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A Fano 3-fold with a unique elliptic structure

I. A. Cheltsov

Abstract. An example of a Fano 3-fold that has a unique representation as an
elliptic fibration is presented. No other examples of rationally connected varieties
with such a property are known so far.

Bibliography: 5 titles.

All varieties in this paper are assumed to be projective and defined over C. The
main definitions, notation, and concepts can be found in [1].
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and V.V. Shokurov for useful conversations and helpful comments.

§1. Introduction

In this paper we shall study properties of the following 3-fold.

Main object. Let §: X — P3 be a double cover ramified over a sextic S such that
X has one singular point O, which is a simple double point.

The birational structure of X was studied in [2], where the following result was
proved.

Birational rigidity of X.
Bir X = Aut X,

and X 1is not birationally isomorphic to

(1) Mori 3-folds* that are not isomorphic to X,
(2) conic bundles,
(3) fibrations of surfaces of Kodaira dimension —oo.

Besides birational rigidity X has other interesting properties.

Elliptic structure on X. Let f: W — X be a blow up of the singular point O.
Then the linear system |—Kyy| is free and the morphism

Pl—Kw|* W — P2

is an elliptic fibration.

IMori 3-folds are Fano 3-folds with terminal Q-factorial singularities and Picard group Z.
This work was carried out with the partial support of the NSF (grant no. DMS-9800807).
AMS 2000 Mathematics Subject Classification. Primary 14J30, 14E05.
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Note that the image in P? of a fibre of the elliptic fibration so constructed is a
line passing through the point 6(O).
Convention. We identify fibrations that are birationally equivalent (as fibrations).
The aim of this paper is to prove the following result.

Main theorem. X cannot be birationally transformed into other elliptic fibrations.

Note that each rationally connected surface is birationally isomorphic to infin-
itely many distinct elliptic fibrations.

Important remark. X is the only known example of a rationally connected variety
that can be birationally represented in a unique way (in the class of birationally
isomorphic varieties) as an elliptic fibration.

Our methods also describe other properties of X.

K3 structures on X. Let P be a pencil in |[-Kx| and assume that the commu-
tative diagram

w
v g
x & op

resolves the indeterminacy of the map ¢p. Then the general fibre of g is a smooth
K3 surface.

The following result complements the Main theorem.

Additional theorem. X is not birationally isomorphic to

(1) Fano 3-folds with canonical singularities that are not biregular to X,
(2) fibrations into surfaces of Kodaira dimension zero, except for the K3 fibra-
tions constructed above.

§ 2. Auxiliary objects

This chapter introduces objects that will be used in the proof of the Main
theorem.

Movable log pair. A movable log pair

(X, Mx) = (X, ibM)

is a variety X together with a formal finite linear combination of linear systems M;
without fixed components such that all b; € Qx¢.

Note that (X, Mx) can be regarded as a usual log pair.

Observation. The strict transform of Mx is defined in a natural way for each
birational map.

We shall assume that the log canonical divisors of all the log pairs considered
are Q-Cartier divisors. Hence discrepancies, terminality, canonicity, log terminality,
and log canonicity can be defined for movable log pairs in a similar way to the usual
ones.
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Centre of canonical singularities. A proper irreducible subvariety Y C X is
a centre of canonical singularities of (X, M) if there exist a birational morphism
f:+ W — X and an f-exceptional divisor £ C W such that

a(X,Mx,E)<0 and f(E)=Y.
Set of centres of canonical singularities. We denote by CS(X, Mx) the set
of centres of canonical singularities of (X, Mx).
The next result follows from [3].
Uniqueness theorem. A canonical model is unique if it exists.

For an arbitrary movable log pair (X, Mx) we consider a birational morphism
f: W — X such that the log pair

(W, M) = (W, f~H(Mx))

has canonical singularities.

Iitaka map and Kodaira dimension. If the linear system |n(Kw + Mw)| is
non-empty for n > 0, then the map

I(X,Mx) = Qiu(kwi+mw) © f ' forn>0
is called the Iitaka map of (X, Mx) and
#(X, Mx) = dim(I(X, Mx)(X))
is called the Kodaira dimension of (X, Mx). Otherwise I(X, Mx) is considered to
be undefined everywhere and »#(X, Mx) = —oc.
One can prove the following result.

Correctness theorem. The map I(X, Mx) and the quantity (X, Mx) do not
depend on one’s choice of the morphism f.

Note that the Iitaka map and the Kodaira dimension of a movable log pair
depend a priori on the positive integer n > 0 involved in their definition. One
can show that the Kodaira dimension does not depend on this number. Moreover,
in dimension 3 it follows from the Log Abundance (see [1]) that the Iitaka map
also depends only on the properties of the movable log pair. We shall mainly use
movable log pairs and shall call them simply log pairs.

