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1 Introduction

The main object of this report is to state and prove the Littlewood-Paley
theorem, which is a powerful tool for determining the “size” of a function
in L? by breaking it into pieces in a particular way; consequently it is useful
for studying the boundedness of operators on L? spaces. We then apply this
to prove the Héormander multiplier theorem. In order to do this, we first
give some results about maximal functions, and singular integral operators.

This standard material can all be found in [3], although we often favour the
more modern presentation in [1].

2 Maximal functions

Given a locally integrable function f : R" — R, its Hardy-Littlewood max-
imal function Mf is defined by

MF(x) =sup e [ IFW)]dy

r>0
Theorem 1. [3, Ch I, Thm 1]
(a) The operator M is weak-type (1,1), i.e.
Ay
s MFG) > ab < 22 [ (f(lax.
(b) For1 < p < oo, the operator M is strong (p, p), i.e.

IMFll, < Apau £, -



Proof. We begin with (a), letting E, = {x : Mf(x) > a}. For x € E,, we
can choose r > 0 so that By = B(x, r) satisfies

1
By /B f(y)ldy > a, (2.1)

otherwise we cannot have Mf (x) > a. It follows that |B,| < 1 ||f|, forx €
E,. Now E; C Uycg, By, and using a covering lemma (Appendix, Theorem
11) we can extract a sequence of mutually disjoint balls, { B} satisfying

|Bx| > C|E,], (eg. C=37"). (2.2)
k=0

Applying (2.1) followed by (2.2), we have
| \f)ldy > a Y |B| > aClE|
UBy p

Since || f|l; = [p, |f(v)|dy, we obtain (a).

To prove (b), note that this is obvious when p = oo since

1
Mf(x) <su 7/ o dy = o
fe) < sup oo [ Wflledy = ]

So M is weak-type (o0, 00) by definition, since it is strong (oo, 00). This
allows us to apply Marcinkiewicz interpolation (Appendix, Theorem 12),
establishing (b) for 1 < p < oo. O

The following bound involving the maximal function will later prove to be
useful.

Theorem 2. [1, Prop 2.7] Let ¢ be a function which is positive, radial, decreasing
and integrable. Then with ¢;(x) =t "¢(x/t),

sup [¢ + f(x)| < [[¢ll; Mf (x).

t>0

Proof. First we assume that ¢ is a simple function, i.e. ¢(x) = ¥, 4 XB(0,r)) (x)
with a; > 0 since ¢ is positive. Then

9% F)| = | ZaBO7)| grgsxoi0s) = £ < 9 MFC)
] )

since ||¢|l; = X a;|B(0,;)|. An arbitrary function ¢ satisfying the hypothe-
ses can be approximated by a sequence of simple functions which increase
to it monotonically, so the estimate |¢ * f(x)| < ||¢||; Mf(x) will hold.

Since each ¢ is also positive, radial, decreasing and has the same L! norm
as ¢, we obtain the result. O



3 Singular integrals

3.1 The Calder6n-Zygmund Theorem

Theorem 3. [1, Thm 5.1] Let K be a tempered distribution on R" which coincides
with a locally integrable function on R™ \ {0}, satisfying

(i) |K(&) < B,
(ii) f\x\>2|y| |K(x —y) — K(x)|dx < B,y € R™.

Then the operator T : f — K x f is weak-type (1,1) and strong (p,p), 1 < p <
00, i.e. we have

ITfIl, < Allfl,

where the constant A depends only on p, B and the dimension n.

Remark. Property (ii) is known as the Hérmander condition, and may be
deduced from the stronger condition |VK(x)| < C|x|~""!, via the mean
value theorem.

Proof. That T is bounded on L? follows from property (i). We obtain the
weak-type (1, 1) result using (ii) as described below, then apply Marcinkiewicz
interpolation to get the strong (p, p) resultfor 1 < p < 2. For2 < p < oo,
we use duality; the adjoint operator T* has kernel K(—x) which satisfies
the conditions of the theorem.

