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A?B,: Problem for Fun

Let

P, = {f(x) € R[x] | deg f = n, f(x) = 0 has n distinct real roots.};
B, =P,UP,_1.

For what kind of polynomials f(x), g(x) € P,, do we have
af(x) + bg(x) € By

for every a, b # 07
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Background: slope stability on curves

Let C be a smooth projective curve over C; F be a vector bundle on C.
The slope of F is:
deg(F)
F):= .
H(F) rank(F)

A vector bundle F is slope (semi)stable if YO # E C F, we have
u(E) < (<)u(F).

o F stable <= F ® L stable. (£ a line bundle)
Harder—Narasimhan filtration: Every vector bundle F on C admits a
unique filtration:

OZFoCF1CF2"-CFm:F
such that

e E;:= F;/F;_1 is semistable;

o u(E1) > p(E2) > -+ > p(Em).
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Bogomolov Inequality

Let (S, H) be a polarized smooth surface. The slope of a torsion-free

coherent sheaf F is
pur(F) := Hchi(F)/rank(F).

@ (Bogomolov Inequality) For every py-stable F, its discriminant is
non-negative.

A(F) := (chy(F))? — 2chy(F)rank(F) > 0

e (Bogomolov—Miyaoka—Yau Inequality) The Chern characters of a
general type complex surface S satisfies: (chy(Ts))? > 6¢cha(Ts).

o (Reider) If there is no curve E on S with (E? = —1 and HE = 0) nor
(E? = 0 and HE = 1), then H is base point free.
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Bogomolov Inequality (polarized version)

Ay(F) == (Hchy(F))? — 2chy(F)H?rank(F) > 0

We may interpret this as follows:

“2H)
%)

e S

Ok1)~

Uy D

Let vy(F) = (H?rank(F), Hchy(F), chy(F))
be a stable character. Then
o vy(F) = rvu(O(u(F)H) — d(0,0,1) for
some r,d > 0;
o VH(F) = avH(O(clH)) — bVH(O(CzH))
for some a, b > 0.




Bridgeland stability condition

Let 7 be a k-linear triangulated category.

Definition (Bridgeland 02, Douglas)
A stability condition o on T is a pair of datum (A, Z), where
o A is the heart of a bounded t-structure on T ;
e and Z : Kyum(7T) — C is a group homomorphism;
satisfying:
O Z(A) e Ry - e™ (Ol the slope of an object E in A is

o (E) = —ReZ(E) /ImZ(E)

@ Harder—Narasimhan filtration property;

© Support property: (a bound for stable characters)
dc > 0 such that V o-stable E € A, we have |Z(E)| > c||[E]||-
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A slicing P on T is a map P : R — {abelian sub-categories of 7}
satisfying:

Q PO+1)="P(O)[1];

@ Hom(Fq, F;) = 0 for every F; € P(0;), 01 > 02;

© For every 0 £ F € T, there is a unique filtration

O=F—FH—> - —Fh=F,
with 0 #Cone(Fij_1 — F;) € P(0;) for some 61 > -+ > Op,.

Denote by ¢(F) =61 and ¢~ (F) = O,

2(*R)
T ) e » @
// 2 ?/
N £ [retsom z popeety
0292724, 2(pi))
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We have the following equivalent definition (also the original definition) for
stability conditions:
Definition
A stability condition on T is a pair (P, Z) of slicing and central charge
satisfying

Q@ Z(P(0)) € Rug - €™ for every § € R;

@ the support property.

Denote by Stab(7") the set of all stability conditions on 7.
There is a metric on Stab(T).

d(Py, P2) = OQEET{I%I(E) — ¢, (E)l; [ép,(E) — 6p,(E)[}:

d(01702) = max{d(PUUP@)v HZCH - ZO’2H}'
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Big Beautiful space

Theorem (Bridgeland 02)
The forgetful map to the central charge

Forg, : Stab(7) — Homgz(Kyum(7), C)
(A, 2)— Z

is local homeomorphic.

The space of all stability conditions on T, whenever non-empty, forms a
complex manifold of dimension rk(Kpum (7))
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Boring case: curve

Example: C a smooth projective curve, T = D?(Coh(C)). We may take
Oslope — (.A = COh(C), Z = —deg + irank).