§ 3. Log Calabi—Yau structures

We now outline relations between the previous chapter and the Main theorem.
We shall use the notation of § 1. One can show that

PicX = ZKx and Kx ~ 60" (Ops(—1)).
We fix a log pair (X, Mx) and choose A € Qs U {+0o0} such that
Kx + MMy ~Q 0,

where A = 400 for Mx = @.
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Definition. In the case A = 1 we call (X, Mx) a log Calabi-Yau 3-fold.

Core theorem. Assume that (X, Mx) is a log Calabi—Yau 3-fold. Then (X, Mx)
is canonical, (X, Mx) =0, and

{0},

{Bs P} for the pencil P in |—Kx| such that O ¢ Bs P,
{BsP?,0} for the pencil P in |-Kx| such that O € Bs P,
.

CS(X, My) =

It turns out that both the Main and the Additional theorems can easily be
deduced from the Core theorem. We can obtain a rather precise description of the
boundary Mx on the basis of the Core theorem in the case when the singularities
of the log pair (X, Mx) are not terminal.

Refinement of the Core theorem. Assume that (X, Mx) is a log Calabi-Yau
3-fold and the log pair (X, Mx) is not terminal. Then

MX = 1/)_1(MY)7

where the rational map V: X --+ Y is the composite of 6 and the projection from
0(CS(X, Mx)).

Proof. Let Z be the union of curves in CS(X, Mx) if the last set contains a curve.
Otherwise let Z = O.
Note that in the case when CS(X, M) contains the point O we have

multo (Mx) =1.

This follows from Corti’s theorem (see §6).

Consider the linear system H of surfaces in |—Kx| containing Z. We choose a
birational morphism f: W — X such that the linear system f~!(J) is free, the
3-fold W is smooth, and f is an isomorphism outside Z. We set

g=wsof and (W,My)=(W,f *(Mx)).

We fix a sufficiently general divisor D in f~1(3().

Four cases are now possible: 0(Z) does not lie in S; 0(Z) is a line in S not
passing through the point 8(0); 6(Z) is a line in S passing through the point 8(O);
Z =0.

Assume that 8(Z) ¢ S. We may also assume that W contains precisely one
f-exceptional divisor lying over the generic point of each irreducible component
of Z. Then

k
Mw|p ~q ZCiFi|D;
=1

where all the f(F;) are points on X and all the ¢; are rational. Hence My lies in
the fibres of g and
I(X7MX) = gof_l'
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Assume that 6(Z) is a line in S not passing through the point 8(O). We may also
assume that f is the composite of the blow up of Z and the blow up of a section of
the exceptional surface of the first blow up. Then

Mw|p ~q a(X, Mx, E3)Ez|p,

where F5 is the exceptional surface of the second blow up. On the other hand, it
is easy to see that Es|p is a smooth rational curve on the smooth K3 surface D.
Thus,

a(X, Mx, Es) = 0.

Hence Myy lies in the fibres of g and
I(X7MX) = gof_l'

Assume that 6(Z) is a line in S passing through the point 6(O). We may also
assume that f is the composite of the blow up of O, the blow up of the proper
transform of Z, and the blow up of a section of the exceptional surface of the
second blow up. Then

MW|D ~Q (a(X, Mx,E)E+ a(X, Mx,EQ)E2)|D,

where F and FEs are the exceptional surfaces of the first and the third blow ups,
respectively. On the other hand, F|p and Es|p are two smooth rational curves on
the smooth K3 surface D that intersect transversally at one point. Hence

G(X, MX7E) = G(X, MXyEQ) =0.
It easily follows from this that My lies in the fibres of g and
I(X,Mx)=go f "

Assume now that Z = O. Then g is an elliptic fibration. We may also assume
that f is the blow up of O. For a sufficiently general fibre C of g,

My -C =0.
Hence Myy lies in the fibres of g and

I(X,Mx)=go f '

§ 4. Titaka maps
We shall use the notation of the introduction.
Corollary to the Core theorem. The following relations hold:
A=1 <= x»(X,Mx)=0,
A<l <= »(X,Mx) >0,
A>1 <= x»(X,Mx)=—oc0.

