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§-oo. Abstract

This paper introduces a temporary definition of minimal models of
3-folds (0.7), and studies these under extra hypotheses. The main result is
Theorem (0.6), in which T characterise the singularities which necessarily
appear on a minimal model, and prove the existence of a minimal model
S of a 3-fold of f.g. general type, by blowing up the canonical model X
studied in [C3-f), imitating closely the minimal resolution of Du Val sur-
face singularities.

part from techniques familiar from [C3-f] (computations of the
valuations of differentials; cyclic covers; crepant blow-ups of index 1
points which are not cDV), the main new element (Theorem (2.6)) is a
method of blowing up the I-dimensional singular locus, based on the
Brieskorn-Tyurina result on the existence of simultancous resolutions of a
family of Du Val surface singularities, together with the clementary trans-
formations in (—2)-curves of Burns and Rapoport. _Part IL is devoted to
i exposition of these clementary transformations; much of this s folklore
‘material, but it seems worthwhile to give a detailed account of what seems
to be a key phenomenon of higher-dimensional birational geometry.

The canonical and terminal singularities introduced in [C3-f] and
here have strong inductive properties, and there is some reason for be-
lieving that terminal singularities will provide the natural category for an
inductive extension of Mori’s results: elementary contractions (when these
exist) specified by extremal faces of the K<<0 part of the Mori cone are
always discrepant. T have included in §4 \:m\j:cturcs as to what the
theory of minimal models and classification of 3-folds will look like in 3
or 4 years’ time, and a section of conjectures in § 8 attempting to pin down
the non-uniqueness of minimal models in the non-ruled case.
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Part I Minimal Models

§0. Definitions and statements of the main results

(0.1) Tntroduction. Given a surface of general type, one can usefully
consider 3 different models:

¥ > S > X.
Here V is an arbitrary non-singular model, S the minimal model, and X'
the canonical model; in this sct-uj

(@) X has at worst Du Val singularities, and v, is ample; £ is the
minimal resolution of the singularities, and is crepant, that is ws=/*wx,
or Ky=f*Ky.

() s non-singular and K, is nef (this word is defined and dis-
cussed in (0.12)).

(©) g is a composite of blow-ups of points, and 5o by the adjunction
formula for a blow-up Ky =g*Ky+4, where 4 is a divisor made up of the
exceptional curves of g with stritly positive coeficients; that i, g is
totally discrepant.

Tn the surface case, it is well-known that S can be constructed from
¥ by successively contracting (—1)-curves (the cxceptional curves of the
Ist kind; on a surface with #=0 these are just the curves CC V' with

K,C<0). And X can be constructed from S by contracting all of the
finitely many (—2)-curves (the nodal curves, or Du Val curves; on a
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minimal surface of general type these are precisely the curves CCS with
K,C=0).

Tt is not known how to carry out similar contractions in higher
dimensions, although scc [Mori] for a spectacular start on this problem.
The results of [Mori], of [C3-f], § 5, and of the present paper make it
quite clear that there is no hope of getting a non-singular model § for
which Kj is nef.

T will be interested in starting from the other end, that is in general-
ising the minimal resolution of Du Val singularities. I will show how to
construct a certain model S, which I will define to be a minimal model,
by blowing up the canonical model X studied in [C3-f]; of course, this
approach involves assuming for the moment that we are working with a
3-fold of f.g. general type. The main purpose of this paper is to deter-
mine the singularities which necessarily appear on S, the guick singularities.

(0.2) Definition. Let X be a varicty of dimension 32 with canonical
singularities [C3-f], and let £ ¥—X be a partial resolution (see (0.12)
below for a definition of partial resolution, and for /* applied to a
O-Cartier divisor).

(a) From the definition of canonical singularities,

Ky=f*Ke+d,

where 420 is a Weil divisor with coefficients in Q, called the discrepancy

(b) T will say" that fis crepant if 4=0, and totally discrepant if
(i) fhas at least one cxceptional prime divisor;
and (i) every exceptional prime divisor of f appears in 4 with strictly
positive coeffcient.
(©) PeXisa terminal singularity if it has a totally discrepant reso-
lution ' Y—X; it is equivalent to say that every partial resolution is
cither totally discrepant or an isomorphism in codimension 1 over P.

0.3) Remarks. (a) A point P e X of a surface is terminal if and
only if it is non-singul

(b) Suppose um X is a canonical variety, that is, X is projective
and Ky is ample; then a partial resolution £ : Y—X is crepant if and only
if |mK, | is free for all m sufficiently large and divisible. T will show below.
(0.15) that f is crepant if and enly if ¥ is Cohen-Macaulay and K, is nef,
partilly generalising [Moril, (3.

(©) “Terminal” is a na!ural strengthening of “canonical”: if P e X

¥ Linguistic conservatives may prefer “non-discrepant”.
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is a normal point such that s € w§f)is a local basis, and f': Y—»X is a reso
lution, then canonical is the condition that for every prime divisor ICY
exceptional for f, and such that /(I')3 P, we have v;(s)20; terminal is
the same condition with a strict inequality.

04) The following is a trivial consequence of the definitions,
together with [C3-f], (1.2), (1) and (1.14), but is constantly used in induc-
tive arguments.

Proposition. Let P e X be canonical, and let f = Y—X be a crepant
‘morphism; then ¥ has canonical singularities over f~'P. If X has terminal
singularities, so does Y; if in addition dim X=3, then Sing YN\f~'P is a
finite set.

(0.5) Definition. A 3-fold point P e X is a quick singularity if it is

a canonical singularity of index r such that the local r-fold cyclic cover
1 Y—»X defined in (C3-f], (1.19) is an isolated cDV point.

Recall [C3-f], (2.1), that a cDV(=compound Du Val) point P ¢ X is
a hypersurface singularity given locally analytically by f+1g=0, where
f=f(x. y, 7) defines a Du Val singularity, and g=g(x, ¥, 2, 1) is arbitrary.
T will say that P e X is a ¢d,, ¢D,, cE,, cE, or cE, point to specify the
general section through P.

Here the word “quick” is an acronym of “guotient of an isolated cDV
point, which is a kanonical singularity”.

The reader interested in having a more concrete description of quick
singularities is encouraged to try his or her hand at Problems (4.13-15)

(0.6) The main purpose of this paper is to prove the following
result.

Main Theorem. () Let P X be a 3fold point; then PeX is
terminal if and only if it is quick.

(W) Let X be a 3-fold with canonical singularities; then there exists a
partial resolution - S—X such that

i) fis crepant;
and (i) 'S has quick singularities.
Furthermore, this f can be chosen as the composite of certain elementary
steps (blow-ups), which are intrinsic to X, and is then uniquely determined
and projective.

Using eyclic coverings and the computations of valuations of differ-
entials, as in [C3-f], we will see in §3 that the case of index -
fairly mechanical consequence of the results for r=1. For r=1, (I) of
(0.6) is proved in § 1, and (II) is reduced in §2 to Theorem (2.12) on
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elementary transformations in (—2)-curves; (2.12) is finally proved in § 7.

(0.7) Definition. A projective 3-fold S will be called a minimal model
With £y 20 if S has only quick singularities and K, is nef. 1f X is a 3-fold
with canonical singularities, and f : S—X is a partial resolution satisfying
(i) and (i) of (0.6), I will say that S is a terminal partial resolution of X,
or is a minimal model over X; the uniquely determined model f: S—X
referred to in the final clause of (0.6) will be called my choice.

(0.8) Remarks. (2) IfXisa canonical 3-fold, and S is a minimal
‘model over X, then |mKq| is free for all m which are sufficiently large and
divisible; this makes it clear that S is unique up to isomorphism in codi-
‘mension 1, since the prime divisors appearing on  are just the prime
divisors which are ot fixed components of [7K, | for all m on some reso-
lution ¥ of X.

(b) S is not unique, and is certainly not an absolute minimal model
in general. See [13] for a counter-example even if S=X and is non-
singular; this example is incidentally a counter-example to naive attempts
at extending Mori’s elementary contrac The reader will also meet
it if he works at Exercise (5.14). ~ See also [43], (3.8)

(&) 1 belicye that there should only be finitely many minimal models
S over a given X, and that they can be obtained from one another by
“clementary transformations”; the cases in which this is known arisc from
ultaneous resolutions of cDV points, and the different models are
related to the combinatorics of the oot systems A,, Dy, E, Ey Ey (see
(8.2) below, as well as [9], § 3, [34), [35] and [26], § 8).

(d) Terminal singularities may admit further partial resolutions
which introduce only exceptional curves; the two small resolutions of
the ordinary double point [5] is a famous instance. Shepherd-Barron has
shown (sec (8.4) below) that this relates to the (algebraic or analytic) local
class group, and that “extra-terminal” singularities are the factorial points.
However, it is not clear that one should make these extra resolutions,
since we loose out on both projectivity and unicity.

(@) An easy cxample due essentially to Shepherd-Barron ((6.8) be-
low) shows that 3-folds with 0=<k=2 can have infinitely many distinct
non-singular models for which |K] is frec.

(f) Itis an open problem to characterise my choice of S among all
‘minimal models, maybe in terms of the numerical properties of the isolated
curves CC.S for which K,C=0.

g

(09) Woflle. In the background to (0.6) is a general principle,
which 1 will not attempt to state formally (sec § 8 below), to the effect that

A
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there are finite obstructions to the existence and uniquencss of a non-
singular minimal model over a canonical 3-fold X. If S is such a model,
then the isolated curves C with K,C=0 scem somehow to form a system
of simple roots (in some vector space birationally associated with X?), and
the obstructions seem to relate to this choice.

(0.10) Remark. I should say that this paper makes no use of the
strong numerical consequences of ampleness, which is the backbone of
Mori’s New Technology. The difficulties mentioned in (0.8) concerning
‘non-uniqueness arc substantially different in the projective category and
the category of algebraic spaces, in which I mainly work.

(0.11) Prejudice. This paper has many relations with the “factori-
sation problem” (is every birational map f: X— —>Y between smooth com-
plete 3-folds a composite of blow-ups and blow-downs 2); see especially
§5and §8. There arc now many people working on this problem (sce
[11], [12], [18], and the references in [26]), and I would like to express here
my opinion that the solution to the factorisation problem is more likely
to be a consequence of a working understanding of the birational geometry
of 3-folds than a particularly uscful step towards this understanding.
Compare also [43]

0.12) Conventions and abuse of language. (a) Twilluse the word
“variety” to mean an algebraic variety over k=C, or an algebraic space
over k—=C in the sense of M. Artin; there is nothing against identifying
this with the notion of Moishezon space (=analytic space birational to
an algebraic variety). My interest is primarily in the case of a projective
Variety, but complex analytic constructions will turn up, in particular as
‘partial resolutions; analytic manifolds is clearly the right context for the
‘material of Part I T will always write “birational” instead of “bimero-
morphic”.

