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To prove the reésulc, we use the following Ifour facts:
(i) The kissing point of aay 2 kissing circlues lies on the join of their
{ii) The length of an arc of a civele of racdius r subteading an angle € (dn
radians) atits centre is equal to rd;
({ii) The angies cpposite equal sides of an
isosceles triangle are equal; and
(iv) Any exterior angle of a triangie is
equal to the sum of its opposite
interior angles.
Let a point P of the rolling circie (I), with centre D and radius 1, be initially
at a point A of the bigger circle (), with centre C and radius 2, and B be the
kissing point of (D) with (C) after () has roiled inside (C) for some time

ius CDB of {(C) makes an

such that

gives us the length of the arc

, oy {ii), that must be equal to the

26 that

lengtn of the arc BP of (D) with the sant position of P such that #BDP =
fixes P on CA as the meet of (D) with CA other t¢han C by virtue of (iii) - (iv).
Thus the locus of P on (D) is the diamcter AA' of (C) as (D) rolls inside (C)
without siipping.

Sahib Eam Mandan.

STILL LUCKY?
The nypothesis put forward was as follows. Let g(x) be continuous, strictly
decreasing and convex iz the interval in which it 1z defined, so that the inverse
function h{x) has the same properties, let I{x; and k{x) be the nearest integers
to g(x) and h(x) vespectively, then f{k{(i{n};, f{n) for all integers n in the
interval of definition. The answer is NO. Let z(x) = 07 + 5°1/(x - G+2) then
3
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BINOMIAL COEFFICIENTS (JOMX i2 and 13)

The question (a) from {.4. Davis was: if n is a positive integer and

\)fﬂ\ \)k

Wy show that u(k) = 0 for k=0, 1, ... n~1, and find

w( = ] D

u(n) and u(n+i).

As we had three solutions in JCMN 13 it is gratifying to get this new one from

7. Ponnudurar and V. Laohakosol.

. =V ooy
(_1)1‘1 u(k) = Z\):O \"1){1 \3) \)K

may be recognised as the nth order finite difference at the origin for the functio

k . . . . . » .
f{x) = x . For n > k we know that it is zero. For the case n = k, we xnow that T

b} . 2 el = n . X 7 = - —- 3
ath srder finite difference for x is n!, and so u(n) = {(-1) n! Let d{a) be
the nt? order difference at the origin for the function x
(n-1)th order difference at the origin for the function

PR o n+l n L.y n~1
(x+1) - x = (n+l)x + % n(a+l)x + ...

T,
T i

(the later terms on the right may be discarded because their {(n-1)t% order differ-

ences are zero). The (n-1)th order difference for the second term on the right is
easily written down, and so we may find

dR) = (n+l) din-1) + % (a+l)!

To solve this recursion write it

d(n) - LYn{nt+i)! = (n+l){d(n-1) - % (n~-i)n'}

= ... = (n+l)i1{aQ1) - 1}/2 = 0.
Therefore u(n#l) = (-1)%d(n) = (-1)"n(n+1)1/2.
A THEOREM OF WIELANDT
AND NON-NEGATIVE MATRICES {(JCMN 13 and 14)

in the proof oif these results in JCMN 14 use was implicitly made of tne fact that
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is complete then G~ must be connected. This is true because any two nodes P and

o

. . - . k X . . . h
Q are joined by a path of length s in G, that is a path of length ks in G, or
5

path of length k im G~ .

(o8

C.J. Smyth

CONNECTIOCN

A connected graph of n nodes has the property that for any two nodes P and §

a

there is an isomorphism mapping P on to Q. Prove that any two nodes are connected

by at least two disjoint paths, that is paths with no nodes in common except their

cwo ends.
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COVERING WITH TRIANGLES (1)

The centre of a regular (2k+l)gon is in how many triangles made from its vertices?
The answer is a simple formula but can you give a simple reason for it? T can't,

The plcture above illiustrates the case k = 3, the figures in each region of the

neptagon give the number of triangles covering it.

M.J.C. Baker

STILL MORE TRIGONOMETRY

rxj

or n an odd positive integer, show that

oot 273y emPei
N 2 74T =iy
), cosec” (&= = [
L= s 3/
3=1

DOUBLY STOCHASTIC MATRICE

A real square matrix is called doubly stochastic if its elements are non-negative
and the sum of those in any row or any column is 1. Prove or disprove that every

gucn matrix is reducible to diagonal form

e

y a similarity transformation

= . .
(A to X "AX where X is non-singular).

H. Kestelman
JCHIS,
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AN ELEZCTRICAL CIxCUIL

are ail integers, are regarded as electrical
points, that is points at

What voltage is needed to send a one-ampere

[\
"
0.
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ut at {1, 0, 0)? ¥For pure mathematicia
Find v{0, 0, 0) -~ v(1, 0, 06) if v is such t

- vk, m-1, n)

otneywlise, and where v is bounded at infini
to start with the two-dimensional version of

RANDQOM FIGURE

et x and y be incependent random variable
with mean zero and variance one. The pair (
point in the piane. A sampie of n such poi

A(n). Can you find the di
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and see wnat you can say about A{n) for larg

is poinis wnose coordinates x, vV oand

7

hat o6vik, m, n; - v(k~1, =, n
a3 <\ 1 ~ N F— - P
- vik, m, n+iy - vik, m, n-1) is equal

if (k, m, ny = (i, G, O} and is zero

ty. ur undergraduate reacders might iike
the problem.

