <4n u)s

This contradicts the inequality p > n/4 which follows from [10].

Thus o is not an isomorphism in a neighbourhood of P. Then there is a unique
irreducible curve L C U such that P € L and —Ky - L = 0. The curve L is smooth
and rational.

Let H be a generic surface through P in the linear system |-3Ky|. Then H|g =
L + C, where C is an irreducible curve such that

L? = -2, L-C=2, 02:_2
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on the surface S. We write D|s = mpL + mcC + Q, where my, and m¢ are
non-negative integers and € is an effective divisor whose support does not contain
Lor Z. Then P ¢ C and

1 5
1n—u—2m0+2mL:Q-L>Zn—mu—mL,

2 8
-n—2 - =Q-C>=0.
7n mr, + 7mc
This easily leads to a contradiction.
Hence the point P is a singular point of type %(1, 3,4). Let T be a generic surface
in the pencil |—Ky|.
Suppose that P € T. The base locus of the pencil |- K| consists of irreducible
curves C and L such that C = E|r and L = M|r. Then
7 - 8

72 — J—
C ' =[?=_"_ L. C=—

127 12

on the surface S, but o*(—Ky) - L = —K%. We write D|7 = m,L +mcC + Y,
where M, and M¢ are non-negative integers and T is an effective divisor (on the
surface T) whose ~support does not contain the curves L or C. The inequalities
YT -L>0and T -C > multp(Y) imply that

Q( +m)>§n+2m g( +m)<in+lm
12# le} 7 3L, 3/~L 0\28 oML
whence M, > n. The last inequality contradicts Remark 2.12.

Thus P is not contained in 7. Then p > 24n/70 by Lemma 2.14. But we have
< 15n/56 by Lemma 6.3, a contradiction. The lemma is proved.

Lemma 6.10. We have J # 26 and 1 # 36.

Proof. We may assume that J = 36 because the proof of J # 26 is almost the same.
Then X is a hypersurface of degree 18 in P(1,1,4,6,7), and O is a singular point
of type %(1, 1,6). There is a unique surface through P in the pencil |—Ky|. We
denote this surface by S.

Suppose that P ¢ Ui:l C;. It follows from the proof of Theorem 5.6.2 in [5] that
one can find an integer s > 0 and a surface H € |—6sKy| such that multp(H) > s
and H contains no components through P of the cycle D - S. Then

3 1 — 8
2 m—Zu)\=D-H-§> -n — .
65(28n 6”) D-H-S>multp(D)s > <7n u)s

This is a contradiction. Hence P € Uézl C;. We may assume that P € (.
Put L = Oy and C = E|g. Then M|s = L + Z, where Z is an irreducible curve.
Let us find the intersection form of the curves C', L and Z on the surface S. This

is easy. We have

Z2:C2:_g, L? = -2, Z-L=C-L=1, Z-C’:g.
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The point P is the intersection point of the curves L and C. We put
E|S =mrL+mcC+mzZ + €,

where my, mc and my are non-negative integers and () is an effective divisor
whose support does not contain the curves L, C or Z. It follows from the proof of
Theorem 5.6.2 in [5] that one can find an integer s > 0 and a surface H € |[—6sKy|
such that multp(H) > s and H contains no components through P of the support
of the effective cycle 2. Then

3 1 1 1 8
63(28n— Gh—gme - 6mz> = Hls-Q > multp(Q)s > (771—#—”% _m0>3~

It follows that my > n/2 + myz. But my < 3n/4 by Remark 2.12. We have

3 1
%nféu 7KU‘S~(mLL+mcC+m2Z+Q)
mc+m
_KU‘S . (mLL +mcC+mzZ) = %
Hence me + mz < 9n/14 — u. We similarly have
7 5 8
6u+6mc—6mz—mL:Q~C>?n—,u—mL—mc.

It follows that 13(u + me)/6 > 8n/7 4+ 5bmz /6. The inequality € - Z > 0 implies

that
2 5 5

?n—g,u my, — 6mc+6mz>0.
Hence we have Tmyz/6 > 5u/6 + mp + 5bme/6 — 2n/7. But mz < 3n/8 by
Remark 2.12.
It follows from Lemma 6.3 that 18n/77 > u > n/7. The resulting system of
linear inequalities

13 8 5
E(M+mc) > §n+6mz,
21 7 5 5 2
473”> 6mz/ 6u+mL+6mc—;n
9 3 1 18 1
mc—i—ngﬁn—y, Zn}mL>§n+mZ, ﬁn/ﬂ>7n

is easily seen to be incompatible, a contradiction. The lemma is proved.
Lemma 6.11. We have J # 31.

Proof. Suppose that J=31. Then X is a hypersurface of degree 16 in P(1, 1, 4,5,6),
and O is either a singular point of type £ L(1,1,4) or a singular point of type 5 (1, 1,5).

Let S be a surface through P in the pencil |[-Ky|. Then D # S, and the
argument used to prove Lemma 6.10 yields that P € C; C S.
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Suppose that O is a singular point of type %(17 1,5). Arguing as in the proof
of Lemma 6.10, we arrive at a contradiction. Hence O is a singular point of type
£(1,1,4).