@ The &+(2,R)—action: Stab(7) x éfJ+(2,R) — Stab(7):

(P, 2).(g,)) = (Payg ™' 2),
where P,(0) = P(a(#)). In particular, E is o-stable if and only if
(o - g)-stable

@ The Aut(7)-action: Aut(7) x Stab(7) — Stab(T):
(1,(P, 2)) = (Pr, Z(r71(~)), where P.(0) = 7(P(0)).

o (Bridgeland, Macri) When g(C) > 1, Stab(C) = ogjope - éiﬁ(Q,R).
» E.g. 0glope @ L = 0giope - & for some g € C’}VLJF(2, R).
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For a polarized surface (S, H), the datum (Coh(S), —Hch; + irank) fails to become a stability condition as Z(O,) = 0.

In fact, Coh(S) can never be the heart structure of a stability condition.
To construct stability conditions on a surface, we consider the tilting pair:
for every 5 € R,

Coh’(S) := {F € Coh(S) | VF — E, un(E) > B};
Coh7(S) := {F € Coh(S) | VE < F, un(E) < B}.

S Chem chow G cusm

—
G
Let Coh®’(S) := (Coh’(S), Coh’(S)[1]) and

L (s)

ZopH = —chgﬂJria)H = —cth + o?H?rank + i(Hchy — BHzrank).
Then for every a > 0, the datum o, == (Coh??(S), Z, 5.11) is a stability
condition on S.
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Bertram Nested Walls Theorem

Given a character v € K,ym(S), there is a wall and chamber structure for
M, (v) that parametrizes o-semistable objects in A with character v. On

the (a, 8)-upper half plane, all (potential) walls are separated from each
other.

* er'/H[/”{ vall
M; [‘/)‘—' /'/{;N(,‘/) Jeﬁl"hl); li;i

non- veck bundlec

Walle
forble) =

7

A
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Big Volume Limit

When a — 400, the stability condition o, g ~ Gieseker stability:

MGM(V) = Moz>>1,ﬁ<,uH(v)(V)'

For a smooth curve C € |dH|, . : C < S and slope stable vector bundle F
on C, the object ¢4 F is 0, g-stable when @ > d.

woll v (0, dH,¥) X

Frst wall wsLyZmd K‘a/ Mr[O«AH"@ D(L‘“FE
Y )

A /

In other words, when a > d, 0, s induces the slope stability on D?(C).
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Example: (Arcara-Bertram—Coskun—Huizenga) Wall-crossing for Hilb*P?

on Stab(P?).

Here we adjust the parameter
(o, B): representing o, 5 as
(a + B2/2, B), which is
KerZ, 3.

For every v, the walls of
M(v) are line segments
through v.

Chunyi Li

Warwick

14 /39



In some cases of S, one can run the minimal model program of the moduli
space Mgpm(v) on Stab(S).

@ Start from the chamber of
Mem(v)

e M,(v) <> M,/(v) birational

o (Bayer, Macri) K3 surfaces

@ (Acara, Bertram, Coskun,
Huizenga, Woolf, Zhao) P2 N

e (Minamide, Nuer, Yanagida, PR
Yoshioka) Abelian surfaces, \ |
Enrique surfaces } |
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Bayer Vanishing

There are some technical points in the story above.
In the projective plane case, one of them is about the smoothness of
Ms(v). In other words, the vanishing of

Ext?(E,E) = (Hom(E, E(—3))*.
This can be implied by the Bayer Vanishing Lemma:
Hom(E, F(—dH)) =0

for every o, g-stable (non-skyscraper objects) E, F with the same phase
and d > 0.
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BBMST Bogomolov type inequality for 3fold

Let (X, H) be a smooth threefold. The datum o, g is not a stability
condition but only a weak stability condition.

Conjecture (Bayer—-Bertram—Macri-Stellari-Toda)
Let E be a 0, g-stable object, then

aly(E) + Vi (E) > 0.

° Vfl = 4(H(;}125H)2 — 6(H2ch’fH)ch'§H.
@ BBMST Conjecture = J a family of stability conditions {02’%}
with a > 0, a > 1a? + 1[b|a.
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Bound on the third Chern character

The space spanned by vy (E)
and KerZ, g intersects the
twisted curve

v(t) = (1,t,t2/2,t3/6) at
two points y(t;) with t; < to.

BBMST inequality is to say
:EVH(E) = —aw(tl) +
ag’y(tg) — 33(0,0,0, 1) for
some a; > 0.