To obtain the weak-type (1,1) result, we form the Calderén-Zygmund de-
composition at height «, giving R"* = FUUZ,Qj and f = g + b (see Ap-
pendix, Theorem 13). The problem of showing |[{x : |Tf(x)| > a}| <
€1/£l; then reduces to estimating each of Tg and Tb in this way.

For Tg, we use the properties of the Calderén-Zygmund decomposition to
get ||g]5 < Ca||f|l,. Since T is bounded on L2, we have the weak (2,2)
inequality hence

B? » C
[{x = [Tg(x)| > ab < 5 gl = Ml

For Tb, we consider the cubes Q;‘ having the same centre c; as Qj, but ex-

1/2

panded 2n'/“ times. Setting b; = by, we have Tb(x) = }; Tb;(x) where

Tbi(x) = [ K(x—y)byty)dy = [ (K(x=y) = K(x =) bily)dy

j



since by construction, f Q; b = 0. Hence with F* = (UQ}‘)C,
]

/F | Tb(x)|dx < Z/F* | Tb;(x)| dx
< Z/ |Th;(x)| dx

<E/)€¢Q*/Qj|K(x—y)— ¢j)| 1bj(y)| dy dx.

Now if x & Q7, y € Qj, simple geometry shows |x — ¢;| > 2|y — ¢;|. Defin-
ing x' = x —¢j, ¥ =y — cj, this gives

/ng,f /Q,- ‘K(X —vy) —K(x — ¢j } dx < / IK(x' —y/) — K(x')|dx’ < B

[x'[>2]y]

due to (ii). Thus

. mwlas <BE [ iy < Cifl, 61

where the last inequality comes from using the properties of the Calderén-
Zygmund decomposition. So

[{x = [Tb(x)] > 33 < [{x € F* = |Th(x)| > 3} + [(F7)°| < g A1

where the first term is bounded due to (3.1), and for the second term the
bound comes from the definition of (F*)¢ and a property of the Calderén-
Zygmund decomposition.

Combining the bounds for Tg and Tb with the fact that f = g+ b, we get
the weak-type (1,1) result for T. O

3.2 Truncated integrals

The Hilbert transform H is defined for f € S(R) by

_ 1. flx—y)
=20 ey

This is not directly treated by the previous theorem, but we can replace the
hypothesis |K(&)| < A in order to address this.

Theorem 4. [3, Ch II, Thm 2] Suppose the kernel K satisfies the conditions



(i) [K(x)| < Blx|™", [x| >0,

(i1) K(x)dx =0, 0< Ry <Ry<oo,

R1<|x\<R2

(iii) |K(x —y) — K(x)|dx < B, |y|>0.
|x[>2[y|

For f e LF(R"),1 < p < 00, and € > 0, let

TN = [ fa-yKE)dy

Then
ITefll, < Alfll,

where the constant A is independent of f and e.

Also, for each f € LP(R"), lime_o Te(f) = T(f) exists in LP norm; the operator
T so defined is also strong (p,p), 1 < p < co.

Proof. Defining Kc(x) = K(x)X{|x|>¢}, we have Ke € L?(R") and it can be
checked that K. also satisfies conditions (i)-(iii), with bounds not greater
than C,,B. Using these properties, it can be shown [3, II §3.3] that for € > 0,

sup ]Ke(y)\ < C,B.
Yy

Thus we can apply Theorem 3 to get the strong (p, p) result for Te.

Now write f € L¥ as f = f1 + f; with fi € C! having compact support,
we can take | f2[|, as small as we please. We have that {Te f1}e>0 is Cauchy
in L? since (ife < € < 1)

A ~Tofi(x) = [ K@)(Ailx—y) = fi(x)dy

e<|y|<e’

where the extra fi(x) is introduced thanks to (ii). Note that since f; has
compact support, this is supported on a fixed compact set S. Now by the

fact that f; is differentiable, and applying (i), we have that on S,
x—vy)— fi(x n
[ Kl PEEDZI gy < ap [y =
e<ly|<e’ Yy e<ly|<e’

where C. o — 0as €,¢’ — 0. Hence

1/p
[Tefr = Te full, < </5C5'€'> —0 ase€e —0.

