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1. Introduction

In [11], Tian defined the a-invariant of a smooth Fano variety! and proved

Theorem 1 ([11]). Let X be a smooth Fano variety of dimension n such that

a(X) > 1. Then X admits a Kdahler—Einstein metric.

n [10], Odaka and Sano proved

Theorem 2. Let X be a smooth Fano variety of dimension n such that a(X) >
Then X is K-stable.

Two-dimensional smooth Fano varieties are also known as smooth del Pezzo
surfaces. The possible values of their a-invariants are given by

Theorem 3 ([1, Theorem 1.7]). Let S be a smooth del Pezzo surface. Then
if S =Ty or K% € {7,9},

if S =P x P! or K2 € {5,6},

if KE =4,

if S is a cubic surface in P3 with an Eckardt point,

n
n+1-

if S is a cubic surface in P? without Eckardt points,
if K¢ =2 and | — Kg| has a tacnodal curve,

if K¢ =2 and | — Kg| has no tacnodal curves,

if K2 =1 and | — Ks| has a cuspidal curve,

— OUTo Utk Wik WWNWNN W

if K2 =1 and | — Kg| has no cuspidal curves.

LAll varieties are assumed to be algebraic, projective and defined over C.



156 I. Cheltsov

Let X be an arbitrary smooth algebraic variety, and let L be an ample Q-
divisor on it. Donaldson, Tian and Yau conjectured that the following conditions
are equivalent:

e the pair (X, L) is K-polystable,
e the variety X admits a constant scalar curvature Kéhler metric in ¢ (L).

In [6], this conjecture has been proved in the case when X is a Fano variety and
L=—-Kx.

In [12], Tian defined a new invariant «(X, L) that generalizes the classical
a-invariant. If X is a smooth Fano variety, then o(X) = a(X,—Kx). By [3,
Theorem A.3], one has

a(X,L) = sup{)\ €eQ

the log pair (X, D) is log canonical
S
for every effective Q-divisor D ~q L =0

In [8], Dervan generalized Theorem 2 as follows:

Theorem 4 ([8, Theorem 1.1]). Suppose that —Kx — ", _KXL},L,MIL is nef, and

n —Kx-L"!
X, L .
a(X,L) > n+1 "
Then the pair (X, L) is K-stable.
For smooth del Pezzo surfaces, Theorem 4 gives

Theorem 5 ([2, 9]). Let S be a smooth del Pezzo surface such that K% = 1 or

K% =2. Let A be an ample Q-divisor on the surface S such that the divisor
2-Kg-A

3 A

is nef. Then the pair (S, A) is K -stable.

—Kg A

This result is closely related to

Problem 6 (cf. Theorem 3). Let S be a smooth del Pezzo surface. Compute
Q(Sv A) € R>O
for every ample Q-divisor A on the surface S.

Hong and Won suggested an answer to Problem 6 for del Pezzo surfaces of
degree one. This answer is given by their [9, Conjecture 4.3], which is Conjecture 11
in Section 2.

The main result of this paper is

Theorem 7 (cf. Theorem 3). Let S be a smooth del Pezzo surface such that K% = 1.
Let C be an irreducible smooth curve in S such that C? = —1. Then there is a
unique curve

56’—21{5—0’.
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The curve C is also irreducible and smooth. One has C? = —1 and 1 <|Cn 6'| <
C-C = 3. Let \ be a rational number such that 0 < A < 1. Then —Kg + A\C' is
ample and

iflcncl =2,
iflcnC|=1.

min («(S), | 2
a(9,—Ks+AC) = (5): 1421

min (a(S), 5%,
Theorem 7 implies that [9, Conjecture 4.3] is wrong. To be precise, this follows
from

Example 8. Let S be a surface in P(1, 1,2, 3) that is given by

w? = 23 + 2a? +y6,
where z, y, z, w are coordinates such that wt(z) = wt(y) = 1, wt(z) = 2 and
wt(w) = 3. Then S is a smooth del Pezzo surface and K% = 1. Let C be the curve
in X given by

z=w—y>=0.

Similarly, let C be the curve in S that is given by z = w + y3 = 0. Then C+ C~
—2Ks. Both curves C' and C' are smooth rational curves such that C?=C?=-1
and |C'NC| = 1. All singular curves in | — Kg| are nodal. Then «(S) = 1 by
Theorems 3, so that

) 4
a(S, —Kg+ )\C') = min (1, 34 3/\)

by Theorem 7. But [9, Conjecture 4.3] says that «(S, —Kg 4+ AC) = min(1, 1+22/\).
Theorem 7 has two applications. By Theorem 4, it implies

Corollary 9 ([8, Theorem 1.2]). Let S be a smooth del Pezzo surface such that
K% =1. Let C be an irreducible smooth curve in S such that C* = —1. Fiz A\ € Q
such that
10—-1
3-V1I0< A< v % :
Then the pair (S,—Kg + \C) is K -stable.
By [5, Remark 1.1.3], Theorem 7 implies

Corollary 10. Let S be a smooth del Pezzo surface. Suppose that K% = 1 and
a(S) = 1. Let C be an irreducible smooth curve in S such that C?* = —1. Fiz

A € Q such that
1 1

Ty SAS g
Then S does not contain (—Kg + AC)-polar cylinders (see [5, Definition 1.2.1]).
Corollary 9 follows from Theorem 5. Corollary 10 follows from [5, Theorem
2.2.3].
Let us describe the structure of this paper. In Section 2, we describe [9,
Conjecture 4.3]. In Section 3, we present several well-known local results about
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singularities of log pairs. In Section 4, we prove eight local lemmas that are crucial
for the proof of Theorem 7. In Section 5, we prove Theorem 7 using Lemmas 23,
24, 25, 26, 27, 28, 29, 30.