(b) A partial resolution is a proper birational morphism f: Y—X,
in which ¥ is always assumed normal.

(¢) If f: Y—X is a partial resolution, an exceptional prime divisor
of fis any prime divisor I'C ¥ such that codim f(1)=2; even if P e Xis
an isolated singularity, this should not be taken to mean that I'Cf~'P.

(d) The phrase “f: X,— —>X, is an isomorphism in codimension 1”
means that / is a birational map, and deleting subsets of X, and X, of
codimension 2, f becomes an isomorphism. - Another way of saying the
<ame thing is that £ and f-* are isomorphisms at the generic point of every
prime divisor. This usage is exactly as in the well-cstablished usage

“non-singular in codimension 1”.
(¢) The index r of a canonical point P e X is defined in [C3-f], (L.1)

T P
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to be the smallest r for which the Weil divisor rK, is principal at P; rather
than specifying in every instance the index, it is convenient to work con-
sistently with Q-Weil divisors, that is, Weil divisors with coefficients in Q;
such a divisor D is a Q-Cartier divisor if for some integer r>0, rD is @
Cartier divisor. Note that if f: X— Y is a morphism, and D is a Q-Cartier
divisor on ¥, then f*D=(1/r)f *(rD)
X; even if D is an integral Weil divisor, f*D may not be. For future use,
1 will say that a point of a normal variety P e X is Q-Gorenstein if it is
Cohen-Macaulay and K, is Q-Cartier at P.

() A Q-Cartier divisor D is nef if for every irreducible curve CC X,

pe=L(Em0z0;

this condition is the numerical consequence of the condition that for some
m>0, the linear system |mD] is effective and free; thus nef=“numerically
(effective and free)”. It should be noted that, despite the fact that its
use is sanctified by Zariski, Kleiman and Mori, the term “numerically
effective” is anomalous, since the condition is logically independent of
“effective”.

(g In [C3-f], (1.14), it was shown that a 3-fold X has at most a
I-dimensional Du Val locus (where X is analytically (Du Val surface
singularity) X 4%, and finitely many dissident points, which are not of this
type. 1 will continue to use this terminology, which is satisfying for the
following reasons: there are only finitely many dissidents and they re-

resent much of the interest of the situation; and I will have to use
‘barbaric methods (in § 2) to resolve them.

(0.13) Acknowledgements. It is a pleasure to thank R. Barlow, V.
Danilov, Mohan Kumar and N. Shepherd-Barron for useful conversations,
and D. Morrison for a stimulating (if at first somewhat enigmatic) letter.
1 trust that the reader will credit me with any of their original ideas, and
attribute any inaccuracies to their influence. 1 am indebted to M. Miya-
nishi, S. Mukai and S. Tsunoda for instruction in Mori theory, and to N.
Shepherd-Barron and H. Pinkham for sending me corrections to the
preprint version, and for a number of ideas which I have assimilated into
PartIL. Example (5.15), which contradicts an carlier version of the string
of conjectures (8.6-8),is stolen from Pinkham's preprint [26], § 8.

Appendix to §0. Numerical characterisation of discrepancy

(0.14) Weak Index Theorem. Y—X be a proper birational
morphism between normal varieties, of which Y is supposed to be Cohen-
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Macaulay. Let 4 be a Cartier divisor made up of exceptional prime
divisors. Then there exists a component F of 4 such that

(i) CA<O for all curves CCF contracted by g, and not bying in @
proper closed subvariety of F;

(i) the curves CC F contracted by g and such that CA<0 fill up a
dense subset of F.

Roughly speaking, “CA<0 for most contracted curves in F'.

Proof. By taking general sections of f(d) it s casy to reduce to the
case f(d)=PeX. Let H be a Cartier divisor on X such that P e H.
Then

Supp ACfPCS*H;
now if f*H=3 a,F, 4= by F, setting afb=mins{a/b}, T get
bf*H=ad+M,

where M0 is a Cartier divisor, and does not contain all the components
of 4. There must now exist some component F of 4 not contained in M,

and such that F\ M contains a codimension 1 set of F. (i) and (i) follow
at once.

(0.15) Corollary. Let X be a 3-fold with canonical singularities, and
let f+ Y—X be a partial resolution. Then  is crepant if and only if Y is
Cohen-Macaulay and K is relatively nef (that is, K,C=0 for every C con-
tracted by f)-
Proof. The “only if”" is clear by (0.4). To prove the “if", write
Ky=f"Ke 45
where 4 is Q-Cartier. If Ky is relatively nef, then so is
A=Ky ="Kz,
5o that 4=0 by (0.19) QED.
(0.16) Problem. It is probably true, though I bave not checked
it, that a birational map f': X——»Y between two 3-folds with terminal
singularities, and such that Ky and K, are both nef, is necessarily an iso-
‘morphism in codimension 1 this would be a strengthening of (0.8), (a).

§1. Characterisation of isolated cDV points

(1.1) Theorem. Let P ¢ X be a point of a 3+fold. Then P ¢ X is an
isolated cDV point if and only if P € X is terminal of index 1
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(1.2) Proof of “if". ‘This is an easy consequence of [C3-f], (1.14)
and (211). Let P e X be an index 1 canonical singularity. If P ¢ X is
not isolated, and CCSing X is a I-dimensional component with P & C,
then at the general point of C, X is analytically isomorphic to (Du Val
singularity) X A4'; the blow-up of C then provides at least one crepant
prime divisor lying over C. Similarly, if P e X is not cDV, then (2.11)
gives a crepant blow-up o : X,—X; thus if P e X is terminal, it must be
isolated and cDV.

(1.3) Up till now I have considered P & X just as a 3-fold singularity;
from now on I adopt a strategy suggested to me by D. Morrison: choose
some element ¢ € Oy, ,, and use it to define a morphism of a neighbour-
hood of P (which I still denote X) to A, £: X—TC A'. I now regard X
as a family of surface singularities. The advantage of this in a general
setting is that after extracting a oot of £, we can build a semi-stable reso-
lution of the family, and use Kulikov methods ([17}, [21], [24], [29)).

(1.4) This will be particularly effective for DV points; T now fix
some notation which will be used many times in the sequel:

) A, with f=f(x, 7,7) 2 Du Val poly-

sm given by #; m>0 is some integer,
and X" is the pull-back of X by the cyclic branched cover T'—T. Obyi-
ously X" is again a DV point, given by f-+£/"g(x, 3, 2, £'%).

(1.5) Theorem (Brieskorn-Tyurina, [4], (8], [9), (25}, 1. For a
suitable integer m, there exists a simultaneous resolution of the family
X'—T', that is a morphism of complex analytic spaces h : Y—X" such that
Jor each ',

Yo ,r,,
s
IR
Tz,‘v;v

0

e+ YomsX is the minimal resolution of the Du Val singularities of Xs.

I
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(1.6) Proposition. h is small and crepant.
Here a birational morphism between 3-folds is small if every fibre has
dimension < 1.

Proof. This is obvious from the analogous properties of /.

1.7) Proposition. Let P e X be a cDV point, and let f: V—X be a
partial resolution.  Then every prime divisor I'C f-'P is discrepant.

(1.8) First of all T prove this sl;\(:mcm with X replaced by X’ (as in
(1.5))._For this, compar with the small resolution  : '~
of (1.5); the argument is emuy as in [C3], (23): f1 V/—X' can bc
housed under a blow-up ¢ : ¥'—>¥’,

If P CfPC V", and F'C¥" is its proper transform, then 7* is exceptional
for g, because h is small. Since ¢ is a sequence of blow-ups, I is dis-
crepant, by the adjunction formula for a blow-up, and I" s discrepant for /.

(1.9) Nowletf: V-»Xbe a partial resolution, and let ¥ =(¥' X £X')"
be the normalised pull-back. For I'Cf~'PC ¥, let I" be a prime divisor
of V" lying over I

ey —var
/'l a )
XX

1 now fix the follewmg local bases s € wy, 5’ € wy.; local parameters x,
and x,. for the d.v. v and Oy, 3 and bases s, and sy, for
modules vy, and @,

T wil catimate vy.(+*s) in two different ways from the diagram (**)
Firstly,

(nit)- 1771 )

50 that

Canonical 3-folds
vpa*s)=(m—Dopt) +or )3

)21 (because f(I")=P and 1’ € mx..p), and urs)21 by the
fact, proved in (1.8), that I" is discrepant for f'. Thus

vpla*s)zm. (3)
On the other hand, let e be the ramification index of Oy,rC0y,r+; Obvic

ously, e<m.
Now writing

7= (unit)-xp e Sp
= (umit)- X35,
vplr¥s)=e-ve(s)+e—1;

mZuplrts)Se-vels)+m—1, 7
which implies that v,(s)>0. QED.

(1.10)  Proof of “only if” in (1. 1). Let Pe X be an isolated <DV
point, and ' ¥—X a resolution; for I'CY an exceptional prime divisor
for /, cither /(I")= P, in which case I" is discrepant by (1.7); or (1) =C
is 4 curve passing through P, but whose general point is non-singular for
X. Above the general point of C, f is a composite of blow-ups in non-
Singular centres [11], and I is discrepant by the adjunction formula for
blow-up. QED.
The remainder of § 1 is concerned with tidying up some facts about
<DV points, and is not used for the proof of (0.6).

(1.11) Corollary. cDV singularities are canonical.
The proof of this fact given in [C3-f], (2.6) was cohomological, and
I had asked for a geometric proof (IC3-f], (69)).

(112) Corollary. Let P & X be a Gorenstein 3-fold singularity having
a small resolution f: Y—»X; then P & X is cDV.

‘Special cases of these have been studied by Laufer and Pinkham [19],
126

U
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(1.13) It is convenient to introduce some notation for the following
results. Let P e Sbe a Du Val singularity, and let f: 7S be its minimal
resolution; if 4 is any subset of the (—2)-curves of f-'P, then there is a
normal surface 7, obtained by contracting out exactly the curves of 4,
and f factorises as

1,25

One sces at once that the morphisms ; : T,—S thus obtained exhaust all
the crepant partial resolutions of P € .

(114) Theorem. Let X be a 3-fold with cDV singularities, and let
S+ Y=>X be a partial resolution. Then equivalent conditions:

(i) fis crepant

(ii) 7is mall, and crepant above the general point of evey 1-dimen-
sional component of Sing X'

i) for every P e X, and every ¢ € myC Oy, for which the (Iuml)

sunface singularity P ¢ SCX defined by 1 5 @ Du Val singulaity, T=1*S
is a normal surface, and f|; : TS is crepant. Thus T is one of the T, in
the notation of (1.13).

Proof. The implications (i))>(il)=>(i) are trivial. Assume that
/'t Y—>X is crepant; from (1.7), / is small. Now (0.4) together with (1.1)
implies that ¥ has cDV singularitics.