Finally, because [ Tef2||, < A|f2[|, is as small as we please, we get that

{Tef}e>0 is Cauchy in L?; we call the limit of this sequence Tf, and it is
clear that ||Tf|]p §A[|f||p. O



Remark. We see that this applies to the Hilbert transform, by considering
the kernel K(x) = -L for x € R!. We have:

() [K(x)| = 7 = Blx| 7,

(i) [x] > 2]y = |x—y| > 3|x| s0

/ 1
|x|=2[y| 7T

(iii) | Ry<|x|<Rs % dx = 0 since the integrand is odd.

1

dx < 2M ]x|’2dx <B
X—y x

T Jlx[=2]y|

3.3 Homogeneous kernels

By virtue of the convolution in their definition, the operators which we
have been considering commute with translations. We now look at oper-
ators which also commute with dilations; i.e. setting 7.f(x) = f(ex), we
require 7,117 = T. In terms of the kernel K corresponding to T, this re-
quirement becomes K(ex) = e "K(x) for € > 0. Such K are said to be
homogeneous of degree —n, and may be written as

?(x)
x|"

K(x) =

with () homogeneous of degree 0, i.e. Q(ex) = Q(x), so that Q) is deter-
mined by its restriction to the unit sphere 5" 1.

Theorem 5. [3, Ch II, Thm 3] Let () be homogeneous of degree 0, and suppose

(i) Q(x)do =0,
gn—1

1
(ii)/ WO) 45 < o, where w(6) = sup |Q(x) — Q).
0 o [x—x'|<é
jxl=v=1

For f € LF(R"),1 < p < 00, and € > 0, let

@ =[ Wy

yl>e |yl

Then

(@) [|Tefll, < Ap || f|, for some constant A, independent of f or e.



(b) limeo Tef = Tf exists in LP norm, and ||Tf|,, < Ap [ f] -

(c) If f € L?>(R") then @(x) = m(x) f(x), with m homogeneous of degree 0,
and given for |x| = 1 by

m() = [ (G st +log (1) ) Q) det). 62

|x -y

Proof. Conclusions (2) and (b) follow immediately from Theorem 4 once
we show that the conditions on () translate into the proper conditions on
K(x) = Q(x)/|x|"; for details, see [3, Ch I, §4.2].

Part (c) comes from some detailed calculations; see [3, Ch II, §4.3]. O

Example. The Riesz transforms R; are given by the kernels

O;(x) xXio
i(x) = ‘;’n ,  where Qj(x) :cnﬁ, j=1,...,n.

The Q); clearly satisfy the conditions of Theorem 5, so the Riesz transforms
are bounded on LP(R"), 1 < p < oo.

3.4 Vector-valued analogues
We remark briefly that the preceding results can be generalised to deal with
functions which take values in a Hilbert space; it is this form of the the-

ory which will be put to use in the following section. For details, see [3,
Ch II §5].

4 Littlewood-Paley Theory

Theorem 6. [1, Thm 8.6] Given ¢ € S(IR") with Y(0) = 0, let S; be the operator

— N

defined by (;)(€) = 9;(6)f (&) where y;(&) = $(277¢). Then for 1 < p < oo,

1/2
o)
J p

Furthermore, if for all & # 0 we have }_; |p(277¢)|? = C, then also

(misr)”

< CplIfll,-

!
1A, < G

p



Proof. We apply a vector-valued analogue of the singular integral theory to
the operator f — {S;f}. It is bounded from L? to L?({?) since

()"

by Plancherel and the fact that }_; [¢;(¢)|* < C since ¢ € S and (0) = 0.

