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Definition

A partition of a positive integer n is a way of writing n as a
sum of positive integers.
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Definition

A partition of a positive integer n is a way of writing n as a
sum of positive integers.
The summands of the partition are known as parts.
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Definition

A partition of a positive integer n is a way of writing n as a
sum of positive integers.
The summands of the partition are known as parts.

Example

4=4
=3+1
=242
=2+1+1
=14+141+1
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Cycle notation: e.g. (12), (123).

v

«O0>» «F»r» « > Q™



Outline Partitions Partition Identities The Rogers-Ramanujan Identities

Example: Permutations of n objects

Cycle notation: e.g. (12), (12 3).
Conjugacy classes of S,, are labelled by cycle type:

(123) cycle type 3
(12)(578) cycle type 2, 3.
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Example: Permutations of n objects

Cycle notation: e.g. (12), (12 3).
Conjugacy classes of S,, are labelled by cycle type:

(123) cycle type 3
(12)(578) cycle type 2, 3.

Example (S4)

Conjugacy class rep.
e
(12)
(123)
(12)(34)
(1234)
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Example: Permutations of n objects

Cycle notation: e.g. (12), (12 3).
Conjugacy classes of S,, are labelled by cycle type:

(123) cycle type 3
(12)(578) cycle type 2, 3.

Conjugacy class rep.
e (1)(2)(3)(4)
(12) (12)(3)(4)
(123) (123)(4)
(12)(34)| (12)(34)
(1234) (1234)
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Example: Permutations of n objects

Cycle notation: e.g. (12), (12 3).
Conjugacy classes of S,, are labelled by cycle type:

(123) cycle type 3
(12)(578) cycle type 2, 3.

Example (S4)

Conjugacy class rep. Sum of cycle lengths
e (1)(2)(3)(4) 1+1+1+1
(12) (12)(3)(4) 2+1+1
(123) (123)(4) 3+1
(12)(34)| (12)(34) A&
(1234) (1234) 4
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The partition function

p(n) denotes the number of partitions of n
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The partition function

p(n) denotes the number of partitions of n

4 5 6 7 8 9 10
5 7 11 15 22 30 42

George Kinnear Integer Partitions



Outline Partitions Partition Identities The Rogers-Ramanujan Identities

The partition function

p(n) denotes the number of partitions of n

4 5 6 7 8 9 10
5 7 11 15 22 30 42

p(200) = ?
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The partition function

p(n) denotes the number of partitions of n

4 5 6 7 8 9 10
5 7 11 15 22 30 42

p(200) = 3972999 029 388
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The partition function

p(n) denotes the number of partitions of n

1 2 3 45 6 7 8 9 10
p(n)‘1235711 15 22 30 42

p(200) = 3972999 029 388

a sinh (/2 (x— )

dx 1
X— 2z

P = 577 3 Avln) Vi

X=n
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@ Is p(n) prime for infinitely many n?
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Open problems

@ Is p(n) prime for infinitely many n?

@ Is the value of p(n) even approximately half of the time?
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The basic idea

Rather than just p(n), we can consider placing conditions on
the kinds of partitions allowed.
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The basic idea

Rather than just p(n), we can consider placing conditions on
the kinds of partitions allowed.

Example (Partitions of 4)

4=4
=341
=242
=24+1+1
—14+141+1
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The basic idea

Rather than just p(n), we can consider placing conditions on
the kinds of partitions allowed.

Example (Partitions of 4)

4=4
=3+1 odd parts
=242
=2+1+1
=1+1+1+1 odd parts
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The basic idea

Rather than just p(n), we can consider placing conditions on
the kinds of partitions allowed.

