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Abstract

Exploiting hyper-sparsity in the revised simplex method for linear programming
(LP) has resulted in the most recent significant performance improvements for
efficient solvers. Hitherto, there has been relatively little understanding of how it
occurs and how greater degrees of hyper-sparsity may be achieved when solving
a given problem. This talk identifies advanced algorithmic techniques for the
dual revised simplex method that promote hyper-sparsity, leading to dramatic
performance improvements. An analysis of these techniques in the context of
network flow optimization gives an insight into why they are so effective.
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1. Introduction

Identification and exploitation of hyper-sparsity [1] is one of the most im-
portant modern enhancements of the revised simplex method. It reveals deep
sparse features of linear programming (LP) problems and significantly improves
the performance of simplex implementations when most of the results of its
underlying matrix-vector operations are sparse.

Since then, another question has arisen: how to promote hyper-sparsity in
the simplex method? Specifically, how to increase the sparsity of the results and
the frequency of sparse results. Although the hyper-sparsity properties near the
optimal vertex may be immutable, is it possible to find a path to the solution
for which there is greater hyper-sparsity in the underlying matrix algebra? This
talk presents evidence that some advanced algorithmic enhancements of the
dual revised simplex method have remarkable and unintended consequences for
hyper-sparsity and gives an insight into why they occur.

ParISS is a highly efficient dual revised simplex solver [2] developed by the
Authors, incorporating dual steepest-edge (DSE) [3] and a bound flipping ratio
test (BFRT) [4]. A detailed description of a similar (serial) implementation is
given, for example, by Koberstein [5]. With these techniques, when solving a
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general bounded LP problem

minimize cTx subject to Ax = b, l ≤ x ≤ u,

the major computational components are summarised in Figure 1.

CHUZR : Scan b̂i/ŵi for a good candidate p to leave the basis, where ŵ
is the vector of DSE weights.

BTRAN : Form πT
p = eT

pB
−1.

PRICE : Form âT
p = πT

pN .
CHUZC : Scan the ratios ĉj/âpj for a candidate q to enter the basis,

possibly allowing some boxed variables to become dual infeasi-
ble (BFRT).

UPDATE-DUAL: Update ĉT
N := ĉT

N − θdâ
T
p , θd = ĉq/âpq. Flip bounds of dual

infeasible variables in ĉT
N and accumulate aF accordingly.

FTRAN-BFRT : Form âF = B−1aF and update b̂ := b̂+ âF .
FTRAN : Form âq = B−1aq and update b̂ := b̂− θpâq, θp = b̂p/âpq .
FTRAN-DSE : Form B−1πp for updating DSE weight ŵ.
If {growth in representation of B} then

INVERT : Form a new representation of B−1.
else

UPDATE-BASIS: Update the representation of B−1.

Figure 1: Operations in an iteration of the dual revised simplex method

Hyper-sparsity relates to the presence of zero values in the results of BTRAN,
PRICE and FTRAN. If the percentage of nonzero values in a result is below the
“density threshold” (or simply threshold), t, then the result is considered to
be hyper-sparse. When solving an LP problem, the percentage of results of a
particular type that are hyper-sparse is referred to as the “sparse result rate”
(or simply rate), r. Hall and McKinnon [1] used a value of t = 10% and con-
sidered an LP problem to be hyper-sparse if r > 60% for each class of results.
Efficient implementations of the revised simplex method must exploit hyper-
sparsity when computing sparse results, as well as when using them.

After the DSE and BFRT components were implemented in ParISS, cost
perturbation was introduced with the aim of mitigating the effects of dual de-
generacy. As described by Koberstein [5], this technique adds to each component
cj of c a random perturbation whose magnitude is related to that of cj . Cost
perturbation in ParISS was found to be strikingly effective for a range of sparse
problems, notably the pds problems [6]. For example, the iteration count for
pds-10 was reduced by about 10% but the solution time decreased by over 60%!

Our explanation for this remarkable improvement in performance is that
column perturbation changes the nature of pivot selection so that hyper-sparsity
increases. The simplex method’s path is shorter but, more importantly, it passes
through vertices where hyper-sparsity is more prevalent. This talk explores this
phenomenon further, providing an insight into why it occurs.
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2. Experimental observations

Initial experiments were carried out using the NETGEN [7] network LP
problems since they are known to be hyper-sparse and their algebraic proper-
ties when solved using the simplex method permit a level of analysis that is
intractable in more general LP problems. In particular, the nonzeros in both
B−1 and the simplex tableau corresponding to B−1N have unit absolute value.