2

:/HZW]‘(C)]Z]f(C)\ngS ClfIZ  @&1)
> ]

Boundedness on other L¥ comes from checking that the Hormander condi-
tion is satisfied, for which it suffices to show ||V;(x)| . < C|x|7"~1. This
can be achieved using the fact that ¢ € S.

Hence, for 1 < p < oo, we have the first part of the theorem,

(o)’

For the second part of the theorem, note that if we have }; lp(271e))P =C
then (4.1) in fact improves to the equality

| (; \ij!2> h

It follows by polarization that

/,1]25#5]'8: ﬁ/wfg

< G lIfll,-

p

= VCIIfll,-

2

and taking f € L?, ¢ € L' we apply Cauchy-Schwarz to the summation,
followed by Holder’s inequality, to get

‘/fg' < C'/ (;lsij)m <;’518|2>1/2

12 172
<c (Z!SjﬂZ) (Z!Sjg|2>
] p ]

1/2
<c <erjf|2) I8l
]

p

p/

by the first part of the theorem, applied to g. Now taking the supremum
over g € LV with | gll,» <1 gives the desired result. O



5 Multipliers

Given m € L*(IR"), we define the linear transformation T,, on L?(IR") N
LP(IR") by

(Tuf) (x) = m(x)f (x).
We say that m is a multiplier for L” if, for all f € L2NLP, T, fisin L7
(T f € L? is automatic) and T, is bounded, i.e.

1T fll, < AL, (5.1)

In this case, T), has a unique bounded extension to L”, which we also call
Ty. The class of all multipliers for L? is denoted M, with the norm of
m € M, being the smallest possible A in (5.1).

Example. My = L*. It is clear that every L* function is a multiplier for
L?. For the converse, if m € M then || Tuf|, < Al/fll, for all f € L2

Applying Plancherel,
[imfr < [1afP

This implies ||m||,, < A, for if |m(x)| > A on a compact set E of positive
measure, then taking f = xf gives a contradiction.

Theorem 7. [3, Ch IV, §3.1]If , + 5, =1,1 < p < oo, then M, = M,y with
equality of norms.

Proof. Let o denote the involution o (f)(x) = f(—x). We see that ¢ T,,0 =
T, and since o is an isometry of L this means that ||m|| M, = ||| M,

Now by Plancherel,

[rse- [T~ [ - [

SO
I, = sp | [Tusg
I£11,=llgll =1
= sup /meg = |7l g, -
I£1l,=llgll,y =1
Combining this with HmHM,, = HWHMP we have ||m||Mp = ||m|| o ,- O
P

For 1 < p < o« and k a non-negative integer, the Sobolev space L,f (R") is
defined as the space of functions f € L? such that for all |a| < k, D*f exists



in the weak sense, and lies in L7. This can be made a normed space, with

the norm
Iflly = X 1D, -

|| <k
An alternative definition of L2 for general a > 0 is
Li={geL?: (1+]2")"28(2) € L},
where the norm is ||g[| 2 = [|(1+ |- [*)*/2§]|,. For integer values of a, this
is equivalent to the previous definition with p = 2 since

2 2
HfHLg ~ 2 ID*fll;

| <k
Al12
=c ¥ |l
|ec| <k
=C /., ( D \c“!) F(@)I?dg
|| <k

~ [ A+ ERIF@RE = |+ P

The relevance of Sobolev spaces to the theory of multipliers is demon-
strated by the following theorem.

Theorem 8. [1, Prop 8.8] If m € L2 witha > 4 then m € M, for1 < p < co.
Proof. From the definition of T;,, we deduce T}, f = K * f where K = 1. So
by Young’s inequality,

1T fll, < WK (LA, =l (L1, -
Since m € L2 we have (1 + |¢|?)" 2 (¢) = h(&) € L?, so

h(g) .
-] <l ([ 1) eaz).
Since a > 7, the integral is finite. We also have |[h|[, = |/m[,; < oo, so

overall ||7i7||; < co. Combining this with the previous inequality, we have
me M,. O

]y = ll7itlly

5.1 The Hormander multiplier theorem

Theorem 9. [3, IV Thm 3] Suppose m € C*(R" \ {0}) for some integer k > 1.