First note that it will be cnough to show that T=f*SC
singular along any curve of f-*P; for then 7, as a Cartier
Cohen-Macaulay variety, satisfies S, and is then normal by Serre’s crite-
rion. The fact that /] : 7S s crepant is obvious from the adjunction
formula.

Consider again the diagram of branched coverings

—y
A
¥ —X,

where X'—X is obtained by taking an mth root of f, for some choice of
m=2, and Y’ is the pull-back. Then obviously X" is again cDV, and
¥/—>X" is crepant. Both ¥ and ¥” are non-singular at the general point
of any curve of f-1P, as follows from (1.7) (or alternatively, by (0.4) and
(L1)). But ¥’ can also be described as the m-fold cyclic cover of ¥
branched in 7, and the fact that ¥ and ¥” are both non-singular implics
that also T is non-singular at the general point of any curve of /~*P.
QE.D.
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(1.15) The significance of (1.14) is that monodromy in any family
I8 x‘.r is now an obstruction to the existence of certain partial resolu-
tio X of the 3-fold point P X. Some extensions of this idea
are nhscusx:d in (8.4) below.

(1.16) Corollary. The singularity P ¢ X given by X'+ 42 +1" has
a resolution f : Y—»X which is small and an isomorphism outside P if and
only if n is even.

Proof.For the “if” construction, originally du to Atiyah [5), see [8],
(27). Letf: Y—>X be a small partial resolution which is an isomorphism
outside P; the section S (t ) is an 4, point, and (hcrc are only two
possibilities for ] (iii): either T=S, and /'is an iso-
‘morphism; or T is the minimal resolution, in which case the family X—T
given by ¢ admits a simultancous resolution. In the second case,  is even
by an easy monodromy argument (compare [9], §2).

§2. Resolving the Du Val locus

(1 1) Let X be a quasi-projective 3-fold with only cDV points. I
write ¥'=3'X for the union of 1-dimensional components of Sing X, and
glveZ the reduced F=F:COyis

sheaf of ideals.

Outside a finite number of dissident points, X is analytically cquiva-
lent to A4'x (Du Val singularity); I want to construct a partial resolution
£+ Y->X baving the properties:

(i) f coincides with ' (minimal resolution) along the Du Val

Tocus;
and (ii) fis small, that s there are no exceptional prime divisors over
dissident points.

(22) It is clear from (0.4), (1.1) and (1.14) that then f is crepant,
and Y has only isolated cDV singularities.

(23) Wofle. My solution to this problem is cssentially simply to
blow-up the reduced singular locus X' X (see (2.6) for the correet state-
ment), and proceed inductively. My proof of the fact that this gives a
small partial resolution, although easy given the detailed information
available concerning simultaneous resolution of Du Val points, is rather
weird, and should perhaps be regarded as a temporary expedient. There
are several other objections to my procedure: (a) 5 may have quite nasty
singularities, so that blowing it up is disgusting from both the acsthetic
and computational viewpoints; (b) since X can be considered (1.3) as the
total space of a deformation of a Du Val singularity, there are good
reasons for wanting a construction which is a pull-back from the versal
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deformation space; my construction is not of this kind, since SCX does
commaute with base change. Nash transform on the fibres of ¢ (the
blow-up of (2//ox, 3/ay, 3/]62)) bas the good universal property, but is
- Suitable for my purpose since it is not always crepant (for example on
A, points with 1 even
The peculiarities of the construction are illustrated by two simple
cases:

@ 4) Lxlmplcs (i) X:xy=2'; this is a cd, point (Definition
(0.5)), an y Blowmg up ¥ leads to a resolution  : Y—X,
where m: cxcephenal surface is a conic fibration:

- o

There are two other resolutions ¥,—X which can be obtained by ele-
‘mentary transformations in the components I, as well as two partial
resolutions obtained by contracting out one of the /.

i) X:xy=zi; this is a cd, point, and 3 : x=y=zt=0 is the
union of two non-singular branches C, and C;.

In this case the blow-up Y—X of 3 introduces an ordinary double
point on ¥; an alternative method consists of blowing up first C, and then
€, (or the other way round). This leads to a non-singular variety ¥,
which dominates Y. However, my choice of ¥ has the two advantages
that it is uniquely specified by X, and is projective; if C, and C, are
‘branches of the same irreducible curve, then ¥, is essentially Hironaka's
standard example of a Moishezon space (algebraic spacc) which is not an
algebraic variety.

(2.5) Let ICX be as in (2.1); write #& for the ideal of functions
vanishing to multiplicity =m at each generic point of 3. The essential
thing for my purpose is that #&*) does not have dissident primary com-
ponents.

(26 Theorem. There exss an m s such that for every sufficiently
large m with m|m, the blow-up 0=0,, : X,—X of S in X is small, X, is
‘normal, and o is independent of m.

In (2.9) and (2.10) I will reduce the proof to the case when the family
X—T of (1.3) has a simultaneous resolution ¥--»X—»T'; the essential point
of the proof (2.12) will be to modify ¥ by elementary transformations [10]
S0 that .#2.0; becomes an invertible ideal
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(27) Exercise. If P e X is a cd, or cD, point (0.5), one can write
down explicit genrators for the ideal .#, and check that the blow-up of
# is small. ch the computation in the most entertaining case, and
Jeave the reader to play with the others.

Certain cD, points are of the form X : (F=+)'z+2G(z, 1)=0),
where z § G(z, ). Write G=glg,, where g, is the greatest reduced divisor
such that g}|G.  Then

One sees that
S =063, )N 2, P+ GO =(%, 12, "+ G, 8:2)-
The blow-up of A' along .# is got by choosing a P* with homogeneous
coordinates (s, 4, v, w), and setting
axpopi(* 7 FEC &)<
s u v oow

Some of the forms vanishing on the proper transform of X are

YE st

IF: 25w,

GF g+ ow.
Above (0,0,0,0) € X we get y=z=g,=0, 50 that the fibre of ¢ is con-
tained in the 1-dimensional scheme

W=t w0, 0)=vw=0;

(this is true regardless of whether g(0,0)=0). One can in fact check
that the scheme-theoretic fibre of o above 0 is a subscheme of degree 3 in
P*, whereas the fibre along the Du Val locus is a conic in P*CP".
particular, the ideal .# is not normally flat.

(2.8) Problem. 1 do not know how to do the corresponding com-
putation for E,, E,, E,. Although it is easy to write down the set-theoretic
singular locus 3 of

X1 (F=x"+y'—3fiz, )+2f(z 1)=0)
i trms of muliple fators of /, f andf2—£, it docs not seem possite
to write down in a uniform way a set of generators for
IF this could be done we could take m,=1 in Theorem (26) (and
scrap the remainder of this paper).

W~~~V
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(2.9) Proposition. For some m>>0, suppose that the blow-up s : Z—X
of $t is a small morphism; set X,=Z for the normalization, and write
o for the composite o : X,—X. Then for all sufficiently large integers a, the
Blow-up of F1+™ coincides with o.

Proof (projective normalization). By definition of the blow-up the
sheaf of ideals # = #T™1.0,C0, is invertible and relatively ample for s;
since the normalisation x : X,—Z is finite, the same holds for

S
Thusfor any suficenty large o, 72 s relatively very ample, that is the
blow-up of 7,47 is o ¢ n the other hand, ¢, #5=.#t", since

both sides are the intersections of thesame primary components at generic
points of 3. QED.

S =S 0x,

(2.10) Proposition. Let P X be a cDV point, and let X' be the
cyclc mfoldcover as In dyagmm (*) of (1.4); write 3 for the 1-dimensional
components of X', an COx. Suppose that the blow-up Z of 5"
in X' is small, and wmt' 7 Y'~»X' for the normalisation of Z, as in (2.9).
Then p,, (the cyclic group of mth roots of 1) acts on Y’ such that the quo-
tient Y Y'|gt, is the blow-up of F%*= in X for all a

In particular, if the statement of Theorem (2.6) hold.v for X', with
my=1, then it holds for X with my=m.

Proof. The blow-up of #” in X" is intrinsic to X', so that the action
. on X’ extends to an action on ¥"; the quotient ¥=Y"/pz, fits into
lhv: commatative diagram

Y—Y

XX

Now Y—X is certainly small, and coincides with the blow-up of .
except possibly over a finite set of X, so that there is a Weil divisor E>0
on ¥ such that .# -0, =0,(—E) outside a finite number of fibres. By
definition of the blow-up ¥'—X", there is a Cartier divisor £’ on ¥” such
that #7-0,,=0,.(—E"). 1 want to deduce from this that mE s a Cartier
divisor on ¥, and #1. 0, =0,(—mE); then also mE'={*(nE), so that
0,(—mE) is relatively ample on ¥, proving the result.

The cyclic cover X’—X is branched exactly in the fibre of X'»T"
over (1/=0), and the covering group g, fixes this fibre pointwise, and acts
freely outside ('=0). The action on ¥” thus has the same property. I
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only need to prove my assertion at points of the branch locus, so let
P e Y bein the (1 fibre, and let P’ € ¥” be its unique inverse image.

By hypothesis on ¥/, there exists an f” € 57 such that f” is a basis of
0,—E") in a neighbourhood of P’. The same is then true of &*(f") for
any ¢ € t,, and the product f=[[,c,.¢*(f") is invariant under sz, and
thus is an element of #™C 0y, and bases 0y.(—mE’) near P’. It follows
that f bases 0,(—mE) near P. Q

(2.11) T assemble the notation and hypotheses for the key result
(2.12) below. In the diagram

Y,cYoY,
o |
PeX,CXDX,

GeTst ,

his a simultancous resolution of the family of Du Val singularities X—T.
1 can suppose that P ¢ X is the only dissident, and that P ¢ X, is the only
singularity; the existence of the simultaneous resolution s implies that the
monodromy on Hi(Y, Z) is trivial, and this implies that each component
T, of 5 maps isomorphically to .

Now A= F, is a union of surfaces, each of which is a Cartier
divisor on ¥ (since ¥ is smooth); cach F, meets the general fibre ¥, in a
(—2)-curve. There is a unique positive divisor

Z=3nF,

such that Z meets each general fibre ¥, in a cycle Z, which is the sum of
the Artin fundamental cycles (2}, p. 132) of the Du Val singularities of X,.
It then follows that ¥ =0,(—Z)C0, is an invertible ideal sheaf such
that # =.# -0, except possibly over h~'P.

IF ¥ is some other simultaneous resolution of the same family X—7,
then Z’ and _#” denote the same objects constructed from ¥'~»X; in this
case, since f: ¥——>¥" s an isomorphism in codimension 1, we can
identify DivY=DivY" and PicY=Fic¥ " (aking a divior into its proper
transform, sc (6.2) below), and under this identification Z.

