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Magnitude homology is a homology theory of (certain
enriched categories and, in particular, of metric spaces.

SINGULAR HOMOLOGY DETECTS THE EXISTENCE

OF HOLES. MAGNITUDE HOMOLOGY MEASURES

THEIR SIZE.
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WHAT IS MAGNITUDE HOMOLOGY ?

Let (X,d) be a metric space .

n+1

The length of (xos ... In) EX
is

ectos ... In)=* d(xi- 1,ie

The set of proper chains of X

of degree n and length I is

PP(X) = [(Xg) ..., xn) = xn
+1)

Xi Xite for On

&Cli ,...,In) = 23



WHAT IS MAGNITUDE HOMOLOGY ?

Let (X,d) be a metric space . The magnitude chain complex
of X is

n+1

The length of (xos ... In) EX MCn(X) = McP(X) ,
is 220

ectos ...n) = & d(xi- 1,i.e .

where mc(X) = I P2(X) .

With boundary map
The set of proper chains of X En : MCh(X) -> MCh , (X)
of degree n and length I is

the alternating sum (2) Sh
PP(X) = [(Xg) ..., xn) = xn

+1)
where

i= G

Xi Xite for On Log ...,Fi ...,Xn)

&Cli .....In) = 23 .
Gilto....,Xn) = ( if length unchanged ,

O otherwise.



WHAT IS MAGNITUDE HOMOLOGY ?

The magnitude homology of X, The magnitude chain complex

MH2(X) is the homology of the of X is

McP(X) chain complex . MCn(X) = McP(X) ,
*

220

Let Met denote the category where McK(X) = < P(X) .
- 1

of metric spaces and distance- With boundary map
decreasing maps. En : MCh(X) -> MCh , (X)
MCh and MH? are functors the alternating sum (2) Sh

Met , -> Ab where
i= G

f : X-Y gives Log ...,Fi ...,Xn)

4
(f(x), ..., f(xn)] Gilto....,Xn) = ( if length unchanged ,

fy(X0,. - -,xn) = if length unchanged, O otherwise.

O dw



EX : DEGREES8 AND I

The magnitude homology of X, The boundary map

MH2(X) is the homology of the - : McG (X)- M23(X)
McP(X) chain complex . is O

,
so

*

Let Met denote the category
MH8(X) = McG(X)

- 1

of metric spaces and distance-
= P(X)

decreasing maps. &X if 1 = 0
,

MCh and MH? are functors
= 4 O otherwise.

Met , -> Ab

f : X-Y gives
(f(x), ..., f(xn)]

Also, the 1-cycles are all of

4 O dw

Mc! (X) .
fx(Xo,...,xn) = if length unchanged,



EX : DEGREES 8 AND I

The bounday map The boundary map

-2 : Mc(X)- MC (X) - : McG (X)- M23(X)

sends (Ko,Xta) to -(xo ,<2)
is O

,
so

if MH8(X) = McG(X)
d(x0

,
x2) = d(X ,x) + d(x ,Xe),

= P(X)
and to 0 otherwise.

&X if 1 = 0
,

Say x, is betweenXo and X2

= 4 O otherwise.

When the triangle inequality is

an equality. Also, the 1-cycles are all of

Mc! (X) .



EX : DEGREES8 AND I

The bounday map say Xo and Xe are adjacent
-2 : Mc(X)- MC (X) if there is no x

,
between them.

sends (Ko,Xta) to -(xo ,<2)
if Then

MH ? (X) =
d(x0

, x2) = d(x,) + d(x Ixa), & ((Xo ,M) /d(xo ,M)=
and to 0 otherwise. & Xo and is are adjacent] .

Say x, is betweenXo and X2 Theorem (Leinster & Shulman [1])
When the triangle inequality is MH

, (X) = 0 iff

an equality. ↓ is Menger convex .



WHY MAGNITUDE HOMOLOGY ?

One can defire the magnitude say Xo and Xe are adjacent
honology of an enriched if there is no x

,
between them.

category.

· For categories enriched over
Then

MH ? (X) =
finite sets

,
MH is the 2) (xo ,>) /d(xo ,4)=

simplicial homology of the & Xo and is are adjacent] .

nerve .