The overall effectiveness of cost perturbation on the dual simplex method
was first assessed using the whole NETGEN set. The total iteration count over
the 50 problems reduced by 5%, but the total solution time reduced by 36%.
The time saving was not uniform, with three problems taking longer to solve
when using cost perturbation. However, the solution time was reduced by 10%
on 35 problems, and by 30% on 25 problems. In the best case, netgen114 was
solved 350% faster.

CPU time (s) Relative
Component Without With time
SETUP 0.13 0.13 1.0
CHUZR 0.08 0.07 1.1
BTRAN 0.12 0.05 2.4
PRICE 0.31 0.08 3.9
CHUZC 0.22 0.06 3.7
UPDATE-DUAL 0.12 0.03 4.0
FTRAN-BFRT 0.01 0.01 1.0
FTRAN 0.09 0.04 2.3
FTRAN-DSE 0.17 0.05 3.4
INVERT 0.14 0.13 1.1
All other 0.01 0.01 1.0

Table 1: Profiling for netgen108, with and without cost perturbation

More detailed analysis was carried out on the problems, and typical profiling
results are given in Table 1 in the case of netgen108, where SETUP refers to setup
and memory allocation. Cost perturbation reduced the iteration count by 10%
but improved the solution time by a factor of 2.2! With cost perturbation, the
times for BTRAN and PRICE reduced significantly due to their improved hyper-
sparsity rate r (at a threshold value of t = 10%). The reduction in the incidence
of dense pivotal rows led to a corresponding reduction in the time for CHUZC and
UPDATE-DUAL. The time for FTRAN reduced significantly, but all FTRAN results
were below the threshold of t = 10% so, to assess the impact of cost perturbation,
the threshold value was reduced to t = 2%. With this threshold, the hyper-
sparsity rate improved considerably when cost perturbation was used. The
greater sparsity in πp led to a significant improvement in the performance of
FTRAN-DSE. The FTRAN-BFRT time did not change since the greater sparsity of
the results balanced the greater number of FTRAN-BFRT operations.
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Figure 2: Sparse result rate traces for netgen108, with and without cost per-
turbation

Figure 2 gives even greater insight into the effect of cost perturbation on
hyper-sparsity, tracing with a dotted (solid) line the sparse result rates with
(without) cost perturbation against iteration count. All traces were 100% for the
first 3000 iterations. It is clear that using cost perturbation delays the increase
in the prevalence of dense pivot rows and columns although, unsurprisingly,
the final rates are comparable both with and without cost perturbation. The
question to be addressed, is why?

3. Analysis

An explanation for the behaviour observed above is given below by care-
fully considering the impact of cost perturbation on the BFRT for general LP
problems, with specific references to the special case of network LP problems.

When the BFRT is performed without cost perturbation, if it results in a zero
step due to degeneracy then the tie for the leaving variable is broken by choosing
the pivot of maximum magnitude with the aim of promoting numerical stability.
However, for network LP problems, all the candidate pivots have unit absolute
value. In ParISS, there was no rule to break this “second order” tie: the first
candidate was chosen and no bound flipping occurred. As a consequence, when
a relatively dense tableau row was the most attractive, its primal infeasibility
was reduced by less than it might have been had bounds been flipped. Thus the
attractiveness of such rows persisted in subsequent iterations.

Cost perturbation separates the degenerate nodes in the piecewise linear
function of primal infeasibility whose minimizer is identified by the BFRT. For
network LP problems, the nodes are the dual values and it can be argued that
the earlier nodes are likely to correspond to sparser pivotal columns. This sepa-
ration of the degenerate nodes eliminates the first order tie (with no numerical
disadvantage in the case of network problems) and permits bound flips to be
performed. The variables involved are likely to correspond to sparser tableau
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columns so, in some sense, the cost of FTRAN-BFRT is minimized. When the
pivotal row is dense, the bound flips also lead to it losing its attractiveness.

In summary, cost perturbation leads to the dual revised simplex method
choosing fewer dense pivotal rows (and not until later iterations) and choos-
ing sparser pivotal columns. This feeds back by increasing the sparsity of the
simplex tableaux from which future pivotal rows and columns are chosen.

4. Other techniques

Another advanced algorithmic technique which has surprising consequences
for promoting hyper-sparsity is “partial CHUZR”, in which CHUZR is restricted to
a random subset of the rows. Although the Authors know of no published refer-
ence to this technique, it is used within Clp [8]. This talk will present evidence
of, and explanation for, the effectiveness of partial CHUZR. Novel algorithmic
techniques that are similarly effective may also be presented.
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