T will say that an invertible sheaf 2 ¢ PicY is (relatively) ne/ on Y if
#E=0 for every curve E contracted by k (every such curve is of course
2 (—2)-curve on some Y,); % is, nef over the Du Val locus (or over X—P)
if #E20 for every (—2)-curve on ¥,, 10, The case of special interest
is £ = #=0,(~Z), which is nef over the Du Val locus by construction

TN
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of the Atin fundamental cycle.

For the rest of the paper, 1 will use the index j exclusively to run
through the components of k-5 = U F,, and k to run through the compo-
nents of h~tP= UE,

(2.12) Theorem» The hypotheses are as in (2.11). Let £ ¢ PicY’
e nef over the Du Val locus; then there exists a simultaneous resolution Y'
o the family X—T, with Y'— —Y an isomorphism in codimension 1, such
that the proper transform %' of % on Y' is nef. ¥ can be obtained from
Y by a composite of elementary transformations in the (—2)-curves of h™'P,
as defined in (5.6) below.

(213) Lemma. If % e PicY is nef then W*h &~ is surjective;
(that is, % is “relatively generated by its H"")

Proof. Write #,=%;®0y,; then 2, is nef on ¥, so that by the
methods of Artin [1], [2], one can easily show that R'h,%,=0 and
oy @y, is suricctive. The lemma then follows from the base-change
theorem in coherent cohomology.

(2.14) Corollary. The blow-up o : X,—X of X along . is small

Proof. Let Y—X be a simultancous resolution as given by (2.12),
such that # =0,(—Z) is nef. Now consider h, f; by definition of Z,
this coincides with .7 —. ; at the generic points of 2, and since / is small
hy.# has no other primary components. Hence ,# = ; thus by (2.13),
% is surjective, S0 that #-0,=#, and in particular, .- Oy is
invertible. By the universal property of a blow-up (Hartshorne, (IL7.14)),
the blow-up of # is dominated by the small morphism A D,

(2.15) Remarks. (2) The same method can be used to blow up
some choice 3'C 3 of the components of 3, although the result will not
e uniquely specificd by X (see (2.4)) unless 3” can be chosen intrinsically.
There are of course other natural choices, for cxample blow up first all
the E, locuses,

(b) T believe, without having checked the details, that the same
method can be used to resolve the codimension 2 singular locus of an
n-fold having cDV singularities.

(2.16) We have scen above that (2.14) implies (2.6). The proof of
(2.12) s divided into 3 steps: () In § 5 I definc the clementary transfor-
mation p in an isolated (—2)-curve CC Y. (i) Tn §6 T study the effect

" Compare D. Morrison's proof of a closely related result in (30, (3.5), p.261.

|
E
|
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of . on the homology of CCY; if C lies on a smooth surface S, with
(C?)s=—2, then there is a certain sense in which p, acts on Hy(S, Z) by
reflection in the class of C. (iii) Inthe notation of (2.11), h~'P= UE,C ¥,
is a collection of (—2)-curves, which span a root system in the homo-
logy of ¥;; the effect of the clementary transformation py, is a reflection
in the corresponding root; in §7 I use the usual proof that the Weyl
group acts transitively on the Weyl chambers to show that a composite
of admissible reflections knock the linear form corresponding to  into
the (closed) Weyl chamber of linear forms non-negative on the primitive
roots.

§3. Proof of the main theorem for index r1

(3.1) The following works in all dimensions, and together with (1.1)
implics () of (0.6):

Proposition. (1) Let : Y—X be a morphism between normal var
eties, etale in codimension 1 on Y; if Pe Y is such that Q=g(P) e X is
canonical (or terminal), then so is P e Y.

() Let Q¢ X be an index r canonical point, and ¢ : Y—X its local
index 1 cover, as in [C3-£), (1.9); then ¢~*Q =P (a single point), and if P e Y
is terminal, then so is Q € X.

(32) Form a commutative diagram

with f and g partial resolutions.

(3.3) Proof of (1) (compare [C3-f], (1.7)). By hypothesis on ¢ and
X, and using Convention (0.12), (¢),

Ke=¢"Kx
and Ke=f"Ke+d,, with 4,30.
By the adjunction formula for ,
Ky=y*Ky+Ry,

where the ramification divisor R, contains the exceptional prime divisors
of 4. Hence

(RN
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Kp=4**Ke+¥*4,+ Ry
=g*Ky+9*4,+Ror
and () follows at once.

(34) Proof of (I). Now let I'C X be a prime divisor exceptional
for £, and 4C ¥ a prime divisor lying over I'; write e for the ramification
index of Og,rC0p, .

If se o is a basis near Q, and ¢ : Y—X is the construction of
[C3-f], (1.9), then g*s=1", with ¢ € oy a basis, and from

vp*s)=evr(s)+r(e—1) (§9)
Tget
)

(3.5) Claim. (v(1)+1,e)

This claim proves (IT), because if I"is crepant for f, v;(s)=0, whence
vi(t)+1=e=1, 50 that 4 is crepant for g and ¥ ctale at 4. Note that
this proof depends on a congruence, rather than an inequality: if P e Y is
terminal, and g, acts on P ¢ ¥, then there is no reason why the quotient
Q¢ X should be canonical; all that is asserted here is that if it is
canonical, then it must be terminal.

(3.6) Proof of (3.5). k(X)CK(Y) is Galois with group se,; let
1£.C g, be the ramification group of the d.v.r. Oy, ,CK(Y) (geometrically,
2. the subgroup of automorphisms of ¥ which, as rational maps on ¥,
fix 4 pointwise). Write B=(0p,,)" for the fixed subring. Then by the
Galois theory of d.v.r.’s, a local parameter x, € O , can be chosen so that

1, X, + -, X5 is @ B-basis of Op 4 **
and g, acts on x, by
PRYIEATEN

for some integer a (coprime to ¢). A basis 5, € s, can be chosen in the
form

sy=dx, Ndxy A\« - - Ndxyy

with x, € B for i

,n; thus also

pedeis o e,
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with the same value of a
Now because of the relation *
action of p,; since

", 1€ g, is an eigenvector of the

nit) X340 -5,

the unit s also an eigenvector, so by (**) must belong to B, so that
PRI

‘The hypothesis that

index(P € ¥)=1; index(Q & X)

implies that g, acts faithfully on ¢, so that in particular

(a(D+1), €)=

QED.
(3.7) 1 now start on the proof of (0.6), (II).

Proposition. Let Q ¢ X be canonical of index r, and let ¢ : Y—X be

its index 1 cover.
If Pe Y is not cDV, let ©: Y,Y be the crepant blow-up of

[C3-f], 2.11);

(B) If Pe Y is cDV but not isolated, let = : Y,~Y be the crepant
Blow-up of TCY as in (26) above.
Then the action of e, on P ¢ Y extends to an action on Y,, and letting
Y/t we get

where g is crepant and has at least one exceptional prime divisor, and  is
etale in codimension 1.

(38) Proof. If ¢ is intrinsic to ¥, then the action of sz, on ¥ ex-
tends to ¥,; the remaining assertions follow easily from (1) in (3.4) above,
after relabelling the diagrams.

The blow-up of XC ¥ in (2.6)is obviously intrinsic; I now justify the
fact that the blow-up of [C3-f), (2.11) is intrinsic, referring freely to the
notation of [C3-f], (2.10)
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If k=3 then = is the blow-up of the closed point P e ¥, which is
obviously intrinsic. In the cases k=2 or k=1, then  is defined as the
weighted blow-up, which is the Proj of an Oy-algebra & =@zl Where
the 1, are the ideals generated by the monomials x™ of weight a(x™)Zn.
Now it is casy to verify that in the case k=2,  is generated by /, and
and that these ideals do not depend on the choice of coordinates: £,=ry,
and

:(X)+m,.:{he(?y,

the divisor () ¥,
has mult. 24 at P/

In the k=1 case, o is generated by J,, /; and I, and these idcals can be
characterised by similar cqualitics. This proves that the construction of
[C3-f, (2.11) is intrinsic.

(3.9) Proof of (0.6), (ID. If X is a 3-fold with canonical singular-
ities, T can carry out a sequence X, —>- - - X, —> X, where cach g, is
the construction of (3.7), (A) at some point P ¢ X,., whose index 1 cover
is not cDV; if at some stage all points P ¢ X, have cDV points as their
index 1 covers, I can carry out a sequence X, 4% X,, wher
cach g, is the construction of (3.7), (B); note that oulslde ‘the fnitely mny
dissidents, o just consists of blowing up the entire Du Val locus of X, so
that the construction of (B) performed in Zariski neighbourhoods of
different points coincide on the intersections

Now cach o, introduces at least one new crepant prime, 5o that each
of these two sequences must terminate after a finite number of leaps, by
[C3-f], (2.3). This proves (0.6), (ID).

(3.10) Remark. The fact that cyclic quotients 4, are terminal
if and only if they have index exactly r, and the fact that canonical toric
singularities have crepant partial resolutions with only these terminal
singularitios, was suggested by some computations of R. Barlow, and
discovered independently by V. Danilov. Anyone who is curious about
extensions of these kind of results to higher dimensions (“Is 3 a Big
Number?” seems to be 2 standard tea-time question) would be well
advised to experiment around with toric 4-folds.

§4. Problem list in minimal models and classification of 3-folds
(4.0) Open problems remaining from [C3-f): (3.11), (42), (5.7),
(6.3), (64), (6.6), (6.7), (6.10), (6.11), (6.12).
(4.1) Wolle. To give the flavour of the conjectures (4.3-7) below,
consider the following classes of non-singular 3-folds ¥ of general type:
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A={V|K, is ample};

szwm is free for some 130}

g:[V\K(V,KV) isfg);

D=(¥|there exists a minimal model X of ¥ as in (0.7)};

11 3-folds of general type).

Roughly, I have the feeling that B is about twice as complicated as
A, and C about 5 times as complicated as B (see [C3-f], § 5). The in-
clusion CCD is (0.6), (II). The conjectures (4.3-7) can be summed up in
the case of varieties of general type by saying that C= D=E; of these, the
2nd seems to be much the deeper, but either could still be wrong. The
only evidence for them is indirect: the special case of the “degeneration
situation” [17), [21], [29]; and the very special cases of C=D proved by
Wilson [36], [37].

Added in Proof. Y. Kawamata has a proof which 1 am confident will
give C=D; one key ingredient is the Kawamata-Viehweg “strong vanish-
ing” [41]; for D=E?, see (4.18) below.

It should also be mentioned that whether or not these conjectures
are right, they raise a colossal number of new geometrical phenomena, the
study of which looks like kecping us busy for decades to come.

(42) In (0.7)1 defined minimal models with £, =0; it seems rather
unlikely that one can prove the existence of minimal models for 3-folds of
general type without having some firm control over all phenomena con-
cerned with curves C such that K,C<0, which is why I widen the scope
in (4.3) below. For the cases which are understood, and on which my
guesswork is based, see [Mori], Ch. 2 for surfaces, and [Moril, Ch. 3 for
a very substantial start on the 3-fold case.