Let w: U --» P(1,1,4) be the composite of the weighted blow-up « and the
natural projection, and let L be the component of the fibre of w over the point
w(C) such that L # Cy. We write

D|s=mCy +m'L+ 7,

where m and m’ are non-negative integers and Y is an effective divisor whose sup-
port does not contain the curves L or Cy. The curve L is smooth and P ¢ L. Using
the inequalities T+ L > 0 and T - C; > multp(Y), we easily obtain a contradiction
because we have L? = —2/3, C? = -2, and L-C; = 2 on the surface S. The lemma
is proved.

Lemma 6.12. We have 1 # 20.

Proof. Suppose that J = 20. Arguing as in the proof of Lemma 6.10, we see that
O must be a singular point of type %(1, 1,3). Then we easily get a contradiction as
in the proof of Lemma 6.11. The lemma is proved.

Lemma 6.13. We have 1 # 47 and 1 # 54.

Proof. We may assume that J = 47 because the proof that J # 54 is similar.
Then X is a hypersurface of degree 21 in P(1,1,5,7,8) and it follows from
Lemma 2.8 that O is a singular point of type %(17 1,7).

Let T be the unique surface through P in the pencil |[=Ky|. Then D # T.

Suppose that P ¢ Ué:l C;. Then it follows from the proof of Theorem 5.6.2
in [5] that one can find an integer s > 0 and a surface H € |-7sKy| such that the
multiplicity of H at P is greater than or equal to s and H contains no components
through P of the effective cycle D - T. We have

21 — — 9
s<40n—,u> =D-H-T>multp(D)s > 8(8n—u)s.

This contradicts the inequality x> n/8. Thus we may assume that P € C}.

We write D - T = mC; + A, where m is a non-negative integer and A is an
effective cycle whose support does not contain Cy. It follows from the proof of
Theorem 5.6.2 in [5] that one can find an integer s > 0 and a surface R € |-7sKy/|
such that multp(R) > s and R contains no components through P of the effective
cycle A. Then

21 9
5<40n,u> =R-AZ>multp(A)s > s(Snum>.

It follows that m > 3n/5. But we have m < 3n/5 by Remark 2.12 because
a*(—Kx)-Cy =1/8, a contradiction. The lemma is proved.

Lemmas 6.1, 6.2, 6.4-6.6, 6.8-6.13 yield that
1€ {13,18,23,24, 32,38, 40, 42, 43, 44, 45, 46, 48, 56, 58, 60, 61, 65, 69, 74, 76, 79}
and a # 1. Let T be a generic surface in |[~Ky|. Then T|g € |Op(1,q,r—a)(1)]-
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Lemma 6.14. The point P is contained in the surface T.

Proof. Tt follows from Lemmas 2.14 and 6.3 that P € T if 1 ¢ {13,24}. Therefore
we may assume that J € {13,24} and P ¢ T. Let us derive a contradiction.

Let L be the unique curve in the linear system [Op(1 4,r—q)(1)|. Then P ¢ L
because P ¢ T. Hence there is a unique smooth irreducible curve C' through P in
the linear system |Op(1 q,r—q)(a)|. We write

D|p =6C+ 7Y =ruL,

where § is a non-negative integer and Y is an effective divisor (on the surface E)
whose support does not contain C. Arguing as in the proof of Lemma 2.14, we see
that 0 < ru/a. Hence § < n by Lemma 6.3.

The log pair (E, +D|g) is not log canonical at P (see Theorem 7.5 in [9]). Since
§ < m, it follows that the log pair (E,C + 1Y) is not log canonical at P. Again
using Theorem 7.5 of [9], we see that

—ad
RS TRTAY ol > multp(Ye) > .
r—a r—a
It follows that u > n(r — a)/r. This inequality is impossible by Lemma 6.3. The

lemma is proved.

It follows from easy calculations (see the proof of Theorem 5.6.2 in [5]) that

1
TNEN|JCi# o < I€{43,46,69,74,76,79}.

i=1
Lemma 6.15. The case 1 ¢ {13,24,32,43,46} is impossible.

Proof. Suppose that J ¢ {13,24,32,43,46,56}. It follows from the proof of Theo-
rem 5.6.2 in [5] that one can find an integer s > 0 and a surface H € |—sajasKy|
such that multp(H) > s and H contains no components through P of the cycle
D - T except possibly for one of the curves C1,...,C).

It is easy to see that 1 € {69,74,76,79} and P € Ui’:1 C; since otherwise we
obtain a contradiction from the inequalities

sayas (—nKi - M) =D -H-T>multp(D)s > (n + 2 u)s.
a(r —a) r
We may assume that P € C;. Write D-T = mC + A, where m is a non-negative
integer and A is an effective cycle whose support does not contain Cy. Then

sayas (an( — a(rlu—a)> =H-A>multp(A)s > <n+ ; —p— m>5.