2. Conjecture of Hong and Won

Let S be a smooth del Pezzo surface, and let A be an ample Q-divisor on S. Put
= inf {)\ € Q<o ‘ the Q-divisor Kg + A\A is pseudo—effective} € Q0.

Then Kg + pA is contained in the boundary of the Mori cone NE(SS) of the sur-
face S.

Suppose that K% = 1. Then NE(S) is polyhedral and is generated by (—1)-
curves in S. By a (—1)-curve, we mean a smooth irreducible rational curve E C S
such that E? = —1.

Let A4 be the smallest extremal face of the Mori cone NE(S) that contains
Kg + pA. Let ¢: S — Z be the contraction given by the face A 4. Then

e cither ¢ is a birational morphism and Z is a smooth del Pezzo surface,
e or ¢ is a conic bundle and Z =2 P!,

If ¢ is birational and Z % P! x P!, we call A a divisor of P?-type. In this
case, we have

8
Ks+ pA ~q Z a; s,

i=1
where E1, Eo, Es, Ey, Es5, Eg, E7, Eg are eight disjoint (—1)-curves in our surface
S, and a1, as, a3, a4, as, ag, a7, ag are non-negative rational numbers such that

1>a12a2>2a32a4 205 2a6 > a7 2ag 2 0.

In this case, we put s4 = as + as + a4 + as + ag + a7 + as.
If our ample divisor A is not a divisor of P?-type, then the surface S contains
a smooth irreducible rational curve C' such that C? = 0 and

7
KS + /JJA ~Q 50+ ZaiEi,

=1

where Ey, Fa, B3, E4, E5, Eg, E7 are disjoint (—1)-curves in S that are disjoint
from C, and ¢, a1, ao, as, a4, as, ag, a7 are non-negative rational numbers such
that

1>a12a2>20a32a420a52a6>a720.

In this case, let ¥: S — S be the contraction of the curves Ey, Fo, E3, Ey, Es,
Eg, E7, and let 1: S — P! be a conic bundle given by |C|. Then either S = F; or
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S = P! x PL. In both cases, there exists a commutative diagram

S Yoos
]P>1
where 7 is a natural projection. Then § > 0 <= ¢ is a conic bundle and ¢ = 7.
Similarly, if ¢ is birational and Z = P! x P!, then § = 0, a7 > 0, and ¢ = 9. Then

e we call A a divisor of Fi-type in the case when § = Fy,
o we call A a divisor of P! x P'-type in the case when S = P! x P!,
In both cases, we put s4 = as + as + a4 + as + ag + az.
In order to study (S, A), we may assume that p = 1, because
a(S, 4) = pa(S, pA)
If A is a divisor of P%-type, let us define a number «.(S, A) as follows:
o if 54 >4, we put a.(S,A4) =, !

24aq’
o ifd>s5,4>1, welet a.(S,A) to be

2 4 3
maX<2+2a1+s,4—a2—a3’3+4a1+25,4—a2—ag—a4’2+3a1+s,4>’

o if 1 > s4, we put (S5, A) = min( 1+2a21+SA ,1).
Similarly, if A is a divisor of Fi-type, we define a.(S, A) as follows:
: _ 1

o if s4 >4, we put a.(S,A4) = S

o ifd>s5,4>1, welet a.(S,A) to be

2 4
max ) ?
<2+2a1+sAa2a3+25 3+4a; + 254 —as —asz —ayg + 40

3
2+3a1+sA+36>’

o if 1 > s4, we put (S5, A) = min( 1+201‘ESA+25’ 1).

Finally, if A is a divisor of P* x Pl-type, we define a.(S, A) as follows:
o if s4 >4, we put a.(S,A) = 2+;1+5,
o ifd>s,4>1, welet a.(S,A) to be

2 4
max , ,
<2+8A—a7—a2—a3+25 3+2s4—2a7 —as —a3 —ayg +49

3
2+5Aa7+35>7

o if 1 > s4, we put a.(S,A4) = min(1+5A_2a7+257 1)-
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The conjecture of Hong and Won is
Conjecture 11 ([9, Conjecture 4.3]). If a(S) = 1, then a(S, A) = a.(S, A).
The main evidence for this conjecture is

Theorem 12 ([9]). Let D be an effective Q-divisor on the surface S such that
D ~q A. Then the log pair (S, a.(S, A)D) is log canonical outside of finitely many
points.

As we already mentioned in Section 1, Example 8 shows that Conjecture 11
is wrong. However, the smooth del Pezzo surface of degree one in Example 8 is
rather special. Therefore, Conjecture 11 may hold for general smooth del Pezzo
surfaces of degree one.

By [5, Remark 1.1.3], it follows from Conjecture 11 that S does not contain
A-polar cylinders (see [5, Definition 1.2.1]) when «(S) = 1 and ay and 6 are small
enough.

3. Singularities of log pairs

Let S be a smooth surface, and let D be an effective Q-divisor on it. Write

D = i aiC’i
i=1

where each Cj; is an irreducible curve on S, and each a; is a non-negative rational
number. We assume here that all curves C1,...,C, are different.