(43) Conjecture (minimal models). Let V be a projective 3-fold.
Then there exists a projective variety X birationally equivalent to V such
that X has only qmck singulries, and
either (i) Ky is
or " (il thire exits a morphism g X~ with ¥ projective, s =0y,
dimY=0, 1 o 2, such that

@ Ky isreatively anple for g,
and (b) Pic XRQ=PicY®Q®0-(—Ky)

11111
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and I define these

e hopes that the varieties in (i) arc uniruled, s
iy 1o 0. The most essential

temporarily to be minimal models with Fayn™=
case of Q-Fano 3-folds is discussed in (4.16) below.

(44) The hope for proving (4.3) is that Mori's Theorem on the
Cone can be cxtended to 3-folds X with quick singularities, to prove that
if K, is not nef then X has certain special curves (corresponding to ex-
tremal rays R of the cone NE(X) with K;R<0), and that these will specify
cither a birational contraction of X (but not necessatily by a morphism,
see [13), unless X satisfies some very carefully chosen inductive hypothesis),
or a morphism gy as in (4.3), (ii). See also (4.18).

(45 Definition (Mumford, [22).. Let X be a projective 3-fold with
ample H e Pic X , and suppose that Ky is nef. Define

Faun(X)=max{k| H*~*-Kx >0}

=0,1,20r 3, and

Foum =0 &= K;=0 (numerical equivalence),
=3 &= K¥>0 & X)=3.

1t is likely that all the. essential difficulties of the conjectures discussed
in (4.6-12) below are already present in the case X is non-singular, and it
Would seem to be a good strategy to work with this extra hypothesis
pending a more complete study of quick singularites.

(@6) Conjecture (classification, 1st version). Let X be a minimal
odel With Enumzz0.  Then for some m>0, |mKx|is free.

‘Considering the mOTPhiSm ¢=( < this implies

(@7) Conjecture (classification, 2nd version). ~Let X be a minimal
model with £y 0. Then there exists a morphism

e X—>Y

with Y projective, ¢,0. 0Oy, dim Foum(X)=0, 1, 2 0r 3 such that a
curve CCX is contracted by g if and only if KyC

Tt is possible that (4.7) could be proved first, by studying deforma-
tions of curves CC X with K;C=0, and (4.6) deduced by an appropriate
“canonical bundle formula”. Compare (22}, and ote that (4.6-7) cor-
responds to the subtle part of the classification of surfaces in Mumford's
treatment.

e
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(48) Problem. Let X be a minimal model With k0. Prove
that x20.

(4.9) Conjecture. Let X be a non-singular 3-fold with Ky nef and
ample H; then

Hc,;( 2 7)11‘;,

This statement is a limiting case of inequalities of Bogomolov and Yau,
and can probably be proved using the ideas of Bogomolov outlined in
[27), §3, with an appropriate amount of hard work.

4.10) T now outline a proof, due to S. Tsunoda, that (4.9), together
with litaka's statements C,., and C, , proved by Kawamata and Viehweg,
implies (4.8) for smooth X. Indeed, (4.9) gives He,20 for every ample
H on X; by the assumption that Ky is nef, and by Kleiman’s ampleness
criterion, this implies Kx¢;=0, and hence £(0.)=(1/24)c,;<0. But

20

gives cither p, 0, or g0; in the second case, applying Cy,, or G,y to the
fibres of the Albanese morphism gives 0.

—g+h*—p, <0

(4.11) In the case £,y =1, to prove (4.7) it is cnough to prove that
k=1, that is K(mK)22 for some m>>0.

(4.12) Discussion of (4.6-7) in the case x==3. By analogy with the
surface case, there are two lines of attack, both of which lead to technical
difficulties, but neither of which s exhausted:

(i) following the approach of Zariski and Mumford [23], one can
study the deformation theory of curves CC X with KxC=0 and try either
to construct the canonical model directly by contracting these, of to get
enough information on the cohomology of infinitesimal neighbourhoods
to prove that |mK| is free near C (see [36] and [37] for partial results
using this method).

(i) following the approach of Kodaira and Bombieri-Ramanujam
[6], one can attempt to find suitable numerical conditions on divisors D;
and D, (assuming P ¢ D, (\Sing D;) which imply that P is not a base point
of | D+ D,+ K. Straightforward chasing exact sequences leads to pro-
blems with H”'s of sheaves on the intersection of D, and D;, although it's
not clear exactly how to proceed even if D, and D intersect properly.

The next set of problems (4.13-15) are concerned with the detailed
study of quick singularities.

(I
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(4.13) Problem. It should be possible to give a much more explicit
description of quick singularities: let P ¢ ¥ be an isolated cDV singularity,
and let g, (the cyclic group of rth roots of 1) act on ¥ such that P is
fixed, and the action is free on Y—P. Then the condition that the
quotient Q ¢ X=(P ¢ Y)/ps, is canonical is a very strong restrction. 1

non-singular it is known that @ & X is analytically the quotient
singularity (1/r)(1, a, —a), that is 4"/z,, where

36 (33, D) (e, €9, 67°2)

for some a coprime to r; this has been proved independently be D. Mor-
rison and by Danilov and Frumkin. The proof consists of putting together
[C3-1), (3.1) and a non-trivial combinatoric fact proved in [44], Theorem 1.

‘The canonical condition gets stronger if P € ¥ is singular and r large,
50 it's quite likely that there are very few quick singularities apart from
these quotients and the cDV points themselves.

(4.14) Hint for (4.13). Itis casy to see that, analytically, gz, acts
on Pe YCA' by an action on A'; and thus the quotient Q € ch‘/,,,
is a subvariety of a toric variety, defined by the equations x™F=0 for
‘monomials x* such that x™F is g,-invariant (here F=0 is the cquation of
YCA'). The condition that Qe X is a canonical singularity imposes
strong restrictions on the Newton polyhedron of , so that (4.13) should
be accessible to direct computations using toric methods

(4.15) Problem. For a quick singularity P e X, calculate the in-
variants of [C3-f], (5.6), and especially c.d.

These invariants relate to z(0,(nf*Ky)), and hence to 3(@(nKy)),
where f 2 VX is  resolution, o that an understanding of them is likely
to be important for (4.6-8) and (4.17). Some computations of R. Barlow
on the cyclic quotients (1/r)(1, a, —a) suggest that there should be nice
clean formulas.

(4.16) Q-Fano 3-folds. Assuming the truth of Conjecture (4.3), a
basic step in the birational study of preruled (s== —co) 3-folds is the
biregular study of Q-Fano 3-fold with Pic=Z; that is, X has only quick
singularities, and — Ky is an ample Q-Cartier divisor. Write r ¢ Q for
the smallest positive number such that —rKy e PicX; in the case X is
smooth, r=1/k is the reciprocal of the index as defined by Iskovskikh,
and T call it the reciprocal index. 1t's easy to construct examples of X for
which =2 or 3 (compare [C3-f], (3.10)); for example, the quotient P*/gz,
where

o
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35 (X -y X) > (5 X, €, €%

has r=7/4. 1don’t know of any systematic construction giving r—>co.

(4.17) Problem. (a) What are the possibilities for r and the func-
tion Py(n)=/(0x(n))? Are there only finitely many possibilities?
Is X uniruled?

(4.18) Added in proof. Tn the last year a proof of (4.3) has cmerged
in two special cases: the very special case of toric varieties [43], and
the much more substantial case of semi-stable degenerations of minimal
surfaces with £0 being worked out by S. Tsunoda, I outline below the
proof in these two cases; the detailed proofs side-step all the genuine dif-
ficulties of working with 3-folds by using on the one hand toric techniques,
and on the other the theory of minimal models of “open” surfaces [42].
Incidentally, the Kawamata-Tsunoda treatment of open surfaces is a vindi-
cation of Jitaka’s extraordinary intuition that the “log catagory” of pairs
(X, D) consisting of a normal variety X, and a reduced divisor D, giving
X the log canonical divisor K +D, should be treated on an equal footing
with the complete catagory: [42] gives a treatment of log canonical and log,
‘minimal models of surfaces, in complete analogy with (0.1) above.

1 believe that the program presented below will also go through in
the 3-fold case—although the proofs will require a further large slice of
Mori's amazing technical virtuosity.

Step 1. Establish the inductive catagory of projective varieties X'
with Q-factorial terminal singularities; here “Q-factorial” (every Weil

s @ Q-Carter divisor) means that Weil dmsms and lcyc!:s
NX).
NE(X) s Tocaly pnlyl\edral in the

Step 2. Theorem on the Con
half-space (K <0)C N,(X).

Step 3. Given an extremal ray R of NE(X) with KR <0, there ex-
ists an elementary contraction ¢,: X—Y corresyonding to R; ¢, belongs
to one of 3 cases;

(@) g is a fibre space as in (4.3), (ii);

or (b) ¢, is birational and contracts exactly one prime divisor of X;
or (c) fg isaisomorphism in codimension 1.
In (a), we're home; in (b) it s easy to check that ¥ has again Q-factorial
terminal singularities. In (¢) the group (C1 ¥)/(Pic ¥) has rank 1, so
that by Hironaka’s theory of characteristic cones, there can exist at most
2 projective small partial resolutions ¢: X—¥ and ¢,: X,~Y; —Ky is
ample for gy, 5o that Ky, is relatively ample for 6, if ¢, exists.

Step 4, Tn case (c), there exists a morphism ,: X,—Y such that K,
is relatively ample for g,.

S
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Tsunoda seems to prove this by an enumeration of cases, systematis
ing [21], §4.
Step 5. Finally, we have to prove that the induction terminates.

Part I Elementary Transformations

§5. (—2)-curves

In this section X will be an analytic 3-fold non-singular along a curve
C; for most purposes we could replace X by a tubular neighbourhood of
€, or by the formal completion of X along C. By surface I will mean a
germ of a surface near C.

(5.1) Definition. A curve CCX is a (—2)-curve if C=P', and
NaoZ0p(@®O0p(b), with (a, ))=(~1, = 1) or (0, =2)-

(52) Remarks. (a) If K;C=0, and C is contained in a non-
singular surface S, CC.SC X with (C?); =k, then there is an exact sequence
0> 0pu() —> Nyjo —> Opi(—k—=2) —> 0,
from which we can deduce: () if C is a (—2)-curve, then k<0; (i) if 02

k= —2, then Cis a (—2)-curve.

(b) If C is a (—2)-curve, then H'(S™(N%))=0 for all m, and it
follows that C satisfies

o KyC=0, and H'(0;)=0 for every subscheme
ZC X with Supp Z

(©) The condition (*) implies that H'(N%,)=0, so that (a, b)=

1), (0, —2) or (1, —3); in [19), an example is given to show that the
3rd case can occur, even if C can be contracted to an isolated cDV
singularity. Compare (5.15) below. Itis clear that if C can be contracted
{0 a point P ¢ ¥ by a morphism /: X—Y, then (*) s equivalent to P ¥
being Cohen-Macaulay. It would be interesting to know if (*) is either
necessary or sufficient for the existence of a contraction.

