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Overview

e The simplex method for linear programming

— The standard simplex method

— The revised simplex method
e Approaches to parallelising the simplex method
e SYNPLEX
e Implementation

e Results and conclusions



Solving LP problems

minimize f =clx
subject to Ax =0b
x>0

where @« € R" and be R"™.
e At any vertex the variables may be partitioned into index sets

o B of m basic variables x5 > O:

o N of n — m nonbasic variables &y = 0.
e Components of ¢ and columns of A are

o the basic costs ¢z and basis matrix B;

o the non-basic costs ¢y and matrix V.



Reduced LP problem

At any vertex the original problem is

minimize f = clxy + clzy
subject to Nxy + Bxy = b

Xy Z 0 Ip Z 0.
Eliminate &5 from the objective to give
minimize f = cyTy + f

AN

subject to N:I:N + ITxy = b
xy >0 x5 >0,

where b= B~!'b, N = B™'N and ¢y is the vector of reduced costs given by

AT T Tx



The standard simplex method
N B | RHS
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In each iteration:
e Select the column ¢’ of a nonbasic variable ¢ € A to be increased from zero.
e F'ind the row p of the first basic variable p’ € B to be zeroed.
e Exchange indices p’ and g between sets B and N
e Update tableau corresponding to this basis change.
o Scale row p by Npq/.

AN

o Eliminate N;y, ¢ = 0,...,m,t # p.



Revised simplex method
Given ¢y, b and a representation of B~!, repeat

CHUZC: Scan the reduced costs ¢, for a good candidate g to enter the basis.

FTRAN: Form the pivotal column a, = B~ 'a,, where a, is column ¢ of A.
CHUZR: Scan the ratios IA)Z /a;, for the row p of a good candidate to leave the
basis. Let a = b,/ dy,.
Update b:=b— aaqy.
BTRAN: Form ﬂg: egB -1

PRICE: Form the pivotal row dg = WZN .

T . AT A AT
Update reduced costs ¢y 1= ¢y — ¢,a,,.

If (growth in factors) then

INVERT: Form a representation of B~
else

UPDATE: Update the representation of B~! corresponding to the basis change.
end if



Factored representation of B~1

When using the product form update
Bt =E'B;"
e B! is represented by the INVERT etas
e F; ! is represented by the UPDATE etas
e F'TRAN is performed as

-~ _ p-l
=By'a, and a,=FE;"

e BTRAN is performed as

- T Tl T T
w, =e, b, and w,=m, Byt



Parallelising the simplex method

e Why try to parallelise the simplex method?

o Want to solve general large sparse LP problems fast

o Serial revised simplex solvers are very efficient

CPLEX, OSL, Xpress, SOPLEX, EMSOL

o Parallel solver must offer (hope of) further performance improvement
e How to parallelise the simplex method

o Exploit data parallelism
Use several processors simultaneously to perform a single operation
o Exploit task parallelism
Perform more than one operation simultaneously using several processors

e Architectures

o Distributed memory machines
Communication between processors using message-passing routines (PVM /MPT)
o Shared memory machines

Coordination of processes and memory read /write using message-passing rou-
tines or compiler directives (PVM/MPI/OpenMP)



The standard simplex method
N B | RHS
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In each iteration:
e Select the column ¢’ of a nonbasic variable ¢ € A to be increased from zero.
e F'ind the row p of the first basic variable p’ € B to be zeroed.
e Exchange indices p’ and g between sets B and N
e Update tableau corresponding to this basis change.
o Scale row p by Npq/.

AN

o Eliminate N;y, ¢ = 0,...,m,t # p.
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Revised simplex method
Given ¢y, b and a representation of B~!, repeat

CHUZC: Scan the reduced costs ¢, for a good candidate g to enter the basis.

FTRAN: Form the pivotal column a, = B~ 'a,, where a, is column ¢ of A.
CHUZR: Scan the ratios IA)Z /a;, for the row p of a good candidate to leave the
basis. Let a = b,/ dy,.
Update b:=b— aaqy.
BTRAN: Form ﬂg: egB -1

PRICE: Form the pivotal row dg = WZN .

T . AT A AT
Update reduced costs ¢y 1= ¢y — ¢,a,,.

If (growth in factors) then

INVERT: Form a representation of B~
else

UPDATE: Update the representation of B~! corresponding to the basis change.
end if
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Revised simplex method with multiple pricing

CHUZC: Scan ¢, for a set Q of good candidates to enter the basis.
FTRAN: Form a; = B 'a;, Vj € Q, where a; is column j of A.
Loop {minor iterations}

End
For

End

CHUZC_MI: Scan ¢, for a good candidate g to enter the basis.