If
ID*m(x)| < C|x| 71 for o] <k

thenm € M, forall1 < p < co.

10



This is a consequence of the following result.

Theorem 10. [1, Thm 8.10] Let ¢ € C* be a radial function supported on 3 <
|x| < 2 satisfying

[e e}

Y, @70 =1, x#0.

j==eo

If m is such that, for some k > 7,

2<OO
Lk

sup Hm(Zf-)lP

thenm € M, forall1 < p < co.

Remark. Letting m; = m(2/-)ip, we note that m; is a dilate of my(27/),
which is a “piece” of m supported where |x| ~ 2/. In order to have m € M,,
it is not enough to have each m; € M, but this result shows that the addi-
tional knowledge that each m; € L? (with norms uniformly bounded in j)
is sufficient.

—

Proof. Defining the operators S; by (S;f)(&) = ¢(27/¢)f(¢), we can use
Littlewood-Paley (Theorem 6) to get

1/2
<Z|51Tf|2>
J

Given another C* function, ¥, supported on 1 < [¢| <4andequaltolon

supp ¢, we define the operators S; by ( if) (& )( ) = $(277¢)f(&) and again
apply Theorem 6 to get

ITfll, < Cp (5.2)

p

< Gpllfll,- (5.3)

(; \gff\2>1/2

p

Now since S;TS; = S;T, (5.2) becomes
1/2
(Z yszs?jfy2>
]

The multiplier associated with S;T is m; = 1(27/-)m(-), and by hypothesis

ITll, <Cp (5.4)

p

11



there is a k > 4 for which this multiplier is an L? function for each j. Thus
[asrlu= [ | [ te-pas -y Ol ax
R" J n wo (1+ ’x_y‘Z)k/Z

2
<l o 10 e
<G [ If)*Mu(y)dy 65

where we have used the Cauchy-Schwarz inequality and the definition of
the L? norm, followed by an application of Theorem 2 with ¢(x) = (1 +
|x|?)~¥. Note that the bound obtained is independent of j. Now for p > 2,

1/2]|%

()

LISTAE| = [ LISThl
] )

p/2

for some u € L{P/2)" with norm 1, by Riesz Representation (e.g. [2, §6.4.8]).
Applying (5.5) to this, followed by Holder’s inequality,

1/2||2

' (;’SijjF) C/W;IMZML[

p

[ Mulf(,, /2
p/2

YA
]

< (5.6)

i
j

p/2

since (by Theorem 1) M is strong (p,p) for 1 < p < oo and (p/2)’ lies in
this range; also, ||, /o) = 1.

Finally, we return to (5.4) and apply (5.6) followed by (5.3), giving

(ZJ; |§jf|2) h

for p > 2. For p < 2 the result follows by duality since the adjoint T* is
associated with the multiplier m(—-) and hence is bounded as above; the
result for p = 2 follows by interpolation. O

p

It remains to see how Theorem 9 is deduced from this result.

12



Proof of Theorem 9. By the definition of the Sobolev norm, we have

i = Z e,

|BI<k

|m@y

Using Leibniz’s rule to expand the DP terms,
DF(m(2)) = ), CypDTm(2-)DF 7y
IvI<IBl

hence

|pPmEp)|, < ¥ Clpl|Dm @3y
lv|<|B]

since the definition of ¢ gives |[DF"7| < Con 1 < |x| < 2and = 0
otherwise. Now using the chain rule, and the hypothesis of Theorem 9,

|(D7m(2-))(x)| = 27| (D7m)(Z/x)| < Clx| ™

hence HDVm(2j-))({%<|x|<2} Hz < Cj,|- Putting this together,

[m@el. = ¥ ¥ e =c

IBl<k|v|<[B]

and since this is independent of j we have sup; |m(27-)|| 12 < oo so that
k
Theorem 10 can be applied to give the result. O

6 Appendix

Theorem 11 (Covering Lemma). [3, Ch I, §1.6] Suppose the measurable set
E C R" is covered by the union of a family of balls {B;} whose diameters are
bounded. Then we can select a disjoint subsequence By, By, . .. (finite or infinite)
so that

Y_|Bx| = CIE]
k

with C a positive constant depending only on the dimension n; e.g. C = 37"
suffices.