(53) Definition. The width of a (—2)-curve CC.X is given by

n=width (CCX. —sup{n

| there exists a scheme C, with
lccc,cxand ¢,z CxSpecklel/e

if n< oo, C s isolated.
1 will study this invariant in some detail in the course of proving
Theorem (5.4). We will see that

o
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=1 @)= —-b;
and n=oo(C moves in a scroll S, so is non-isolated. In any case it will

be useful to picture C as moving n infinitesimal steps on a stump of a
seroll:

x

(54) Theorem. Let CCX be a (—2)-curve of width n22; in the
diagram

C' c FcX'
N
ccX,
o is the blow-up of CCX; then the exceptional scroll F=F,, and letting
C’' be the negative section of F, C'cX is a (—2)-curve with
width (C'CX")=n—1.

(5.5 1t is well-known (see for example [S], or [17), (4.2)) that if
(a,5)=(—1, —1), then there is a diagram
FCX,

7

ccx—F—s xreoC
in which the same surface F=P*x P'C X, serves in two different ways as
the exceptional locus for the two blow-ups o and o'.

(5.6) Corollary. There is an elementary transformation X~ X"
defined for any isolated (—2)-curve CCX.

(5.7) To see the corollary, use (5.4) to blow-up CCX, leading to a
curve C'CX’ of width (n—1); proceeding inductively, after blowing-up
€9, T get Pagoda (5.8). This has the two rulings indicated, and by [3],




T
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G=F®

Fo-n

Fo

Pagoda (5.8)

Each of the lower layers F® is a copy of F,, meeting F“*? in the
negative section, and F~Y in a disjoint section of self-intersection -+2.
The topmost layer G is a copy of P'X P', with normal bundle of type
(—1, 1), intersecting F*-" in a curve of type (I, 1). The thick black
lines that look like lightning conductors are fibres of the two rulings.

‘The base , which is optional, is the proper transform of a surface
SCX with CCS and (C)5= —2.

p——

haipem
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‘The pagoda of Horyaji, near Nara, Japan
(from Horyuji by T. Nishioka and S. Miyakai, illustcated
by K. Hozumi, published by Soshisha, Tokyo, 1980).

(6.10) or [14] can be blown down along either of them. The blowing-
down can also be done step-by-step, starting from the top, and this in-
volves nothing more complicated than the Castelnuovo-Moishezon-
Nakano criterion for contractions of geometrically ruled surfaces on
analytic 3-folds. The reader who has not met this kind of thing before is
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encouraged to work out for himself the normal bundles at the various
stages.

(59) To prove Theorem (5.4), I have to explain how the width n
is determined; T am indebted to Mohan Kumar for instruction in these

Let I=1J, be the ideal defining CCX. Then J/I*=N%c, and obvi-
ously (, 5)=(0, —2) if and only if there exists a surjection J/I*~0¢, or
equivalently an ideal J, satisfying

PClcl 1520, and JIP=042).
Then 0/J,=0Je]/#, so that the width of C is 22 if and only if (, 5)=
), —2)
Now suppose by induction that there is a sequence of ideals
CJ\C - CLCT,COx, )
satisfying

1, CIiCT TJToi20, and J [ Z042)

for all igk—1.

In suitable analytic coordinates (x, y, ) around a point of C,
(x, ¥*); several assertions in what follows, notably the fact that J,/1J,
is a locally free 0;-module of rank 2, and the inclusion J,J, ,C1J;, can
be most conveniently proved using these local coordinates.

For J,/1J, there is the exact sequence

0> Wy [l —> J [l —> T/l —> 0 @)
n n
LA R A 0:2)
n
O

The equality in the left-hand column is proved by noting that the surjection
1QJ——> 1,1,
kills J,®J,._, and I®J,.

Thus the chain (1,) can be extended to a chain (1) if and only if
(2,) splits.  This proves:

(5.10) Proposition. C has width n if and only if there exists a chain
(1,) as in (5.9) such that J,/I7,=0()&0(1),
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(5.11) The proof of (5.4) is now just an extended exercise in under-
standing the definition of the blow-up o X’—X. The exceptional surface
is

=Fy

"= P(I[ )= Pp(0DO(2)

with C’C F the section of F—C corresponding to the projection of 6®0(2)
onto its first factor.  Thus

o7'C:

@)
and
Ty Oz =1Io Ox(—F). G
0,(—F) is the tautological bundle of Po(//I), and one checks that
C/F=0 and C'Ky.=C'(e* K+ F)=0, (4)
and C” is a (—=2)-curve by (5.2), (3)-
For 2= r<n define ideals J;,C Oy, by setting
I Oe=J 1 Ox—F). 3,

Then

Jon G CICT =10 C O,
and Theorem (5.4) obviously follows from (5.10) and the following claim.
(5.12) Proposition. There are isomorphisms of O-modules
(A) Oz [T, oI~ F), for all rsn—13
and

B) I~ sl1e T3 )®0cA— F), for all r<n.

To be more precise, the r.h.s. is an Og-module, and the isomorphism
involves identifying C and C’; of course, 0(F)=0,., by (4) above.

—F) generates the r.hus. as

Proof. The image of J,—J,- 0z =
Oy-module. Tn (A) the map

I T F)I(—F)

is obviously well-defined, and to show that it's onto it’s enough to show
that the rhs. is an 0-module. Bt this follows from the diagram



JJ,-0xAF) C .1 Ox(F),

where the vertical equalities come from (3,) and (3,), and the horizontal
inclusion from JiJ, C 1, 1c

For (B) the image is obviously an 0-module, and the problem is to
show that the map is well-defined, that is, to show that

1,03 C I, OxAF);

but T can deduce this by multiplying both sides by the invertible ideal
sheaf 1. 0. =0,.(—F), and noting that

1,00 CI, O
because I*CJ,. QED.

(5.13) Remarks. (2) If the (—2)-curve C is contained in a non-
singular surface SCX, then p extends to a morphism S—S'. 1
(C?s=—1,then S—S’ contracts the (—1)-curve CCSto the pointC’'N S’

If (C)s= —2, then S—" is an isomorphism, which in § 6 I will use to
identify  and 7, following Burns and Rapoport. If (C?);=—k, then 5"
has multiplicity (k—1) along C’, and S—S" is the blow-up of §" in C’,
which coincides with the normalisation.

(b) Pagoda (5.8) can be contracted to a point by a birational
morphism; indeed, one can construct a positive cycle Z=3 a,F (for
example, @, (1—iY) such that O (—Z) is ample on a neighbour-
hood, so that the assertion follows from [3], (6.10) or [14].

One sces casily that the point is analytically a singularity
(xy=z—1™), 50 that X and X’c can be thought of as the two distinct
Atiyah-Brieskorn small resolutions corresponding to the graphs of the
rational functions x/(z+1")=@—1")ly and x/z—)=(z+1")y. This
s the Burns-Rapoport definition of pe.

Tt follows that the analytic neighbourhood of CC X is determined by
n; hence, for cxample, every isolated (—2)-curve CC X is a (—2)-curve on

e Wl
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a smooth surface S, CCSCX.

© If X is an open subvaricty of a compact Moishezon space, then
deformations on C in X are parametrised by a Hilbert scheme or Douady
space which is of finite type; this shows that if C is a (—2)-curve of infnite
width, then C moves in an analytic scroll S.

(@) There is a sense in which the width 1 curve CCX with
NyeZ0p(—1)®0p(—1) is a universal (—2)-curve; every other fits into
a commutative diagram

Y-—X
(VY]
D—>C,

(in which Y—»X is a branched cover if nco, and maps to a surface if
n On the contracted lovel, these are the maps Y—¥, where X is
1), and ¥ is the cover correponding to an nth root of ¢ if n< co;

co, Yis the product A'X (xy=z") mapping to the (t=0) scction of

Then p, can be regarded as a pull-back of the standard elementary
transformation of (5.5). This makes clear that an analog in higher dimen-
sion is a (—2)-centre, that is a codimension 2 subvariety CC.X which is a
P-bundle C—» B, such that the restriction to each fibre C,=P' of Ny
0(a)DO(b), with (a, b)=(—1, —1) or (0, —2). Elementary transforma-
tions in these (—2)-centres have important application to versal deforma-
tions of resolutions of Du Val singularities, and to versal deformations of
Kodaira elliptic curves.

(5.14) Exercise. Let CCX with C=P', and Nio=0(@)DO®),
vithazb. Show that if K;C20 (that is a+b<—2), and (a,b)%
(=1, —1) or (0, —2), then the pagoda constructed from C as in (5.7)
cannot terminate in P P! meeting the previous layer F* is a curve of
type (1, 1), so that there is no elementary transformation corresponding to
C which factorises into blow-ups and blow-downs in such a simple way.

Hint. 1f C'CFCX'—X ate as in (54), then F=F, ,, and FC'=a;
we have Ny, =0(@)®OW), where either aza'zb Z(—a+b), and
&+b'=b, or (@, b)=(—a+b,a).

When can (@, 5)=(—1, —1)?

(5.15) Example (Laufer, Pinkham, D. Morrison [19), (26], §8). The
following leads to an example of a (1, —3)-curve which gives rise to an
clementary transformation.

Start with the 5-fold cD, singularity P & given (at the origin of 4"
by
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The same equation f can be thought of as a quadratic form in the 4 vari.
ables (5, .7, 1) over K=k(u, v, defining an ordinary double point p ¢ 2
over K because the discriminant 120 of this quadratic form is a square in
X, the two families of generators of the tangent cone to p € 2 afe each
doimed separately over K, and there are two distinct small resolutions of
pe 2 defined over K.

Over K(w), where w? +u=0, one of these resolutions can be de-
scribed as the blow-up of the ideal

J=(x—wy, z—w) K%, 3, 7 115

s obviously generated by the 4 elements

(*W,‘)M,wh:reM:( x y oz 1)_

—uy x —ut

(5.16) Lemma. Let I=JCKI, v,%,.2 (] be the ideal generated by
the 252 minors of M; then the blow-up of I-0, defines a small resolution

i Ts@. If YCU is a general 3fold section through P, and X=¢™'Y,
then g2 X—Y is a small resolution, and g P=CC X is a (1, 3)-curve.

#he final assertion concerning C will follow because C=f~'P is con-
tained in the scheme-theoretic inverse image Z of P, the subscheme ZC.&
defined by J;—my,»- Oy, and by the computation below Z is isomorphic
1o a double line 2/C P*; thus Ny,¢ has 0(1) as a quotient sheaf.

The reader can check that making “the other” resolution of the
ordinary double point p ¢ 2 gives a distinct small resolution X'->¥, and
hence there is an clementary transformation X—"+X==X"* defined in C;
compare [26], §8, where it is shown how to decompose p into a sequence
of blow-ups and blow-downs.