CHUZR: Scan the ratios b; i/ Q;q for the row p of a good candidate to
leave the basis, where b = B~'b. Let o = by, /di,.

UPDATE_MI: Update Q := Q\{q}, b:="b— aa,, ag and reduced costs ¢,,.
loop {minor iterations}
{each basis change} do

BTRAN: Form 71'5 = egB -1

PRICE: Form pivotal row a’ = WZN .

p
Update reduced costs ey := ¢y — éng.
If {growth in factors} then
INVERT: Form a new representation of B~1.
else
UPDATE: Update representation of B~! corresponding to the basis change.
end 1if

do
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PARSMI: Hall and McKinnon (1996)

VI ] i (R Frean ] |\|
m_er ([0 B Wt Nl i mil

FTRAN [ I - Fl W FHIrIF Unpack INVERT IDHI
wce (60 |EE | S BB [ [ [ il
SIVWIN & leTrRan]] IGSEE || [Grpeck inveRT | |
INVERT INVERT Sl INVERT

2.97800 2.98400 2.99000 2.99600 3.00200 300800
Drawbacks

e Asynchronous so very hard to implement—on Cray T3D using PVM and shmem
e Overlapping INVERT with basis changes leads to numerical instability
e Reduced costs always out-of-date so poorer candidate persistence

e Communication overhead still significant



SYNPLEX

e Synchronous variant of PARSMI

e Better candidate persistency

e INVERT not overlapped with basis changes so numerically stable
e All tasks distributed over all processors

e Target platform: Sun Fire E15k (52 x 0.9GHz UltraSPARC III)
e Parallelise using OpenMP
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SYNPLEX: parallel scheme

When using 1 + p processors
e Task parallel multiple FTRAN for INVERT etas
e Rows distributed over p processors for data parallel

o multiple FTRAN for UPDATE etas
o CHUZR
o UPDATE RHS

e BTRAN for UPDATE etas performed on 1 processor
Overlapped with UPDATE RHS
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SYNPLEX: parallel scheme (cont.)

e Task parallel multiple BTRAN for INVERT etas
e Columns distributed over p processors for data parallel

o PRICE
o CHUZC

e INVERT overlapped with

o BTRAN for INVERT etas
o PRICE

o CHUZC

o FTRAN
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SYNPLEX in theory
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Implementation

e SYNPLEX not vet fully implemented
o Phase 2

o Dantzig pricing

e SYNPLEX not yet efficient in serial
o Column-wise PRICE
o Doesn’t exploit ‘hypersparsity’

e SYNPLEX not yet fully parallelised
o INVERT not overlapped

o Minor iterations still sequential

o Inefficient parallel UPDATE FTRAN

o No overlapping of components
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Results (3 processors)

Problem | Rows Columns Nonzeros | Speed-up
20FVAT| 822 1571 11127 1.04
PDS-06| 9882 28655 82269 1.17
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o
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T T
12.01000 12.01500

Description Elapsed
Column PRICE 0.00936
Update structural duals 0.00828
FTRAN: Inv Etas 0.00716
INVERT 0.00498

Why so poor?
e Implementation not fully
e Poor load balance

e Longer execution time of

T
12.02000

Description
BTRAN: Inv Etas
FTRAN: U Etas
Update Tableau
All  threads barrier

parallel

some components

T
12.02500

Elapsed
0.00322
0.00243
0.00209
0.00190

T
12.03000

Description
Pack pivotal column
Major CHUZC

T
12.03500

Elapsed
0.00140
0.00097



Task manager

Implementation requires a task manager to facilitate
e Overlapping INVERT
e Parallel minor iterations

e Efficient parallel UPDATE FTRAN
e Efficient load balancing
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Task manager for load balancing in INVERT BTRAN

and PRICE
e Without task manager
I 53 NN o =l [T T IT T LTI o N |
R [T [ IO T T ol 1 [T [ TTEINEEEIN .
EEEET [ I T Esel e T T T e
12.25.000 12.25.200 12.25.400 12.25.600 12.2&800 12.22000;
e With task manager
| EEEE [ [T DO T T T 1
il B [T TTITTITL e 1l
ot D[P [NSECINNINNIEN MOl = ot | (el
10. 16000 10. 16200 10. 16400 10. 16600 10. 16800 10. 15.000;

e Need to extend use of task manager for full load balancing
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Conclusions

e SYNPLEX addresses deficiencies of PARSMI
e Full implementation not possible with simple use of OpenMP
e Introducing task manager has already improved load balancing in PRICE

e Extension of task manager to other components is required for complete imple-
mentation