S

s, each having a Gauss

X, y) can be regards

nts determines a convex
? That is hard, but

or just an estimate for the order of magnitude.

J.B. Parken

A PARTY GAME - THE STARTER CAN WIN (JCMN 14)

In JOMN14 a game was described in which play

e
lengin two or more. The first p

layer unable
point.

poiat, and no infinite sequences. In fact a
e R o P - | T ma R T -
there are precisely /4 such rinite sequences

assume)} ., The largest is GXO0OXXOCOXXX0OOXXOX

Az a curiosity, note that if the longest seq

changed, we obtain the longest sequence agai

{(no, I leave the reasoning to youi).

in the two-persen game the player wi
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always playing O . He is then n
slaver doesn't make any unnecessary losing m

GOOXO0C  and OXO00XG, followed by either X

ers take 1t in turns to add either oT

simple compuier tree search reveals that
(starting with &, as we can cleariy

(iength 18), and the shortest OXXCX.

uence is reversed, and C and X inter-

n. This is not very surpris
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ever rforced to piay X . If the other

oves, the only two possible games are

or 0.
C.J. Smyth
s¢ founa by J.5. Farker, dbut without the
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AFTER DINNER MATHEMATICS {(JCrN 145

wher. T was a lad and went to school,
We used a compass, a pencil and rule
Er, Buclid was for us a breeze

With theorems, props and Q.E.D’'s.
But now new maths has hit the kids
the old geom nas 8
S how the hell carn I work ou
what a circle in a cirvele i3 all about,
when all JC will let me use

i8 ‘school geometry' - I ask yous!

Point P is rotating about i (assuming
nc Siipping) and hence it is moving in

the direction PB where
/_ APB = w/2.

"The diameter of a circle subtends an
angle of w/2 at any point on the

circumference"

the small circlie.

.. 3 is the centre of the large circle.
A PE dis on a diameter of the large circlie.

Other soliutio

In any circle there are those who find it hard to write in prose,

50 always t

rying to be fair we put some verse in here and there. And if

your mathematics rhymes as people {ind it does at times your theorems will

be better than those common ones that merely scan.

JCMNI S,




A NBST OF TRIANGLES {(JCMy 135

oy

by Sawib Ram Mandan (Indian Institute of Technology)

We follow an example in Coxeter's book,

"The Real Progective Plane' pp 203-204.

o s . . ~
X={0, 1, p}), ¥ = LG, U, i/,
Z={i, r, §), and the coordinates of

the lines BC, CA and AB as (0, 1, u),

{(v, G, 1) and (i, w, O0). These three

B

orm a triangle unless uvw = -1,

The conditions of perspectivity of the three pairs of triangles
UVW, XYZ; UVW, ABC; XYZ, ABC

are pqr =1, uvw =1 and pgr = uvw respectively.

This implies the given resuit that if two of the pairs are perspective then

-

s0 is the third.
Calling a triangle XYZ cevian to another triangle UVW -when the former is
inscribed in the latter and the two triangles are in perspective, and then calling
UVW anticevian to XYZ, Guinand's theorem may be stated as follows.

Any cevian triangle of a given triangle is perspective to any anticevian triangle.

THE FRIENDSHIP THEOREM

Suppose that in scme society every two neople have exactly one common friend.

D
]

7

Prove {or disprove) that there must be somebody who is everybody's friend.

FINDING AN INTEGRAL

In Jeffreys and Jeffreys the associated Legendre function is defined, when m and n
are positive integers with m < 1u, by

SR p SN L e o m/2, ,. (m p o
P {x; = 2 "{n=my! (miail) %(i—xz)m/ {d/dx) in(xz—l)x

Otner definitions are also used (see Wnittaker and Watson, or Hobson's Spherical and

Ellipsoidal Harmovdeg) out let's stick to this onme.

. S
Evaluace ' p_(x) dx.
- n




DOES IT CONVERGE?

1,

For x > 0 define the sequence oi numbers Sn(x by

Lob ks
3T

For what x does it comnverge? What can you say about the iimit?

A=

2 ,

2 3 1, %

) e ,

bq(x) = {14+ x%x{1 + x7{1 +x°(...d+x)y°..
i

V. Laohakosol. -

DIOPHANTINE PROBLEM
Find all solutions of (m+nw)® = r, where m, n, g, and r are integers,

q>1l,un %0, w =1and w# 1.

c.J. Smyth

Why is the knob controlling the outiet of water from my {(imported) washing

The question from JCMN 153 was '"The square matrix A has rank one. Show that it
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guare is non-zero.' The

A must be of the form uv’' wheére u and Vv are non-zero column vectors. The only
solution of the eigenvaiue equation uv'x = AX = Ax is A = v'u with eigenvector

2

u. Since A = 0, if it is similar to a diagonal matrix then v'u = 0 and therefore

2
A" = uv'luv! = viu A
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not orthogonal to v.
Take a new pasis with u as first eliement and the others all orthogomal to v, then

A becomes aiagonal, with only the top left element non-zero.