(5.17) Problem. Let P S be a Du Val surface singularity, and f:
Si-»S a crepant pastial resolution for which C=/~'P=P" (so that S,
T, with A={1 curve} in the notation of (1.13)). Now let

CcS,cX.
4|
Scy Jg

!
eT

SR
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be a l-parameter deformation of S,—S such that CC X is isolated. It
should be true that there exist exactly two different morphisms 2,: X, T
with the same fibres as g3 if 5o, what is the cffect on the homology of
CCX of the corresponding clementary transformation? When can the
total space X be nonsingular

‘This problem seems to be solved implicitly in [26], §8, using the
methods of (34, [3), but it would b nie 6 have e it P
tion, in particular for applications in (8.8) below. Note that factorising
these clementary transformations into conventional blow-ups and blow-
downs n non-singua et i ot sl h bt v 9 understand

em.
(518) Proof of (5.16). The ideal I is generated by

p=X+)u,

One can check that these verify the identities
prva=f,
s'+urt+ugt=qf;
and trivial matrix identities give
—xsyur+2p=0,
xrys—p=0,
—xq+ 25+ tur=0,
Vgt zr—ts=0.
the graph & C% X P* of the correspondence
(p:q:r:8)=(p,: ¢:: 1 ), whete (py, gy, 1, 5:) are homogenous coordinates
Above any point of @, (A) imply that the fibre of ¢ is contained
in the plane conic
(prtva=0=s-+uri+vg) TP
i particular,  is small. _Finally, one sces easily from (B) that & is a non-
singular S-old. For example, on the affine piece given by 5,=1, & is
given by the following 4 relations in the 9 variables X, - -, v, Py, 4o ¢

The other affine pieces are if anything casier. QED.

g oy, GG
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§6. Effect of p, on the homology

6.1) Let CCX be an isolated (—2)-curve, and CCSCX a smooth
surface such that (C?)s=—2. Then we have the diagram

Tdentify S with its image S'CX’ by means.of ps extended over its re-
‘movable singularities along C.

(62) Proposition. 17 f: X——Y is an isomorphism in codimension 1
bcmccn smooth varietis, then proper transform Induces a commutative
diagram of isomorphisms.

Div X—=>Div ¥
|
i P
Pic X—=>Pic Y.
Proof. X and ¥ have the same prime divisors and the same function

field, so this follows trivially from the definitions.

(63) Theorem (Burns-Rapoport). Let CCSCX be as in (6.1)
Then the diagram

P ‘ X-5pic X'
Pic S—°>Pic S
commutes, where
rot Mi—>M+(MC)C  for MePicS. &)
Here and below Pic is written aditively. If S is compact, Pic S has a
bilinear pairing, and () just means that r is the reflection in the class of

C; however, («) is meaningful in any case, since MC=dege Mo, and
04(C) € Pic S.

(64) To prove this I first “resolve” the proper transform maps; since
o and o are composites of blow-ups

Higher Residues

Pic =()" Pie X'© § 2. F°,
where the exceptional components F® are the layers of Pagoda (5.8).
Hence if L € Pic X and L’ € Pic X" are such that L' =p(L, then
G*L=(')* L'+ D, with D=3 rF©.
(65 Claim.
D=—(LC)D,, where Dy=3iF".

Indeed, letting £, be the ruling of F© for 1<i<n—1; /, is contracted by
both g and o/, so that

0=(*L— (@) L) =Df=r =2t e
‘This implies that ) is a multiple of D
Now let & and i’ be the two rulings of F®W=P'x P, with  con-
tracted]by o and i by o', Then .2 K—=>C, so that
o*LW =LC
o*Lh=0

} , and similarly {‘”3

the claim follows.
(6.6) Proof of (6.3). 1f SCXisthe pmpel transform of S, (the base

of Pagoda (5.8)), then identifying - I can calculate i* and i**
from the diagram

Tget
P#L=(0 o D L=T*(0")*L —(LOD)=i"*L'~(LC)C,

since 5 (the base of Pagoda (5.8)) meets D, just in the curve C.  QE.D.

fﬁilﬁl_

JIMEREERE
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The reader interested only in the proof of (2.12) should proceed
directly to § 7.

(67) An entirely similar result holds on replacing the functor Pic
by HY( » 2), HX , Z) ot H , Z); the class C on the hs. of () has just
to be interpreted pragmatically as the class of C in Hy(S, Z) or H(S, Z).
Compare [10], (7.8).

An advantage of working with homology is that if X is a tubular
neighbourhood of a configuration of (—2)-curves on a surface S, then X is
homotopy equivalent to S, and identifying Hi(S, Z) with Hy(X, Z). (+)
can be interpreted as the action of 7o on the whole of Hi(S, Z)-

(68) Example (based on an earlier more complicated example of
Shepherd-Barron).
Let f: X—>A® be the 2-parameter family of elliptic curves given by
(x—af —t)(x—by'— 1),

where azb are constants, and (t, 1) are coordinates in 4", Near (0,0),
fcan be regarded as the versal deformation of the Kodaira elliptic curve
Ul is a pair of P's meeting transyersally in 2
0), and is a nodal

curve if P e (t4,=0)\(0,0). Each /, is an isolated (—2)-curve.

©,0
Define the abstract reflection group G by
G=(r, nlri=ri=1);

then G is infinite, and for g e G we can construct a model X* birational
0

Xmms XE = Xt P10
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if g=ryry- - -1y, by successive clementary transformations in /, and I, For
g+#8’, X——>X#' is not an isomorphism.

It is easy to construct global 3-folds X of Kodaira dimension 0, 1 or
2, having elliptic fibrations over a surface with fibres as in this example;
indeed, this is a generic case. Thus such a 3-fold will usually have
infinitely many distinet non-singular models with || free.

(6.9) To prove the assertions in (6.8), set t=1,-+1,, and consider the
smooth surface SC X given by 1=0. Then S has an clliptic pencil S—4*
given by ,, and this pencil has an I, fibre over 0, consisting of 4 Ul;
hence each [,CX is a (—2)-curve by (5.2), (), and is isolated because

A has no other reducible fibres. p,, induces an isomorphism on S by
(5.13), (@). The group G acts faithfully on H(S, Z), proving the final
assertion.

§7. Proof of (2.12)

(7.1) 1 return to the notation and hypotheses of (2.11). Let ¥ be
the R-vector space spanned by symbols e,, in I-to-1 correspondence with
the components of h~'P= U E.C ¥,; ¥ is given the usual negative definite
pairing

{0 ifENE,
o=

1 ifEN pt).
¥ contains a root system R for which the e, are the simple roots:
R={r=Xme|n ¢ Z, r*=—2}.
¥ can be considered as a subspace of Hy(¥,, R), or of Hi(¥o, R); its
dual space ¥'* can be considered as a quotient of H¥(Y:, R). Since the
pairing on V" is negative-definite, we have a canonical identification of ¥
and %, and V'* contains a root system R¥, with simple roots e, and has
a metric defined by
d(a, by'=—<a—b,a=b).
(7.2) Now let K*C V* denote the closed ‘Weyl chamber defined by
K*={ac V*|a(e)=0 for all k}.

Now fix, once and for all, an interior point a & (K*)*™, that is a point such
that ae,) >0 for all k.

(7.3) Lemma (Bourbaki, sec [7}, Ch. V, §3, n%.3.1.2). Let

T 1
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I& V*\K*; then there exists an ¢, such that 1(e) <0, and

d(a, r()<d(@,1)-

Proof. SetI=b—t, r,(I)=b-+1, with b(e) =0, and 2t=I(e,)el; then

as_

—(a—btt, a—b1y+{a—b—t,a=b—1)
—4(a, ty=—2l(e)a(e) >0 QED.

d(a, Iy —d(a, r ()"

(74) Corollary. For any [ V* there exisis a sequence ey« -+, €y,
such that, setting

l=ro (i) fori

we have

o) <0, )
and
l,e K*, thatis L(e)=0 for each k. (2)

Here condition (2) will mean that T eventually end up with a model
¥ for which 2 is nef whereas (1) will guarantee that I never need to make
an elementary transform in a non-isolated (—2)-curve.

Proof. At each stage the distance to a decreases strictly; and we,
Know that the Weyl group generated by the r,, is finite (because it acts
faithfully on the finite set of roots R), so that I has at most finitely many
translates. QED.

(7.5 Proof of (2.12). In the notation of (2.11), let # ¢ Pic ¥ be
such that # is nef over the Du Val locus. Let ¥ and V* be as in .0,
and let /¢ V* be given by /(e)=2E,.

Let €y, -+ -» €, be as in (7.4); I claim that

YY" Ly
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can be defined in such a way that ¥-"—— Y is the elementary trans-
formation in

B cYE S yen,

which is an isolated (—2)-curve.

Indeed, on identifying Y,CY with its proper transform under
'——» Y1, all the curves E, of h~'P remain (—2)-curves, by (5.2), (2); and
if E, is a non-isolated curve, then E, has to be of the form F, () Yo, for some
F,C Y% an exceptional surface over a component of 5. Then E, is
numerically equivalent to a curve Ey=F, 1 ¥, for 10, 5o that ,.,(e)=
#E,=LE,>0 by the hypothesis that # is nef over X—P.

Thus the curve E, in which I intend to carry out the next clementary
transformation Y¢-"——»Y® is isolated so that (6.3) applies. By con-
struction, 2 is nef on ¥, QED.

§8. Comments and problems on elementary transformations

(8.1) Let X—T be a family of Du Val surface singularities which
admits a simultaneous resolution Y—X—T; in (8.2) I use the notation
of (2.11) and (7.1). Recall the convention on j and k ‘made at the end of
(211). For any surface F,C Y contracted to a component of 33, let
> nuE,. Then ;=3 e, ¢ Vis a root of R, and the f; form
the primitive roots of a subroot system R,C R, corresponding to the Du
Val singularities of X, for £:£0. Write ¥3*C V'* for the following union
of Weyl chambers of V'*:

ViE={le V*|I(f)=0 for all j}.

(8.2) Theorem (Brieskorn [9)). The hypotheses are as in (8.1).

(1) Simultaneous resolutions of the family X—T are in bijection
with the set  of Weyl chambers K*C.V* contained in V*.

(1) Let Y—X—T be a simultaneous resolution, and K*e & the
corresponding Weyl chamber.  Then for any k, the (—2)-curve E, of Yo is
isolated in Y if and only if r, (K*)C Vit

(1) Any two simultaneous resolutions can be obtained from one
another by a sequence of elementary transformations in isolated (—2)-
curves.