Example (Partitions of 4)

4=4
=3+1 odd parts
=2+2
=2+1+1
=1+14+1+1 odd parts
p(4 | odd parts) = 2.
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Partition identities

Remarkably, there are many identities of the form

p(n | condition A) = p(n | condition B)
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Partition identities

Remarkably, there are many identities of the form

p(n | condition A) = p(n | condition B)

Example (Partitions of 4)

4=4
=3+1
=2+2
=2+1+1
=1+1+4+1+4+1

George Kinnear Integer Partitions



Outline Partitions Partition Identities The Rogers-Ramanujan Identities
Partition identities

Remarkably, there are many identities of the form

p(n | condition A) = p(n | condition B)

Example (Partitions of 4)

4=1 distinct parts
=341 distinct parts
=242
=2+1+1
=14+14+1+1
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Partition identities

Remarkably, there are many identities of the form

p(n | condition A) = p(n | condition B)

Example (Partitions of 4)

4 =14 distinct parts
=3+1 distinct parts
=242
=2+1+1
=1+1+4+1+1

p(4 | distinct parts) = 2
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Partition identities

Remarkably, there are many identities of the form

p(n | condition A) = p(n | condition B)

Example (Partitions of 4)

4 =14 distinct parts
=3+1 distinct parts
=242
=2+1+1
=1+1+4+1+1

p(4 | distinct parts) = 2 = p(4 | odd parts).
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Euler’s identity

Theorem (Euler’s identity)

p(n | odd parts) = p(n | distinct parts)
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Euler’s identity

Theorem (Euler’s identity)

p(n | odd parts) = p(n | distinct parts)

odd parts distinct parts

A\
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Euler’s identity

Theorem (Euler’s identity)

p(n | odd parts) = p(n | distinct parts)

merge pairs of equal parts

T~

odd parts distinct parts
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Euler’s identity

Theorem (Euler’s identity)

p(n | odd parts) = p(n | distinct parts)

merge pairs of equal parts

T~

odd parts distinct parts

\/

split even parts in half
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(@' +a”) (@ +q") =a" " +a" + 7 4+ ¢
oo

=q>4+2q°+4q’

p(n | condition )q™ = f(q)
n=1
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Generating functions

(ql + qB)(qZ 4 q4) — ql+2 + q1+4 + q3+2 + q3+4
=q*+2q¢°+4q’

Z p(n | condition )q™ = f(q)

n=1

(oe] (o/e]
Z p(n | distinct parts )q™ = H (1+q™)
n=0 n=1

o0 0 1

Zp n | odd parts )q™ = H T_q"
n=0 n=1

n odd

George Kinnear Integer Partitions



Outline Partitions Partition Identities The Rogers-Ramanujan Identities
Generating functions

So Euler’s identity is equivalent to

o0
(144q™) II 1_q
i

o0

n=1
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Generating functions

So Euler’s identity is equivalent to

o0
(14+q™) H 1_q
N odd
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This is easily verified:

[Ta+am
n=1
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Generating functions

So Euler’s identity is equivalent to
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Generating functions

So Euler’s identity is equivalent to

oo oo
[Ta+am Hﬁ
n=1 n:

n od

This is easily verified:

o0 o0 )
(1+aq" :HW
n=1 n=1
:T[[l_qn
nO
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The Rogers-Ramanujan identities

p(n|parts =1 or 4 (mod 5)) = p(n | 2-distinct parts)
p(n | parts = 2 or 3 (mod 5)) = p(n | 2-distinct parts, each > 2)
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The Rogers-Ramanujan identities

p(n|parts =1 or 4 (mod 5)) = p(n | 2-distinct parts)
p(n | parts = 2 or 3 (mod 5)) = p(n | 2-distinct parts, each > 2)

There is no known direct bijective proof (bijections can be
constructed iteratively, though).
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The Rogers-Ramanujan identities

p(n|parts =1 or 4 (mod 5)) = p(n | 2-distinct parts)
p(n | parts = 2 or 3 (mod 5)) = p(n | 2-distinct parts, each > 2)

There is no known direct bijective proof (bijections can be
constructed iteratively, though).

In terms of generating functions:
qm

= 1
I R PRy

]_ _ q5n 4 _ q5n—1)

::]8

n:l
2

me+m
q

1—q)(1—q?)---(1—qm)

1
(1—q°3)(1—qg°"2)

3

1+

1Me

n=1
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Discovered in 1894 by L. J. Rogers (1862-1933).
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Discovered in 1894 by L. J. Rogers (1862-1933).

Rediscovered in 1912 by S. Ramanujan (1887-1920), without
proof.
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