Let v: § — S be a birational morphism such that the surface S is smooth
as well. It is well known that the morphism ~ is a composition of n blow ups of
smooth points. Thus, the morphism ~ contracts n irreducible curves. Denote these
curves by I'y,...,I',,. For each curve Cj, denote by C; its proper transform on the
surface S. Then

Ks+Y_ aiCi+ Y bT;~g7" (Ks+D)

i=1 j=1

for some rational numbers by, ..., b,. Suppose, in addition, that the divisor

T n
Saryr,
i=1 j=1
has simple normal crossing singularities. Fix a point P € S.

Definition 13. The log pair (S, D) is log canonical (respectively Kawamata log
terminal) at the point P if the following two conditions are satisfied:

e a; < 1 (respectively a; < 1) for every C; such that P € C;,

o b; <1 (respectively b; < 1) for every I'; such that n(I';) = P.

This definition does not depend on the choice of the birational morphism .
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The log pair (S, D) is said to be log canonical (respectively Kawamata log
terminal) if it is log canonical (respectively, Kawamata log terminal) at every point
in S.

The following result follows from Definition 13. But it is very handy.

Lemma 14. Suppose that the singularities of the pair (S, D) are not log canonical
at P. Let D' be an effective Q-divisor on S such that (S, D') is log canonical at P
and D' ~g D. Then there exists an effective Q-divisor D" on the surface S such
that

D" ~o D,
the log pair (S, D") is not log canonical at P, and Supp(D’) € Supp(D").

Proof. Let e be the largest rational number such that (14 €)D — eD’ is effective.
Then

(1+¢€)D—e€D" ~qg D.
Put D” = (1+¢€)D — eD’. Then (S, D”) is not log canonical at P, because

p=_ ' pry © D
1+e€ 1+e€
Furthermore, we have Supp(D’) € Supp(D") by construction. O

Let f: S — S be a blow up of the point P. Let us denote the f-exceptional
curve by F. Denote by D the proper transform of the divisor D via f. Put m =
multp (D).

Theorem 15 ([7, Exercise 6.18]). If (S, D) is not log canonical at P, then m > 1.

Let C' be an irreducible curve in the surface S. Suppose that P € C and
C ¢ Supp(D). Denote by C' the proper transform of the curve C via f. Fix a € Q
such that 0 < a < 1. Then (S, aC + D) is not log canonical at P if and only if the
log pair

(g,aéJrﬁJr(amultp (C’)+m1)F> (1)
is not log canonical at some point in F. This follows from Definition 13.

Theorem 16 ([7, Exercise 6.31]). Suppose that C is smooth at P, and (D-C)p < 1.
Then the log pair (S,aC + D) is log canonical at P.

Corollary 17. Suppose that the log pair (1) is not log canonical at some point in
F\ C. Then either amultp(C) +m > 2 orm > 1 (or both).

Let us give another application of Theorem 16.

Lemma 18. Suppose that there is a double cover w: S — P? branched in a curve
R C P2. Suppose also that (S, D) is not log canonical at P, and D ~g 7 (Opz2(1)).
Then 7(P) € R.
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Proof. The log pair (§, D+ (m —1)F) is not log canonical at some point Q € F.
Then

m + multg (D ) > 2 (2)
by Theorem 15. Suppose that 7(P) ¢ R. Then there is Z € |7*(Op2(1))| such that

e the curve Z passes through the point P, N
e the proper transform of the curve Z on the surface S contains Q).

Denote by Z the proper transform of the curve Z on the surface S.

By Lemma 14, we may assume that the support of the Q-divisor D does not
contain at least one irreducible component of the curve Z, because (S, Z2) is log
canonical at P. Thus, if Z is irreducible, then 2 — m = Z-D> multg (15), which
contradicts (2).

We see that Z = Z1 + Z5, where Z; and Z5 are irreducible smooth rational
curves. We may assume that Zy Z Supp(D). If P € Zs, then 1 =D -Zy > m > 1
by Theorem 15. This shows that P € Z; and Z; C Supp(D).

Let d be the degree of the curve R. Then Z7 = Z3 = ;% and Z; - Z, =

We may assume that C7; = Z7. Put A = axCs + - -+ + a,.C,.. Then a1 < 3,
since
ald

9 -

Denote by C; the proper transform of the curve C; on the surface S.T hen
Q€ C’1 Denote by A the proper transform of the Q-divisor A on the surface S.
The log pair

1:Z2-D:Z2~<a101+A):a1Z2~C'1+Z2~A>a1Z2~C’1:

<§7 alél + K-i- <a1 + multp (A) — 1)F>
is not log canonical at the point @ by construction. By Theorem 16, we have
d—2 ~ ~ o~
L+, o —multp (A)=C1-A>(C1-4),>1~ (a1 + multp (A) — 1),
so that a; > 3. But we already proved that a; < 3. (I

Fix a point @Q € F. Put m = muth(ﬁ). Let g: S — S be a blow up of the
point @. Denote by C' and F' the proper transforms of the curves C' and F via g,
respectively. Similarly, let us denote by D the proper transform of the Q-divisor

D on the surface S. Denote by G the g-exceptional curve. If the log pair (1) is not
log canonical at @, then

<.§, aéJrlA)Jr(amultp () +m71)ﬁ+<amultp (C)+amultg (6)+m+fﬁ2)G> (3)

is not log canonical at some point in G.