Log pairs with »(X, Mx) = 1 or 2 can be explicitly described.
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Description theorem 1. Let »(X, Mx) = 1. Then the log pair (X, Mx) is not
canonical, I(X, Mx) is the composite of @ and the projection from some line in P2,

and
MX = I(X7 MX)_l(]P)l)'

Description theorem II. Let »(X, Mx) = 2. Then the log pair (X, Mx) is not
canonical, I(X, Mx) is the composite of 8 and the projection from the point 6(O)
inP3, and

Mx = I(X, Mx) ™ (P?).

Proof of Description theorems I and II. The Core theorem yields the canonicity of
the log pair (X, AMx). Thus,

%(X,Mx) 2 %(X,)\Mx) =0.

Assume that (X, A\Mx) is terminal. We take 6 € Q N (A, 1) such that (X, Mx)
is still terminal. Then

3=x(X,0Mx) < »(X,Mx) <2.
Hence
CS(X, \Mx) # .
The assertion now follows from the refinement of the Core theorem.
What can be said about log pairs of Kodaira dimension —oco?
Description theorem III. If »(X, Mx) = —oo, then CS(X, Mx) = .

Proof. (X, AMx) is canonical by the Core theorem and the assertion follows from
the inequality A > 1.

Note that the birational rigidity of X follows from Description theorem III.

§ 5. Birational geometry of X

In this section we prove both the Main and the Additional theorems together
with the birational rigidity of X using results of the previous section, the Core
theorem, and the refinement of the Core theorem.

Theorem A. X is not birational to a fibration with general fibre of Kodaira dimen-
sion —oo.

Proof. Assume that p is a birational transformation of X into a fibration 7: Y — Z
such that the general fibre of 7 has Kodaira dimension —oo. We take a ‘sufficiently
big’ very ample divisor H on Z and choose p € Q¢ such that

(X, Mx) = (X, pp~ H(|7*(H)]))
is a log Calabi—Yau 3-fold. By construction
%(X, Mx) = —00,

which contradicts the Core theorem.
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Theorem B. Bir X = Aut X and X is not birational to any Fano 3-fold with
canonical singularities that is not bireqular to X.

Proof. We shall prove a slightly stronger result. Assume that we have a birational
map p: X --+Y such that Y has canonical singularities and big and nef anticanon-
ical divisor. We claim that p is an isomorphism.

It is well known that |-nKy| is free for n > 0. We consider the log pairs

0 00y) = (Y2 okl ) and (X M) = (X, ).

The corollary to the Core theorem shows that (X, Mx) is a log Calabi—Yau 3-fold
and the refinement of the Core theorem yields the terminality of (X, Mx). Hence
we can take ¢ € Q-1 such that both log pairs (X, (Mx) and (Y, (My) are canonical
models. The Uniqueness theorem shows that p is an isomorphism.

Theorem C. All fibrations birational to X with general fibre of Kodaira dimension
zero are described in §1.

Proof. Let p be a birational transformation of the 3-fold X into a fibration 7: ¥ —
Z such that the Kodaira dimension of the general fibre of 7 is zero. Consider a
‘sufficiently big’ very ample divisor H on Z. The equality

#(X,p~ (|7 (H)])) = dim Z
and Description theorems I and II bring us to the required result.

§ 6. Proof of Core theorem

In this section we prove the Core theorem. We shall use the notation of the
introduction. We fix a log Calabi-Yau 3-fold (X, Mx).

The global strategy: (1) show that CS(X, Mx) contains no points with the possible
exception of O; (2) prove that (X, Mx) is canonical in O; (3) describe curves in
CS(X, Mx).

To implement the global strategy we require several auxiliary results. The fol-
lowing result is established in [4].
Shokurov’s Connectedness theorem. Let

(1) f: W —X be a morphism of normal varieties such that f.(Ow) = Ox;
(2) D= Z?:l d;D; be a divisor such that D; is f-exceptional whenever d; < 0;
(3) —(Kw + D) be Q-Cartier, f-nef, and f-big;

(4) g: V= W be a log resolution of (W, D).

Then the divisor

> E

a(W,D,E)<—1

is connected in the neighbourhood of each fibre of f o g.
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Corti’s lemma ([5], Theorem 3.1). Let P be a smooth point on a surface H and
assume that for some non-negative rational numbers a; and as,

P e LCS(H, (1 - al)Al + (1 - ag)AQ + MH),

where the boundary My is movable and the irreducible reduced curves Ay and As
intersect normally at the point P. Then

4a1a9 ifag <1oras <1,

multp(M7) >
r(Mp) {4(a1+a2—l) ifap > 1 and ag > 1.

Corollary to Corti’s lemma. Let P € LCS(H, My), where P is a smooth point
of the surface H and the log pair (H, My) is movable. Then

multp(MF) > 4.