This is impossible because m < —a;nK% by Remark 2.12.
This shows that J = 56. As in the previous case, one can find an integer s > 0
and a surface H in the linear system |—24sKs| such that
1

1 _ — 12
- —p) =D -H-T > mul Zn—pu)s.
243(22n 24u) D-H-T > multp(D)s > <Hn u)s

This contradicts the inequality ¢ > n/r. The lemma is proved.
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Thus J € {13,24,32,43,46}. We successively treat these cases.
Lemma 6.16. We have 1 # 13.

Proof. Suppose that J = 13. Then the point O is a singular point of type %(1, 2,3)
by Lemma 6.7, the base locus of the pencil |~ K| consists of curves C and L with
C = E|r, and a(L) is the base curve of the pencil |~Kx|. The curves C and L are
irreducible and we have

5 _

:E‘Z:—é, L-C=1

62
on the surface 7. We write D|r = mrL + mcC + Y, where my, and M are

non-negative integers and T is an effective divisor whose support does not contain
L or C. Then

11 11 - — 11 11
—n——p=(6L+5C) (M L+mcC+7T)= ch+(6L+5C)-T > gmc.

It follows that M < 6n/5 — p. Thus we have M < n because p > n/5.
Suppose that P ¢ L. Then it follows from Theorem 7.5 of [9] that the log pair

. m 1
<S,C+ mLL+T)
n n

is not log canonical at P because mc+p—n/5 < n. Hence we have multp(Y|5) > n
by Theorem 7.5 of [9]. Therefore,

5 5 5 _ 5 —
6#"'677102 gu—mL+6mc=T-C>n.
This is impossible because m¢c < 6/5 — p. Thus we see that P = LnC.

Write D|57 = mL + 2, where m is a non-negative integer and (2 is an effective
divisor whose support does not contain L. Then L? = 1/6 on the surface M. But
we have m < n by Remark 2.12 because o*(—Kx) - L = 11/30.

Arguing as in the case when P ¢ L, we see that multp(Q|;) >n. We have

11 — -

1 !
%n—u:D~L:6m+Q~L>6m+n.

It follows that m < 0, a contradiction. The lemma is proved.
Lemma 6.17. We have 1 # 24.

Proof. Suppose that J=24. The base locus of |- K| consists of irreducible curves
L and C such that «(C) is the base curve of |— K x|, and the curve L is contained in
the surface E' = P(1,2,5) and is the unique curve in the linear system |Op(y,25)(1)].

Let S be a generic surface in the pencil |[-Ky|. Then P € L by Lemma 6.14.
But P ¢ C because the intersection L N C consists of a singular point of U of type

5(1,2,3).
The surface S is normal. We easily see that
7 4
L2 — 02 - _ L . C —
10° 5
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on the surface S. We write E|§ = mrL + mcC + A, where my and m¢ are
non-negative integers and A is an effective divisor (on the surface S') whose support
does not contain L or C'. Then

3 4 4 7
—n——p—= —mec=A-C>0.
14n 5u 5mL+ 1Omc C>0
But me < n by Remark 2.12 because a*(—Kx) - C = 3/14. Thus p+mp < 8n/7.

The surface S is smooth at P. By Theorem 7.5 of [9] the log pair

— — 1
(S,mL+M n/7L—|—mCC+A>
n n n
is not log canonical at P, but pu+ my —n/7 < n. It follows that the log pair
— 1
(S, L+ 2oy A>
n n

is not log canonical at P. Using Theorem 7.5 of [9], we see that

7 7

_ —mr =A-L>=multp(A .

10H+1OmL multp(AlL) >n

It follows that p+mp > 10n/7. But p+myz < 8n/7, a contradiction. The lemma

is proved.
Lemma 6.18. We have ] # 32.

Proof. Suppose that J=232. Then X is a hypersurface of degree 16 in P(1,2,3,4,7),
the point O is a singular point of type %(1,3,4), the base locus of the pencil |-2Ky|
consists of non-singular curves L and C with L = T+ E, and «(C) is the base curve
of |—2Kx|. L
We write D - T = my L+ msC + A, where m; and mso are non-negative integers
and A is an effective cycle whose support does not contain the curves L or C. Then
Ky -L=—-Ky-C= !
voE T U Y T
It follows that mq + mo + p < 8n/7 by Remark 2.12.
It is easy to see that the intersection C' N L consists of a singular point of U.
Hence the curve C' does not contain P. Let S be a generic surface in |[—2K7|. Then
1 ! 1( +mg)=5-A> 1t(A)>8
—n— —p— = =S-A>m —n— [ —mq.
51" " gt glma tme ultp L ]
It follows that 40n/7 > 40n/7 — 6mg > 5n(my +mg + p) — 6me > 40n/7, a contra-
diction. The lemma is proved.

Lemma 6.19. We have J # 43.

Proof. Suppose that J=43. Then X is a hypersurface of degree 20 in P(1,2,3,5,9),
the point O is a singular point of type (1,4,5) and j = 1. The base locus of |-2Ky|
consists of irreducible curves C' and L, where L =T - E and C' is the only one of
the curves (1, ..., C; that intersects L.
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Suppose that P ¢ C. Then it follows from the proof of Theorem 5.6.2 in [5] that
one can find an integer s > 0 and a surface H in the linear system |—20sK| such
that the multiplicity of H at P is greater than or equal to s > 0 and H contains
no components through P of the effective cycle D - T. Hence,

1 1 — — 10
203(18n - 20”) =D-H-T>multp(D)s > <9n - u) 5.
It follows that o < n/9. This contradicts the inequality @ > n/10.