Lemma 19. Suppose m < 1, amultp(C)+m < 2 and amultp (C) + amuth(é) +
m < 3. Then (3) is log canonical at every point in G\ C.
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Proof. Suppose that (3) is not 1og canonical at some point O € GG such that O & C.
IfO¢F7then1 m>=m=D- G/(D G)O>1byTheorem16.ThenO€F.
Then

m—m = (ﬁﬁ)o >1-— (amultp (C’) + amultg (5) +m+ﬁ1—2)
by Theorem 16. This is impossible, since a mult p(C') + a multg (C)+2m <3. O

Fix a point O € G. Put m = multo(ﬁ). Let h: S — S be a blow up of the
point O. Denote by C, F, G the proper transforms of the curves 67 F and G via
h, respectively. Similarly, let us denote by D the proper transform of the Q-divisor
D on the surface S. Let H be the h-exceptional curve. If O = G N F and (3) is
not log canonical at O, then

(S,aC’+D+ (2amu1tp (C) +amultg (C) +amulto (C) +2m+ﬁ1+ﬁl—4)H
+ (amultp (C)+m— 1)F+ (amultp (C) 4+ amultg (5) +m+m— 2) G) (4)

is not log canonical at some point in H.

Lemma 20. Suppose that O = GNF, m < 1, amultp(C) +amultg(C) +m+m <
3 and

2a mult p (C’) + amultg (5’) + amultp (é) +4m < 5.
Then the log pair (4) is log canonical at every point in H\ C.

Proof. Suppose that the pair (4) is not log canonical at some point £ € H such
that EC. H EZFUG, thenm >m=D-H > (D-H)g > 1 by Theorem 16.
Then F € FUQG.

If £ € G, then E ¢ F, so that Theorem 16 gives

fi—m=(D-F),
>1-— (2amultp (C’) + amultg (5) + amultp (@) +2m+ﬁ1+fh—4),

which is impossible, since 2a mult p(C) + amultg(C) + amulto(C) + 4m < 5 by
assumption. Similarly, if £ € F', then F ¢ G, so that Theorem 16 gives

m—m—m= (DF)E
>1-— (2amultp (C’) -+ amultg (5) + amultp (6) +2m+m+m — 4),
which is impossible, since 2a mult p(C') + a multg (C) 4+ amulto(C) +4m < 5. O

Let Z be an irreducible curve in S such that P € Z. Suppose also that
Z ¢ Supp(D). Denote its proper transforms on the surfaces S and S by the
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symbols 7 and 2, respectively. Fix b € Q such that 0 < b < 1. If (S,aC +bZ + D)
is not log canonical at P, then

<§,a5’+b2+l~)+<amul‘cp (C’)—i—bmultp (Z)+m—1)F> (5)

is not log canonical at some point in F.
Lemma 21. Suppose that m <1 and

amultp (C) + bmult p (Z) +m < 2.
Then (5) is log canonical at every point in Q € F\ (C'U Z).

Proof. Suppose that (5) is not log canonical at some point @@ € F such that
Q¢CUZ Thenm =D-F > (D-F)g > 1 by Theorem 16. But m < 1 by
assumption. (I

If the log pair (5) is not log canonical at @, then the log pair
<§,a5+b2+ﬁ+(amultp (C) + bmultp (Z)+m—1)F (6)
+ (amultp (C) 4+ amultg (6’) + bmultp (Z) + bmultg (Z) +m+m— 2)0)

is not log canonical at some point in G.

Lemma 22. Suppose that m < 1, amultp(C) + bmultp(Z) +m < 2 and
amultp (C) 4+ amultg (5) + bmultp (Z) + bmultg (2) +2m < 3.

Then the log pair (6) is log canonical at every point in G\ (C U Z).

Proof. We may assume that the log palr (6) is not log canonical at O and O ¢ ouZ.
IfO¢F, thenm>m=D-G>(D-G)o >1by Theorem 16, so that O € F.
Then

m—m = (ﬁﬁ)o
>1-— (amultp (C) 4+ amultg (5’) + bmultp (Z) + bmultg (Z) +m+m— 2)7
by Theorem 16, so that

amultp (C) + amultg(C) + bmultp(Z) + bmulto(Z) + 2m > 3. O
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4. Eight local lemmas

Let us use notations and assumptions of Section 3. Fix x € Q such that 0 < z <
1. Put

letp (S, C’) = sup {)\ cQ ’ the log pair (S, /\C') is log canonical at P} € Qso.

x

Lemma 23. Suppose that C has an ordinary node or an ordinary cusp at P, a < 7§

and A
T
(D-C)P<3+6—a.

Then the log pair (S,aC + D) is log canonical at P.

Proof. We have 2m < multp(D) multp(C) < (D-C)p < 3+ % —a, so that 2m+a <

4 x
ngZ. Then m < 3 and m+2a = m+g+32“ 3+6 +3“ < 3;6 43 = §+2z < g
Suppose that (S,aC + D) is not log canomcal at P. Let us seek for a con-

tradiction. We may assume that (1) is not log canonical at Q. Then @ € C by
Corollary 17. Then

(D-C)y>1-(2a+m—-1)(C-F), >1-2(2a+m—1) =3 4a - 2m.