RE.B. Potte writes as Ifollows. I Tound the published answer on Rank One Matrices
unconvincing. It seems to imply that u and v are real vectors, personally I
don't like using the word 'orthogonmal' for u'v = 0 when u and v may be complex.

There is orf course the aiificulty that a vector u may be orthogonal to itself, so

that Gram—-Schmidt is not obvious.

a8}

ernaps other readers share these coubts of Professor Potts. One remedy might be

co replace v by V i1a the reasoning above, putting A = uV', so that the eigen-

vaiue is V'u. Then if the word orthogonal is understood in the Hermitian sense

there is no diificulty over Gram-Schmidt orthogonal

S

zation. Alternatively we
could be cbstinate and imsist that if w'v = 0 in complex n-dimensional space

there is & basis with u as first eiement and the other n-1 elements chosen from

JCHNIS.
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the x for which x'v = §. However we the editor LsTee on the unwisdom of using

the word orthogonal to mean x'y = 0 in complex space, and we will Try to avoid

THIRD TIME LUCKY (JCMN 13, 14)

For this problem (related to pressing the / key repcatec;y on a calculator), we

.8 v ., . . e
had 10° £ n 2 10", f{n) nearest integer to g{n) = 10 /;. We showed that
e s ) ) o 13%/2
f{£{f{n))y = £{n) and, for n<d§ = 10 /

now tind all possible values of £(f(n)) ~ n, and the least n with £(£{n)) # n.

We have g(n) - &% < f(n) < g{n)+4, so
glgla)+s) - % < £(£(n)) < g(g(n)-4) + %,

R o Ny : 5 . s A1 9. i LB
E(E(n)) - < K (H—nz/iO1 J + €, where g < 10 .,

2 i ) L.
Since I + n /10 = 11, £(i(n)) - n has the possible values 0,%1,#2,%3,%4, 5,

431 these valiues can occur. For instan

c f
aigit d = 5, 4, 3, 2, 1, 0, and =£(£(9876543214
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find the least n: f{f(n)) * n, first note that for n = SR
- R
_ = [8] = 3162277660. So £(x) =

o
g(ny - g(oerl) 2 1 - 2k/8 for kK << €. Heren = 16, 7
( til there is an n, : =™ + & > g(nl) > g +1) >m - % for some

1

T {(n
integer m. For then we have fia +K) =n - K and f{ ( +k)) =n + k

o o
{(n + k= a_, a_+ i, .., my) and ;&n1+1) = ;(n ), E(f(n. +1)) =1 . Hence we
(n

e}

must find the first n = n; + 1 with fractional part of g(n

Now g( 10+k) = §/{1+{k~38)/0), where & = B-no = §+168379...
- . o, v n\z,\ - : .3 .\19
=0 -k + 28 + (k~8)/5 + €, where & < k /i0 .

¢}

o~ ey ~ <«
Then 20 +{k~-38)/8 -+
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and indeec f{n_+ 22720) = f(no + 22721), £(f(n_ + 2Z721)) = n_ + 22720.

C
(@]
©

nence the least n ¢ £(f{n)) = o 4s n = 3162300381. (The next one is 31623383
3]

corresponding to k = & + /8(¥-28) = 6065G-76).

C.J. Smyth

, T{(f(n)) = n in the last issue. We shall

Pi,




Suppose that the pubbles are small and that their zrrangement is in & pattern that .

is isotropic and can oe described by a single parameter b, the mean bubble diameter.

S
We ignore gravity and inertia, the oniy forces are surface tension and air pressure.

On the macroscopic scale let the vector field u be the v

¢l

Locity ©

of the bubbles, they will in general be unequal because the air can diffuse through

a bubble surface. By considering the forces at the boundary of an arbitrary

rectangular regicn it fcllows that the air pressure p, the bubble size b and the

&

-

surface tension T are connected by a relation p - kT/b = constant, where k is

some constant depending on the microstructure. The diffusion of air through the

bubbles is at veloeity u-v which must be equal to =-Ab grad », for some A

&

pressure p between the two eguations above, we find v = u + Ab grad(kT/b), and
putting b = exp{-5) this can be written Vv = u + AkT grad 3. Now suppose that
there is conservation of bubbles, the number per unit volume varies as b = or

{6/8t) exp 33 + divi{v exp 33) = 0
- aan, TR o - S 5 - 2 D
f exp(33) (303/0c + div v + 3v.zrad 3) =
or 3 DR/Ot + div v = O

where D/Dt indicates rate of change following the bubbles. The equation found

earliier for v gives

not expect a uniform froth at rest to be stable. Waat actually happens when a
supbie gets very small 1s thnat it vaanishes, making its neighbours a littie bigger.

cnange in the model is required for a good theory.

B.0. Renwie

f e - P .

Your editor would like to hear from you arytring cornnected with mathematics or
with James Cook.

C. Revnie, Matnematics Depcriment,
ook University of Novih Juecensland,
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