We see that P € C. Then M contains C' and L. We write

E‘ﬁ = mlL + mQC + A,

where my and mo are non-negative integers and A is an effective cycle whose
support does not contain the curves L or C. It follows from Remark 2.12 that
ms < n because a* (—Kx)-C =1/9.

The surface M is smooth at P. Hence, by Theorem 7.5 of [9], the log pair

S W 1
(3.2t + (5 - 5) i)

is not log canonical at P. We have E|g; = L + Z, where Z is an irreducible curve
that does not pass through P. Thus the log pair

(M, (ml+“—1>L+C+1A>
n n 9 n

is not log canonical at P. Using Theorem 7.5 of [9], we see that

1 1
§n—u—m1—|—m2=A~C>multp(A|c) >n—my— pu+ gn
since C? = —1 and C - L = 1 on the surface M. It follows that my > n, a contra-
diction. The lemma is proved.

Lemma 6.20. We have ] # 46.

Proof. Suppose that J = 46. Then X is a hypersurface of degree 21 in P(1,1, 3,
7,10), the point O is a singular point of type (1,3, 7), and the base locus of |- K|
consists of irreducible smooth rational curves C' and L such that a(C) is the unique
base curve of |—Kx| and L is contained in the surface E.

The curve C'is the only one of C', ..., C; that is contained in the surface T'. The
surface M contains C' and L, whence P € M.

Suppose that P ¢ C. Then it follows from the proof of Theorem 5.6.2 of [5] that
one can find an integer s > 0 and a surface H in the linear system |—21sKy| such
that the multiplicity of H at P is greater than or equal to s and H contains no
components through P of the cycle D - M. Then

1 11 — — — 11
—n—=—u)\=D-H-§> —n— )
215(10n 21u> D-H-S>multp(D)s > (1071 u)s

It follows that u < n/10. But x> n/10 by [10], a contradiction.
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Thus P = C N L. We write E|M = m1L + moC + A, where m; and mo are
non-negative integers and A is an effective divisor (on the surface M) whose support
does not contain L or C. Then my < n by Remark 2.12.

The surface M is smooth at P. It follows from the proof of Theorem 7.5 in [9)]

that the log pair
M,|—+=—-—|L+C A
(r (e S m)rre )

is not log canonical at P since E|y; = L + Z, where Z is an irreducible curve that
does not pass through P. It now follows from Theorem 7.5 of [9] that

1 1
Ton—u mi+me=A-C>multp(Alc) >n—mq — ,u—l—mn

because C2 = —1 and C' - L = 1. Thus ms > n. This contradicts the inequality
mo < n which follows from Remark 2.12. The lemma is proved.

This completes the proof of Lemma 2.11.

§ 7. The hypersurface of degree 5/2

In this section we prove Theorem 1.17. Let X be a generic surface of degree 5
in P(1,1,1,1,2). The singularities of X consist of a singular point O of type
%(17 1,1), and X can be given by the equation

.T'lU2 + f3(1’7y72’at)w + f5(xay72at) =0C P(lv 17 17 1a2) Proj(c[‘rvy7zat7w])7

where wt(x) = wt(y) = wt(z) = wt(t) = 1 and wt(w) = 2, f;(z,y, z,t) is a homo-
geneous polynomial of degree ¢ > 1, and the point O is given by t =y =2z =t = 0.
Let ?: X --» P3 be the natural projection. Then there is a commutative diagram

NN
B
X’ Z U, (7.1)
\l[)\\ % A
TP - o - p

where 7 is a blow-up of O with weights (1,1,1), 7 is a birational morphism that
contracts 15 smooth rational curves C4,...,Ci5 to 15 ordinary double points
Py, ..., P5 of the variety Z, n is a double covering branched over the irreducible
surface R C P? of degree 6 that is given by an equation of the form

f3(@,y, 2,t) = dafs(z,y,2,t) C P* = Proj(Clz, y, 2, 1))

and has 15 ordinary double points n(Py),...,n(Pis), the morphism «a; is a blow-
up of the smooth curve C;, the morphism f3; is a blow-up of the point P;, w; is
a birational morphism, x; is the projection from the point n(P;), and &; is an elliptic
fibration.
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Put A =7/9. Let D be any effective Q-divisor on X such that D = —Kx. We
claim that the log pair (X, A\D) is log canonical, which implies that lct(X) > 7/9.
Suppose that the log pair (X, AD) is not log canonical. Let £(X, AD) be its sub-
scheme of log canonical singularities (see [4]), and let J(AD) be the corresponding

ideal sheaf. Then
HY(X,J(A\D)) =0 (7.2)

by the Nadel vanishing theorem (see Theorem 2.16 in [9]).
Lemma 7.1. Let T be a divisor in |—K x|. Then the log pair (X, T) is log canonical.