On the other hand, we have 3 + ¢ —az=(D-C)p =2m+ (D - C)o, so that

a > g . Then 5 >a > — |g» SO that x> 1. But < 1 by assumption. [J

Lemma 24. Suppose that C has an ordinary node or an ordinary cusp at P, and
x

(D~C’)P <letp(S,C) + .

Suppose also that a <letp(S,C) — £. Then (S,aC + D) is log canonical at P.

Proof. We have 2m < (D - C’)p. This gives 2m + a < 1+ 3. Thus, we have
m < 123 < i. Similarly, we get m+2a = m+‘2‘+32a < 1;; +32‘1 < 125 +§’(1—§) =
2-5<2.

Suppose that (S,aC + D) is not log canonical at P. Let us seek for a contra-
diction. We may assume that the pair (1) is not log canonical at @. Then @ € C
by Corollary 17. We may assume that (3) is not log canonical at O. Then O € C
by Lemma 19, since

3a4+2m <241+ <2—z4+1+" =3-"<3,
2 2 2
because 2m +a <1+ Janda<1—- 3. IfO ¢ﬁ, then Theorem 16 gives

1+2—a>(D-C) ~2m—m > (D-C), >1—(3a+m+ﬁz—2),

which implies that 2a+3 > 2+m. But 2a+3 < 2—7, because a < letp(S, C)—
1 — 3. This shows that O = G N FnC.In particular, the curve C' has an ordmary

cusp at P. By assumption, we have a < Z — 5 and 2m +a < 2 + 5. This gives
6a+4m <5 —x < 5.
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Put E = HNC. Then (4) is not log canonical at F by Lemma 20. Then
(D-C)E>1—(6a+2m+ﬁl+ﬁz—4) =5—6a—2m—m—m

by Theorem 16. Thus we have 2 + —a > (D-C)p = 2m+m+m+(D-C)g > 5—6a.
This gives a > .But a < , which is absurd. (]

Lemma 25. Suppose that C' is smooth at P, a < ;’ +5,m+a<1l+7 and

x
(D~C’)P<17 9 + a.
Then the log pair (S,aC + D) is log canonical at P.

Proof. We have m < (D - C)p, so that m —a < 1 — 3. Then m < 1, since
m+a<<l+ g

Suppose that (S,aC + D) is not log canonical at P. Let us seek for a contra-
diction. We may assume that the pair (1) is not log canonical at @. Then @ € C
by Corollary 17. We may assume that (3) is not log canonical at O. Then O € C
by Lemmas 19. Then

(D-C)y >1- (2a+m+m—2)=3-2a—m—in

by Theorem 16. Thenl—m—&—a (D-C)p =m+(D- C)Q/m—i—m—i—(ﬁ 6) >
3 — 2a. This give a > + , which is impossible, since a < ! stsandx<1. O
Lemma 26. Suppose that C' is smooth at P, a < S —jgrmta< g + ¢ and
x
(D . C’)P < 9 + a.
Then the log pair (S,aC + D) is log canonical at P.
Proof. We have m < (D - C)p, so that m —a < %. Then m < g + ‘fg < 1, since

m+a < ;1, + g.

Suppose that (S, aC + D) is not log canonical at P. Let us seek for a contra-
diction. We may assume that the pair (1) is not log canonical at Q. Then Q € C
by Corollary 17. We may assume that (3) is not log canonical at O. Then O € C
by Lemmas 19. Then

(ﬁ-@)o>1—(2a+m+ﬁl—2):3—2a—m—n~1

by Theorem 16. Then s+a>(D-C)p = m+(D- C’) > m+m+(D-C)o > 3—2a.
1.

This gives a > 1 — Wthh is impossible, since a < —gand z < (]

Lemma 27. Suppose that C' has an ordinary node or an ordinary cusp at P, a <

1?” and
(D-C’)P§2—2a.

Then the log pair (S,aC + D) is log canonical at P.
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Proof. We have 2m < (D - C)p < 2 — 2a. This gives m 4+ a < 1, so that we have
m <L Thenm+2a<1l+a<1+M =" <2and3a+2m <2+a<
) 4 1+w _ 7-53:1 < 8

Suppose that (S aC + D) is not log canonical at P. Let us seek for a contra-
diction. We may assume that the pair (1) is not log canonical at Q. Then Q € C
by Corollary 17. We may assume that (3) is not log canonical at O. Then O € C
by Lemma 19.

If O ¢ F, then (D-C)o > 3 — 3a — m — m by Theorem 16, so that

P

2-2a>(D-C)p,>2m+(D-C),22m+m+ (D-C), >33,
which is absurd. This shows that O = G N F N C. Then
(D-C)p>1—-(2a+m—1)— (3a+m+im —2) =4 —5a—2m — i

by Theorem 16. Then 2 —2a>(D-C)p =2m+m+(D-C)o >4 — ba, so that
a > g But a < 143—@ <2 3 by assumption. This is a contradiction. O

2

Lemma 28. Suppose that C has an ordinary node or an ordinary cusp at P, a < 3

and L o
X
(D~O)P<3+ , 2

Then the log pair (S,aC + D) is log canonical at P.

Then m < 1 and

Proof. We have 2m < (D - C)p, so that m+a < 5 + 5 < 1.
N

m+2a < g Similarly, we see that 3a +2m < g + 2; +a<
5 <3

Suppose that (S,aC + D) is not log canonical at P. Let us seek for a contra-
diction. We may assume that the pair (1) is not log canonical at @. Then @ € C
by Corollary 17. We may assume that (3) is not log canonical at O. Then O € C
by Lemma 19.