Sketch proof. (1) is proved in [9], § 3 under the extra hypothesis that
Pe X is an isolated singularity (that is, there are no F); however, the
proof goes through automatically in the present slightly more general case.
First of all, assuming the existence of one simultancous resolution, ¥ and
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{ts root system R can be identified with constructions made from the class
group of P ¢ X. The cortespondence one way just associates t0 ¥—>X—>T
the Weyl chamber K*C V* given by

K*={le V*|I(e) 20 for all Kk}
Conversely, given a Weyl chamber K* ¢ &, a rational point /¢ (K*)™ 1 V&
cortesponds via Hironaka's theory of characteristic cones to an ideal
of 0 whose blow-up is a simultancous resolution.

1) By the usual properties of Weyl chambers, K* and r,(K*) are
separated by 2 single hyperplane e}; since ¥i* is a union of Weyl cham-
bers, given K¥C V¥,

(K¢ Vireet is a wall of Vi*
&e,=f, forsomej.

This is statement (I1).

(1) follows from (2.12): given Y and ¥’ with corresponding Weyl
chambers K* and K'*, an interior rational point of K'* corresponds to a
relatively ample invertible sheaf on Y’; by (2.12) a succession of cle-
mentary transformations in isolated (—2)-curves will knock it lxgnEK".

(83) Remarks. (@) The family Y—>T is differentiably locally
trivial, so that it provides an identification

ayt H(Yo 2)—>HiYs Z),

where 10 is some fixed base-point. If Y'—X—>T is another simul-
{ancous resolution, then fibre-by-fibre we have ¥/ Y, (for all t T); this
s the traditional enigmatic assertion that “Y and ¥” are different families
with the same members”. (Compare the equally bizarre pronouncement:
Yihe moduli stack of surfaces is locally non-separated”.)  The new identi-
fication

ay: H(Yo 2)—>H(Y,, Z)

s a priori different, and an assertion implicit in (8.2) is that the homo-
Togical picture is faithful: different families ¥ and ¥ give rise to different
identifications @y and ay.. Thus we can think of passing from ¥ to ¥" as
‘moving Hy(¥,, Z) around with respect to the fixed H(Y,, Z)-

Tn the case that P e X is an isolated singularity, (8.2) can be
paraphrased by saying that the set of simultaneous resolutions of X—>T

g
i

R,

Canonical 3-folds 175

form a principal homogeneous space under the Weyl group W(R), with
the generators ,, of W(R) acting as elementary transformations in the cor-
responding (—2)-curves E,. 1 was amazed to discover that such a sub-
stantial case of the “factorisation problem”, with such a beautiful proof,
has been implicit in the literature for so long

() There seems to be  notion of “obstructed principal homogene-
ous space” implicit in (8.2), and 1 would be grateful if someone would
inform me whether this occurs in other contexts.

(84) Problem. Let Pe X be any cDV point, and f e mpC Oy p &
general elephant; by (1.5), after taking an appropriate root of f, the
covering X' can be thought of as the total space of a family of Du Val
singularities admitting a simultaneous resolution, so that (8.2), together
with (1.14) can be used to interpret any questions concerned with patial
resolutions of P ¢ X" in terms of the root system RC ¥ corresponding to
the section S: (=0). What about the original point Pe X? It seems
likely that there should be an identification of the following 3 types of
object:

(i) small partial resolutions of P ¢ X;

(ii) suitable cones in ¥ satisfying covariance properties with respect
to the monodromy of the family ': X'—T";

(i) suitable cones in the class group of Pe X.

There is also the question of extending these ideas to all quick singu-
larities.

The simplest case of this problem has been seen in (1.16) above; a
direct relationship between (algebraic or analytic) small partial resolutions
and the (algebraic or analytic) local class group of Pe X is given by a
purity theorem of Van der Waerden (see E.G.A. IV,, 21.12.12). Some
general results in this direction have been obtained by Shepherd-Barron.

(8:5) According to (0.8), (a) and (0.15), we have the right to expect
that if X, and X, are two birationally equivalent minimal models with
Fou 20, the birational map X,——»X, is an isomorphism in codimension 1.
Tn the remainder of this section I want to suggest that a much more precise
statement concerning X,——»X; can be expected, and to indicate how the
ambiguity in the choice of minimal models may eventually be reduced to
combinatorics, in the spirit of (0.9).

In order to have a compact statement, it is convenient in (8.6-8) to
restrict attention to non-singular minimal models X, although as in the
corresponding part (4.6-12) above one could hope for precise results in the
general case of quick singulaiies.

(8.6) Conjecture. Let f: X——>X" be a birational map, where X and
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X" are both non-singular 3-folds with K nef. Then f is a composite ofe lemen-
tary transformations in isolated rational curves C with

inding the precise notion of clementary transformation is part of
the problem; one could hope to get by with the candidates given implicitly
in (5.17).

Tt should be clear from (8.2), from [10], § 7, and from [26], § 8 that
(8.6) is true in many interesting cases, and the program outlined in (8.8)
below is based on an extrapolation of these known cases.

Paradoxically, perhaps one of the most convincing reason for beliey-
ing in a statement like (8.6) in the £,,n=0 case is given by the Fano-
Manin-Tskovskikh results (surveyed in [38]) on factorisation of birational
maps between Fano 3-folds, which is by far the decpest (and most neg-
lected, outside Moscow) aspect of work on the Liiroth problem.

(8.7) Conjecture. Let f: V—C be a fibre space from an algebraic
30ld ¥ 10 a curve C, and suppose that the general fibre is a surface with
£=0; then there exists a model g: X—C birational to V' such that X is @
relatively minimal model (that is, X has only quick singularities, g is a mor-
phism, and Ky is nef on the fibres of g).

(8.8) Subconjectures of (8.6-7). A suitable form of statements (a)—
(©) below will prove (8.6) and (8.7).

(2) In (8.6), fis an isomorphism in codimension 1, and if QCX is the
exact locus of indeterminacy of f, the components of Q are rational curves C
with KyC=0.

(b) Let N be a tubular neighbourhood of Q, that is, for a suitable
‘metric and ¢>0,

N={xe X|d(x, 0)<e}.

With each component C of Q, associate the class 7o ¢ H'(N—Q, Z) corres-
ponding to the intersection of N with a hypersurface cutting C transversally:

Then as C runs through the components of Q, . € H'(N— 0, Z) form the
simple roots of a root system in H(N—Q, Z)®R.

Canonical 3-folds 7

Note that a priori there is no inner product on H(N—Q, Z), and
when there is an inner product it need not be definite, so that “root
system” has to be understood in the general sense of [7), Ch. V and [20].
Let ' be the locus of indeterminacy of /-1, and N’C X" the tubular
neighbourhood of N” such that f induces an isomorphism
SiN-Q 5N —g;
of (b) is that the lattice H*(N—0, Z)= H'(N'— 0, Z) now
contains two distinct sets of simple roots, so that it should be possible
to pass from one to the other by a sequence of reflections, as in the proof
of (2.12). It should be noted that by examples such as (6.8), we know
that the combinatorics of elementary transformations is at least as com-
plicated as the word problem in a (possibly infinite) reflection group, and

(b)is an alttmpl at getting a representation of this combinatoric problem
in hom,

(©) An elementary transformation p can be defined in some curve
CCQ, and the effect of this on the set of simple roots o, & H(N—Q, Z) is
10 move the classes ¢, by the reflection <,,,

(d)  An isomorphism

S N=0- -

extends to an isomorphism N—=>N" if and only if Q—=>Q’ and the classes
7e correspond under f*.

(&) Letg: X——X be abirational raformationof it rde,whare
X is @ minimal model With Ko,n20. Then if QCX is the indeterminacy
locus of g, Q can be contracted to a finite set by a birational morphism
hi XX (such that h is an isomorphism outside Q; X should have only iso-
lated DV points, and g acts biregularly on X).

The point of (¢) is that the condition that g be of finite order should
exclude cases such as (6.8) above, and imply that Q is negative in a suitable
sense.

(¢), together with known results concerning the degeneration of sur-
faces with £=0 (see [17), [24], [21]) implies (8.7). ~For example in the K3
case, Kulikov's epoch-making result is that after pulling back f: V—C by
a cyclic cover C'—C we can replace ¥ by a Kulikov model:

X V'V

Nk

Cr—>C

Y 1711
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X" is a smooth model birational to ¥” and such that Ky is numerically (in
fact analytically) trivial on the fibres of /7. The cyclic group Gal (V'/V)
now acts on X’ by birational transformations, and (¢) tells us how to get
a model ¥’ on which it acts biregularly, so that a quotient X=X'/(g)
birational to the original ¥ can be constructed.

(8.9) Added in proof. 'The above assertion that (c) implies (8.7) is
false, because the singularities of the quotient X= ¥/(g) will not in general
be canor This is an interesting point even for degeneration of elliptic

curves. For example, the Kodaira elliptic of type IV is a case of poten-

tially good reduction: after a triple cover, the semi-stable model is a
smooth elliptic curve on w! ¢ group Z/3 acts with 3 fixed
points. The quotient is an elliptic surface " whose specal ibre =3/ P,
with 3 rational triple points; this is obtained from the Kodaira model by
a blow-up, and a contraction of 3 curves of self-intasection —3:

—d— ¥

=

1

This model (X, /), considered as a log surface, is a minimal model in the
sense of [42), and is more closely related to the semi-stable model than the
conventional minimal model!
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‘Algebraic Varieties and Analytic Varieties

Higher Residues Associated with an Isolated
Hypersurface Singularity

Yukihiko Namikawa

§0. Tntroduction

The aim of this note is, s a preliminary to Prof. Saito's article in
this volume, to give a brief introduction to the theory of primitive integrals
associated with isolated hypersurface singularities which he is now develop-
ing extensively. The whole theory, though still incomplete, can be found
in [8] and a summary in 7).

The central idea of this theory is an intimate connection between
geometry and transcendental functions with the theory of elliptic integrals
as a motivated example. ~In his case the geometric object s a (so far) local
jsolated hypersurface singularity, with which he associates a specific dif-
ferential form called the primitive form. This primitive form enables us
to study the singularity with analytic methods. Unfortunately, the ex-
istence of the primitive form has not yet been established in general except
for a small but significant number of cases from explicit computations ([6]).
The integeals of this form would give a new type of transcendental func-
tions gencralizing elliptic integrals of the first kind.

Tn order to state the fundamental properties of primitive forms which
relate to geometric properties of singularity, we need to introduce what we
call higher residue pairings (cf. [7]), whose definition is the goal of this
note. Among many notions introduced by Saito with higher residues the
exponent is one of the most important and is discussed in his article [9),

§1. A Hamiltonian system of an isolated hypersurface singularity

In this section we introduce what we call a Hamiltonian system which
is the object of our study. In fact we treat a special kind of a Hamiltonian
system: one which is associated with a universal unfolding of an isolated
hypersurface singularity.

Defnition (1.1). A Hamiltonian system (X—>S—">T, 3 s a col-
lection of the following data: i) X, S, T are the germs of manifolds of
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