Proof. Let T be the surface cut out by the equation x = 0 on X. Since the
hypersurface X is generic, Lemma 8.12 and Proposition 8.14 of [9] imply that
the singularities of the log pair (X, T) are log canonical.

Hence we may assume that 7' is not cut out by . =0. Then the diagram (7.1)
and Lemma 8.12 of [9] yield that T is normal and the log pair (X,T) is log canon-
ical at O.

Let P be a point of T different from the point O. If ¢(P) ¢ R, then T is smooth
at P. On the other hand, an easy parameter count yields that the singularity
of T at P is at most A, if P € Uzli1 w(C;).

We may assume that ¢ is a double covering in a neighbourhood of P, the log
pair (X, T') is not log canonical at P and ¢ (P) € R.

Put T = ¢(T) and P = ¢(P). It follows from Lemma 8.12 of [9] that the
log pair (P3,T + %R) is not log canonical at P. Then Theorem 7.5 of [9] yields that

the log pair (T, %R‘T) is not log canonical at P. Hence,

where T is a plane in P3. However, it follows from a parameter count that inequality
(7.3) never holds for generic polynomials f3 and f5. The lemma is proved.

It follows from Remark 2.2 that to complete the proof of Theorem 1.17 we
may assume that the support of the divisor D contains no surfaces of the linear
system |—Kx]|.

Lemma 7.2. The scheme L(X,\D) is zero-dimensional.

Proof. Clearly, the scheme £(X, AD) contains no two-dimensional components since
A < 1 and the divisor class group of X is generated by the divisor —Kx. Suppose
that the scheme £(X, AD) is not zero-dimensional.

There is a curve C' C X such that the singularities of the log pair (X, AD) are
not log canonical at a generic point of C. In particular, we have

1 9
lte(D - ==
muc()>/\ -

and we may assume that the curve C' is irreducible.
Suppose that (C) is a curve and the intersection RN (C) contains some

smooth point @ of the ramification surface R. Let () be the point of X such
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that ¥(Q) = Q. Then there is a surface H' € |—Kx| with a singularity at Q. Then

5 , 2 18 _ 5
B =H-H"- D > multg(T) multc(D) > =7 g
where H is a generic surface through @ in |—Kx|.
Hence either ¢(C') is a point or RN ¢ (C) C Sing(R).
Suppose that C' is not contracted by ¢ and the curve ¥(C') is not a line. Let @
and Q5 be generic points on the curve C'. Then

g:H1H2D>2multc(D)>§— 7 >§7
where H; is a generic surface through @Q; in |—Kx/|, a contradiction.

We easily see that no line in P3 can intersect the surface R only at singular points
of R. It follows that C is one of the curves 7(C1),...,7(C1s).

We put C; = 7(C;) and assume that C = C;. Let T be the surface cut out by
the equation z = 0 on X, and let T be the proper transform of the surface T on Y.
The surface T contains all the curves C1,...,C1s, the surface T is smooth and the
morphism ~ induces a birational morphism

Yr: T — y(T) = P?,

18 5

which contracts the curves C1,...,Cq5 to the points Py, ..., Pi5 respectively.

We put 7' = y(T) and T' = v(T). Then T is a plane in P3.

Let L; be the proper transform on the surface 1" of the line through the points
v(Py) and v(P;) in T, where j # 1. Then

Cy-Lj=Cj-Li=1, Ci=Li=-1, L;-Co=L;-L;=C;-C,=0

on the surface T', where i # j # k and j # 1. Let E be the curve contracted by the
birational morphism 7|7 to the point O. Then

E-Ci=E-L;=1, E?=—-6
on the surface 7. We put L; = m(L;). Then we have

- - - - 7 —2 = 5 S — - = - - 1
Cl'Lj:Cj'Lj:E’ Ci:L?Z_E’ i Cr=Cy-Lj=1L; LJ:E
on the surface T, where i # j # k and j # 1. We now write
D|T:mcl+Z€iL,‘+AE—Kx|T,
=2

where T and e; are non-negative rational numbers and A is an effective Q-divisor

(on the surface T') whose support does not contain the curves Ci, Lo, ..., Lis.
Then 7 > 1/X and
3 15 15
B = DIz Ly, :mél'ik‘FZEiEi'Ek"FA'Ek >m€1'ik+zgiii'ik
15 i=2 i=2
m Zi:Q €i

“% T T
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where k # 1. Summing the last inequality over k, we get

o5 49m AR dom
= 3 3 1 = .

It follows that m < 9/7. This contradicts the inequality m > 1/\ = 9/7. The
lemma is proved.

Equation (7.2) implies that there is a point P € X such that the log pair (X, A\D)
has log canonical singularities outside P. Let E be the exceptional divisor of
the weighted blow-up =, and let D be the proper transform of the divisor D on the
variety Y. Then

D =7*(D) —mE,

where m is a non-negative rational number.
Lemma 7.3. The point P is the point O.