Proof. Choose By as large as possible, i.e. diam By > 3 sup{diam B;}, and
proceed like this; if By, ..., By are chosen, then choose By from those Bj
disjoint from By, ..., By, and with diam By, > % sup{diam B]-}.

If Y | Bx| = oo then we are done. Otherwise, we claim

E C U3B;, 3Bj. = concentric with By, but 3x diameter.

13



We need to see that for each j, Bj C U;3By. This is certainly true of the B,
so suppose B, is not one of them.

Since Y | Bx| < oo, diam By — 0so we can find the smallest k s.t. diam By .1 <
% diam B;. Then B; must intersect one of By, ..., By, otherwise it would have
been picked as By 1. Say it intersects Bj, where 1 < jo < k; then by simple
geometry, B]~ C 3B]-0. This shows the claim, and the result follows. O

Theorem 12 (Marcinkiewicz interpolation). [1, p29] Let (X, u), (Y, v) be mea-
sure spaces, and 1 < py < p1 < 0.

Let T be a mapping from LP° + LP1 to the measurable functions on Y which is
sublinear, i.e.

IT(f+8) ()| < Tf()[+Tg(x)],  [TAf)(x)] < [MTf(x)].
If T is weak (po, po) and (p1, p1), then T is strong (p, p) for all po < p < p1.

Proof. Given f € LF and A > 0, put fo = fX|f>crr 1 = fX|fj<cr fOr
some constant ¢ to be fixed below. We have f, € L, f; € L1, and since

ITfC)] < Tfo(x)| + [Th(x)],
{x = ITf()| > A < Hx - [Tfo(x)] > 3} + Hx « [TAM) > 3} (61)

Now suppose p; = oo. We have ||Tgl|,, < A1 /gl Choose ¢ = 2171, SO
Ifille < A < 54 Since [TA(x)| < [Thll, < A1lflle < 5, we have

[{x : |Tfi(x)| > 4}| = 0. Putting this, and the weak (po, po) inequality,
into (6.1) gives

Po
CHETEPVE CTIN
Hence
ITFAIL =p [ A7 s TA] > A} dA

< p(240)P / AP—1-P0 / F ()| dx dA
0 [f]>cA

:p(zAO)Po/X|f(x)|Po /()|f|/CAP—1—PodAdx
an [ ey (@Y1
= peao [ It (LR

C —po

- p_pm@Ao)PO(zAl)Mo I£1I%.

14



For p; < co, we use a similar argument but with (6.1) bounded using both
weak-type inequalities, i.e.

Po
{x: ITF()| > A} < ("‘AO ufoupo) " (2“‘1 Hlep])

O

Theorem 13 (Calderén-Zygmund decomposition). [3, Ch I, §3.2-4] Let f be
a non-negative integrable function on R", and let « be a positive constant. Then
there exists a decomposition of R" so that

(i) R"=FUQ, FNQ =0,

(ii) f(x) < a foralmostall x € F,
(iii) Q) = UrQy where the Qi are cubes with disjoint interiors,
(i) 10 < A|f],,

(v) for each cube Q, x)dx < Ba,

|Q | ka

where A, B are constants depending only on n.

We can then decompose f as f(x) = g(x) + b(x) where g is defined almost every-
where by

g(x):{f(x) x €F,

0
o8 fQ] x)dx xe Q.

This gives b(x) = 0 for x € F, and fQ x) dx = 0 for each cube Q;.
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