IfO¢F, then § +2 — 24> - (D-O)p >2m+m+(D-C)o>m+3—3a
by Theorem 16. Therefore, ifO ¢ F, then a > g — 233” > 1. But a < g This shows
that O = GNFNC. Then (D-C)o > 1—(2a+m—1)— (3a+m+m—2) = 4—5a—
2m —in by Theorem 16. Then & +% —2a > (D-C)p > 2m+m+(D-C)o > 4—5a,
which gives a > g (I

Lemma 29. Suppose that C and Z are smooth at P, (C-Z)p < 2, and a + b+
m < 1+ 3. Suppose also that a < 1'§$, b < l'gz, (D-C)p < 14+a—2band
(D-Z)p <1+4+b—2a. Then the log pair (S,aC + bZ + D) is log canonical at P.

Proof. We have m < (D-C)p < 1+a—2band m < (D-Z)p < 1+ b— 2a.
Then m + “;rb < 1.

Suppose that (S,aC 4+ bZ + D) is not log canonical at P. Let us seek for a
contradiction. We may assume that (5) is not log canonical at ). Then @ € cuz
by Lemma 21. Without loss of generality, we may assume that C contains Q. Then
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Z also contains Q. Indeed, if Q & Z, then 14+ a—2b> (D-C)p = m+ (D C)Q >
2 —a — b by Theorem 16. But 1 4+ b — 2a > 0. Thus, we have Q) = GﬂC’ﬂZ so
that (C-Z)p = 2.

We may assume that (6) is not log canonical at O. Then O € C U Z by
Lemma 22. In particular, we have O ¢ F. Without loss of generality, we may
assume that O € C. By Theorem 16 we have 1+a—2b—m—m > (D-C)o > 1—
(2a42b+m+m—2). This gives a > 3, which is impossible, since a < 143 < g O

Lemma 30. Suppose that C and Z are smooth at P, (C - Z)p < 2, and a + b+
m < §+ &+ Suppose also that a < 2 , b < g, (D-C)p < 2'};”” +a — 2b and
(D-Z)p < *5* +b—2a. Then the log pcm" (S,aC+bZ+ D) is log canonical at P.

Proof. We have m < (D - C)p < 2?” +a—2b and we have m < (D - Z)p <
2?” +b—2a. Then m + “;rb < 2?” <l,m+4+a+b< g—i—g < g and 2a — b < 1.

Suppose that (S,aC 4+ bZ + D) is not log canonical at P. Let us seek for a
contradiction. We may assume that (5) is not log canonical at Q). Then @ € cuz
by Lemma 21. Without loss of generality, we may assume that @ is contained
in C. Then Q € cnZ. Indeed, if Z does not contain @, then 2"”” +a—2b>

(D C) 0> 2 —a — b by Theorem 16. The later inequality 1mmed1ately leads
to a contradiction, since 2a — b < 1.

We may assume that (6) is not log canonical at O. Then O € CUZ by
Lemmas 22. In particular, we have O ¢ F. Without loss of generality, we may
assume that O € C. Then T ta—2b—m—m > (D-C)o > 1—(2a+2b+m+m—2)
by Theorem 16. This gives a > 7596, which is impossible, since a < g (I

5. The proof of the main result

Let S be a smooth del Pezzo surface such that K2 = 1. Then | — 2Kg| is base
point free. It is well known that the linear system | — 2Kg| gives a double cover
S — P(1,1,2). This double cover induces an involution 7 € Aut(S5).

Let C be an irreducible curve in S such that C? = —1. Then —Kg-C =1
and C = P!, Put C = 7(C). Then C? = .C = —1 and C = P'. Moreover, we
have C+C ~ —2K 5. Furthermore, the 1rredu01ble curve C is uniquely determined
by this rational equivalence. Since C' - (C' + C) = —2Kg-C =2 and C2? = —1, we
haveC-E':& so that 1 < |C’ﬂé| <3

Fix A € Q. Then —Kg + AC is ample <— —é < A < 1. Indeed, we have

1 ~ 1 1~ A&
—Ks+MC ~q 2(O+O)+/\O: <2+/\)C+20NQ (1+2>\)<7K57 1+2)\O)'

(7)
One the other hand, we have (—Kg+AC)-C =1—Xand (—Kg+AC)-C = 1-3A\.
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Note that Theorem 7 and (7) imply
Corollary 31. Suppose that —} < A < 1. If|C'N 5| > 2, then

142X

min ( “) 2) if —5<A<O0,
min (a(X), | 3,) #0<A< 1,

a(S, —Ks+ /\C’) =
Similarly, if |C N C| =1, then
. (a(X) a4 ) i — 1
min , i <A<,
a(S, CKg+t /\C') _ 142X 343X 3
min a(X),SfS)\) if0< A<
Now let us prove Theorem 7. Suppose that 0 < A < 1. Put

when |[C N C| > 2,
when |[C N C| = 1.

min ( «(S)

min ( «(S)

2
_ 142
M_

(®)

4
» 343X
Lemma 32. One has a(S,—Kg + AC) < pu.