Proof. Suppose that P ¢ UZ 1 7(C5). Then it follows from Proposition 3 in [2] that
there is a surface T' € |— K x| such that

5 2 18 _ 5

S—D.H-T> ) 2272

5 D-H-T>multp(D T)>)\ >3
where H is a generic surface through P in |[-Kx|, a contradiction.

Assume that P # O and P € 7(C1). Restricting the divisor D to the sur-
face I/, we see that 2m > multc, (D). It follows from the proof of Lemma 7.2 that
multe, (D) < 9/7.

Let D be the proper transform of the divisor D on the variety W;. Then
D = (7 0ay)* (D) — mE — multe, (D)Gy,
where GG; is the exceptional divisor of the birational morphism «; and F is the
proper transform of the divisor F on the variety W;. The assumption P # O and
the equivalence

o 1\ o _
Kw, +AD + <)\m - 2>E+ (Amulte, (D) — 1)Gy = (1o ay)* (Kx + AD)

imply that the log pair (W1, AD) is not log canonical since multe, (D) < 9/7. Then
the log pair (G, AD) is not log canonical (Theorem 7.5 of [9]).

We have G = P! x P'. Let L be the fibre of the morphism 7 o a; over the
point P. The curve L is contained in the surface Gi. Let L be the curve on Gy
such that L- L =0 and L2 = 0. Then

o A ,
AD|g, = (2 — Am + Amulte, (D ))L—&-)\multcl( )L.
It follows (see Lemma 1.7.9 in [4]) that the log pair (G, AD) is log canonical if

A _
5 Am + Amulte, (D) < 1.
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But the log pair (Gy,AD) is not log canonical. Hence multe, (D) > 11/14 + m.

It follows that 9/7 > multc, (D) > 11/7 since 2m > multc, (D), a contradiction.
The lemma is proved.

Let T be the surface cut out by the equation x = 0 on X. Then

where T is the proper transform of the divisor 7" on Y. Hence, 5/2 — 3m =

D-T-H >0, where H is a generic surface in the linear system |—Ky|
Corollary 7.4. We have m < 5/6.
It follows from [10] or [9] that m > 9/14. Hence the equivalence

— 1
Ky +AD + ()\mQ)EW*(KXJr)\D)

implies the existence of a point Q@ € E = P? such that the log pair (Y, AD +
(Am — 1/2)E) is not log canonical at Q. In particular, we have

— 3
multz(D) > ™

because the divisor AD + (Am — 1/2)E is effective.
Lemma 7.5. If Q €T, then Q € J.>, C;.
Proof. Suppose that @ € T and Q ¢ UZ 1 0. Let H be a generic surface through

Q in the linear system |—Ky|. Then H contains no components of the effective
cycle D - T. Thus we see that

5 .7 T — 3
5—3m=D~T~H2mult§(D)>ﬁ—m,

It follows that m < 1/2, a contradiction. The lemma is proved.

Lemma 7.6. Let 1: S — P2 be a double covering branched over a smooth curve
Z C P? of degree 6, and let B be an effective Q-divisor on S such that

1) we have B = 1*(Op2(1)),

2) the log pair (S, B) is log canonical in a punctured neighbourhood of a point
© € S such that 1(O) ¢ Z.

Then the log pair (S, B) is log canonical at ©.

Proof. Suppose that the log pair (S, B) is not log canonical at ©. Taking the
intersection of the divisor B with the proper transform of a generic line through
the point ¢(©) in the plane P?, we see that multe(B) < 2.

Let v: S — S be a blow-up of the point ©. Then

Kz + B+ (multg(B) — 1)F = v*(Ks + B),

where F is the exceptional curve of the blow-up v and B is the proper transform
of the divisor B on the surface S. Then there is a point © € F such that the
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singularities of the log pair (S, B + (multe(B) — 1)F) are not log canonical at ©.
Hence multg(B) > 2 — multg(B).

Let L be a generic surface in the linear system |¢*(Opz2(1))| such that the proper
transform L of L on the surface S passes through the point ©. Then L consists
of at most two components and one of them contains the point ©, but L is smooth
at ©.

By Remark 2.2 we may assume that the support of the divisor B does not contain
at least one component of L. Therefore, if L is irreducible, then

2 —multe(B) = B - L > multg(B) > 2 — multe(B),

which is a contradiction. Hence we see that L is reducible. -
Let Ly and Lo be the components of L such that Lo Z 0O € Ly, and let Ly be
the proper transform of L; on the surface S. Then we have

1 —multg(B)=B-L; > multg(B) > 2 — multe(B) > 1 — multe(B)

in the case when the support of B does not contain L;. Thus we see that the
support of B contains L1 but not Ly. We write

B:6L1+Q,

where ¢ is a positive rational number and 2 is an effective Q-divisor (on the sur-
face S) whose support does not contain L;. Then

1=B-Ly=3+Q- L.

It follows that e < 1/3.

Let Q be the proper transform of the divisor  on the surface S. Then the log
pair (S,eL; + Q + (multe(Q) + & — 1)F) is not log canonical at the point ©. By
Theorem 7.5 of [9], the log pair (L1,Q|z, + (multe(Q) + & — 1)F|z,) is not log
canonical at ©. This is equivalent to the inequality

multg(Qz,) > 2 — multe(Q2) — ¢,
whence Q- L; > 2 — multg(2) —e. We have
1—multe(Q) +2e =0 L; >2—multe(Q) —¢.