@ (Schmidt) For example, when E = Z, the ideal sheaf of a curve C,
the bound recaptures the Castelnuovo bound for g(C).
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The BBMST inequality conjecture is verified or partially verified for
@ (Macri, Schmidt, Bernardara, Zhao) Fano 3folds
o (Bayer, Macri, Stellari, Maciocia, Piyaratne) Abelian 3folds
o (Koseki, -, S. Liu) some examples of Calabi—Yau 3folds

If not so ambitious for the BBMST bound, but just for the of
stability conditions, then there are many yoga to do:

@ SOD gluing (Collins, Polishchuk): P", quadrics,

(Bayer, Lahoz, Macri, Stellari, Zhao), (Pertusi,
Perry, Zhao), (P. Liu)
@ Xxcurve: Stab(X) # () = Stab( ) # 0 (Yucheng Liu)
» G-equivariant/BKR: (Perry, Shah)
» Fibers of X — Alb(X): (Cheng)

Based on the work by Fu, Zhao, Dell.
@ Mirror: more examples of (Nuer)
@ Deformation: (Macri, Stellari, Perry, Zhao)

o Feyzbakhsh—Thomas [-version inequality:
(Feyzbakhsh, Koseki, Z. Liu, Rekuski)
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@ How to describe the wall and chamber structure on Stab of a
threefold?

» Bertram Nested Wall Theorem
» Connection with Gieseker stability/Push forward of stable objects from

surface
» Bayer Vanishing Lemma
@ How to think about stability conditions on higher dimensional
varieties?
> Image of the central charge
» BBMST inequality
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Relevant ideas from Scattering Diagram ....

Stability scattering diagram: Bridgeland (associated to quiver with
potentials); Bousseau (projective plane and local P2)...

Cartoon from ‘BPS Dendroscopy on Local P2’ by Bousseau, Descombes, Le Floch, Pioline

One key construction is by mapping some ‘nearby stability conditions’ to
the imaginary part of the central charge.
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Equivalent relation on Stab(7)

For 0,7 €Stab(T), we define o ~ 7 if
ImZ, =ImZ, and d(P,,P;) < 1.
This is an equivalence relation and we denote
7~ 2 Stab(T) — Sb(T) = Stab(T)/ ~.

@ o ~ 7 if and only if ImZ, = ImZ; and they are path connected in the
fiber (Forgimz)™!.
@ Each fiber of m is ‘convex’.
o If o ~ 7, then A, = A,.
We call an element & € Sb(T) a reduced stability condition and denote

B& = IHIZ(7 and .,45 = Ag’.
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big beautiful space

Theorem
The forgetful map

Forg : Sb(T) — Hom(Kpnum(T),R)
0+ B&

is a local homeomorphism.

/ “Goonetre
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Wall and chamber structure

Proposition J

The map .. preserves all wall and chamber structures on Stab(T).

For every E, when Bz(E) = 0, the G-stability of E is well-defined.
For every v € Knum(T), we denote by

Sby(T) = {5 | Bs(v) = 0}.

The set M5(v) is then well-defined for every 6 € Sb,(T).
The map

7. Stab(T)/C — Sby(T)/R

preserves the wall and chamber structure.
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Bertram Nested Wall Theorem

The map
Forg : Sb,(T) — v € Hom(Knum(T),R)

is a local homeomorphism. Walls on v are hyperplanes.

sb(%

In particular, when , Wy
rk(Knum(T)) = 3, this U

recaptures Bertram nested AN
walls: all walls on Stab(T) :
are separated from each
other.
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Surface case

Let (S, H) be a smooth polarized surface, we consider the space of
reduced stability conditions in the form of m (0, 3 - (ﬁ;+(2,R)).

Sbi(S) = {6ty | 1 < tr € RU {+00}}

Stabu(©) == 5L

¢ 23)3/ //f;
82 O
i
T(sT1)
/ Fova(chi®)
y \/ Forglesi)
[ / \
ey LT S /
_— an AR T (610D ‘¥ L
| A ) ” :
N P4 Hh iy o =
/AR i
‘Txm
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Bayer vanishing on Sb

We define
F<T: < As; CPz(<1).
The vanishing of Hom(E, E ® Os(—H)) for G-stable E can then be
implied by
<6 ®0s(H).

For G4+, we have
® Gpt, ® Os(H) = Gty 11,6+1-
) 51»1,1»2 < 551,52 when t; < 51 and tr < sp.
) 5't1,t2 < 551,52[1] when t; < sp.

The reduced stability condition &4, ¢, restricts to C € |dH| when
th —t1 >d.
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Threefold case

For every stability condition o in {0’;’%} . (Efﬁ(2,R) by the BBMST
conjecture, the equation
ImZ,(Ox(tH)) =0

has three distinct solutions.