Proof. Since we have (5 +A)C+ ;6’ ~g —Ks+AC, we see that a(S, —Kgs+AC) <
2 . Similarly, we see that (S, —Kg 4+ AC) < a(S). If [C N C| = 1, then the log

1+2x°
244\ 2~
(S’ 3+ 3)\0Jr 4+ 3)\C>

pair
is not Kawamata log terminal at the point C' N C, so that (S, —Kg + AC) <
4
. (]
3437

Thus, to complete the proof of Theorem 7, we have to show that «(S, —Kg+
AC) = p. Suppose that (S, —Kg + AC) < u. Let us seek for a contradiction.
Since a(S, —Kg + AC) < pu, there exists an effective Q-divisor D on S such
that
D ~q —Kg+ MC,

and (S, uD) is not log canonical at some point P € S.

By Lemma 14 and (7), we may assume that Supp(D) does not contain C' or
C. Indeed, one can check that the log pair (S’,u(% +MC + ‘2‘5) is log canonical
at P.

Let C be a curve in the pencil | — Kg| that passes through P. Then C 4+ AC ~
—Kg + AC. Moreover, the curve C is irreducible, and the log pair (S, uC + pAC)
is log canonical at P. Thus, we may assume that Supp(D) does not contain C' or
C by Lemma 14.

Lemma 33. The curve C is smooth at the point P.
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Proof. Suppose that C is singular at P. If C € Supp(D), then Theorem 15 gives
2

1+A=C- (= Ks+AC) =D > multp (€) multp (D) > 2multp (D) > |
I

which is impossible by (8). Thus, we have C C Supp(D). Then C Z Supp(D).

Write D = eC+ A, where € is a positive rational number, and A is an effective
Q-divisor on the surface S whose support does not contain the curves C and C.
Then

1-A=C(~Ks+AC)=C-D=C-(€C+A)=e+C-A>
so that e < 1 — A. Similarly, we have
1+)\7€:C'A>(C'A)P. (9)

We claim that A < 5. Indeed, suppose that A > J. Then it follows from (9)

that
1+22 (4 1 2
A - <14+ XA—€e= + _ )
(A-C)p<ltA—e 2 (3+ 6 14+2)°

Thus, we can apply Lemma 23 to the log pair (S, 14_22/\ D) with z = 472 and

142X
1 _32 y € This implies that (S D) is log canonical at P, which is impossible,
because p < 1{_22/\.
If C has a node at P, then we can apply Lemma 24 to (S, D) with = 2\
and a = e. This implies that (S, D) is log canonical, which is absurd, since p < 1.
Therefore, the curve C has an ordinary cusp at P and A < % Then p <
a(S) = &. Thus, we can apply Lemma 23 to the log pair (S, 2 D) with z = 5\ and

_ 2
a= 71420

S¢, since

a:6

6(5 5 5
A < A— .
(A-C)p <y <6 T 66>
This implies that (S, 2D) is log canonical at P, which is impossible, since
p< g O

The next step in the proof of Theorem 7 is
Lemma 34. The point P is not contained in the curve C.

Proof. Suppose that P € C. Let us seek for a contradiction. If C € Supp(D), then
1
1-A=C" (= Ks+AC) =C D> multp (C) multp (D) > multp (D) >
1

by Theorem 15. But (8) implies that 4 > ',
1. Therefore, we must have C' C Supp(D). Then C € Supp(D) and also C Z

Supp(D).
Write D = eC' + A, where ¢ is a positive rational number, and A is an
effective divisor whose support does not contain C, C' and C. Then 1 + X\ — e =

which is impossible, because u <
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C-A > multp(A). Similarly, we have 1 + 3\ — 3e = C-A > 0. Finally, we have
1-XA+e=C-A=>(C-A)p.

If A < ;, we can apply Lemma 25 to the log pair (S, D) with z = 2\ and
a = e. This implies that (S, D) is log canonical, which is impossible since p < 1.

1 g 1 2 2 (1 —
4TI;erefore, we have A > ;. Since € < 3+ A, we have | 5\ e < | 5\ (53 +A) =
—4

5 — 13- Since e+multp(A) < 1+, we have | % e+ % multp(A) < | 2, (1+
4—4x

N =1+ B Bt

o
1+2x (1 2

A <l—A4e= + .

(A-C)p te 2 (2 s

Thus, we can apply Lemma 26 to the log pair (S5, 1+22/\ D) with z = ﬁéi and
a= 1+22)\e. This implies that (S, 1+22)\ D) is log canonical at P, which is impossible,
since p < 1+22)\. O

Let h: S — S be the contraction of the curve C. Put D = h(D). Then
D ~g —Kg. Moreover, it follows from Lemma 34 that (S, uD) is not log canonical
at the point h(P).

By construction, the surface S is a smooth del Pezzo surface such that K ; =
K%+ 1=2. Then | — K| gives a double cover 7: S — P? branched in a smooth
quartic curve Ry C P2. By Lemma 18, there exists a unique curve Z € | — K S|
such that Z is singular at h(P). Moreover, the log pair (S, Z) is not log canonical
at the point h(P) by [4, Theorem 1.12]. Note that 7(Z) is the line in P? that is
tangent to the curve Ry at the point 7 o h(P).

Let Z be the proper transform of the curve Z on the surface S. Then h(C) ¢
Z. Indeed, if h(C) is contained in Z, then Z ~ —Kg, which is impossible by
Lemma 33. Thus, we see that CNZ = @. Then Z ~ —Kg+ C.