It follows that € > 1/3. But we have seen that £ < 1/3. The lemma is proved.
Lemma 7.6 yields the following result.
Lemma 7.7. The point Q belongs to the set U;lil C;.

Proof. Suppose that Q ¢ Utli1 C;. Let H be a generic surface through @ in the
linear system |—Ky|. Then the log pair (H,AD|s + (Am — 1/2)E|5) is not log
canonical at @ (see Theorem 7.5 in [9]). This contradicts Lemma 7.6 since Q ¢ T
by Lemma 7.5. The lemma is proved.
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We may assume that Q € C;. Let S be a generic surface through @ in the linear
system |—Ky|. We put © = Q, L; = E|g, C =Cy and B = D|s + (m — 1/2)L;.
The proof of Lemma 7.2 yields that multe (D) < 1/A. Hence the following assertions
hold.

1) We have B = 1*(Opz(1)), where t = noy|g: S — P2

2) The log pair (S,AB) is log canonical in a punctured neighbourhood of the
point © € §.

Lemma 7.8. The log pair (S, AB) is log canonical at the point ©.

Proof. Suppose that the log pair (S, AB) is not log canonical at ©. Let Ly be an
irreducible curve such that ¢(Ls) = ¢(L1) and Ly # Ly. Then

L1 + L2 + C= L*(Op’z(l))

and the log pair (S, Ly + Ly + C) is log canonical.

We may assume (see Remark 2.2) that the support of the divisor B does not
contain one of the curves L1, Lo, C'. Taking the intersection of B with these curves,
we see that the support of B does not contain Ly. We write

BZEC—Fle—f—Q,

where £ and 77 are non-negative rational numbers and € is an effective Q-divisor
(on the surface S) whose support does not contain the curves Li, Lo, C. Then

1=B-Lo=2m+c+Q Lo > 2m +¢.
It follows that 2m + ¢ < 1. By Theorem 7.5 in [9], the log pairs
(C,\mL|c + AQ|e), (L1, AeCp, + AQ1L,)

are not log canonical at ©. Hence we have 2¢ > 1/X and 2m > 1/ — 1 respectively.
Let v: S — S be a blow-up of the point ©. Then

Kz+AeC+NmLy+ A0+ (Ae+ Am+multe () —1)F = v* (Kg+AeC+AXmL; +AQ),

where F' is the exceptional curve of the birational morphism v and C, L, Q are
the proper transforms of the divisors C, Ly, €2 respectively. Then it follows that
Ae + A + multe (2) — 1 < 1 because

0=B-C=-2¢e+m+C-Q>—2¢c+m+ multe ()
and 2m + ¢ < 1. Hence there is a point © € I such that the log pair
(S, XeC + NmLy + A2 + (Ae + M + multe(Q) — 1)F)

is not log canonical at ©.
Suppose that © ¢ C'U L;. Then multe(€2) = F - Q > 1/A = 9/7 because the log
pair (F, AQ|r) is not log canonical at © by Theorem 7.5 of [9]. We have

1
0:C’-B:m—2s+§2-0>m—2s+x7

1
1:LlB:—2m+E+QL1>—2m+€+X

This contradicts the inequality 2m + ¢ < 1.
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Suppose that © € L;. Then
- =2
1 —multe(Q) —e+2m =1L, - Q> X—mult@(Q)—s—m

because the singularities of the log pair (L1, AQ|z, + (Ae+Am+multe () — 1) F|z )
are not log canonical at the point © by Theorem 7.5 of [9]. Hence m > 11/21. This
contradicts the inequality 2m 4+ ¢ < 1.

Hence we see that © € C. Then

— = 2
—multe(N) +2e—m=C-Q > X—mult@(ﬂ)—s—m

because the singularities of the log pair (C, \Q|z + (Ae + A + multe (Q) — 1) F|g)
are not log canonical at the point © by Theorem 7.5 in [9]. Hence € > 6/7. This
contradicts the inequalities 2m > 1/\ — 1 = 2/7 and 2m + ¢ < 1. The lemma is
proved.

By Theorem 7.5 of [9], the log pair (S, AB) is not log canonical at ©. This con-
tradicts Lemma 7.8. Theorem 1.17 is proved.

§ 8. Birational automorphisms

Let X be a generic hypersurface of degree 20 in P(1,1,4,5,10). Then the singu-
larities of X consist of a singular point @ of type %(1, 1,1) and singular points O,
and O, of type £(1,1,4).

Let a: U — X be a weighted blow-up of the point O; with weights (1,1,4).
Then there is a commutative diagram

1% X !
\ 5// \\\\7/)
w ;/ \\\s
P(1,1,4,10)~ — — = — = = =~ — — — — ~P(1,1,4)

where £, ¢ and x are projections, v is a weighted blow-up with weights (1, 1,4)
of the singular point that dominates O, 7 is an elliptic fibration, o is a birational
morphism that contracts 75 rational curves C, ..., Crs, and w is a double covering.

Let 7 be the involution of X that is induced by the projection X — P(1,1,4,5).