"""'\—\\7 sz _a ‘f
O—_ 1 Kev Zap

aby 7~
T oD% put o0
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So WN({UZ’%} . ﬁ+(2,R)) form the following space:

Sbi(X)={6¢ | t1 < tr < t3 e RU{+0o0}},

where B; is determined by B;(Ox(tiH)) = 0.

As in the surface case, we
have

00+ ® O(H) =0t41
@ 0 <0swhent<s
@ §; < Gs[m] when

ti < Sit+m

- boundary of Sbj(P?%)
—— boundary wall t; = -M
—— boundary wall t3 = —N

potential walls

2+ O, 2 4 2m)

,Zt’.

A sketch of walls and chambers for
v = (1,0,0,—m) on Sbi(P3).
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BBMST inequality

For a G¢-stable object E, by definition, one has
VH(E) = alvH(Ox(tlH)) — asz(Ox(tzH)) + a3VH(Ox(t3H))
the BBMST inequality is to say that all a; > 0 or < 0.

et
/£u>: (j,w’

/
/
.
<
+s

%
V- (E)
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Induce stability conditions to subvarieties

Theorem (Polishchuk)

Let v : X < Y be smooth projective varieties and o be a stability
condition D®(Y). Assume that for every o-stable object E, one has
Gg (1:Ox @ E) = ¢ (E). Then o|ps(x) is a stability condition on D*(X).

@ The condition means ‘G; < 1,Ox © 7.

o Consider the resolution
0= F = Oy(—mp_1H)®a-1 — ... - Oy (—mH)®" - Ix —0
for some n sufficiently large so that ‘G < Coh(Y)[m] < F[n]® 5"
Note that

tOx € (Oy, Oy(=mjH)[j], F[n]).
e When 6 ® Oy(m;H) < &[j] for all j, & restricts to D?(X).
For 59 that is tiyj— ti >jmj for all i,J.
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B,: Space of reduced central charges

Recall that
Br=PaUP,y={c[[(x—t)t1< - <ta}.
i=1

Let (X, H) be an n-dimensional smooth polarized variety. There is a
natural map from:

B, — Hom(Ay,R) : Z apx Zj!ajH”*jchj
=0 =0

with image B, = {cF; | F(O(tiH)) = 0}.
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Conjecture

There exists a family of reduced stability conditions Sb},(X) on DP(X)
satisfying the following properties:

© The forgetful map
Forg : Sby;(X) — Hom(Ay,R) : 6 — Bs

is a homeomorphism onto ‘B,,.
Q 5 € Sbyy(X) = & ® Ox(H) € Sby,(X).
© For any 65,6+ € Sbf,(X) with s < t, the relation 5 < & holds.
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A2B,: Problem at the beginning

For what kind of polynomials f(x), g(x) € By, do we have
af(x) + bg(x) € B, for every (a, b) # (0,0)?

Interlaced polynomials: af(x) + bg(x) € B, for every a, b if and only if
their roots alternate.

—f(x)
—g(x)
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Space of the central charges

Denote
Un :{f;(x) + ’gg(X) ’ t<s< 1[1]’ f.g monic}.

Let (X, H) be an n-dimensional smooth polarized variety. There is a
natural map

Un = Hom(Ay,C): Y apd > jlaH" Jchy

with image 4.
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Conjecture

There exists a family of stability conditions Stab},(X) on DP(X) satisfying
the following properties:

© The forgetful map
Forg : Stabj;(X) — Hom(An,C) : 0 = (P,2) — Z

is @ homeomorphism onto \A,,.
@ The space Stabj,(X) is invariant under the @ Ox(H)-action.

Theorem
Conjecture on Staby,(X) is equivalent to Conjecture Sbf,(X).

These conjectures hold for curves and surfaces. In the case of threefolds, it
is equivalent to the BBMST conjecture.
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Theorem

Assume the Conjecture for X, then:

@ The family Stabj,(X) is unique (up to a homological shift [2k]).
@ Skyscraper sheaves are o-stable with respect to all o € Stabj,(X).

© Let Y be a smooth subvariety of X. Then there exists a family of
stability conditions on Y.

Q For every G:-stable object E, its character

VH(E) = Z(*l)iaiVH(OX(tiH))

for some a; all > 0 or < 0.
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Some further questions

Topology of Sb(T): simply connected?
Compactification of Sb(X): o¢ with t; < tp <--- < tp.
Sb*(X) with respect to the full lattice Kpym(X).
About Stab(X) # 0.
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Thank you!