Lemma 35. The curve Z is reducible.
Proof. Suppose that Z is irreducible. Then Z has an ordinary node or ordinary

cusp at P. In fact, if Z € Supp(D), then 2 =27 -D > Z by Theorem 15, which

contradicts to (8). Therefore, we have Z C Supp(D). Put Z = 7(Z). Then Z+Z ~
—4Kg and
3A+1 1-Xg 1-A
4 Z + 4 A4 ~Q 4

Furthermore, one can show (using Definition 13) that the log pair

3 +1 1—-Xg
<S,u 4 Z+ 1 Z)

(Z+Z) +AZ ~g —Kg + AC.

4

is log canonical at P. Hence, we may assume that Z ¢ Supp(D) by Lemma 14.
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Write D = eZ + A, where € is a positive rational number, and A is an
effective Q-divisor on the surface S whose support does not contain Z and Z.
Then 2 + 4\ — 6e = Z - A > 0. Thus, we have ¢ < '**. Finally, we have

2-2e=7-A>(Z-A),.
Therefore, if A < ;, then we can apply Lemma 27 to (S, D) with = 2\ and a = e.
This implies that (.S, D) is log canonical at P. But p < 1. Thus, we have A > ;

We have p < 1{_22/\. Then (S, 1+22/\D) is not log canonical at P. We have
1+22)\e < g Thus, we can apply Lemma 28 to (.5, 1+22AD) with z = ‘11133\ and
a= 1+22)\e, because

1+2X3 (4 21750 2
A-Z), < -2 =2 — 2e.
(A-2)ps< <3 T TS ‘
This implies that (S, , _f2/\D) is log canonical at P, which is absurd, since p <
1+22,\' U

Since Z is reducible, Z = Z1 + Z5, where Z; and Zy are smooth irreducible
curves. Then Z? = Z2 = —1 and Z; - Z3 = 2. Moreover, we have P € Z; N Z3 and
(Z1 - Z3)p < 2. Furthermore, we have Z; N C = @ and ZoNC = 2.

We have Z; C Supp(D) and Z3 C Supp(D). Indeed, if Z; € Supp(D), then

1= 71 (= Ks+AC) = Z1- D > multp (Z1) multp (D) > multp (D) > ; >1

by Theorem 15. This shows that Z; C Supp(D). Similarly, we have Zo C Supp(D).
But

(1=X)C+ 21+ Z3) ~g —Ks + XC.
On the other hand, the log pair (S, (1 —X\)C + pA(Z1 4+ Z3)) is log canonical at P.
Therefore, we may assume that C € Supp(D) by Lemma 14.

Put Z1 = T(Zl) and put Z2 = T(ZQ). Then Zl + Z1 ~ 72KS and ZQ + Z2 ~
12KS T}lisgivesC~Z1:C~Z2:1, Zl'Z1:ZQ'22:3, Zl'Z2:Z2'Z1 :O,
Z1-C = Zy - C = 2. Moreover, we have Z1 + Zy ~ —Kg + C. Then

14+ A 1-A> 1—A ~
Zi4Mla+ i~ (21+21) +A(21 + Z2) ~o —Ks +AC
Note that P ¢ Zl, because P € Z5 and 21 - Z5 = 0. Using this, we see that the
log pair
14+ 1-X~
<S,u 9 Zy+ pAZa + p 9 Zl)
is log canonical at the point P. Hence, we may assume that Zl Z Supp(D) by

Lemma 14. Similarly, we may assume that Zs Z Supp(D) using Lemma 14 one
more time.
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Now let us write D = €121 + €275 + A, where ¢ and €5 are positive rational
numbers, and A is an effective divisor whose support does not contain Z; and Zs.
Then

1+A—€1—e=C-A>multp (A)
This gives €1 4+ €2 + multp(A) < 14+ X. We also have €1 < 1+32’\, since

142\ —3¢;=2,-A>0.

Similarly, see that e < 1+32)‘. Moreover, we have

1+61—2€2=Z1'A2(Z1'A)P.

Finally, we have
1+€2_2€1=Z2'A2 (ZQA)P

Thus, if A < ;, then we can apply Lemma 29 to (S, D) with 2 = 2), a = ¢
and b = ¢;. This implies that (S, D) is log canonical at P, which is absurd. Hence,
we have \ > é

Since A > ;, we have p < 1+22)\. Then the log pair (S
canonical at P. On the other hand, we have
have

2 2 2 2

ltp(A) <
Lranatponet Loy multe(A) <y oy
2 2

= A
1+2/\+

) 1+22)\D) is not log

2 2 2 2
11ox €l <3 and 1Lox€2 < 5 We also

(1+X)

4—4x
_4 4142
14+2) 3 6 7

Moreover, we have

1+2x(2 1 2 2
A-Z).<1 — 2 = + ) .
(A-Z1)p S 1te—2e 2 <3 T T TR o

Furthermore, we also have

1+20 (2 i 2 2
A-Zy) . <1+ef — 2= —2 :
(A Zo)p St =26 2 <3 Ty T T 0

2 . 4—4x 2
Thus, we can apply Lemma 30 to (S, 1+2)\D) with z = 17701, a = | 5,
b= 1+22/\ €2. This implies that (S, 1+22AD) is log canonical at P, which is absurd.

The obtained contradiction completes the proof of Theorem 7.
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