Lemma 8.1. The group Aut(X) is generated by the involution 7.
Proof. We put P; = o(C;). Then X can be given by the equation

where wt(z) = wt(y) = 1, wt(z) = 4, wt(¢t) = 5, wt(w) = 10, and g, h are quasi-
homogeneous polynomials of degree 15 and 20 respectively. The point O is given
byr=y=z=w=0.
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Let v be any biregular automorphism of X such that v # 7. Twisting v by 7 if
necessary, we may assume that v(O;) = O;. We claim that then v is the identity
map.

Indeed, the automorphism v induces a biregular automorphism v of the three-
fold U such that the divisor E is v-invariant. Put Pz = C; N E. Then the points
Pi,... ,P75 can be given by

9w,y 2) = h(z,y, ) = 0 C P(1,1,4) = Proj(Clz, y, 2]).

where wt(z) = wt(y) = 1, wt(z) = 4 and §, h are generic_quasi-homogeneous
polynomials of degree 15 and 20 respectively. The set { P, ..., Py} is | g-invariant.

The proper transform on U of the surface that is cut out on X by the equation
w = 0 is O-invariant. It follows that ©|g is the identity map.

We easily see that v induces a biregular automorphism © of Y such that the
fibration 7 is invariant with respect to ©. Let E and F be exceptional divisors of
the birational morphism « o« such that v(E) = E and a o y(F) = O. Then the
surfaces E and F are 0-invariant sections of  and the restrictions 0|5 and 0| are
the identity maps.

As shown in [6], the sections E and F induce Z-linearly independent points in
the Picard group of a generic fibre of 1. Hence the induced automorphism v acts
trivially on the generic fibre of 1. It follows that © is the identity map. Thus the
automorphism v is the identity map. The lemma is proved.

The following result is a corollary of [6] and Lemma 8.1.

Corollary 8.2. There is an exact sequence of groups
1 —ZoxZy — Bir(X) — Zo — 1,

whence Bir(X) = Zso * Zs.
The following result can similarly be deduced from [6].

Lemma 8.3. Let V be a generic hypersurface of degree 9 in P(1,1,2,3,3). Then

Bir(V) 2 (a,b,c | a> = b* = ¢* = (abc)? = 1).

Proof. The singularities of the threefold V' consist of points O, O, O3 of type
%(17 1,2) and a singular point O of type %(1, 1,1). Let v be a biregular automor-
phism of V. We claim that v is the identity map (see [6]).

Indeed, let Z be the base curve of the pencil |-Ky|. Then Z is a smooth
v-invariant rational curve that contains the points Op, Oz, O3 and O. It follows
that v(0;) = O; because

v({01,02,03}) = {01,02,03}

and v(0) = O. Arguing as in the proof of Lemma 8.1, we see that v is the identity
map. The lemma is proved.

It would be interesting to prove analogues of Corollary 8.2 and Lemma 8.3 for
all birationally rigid Fano threefolds that satisfy the hypotheses of Theorem 1.14.
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§89. Kollar’s method

In this section we consider an alternative approach to the proof of Theorem 1.15
due to J. Kollar. We use the hypotheses and notation of Theorem 1.14.
The hypersurface X can be given by the equation

f(:c,y,z,t,w) =0C P(17a17a27a37a4) = Proj(C[:z:,y,z,t,w]),

where wt(z) =1, wt(y) = a1, wt(z) = a2, wt(t) =as, wt(w) =as, and f(z,y, 2, t, w)
is a generic quasi-homogeneous polynomial of degree d=3 ., a;. We introduce the
following notation: S is a generic surface in the linear system |—Kx|, Z is
the curve that is cut out on S by the equations x = y = 0, and L is the curve
in P(1, a1, ag, as,aq) given by the equations x =y = z = 0.

Proposition 9.1. We have lct(X) = 1 if one of the following conditions holds:
1) d § ajag,
2) d < ajaz and the curve L is not contained in X,
3) d < asagz, the curve Z is irreducible and the log pair (S, iZ) is log canonical.

Proof. Let D be an arbitrary effective Q-divisor on X such that the numerical
equivalence D = —Kx holds. It follows from Lemma 2.4 that the log pair (X, D)
is log canonical outside the singular points of X, but S contains all singular points
of X.

Suppose that the log pair (X, D) is not log canonical. Then Theorem 7.5 of [9]
yields that the log pair (S, D|s) is not log canonical. This contradicts Corollary 12
of [13] if either 1) or 2) holds.

To complete the proof, we assume that d < agas, the curve Z is irreducible
and the log pair (S, iZ ) has log canonical singularities. We may assume that the
support of the divisor D|g does not contain the curve Z (see Remark 2.2). Then
the proof of Proposition 11 in [13] yields that d > asas, a contradiction. The
proposition is proved.

Corollary 9.2. We have lct(X) =1 in the case when 3> 17 and

¢ {18,...,25,28,29,30,32,33,34,35,37,38,42, 43, 46, 47, 50, 52,
55,56, 57,62, 63,67,82}.

A proof of Proposition 9.1 was communicated to the author by J. Kollar.
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