Corti’s theorem ([5], Theorem 3.11). Let O € CS(X, Mx), where O is a simple
double point of a 3-fold X and the log pair (X, Mx) is movable. Then

multo (Mx) 2 1.

What do we do now?

The local strategy: (1) use Shokurov’s connectedness theorem and Corti’s lemma to
show that CS(X, Mx) does not contain smooth points of X; (2) derive from Corti’s
theorem the canonicity of the log pair (X, Mx) at the point O.

Lemma I. CS(X, Mx) contains no smooth points of X.
Proof. Assume that CS(X, Mx) contains a smooth point P. Consider the log pair
(X,Bx)=(X,Hx + Mx),

where Hx is a sufficiently general hyperplane section of X passing through P. By
construction,
P € LCS(X, Bx).

Hence Shokurov’s connectedness theorem yields
P e LCS(Hx, Mx|my)-
Next, the corollary to Corti’s lemma shows that
multp(M%) = multp((Mx gy )?) > 4.

On the other hand,
2=—Kx-M% >multp(M%).

The inequality
2=—Kx -M% > 2multh(Mx)

in combination with Corti’s theorem easily yields the following result.
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Lemma II. (X, Mx) is canonical at O.

Thus, to prove the Core theorem we may assume that CS(X, Mx) contains some
irreducible reduced curve C.

The local strategy: (1) show that §(C) is a line in P3; 2) prove that all components
of =1(6(C)) belong to CS(X, Mx).

The inequality
2=—-Kx -M% >multc(M3%)(—Kx)-C > —Kx -C > deg(C)
brings us to the following result.
Lemma III. —Kx -C <2, and 6(C) is either a conic or a line.
Lemma IV. 6(C) is a line.

Proof. Assume the contrary. Then the above inequality shows that —Kx - C = 2,
6(C) is a conic, 0|¢ is an isomorphism, and

multc(Mx) =1.

We choose a sufficiently general divisor H in |—-Kx|. H is a smooth K3 surface
intersecting the curve C precisely at two distinct points, 1 and z2. Let g: V — H
be the blow up of z; and x2. Let By = g~ !(z1) and E5 = g~ !(z2). Then the linear
system

9" (H|m) — Er — B

contains precisely one effective divisor D.
Note that D is a smooth curve of genus 2. On the other hand,

(97 (Mx|u)) ~q " (H|u) — E1 — E;

and
(97 (Mx|m))* = 0.

Hence the linear system |nD| has no fixed components for n > 0 and D? = 0.
Thus, for some n > 0 the linear system |nD| is free and

@nD| V)= Pl

Hence, for k € (1,n] the fibration ¢, p| has a multiple fibre £D. This means that
the genus of the curve D must be 1.

We can now complete the proof of the Core theorem.

Proof of the Core theorem. Assume that
CS(X,Mx)# @ and CS(X,Mx)# {O}.

It follows from Lemmas I-IV that CS(X, Mx) contains a smooth rational curve C
such that —Kx - C = 1. Moreover, C ¢ S. Hence

0=1(6(C)) = CuUC,

where C’ is a smooth rational curve such that —Kx - C’ = 1.
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Consider now the pencil H of surfaces in |- K x| containing C' and C’. We choose
a birational morphism f: W — X such that the pencil f~1(H) is free, W is smooth,
and f is an isomorphism outside C' and C’. Setting

(W, M) = (W, f~H(Mx))

we fix a sufficiently general divisor D in the pencil f~1(3().

Two cases are now possible: the curves C and C’ pass through the point O; the
curves C and C’ do not pass through the point O. In the first case we must show
that

C' e CS(X,Mx) and O € CS(X, Mx).

In the last case we must show that
C’' e CS(X, Mx).

Assume that the curves C and C’ pass through the point O. We may also assume
that f is the composite of the blow up of O, the blow up of the proper transform
of C, and the blow up of the proper transform of C’. Then

MW|D ~Q (a(X, Mx,E)E+ a(X, Mx,EQ)E2)|D,

where FF and Es are the exceptional surfaces of the first and the third blow ups,
respectively. On the other hand E|p and Es|p are two smooth rational curves on
the smooth K3 surface D that intersect transversally at one point. Hence

a’(X7MX7E) = a’(XyMXyEQ) =0.

Assume now that the curves C and C’ do not pass through the point O. We
may also assume that f is the composite of the blow up of C' and the blow up of
the proper transform of C’. Then

Mw|p ~q a(X, Mx, E2)Es|p,

where Es is the exceptional surface of the second blow up. On the other hand Es|p
is a smooth rational curve on the smooth K3 surface D, which shows that

a(X, My, Es) = 0.
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