Theorem (Leinster & Shulman [1])
· We view metric spaces as

a particular kind of Mat- MH
, (X) = 0 iff

enriched category. ↓ is Menger convex .



WHY MAGNITUDE HOMOLOGY ?

One can defire the magnitude Under favourable conditions
,

honology of an enriched magnitude homology categorifies
category. magnitude.

· For categories enriched over Theorem (Leinster & Shulman (1])
finite sets

,
MH is the If X is a finite metric space ,

simplicial homology of the

nerve . Maga((q())(X) =

· We view metric spaces as & 21 " (SrkMH(X
a particular kind of Mat-

enriched category. BUT what about infinite metric

spaces?
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STRAIGHT METRIC SPACES

The closed interval from x to

z in X is the set

[x,z) = (ye X/y is between

x and zy
The open interval is

(x ,z) = (x ,z])4x ,z) .

These intervals are partially
ordered by setting

y [y'E)yc[x ,y)]
=) y't[y , z] .



STRAIGHT METRIC SPACES

The closed interval from x to Say X is geodetic if (x ,z]
z in X is the set is totally ordered for all -

[x,z) = (ye X/y is between x
,
z EX .

x and zy Ex : any subspace of IRd is

The open interval is geodetic .

(x ,z) = (x ,z])4x ,z) .
Non-exi the circle

,
with the

These intervals are partially geodesic metric is not geodetic .
ordered by setting ⑳

y1
y [y'E)yc[x ,y)]

& ⑳ · z

=) y't[y , z] . Y



STRAIGHT METRIC SPACES

A 4-cut in X is a typle Say X is geodetic if (x ,z]

(x, y 1 ,Y2 , z) E X4 such that is totally ordered for all -

x
,
z EX .

y. t(X, y2) & y2 + (y,,z)

but y , 42 4(X ,z) . Ex : any subspace of IRd is

geodetic .

Ex : , ye Non-exi the circle
,
with the

&
geodesic metric is not geodetic .

· z
⑳

y1
Non-ex : any subspace of R

&
& ⑳ · z

has no 4-cuts . Y



STRAIGHT METRIC SPACES

A 4-cut in X is a typle say X is straight if it is
(x, y 1 ,Y2 , z) E X4 such that geodetic and has no 4-cuts.

y. t(X, y2) & y2 + (y,,z) Ex : any subspace of IRd is

but y , 42 4(X ,z) . straight.

Ex : any complete graph or

Ex : , ye
tree is straight.

&

· z

Non-ex : any subspace of R
&

has no 4-cuts .



STRAIGHT MAGNITUDE HOMOLOGY

Kaneta & Yoshinaga (2] say X is straight if it is

gave an explicit description geodetic and has no 4-cuts.

of the magnitude homology
of straight metric spaces.

Ex : any subspace of IRd is

straight.
say (Xos ..., xn) e PP (X) is a Ex : any complete graph or

thin frame if
tree is straight.

· Xie /Xi- /Xiti) for Ocicn,
· (Xi , Xi + 1) = & for Oticn .

Let Th(X) < PP(X) be the

set of thin frames.



STRAIGHT MAGNITUDE HOMOLOGY

Kaneta & Yoshinaga (2]
Ex : Let X consist of 4 points
in IRd C

gave an explicit description ·
-

of the magnitude homology a · · d
b

of straight metric spaces.
· (a

,
c,d) is a thin frame ,

say (Xos ..., xn) e PP (X) is a · La
,
b
,
d) is NOT

,

thin frame if · (a, d, c) is NOT.

· Xie /Xi- /Xiti) for Ocicn, Theorem ((2))

· (Xi , Xi + 1) = & for Oticn .

If X is straight , then

Let Th(X) < PP(X) be the MHY(X) = &Th(X) .
set of thin frames.

Moreover, natural in X .



STRAIGHT MAGNITUDE HOMOLOGY

This has some striking conse- Ex : Let X consist of 4 points
C

quences. Ex : in IRd
·

-

ao · d
b

· (a
,
c,d) is a thin frame ,

· La
,
b
,
d) is NOT

,

X Y · (a, d, c) is NOT.

X andY have isomorphic Theorem ((2))
magnitude homology in all

If X is straight , thendegrees and gradings.

BUT there is no map fix+Y
MHY(X) = &Th(X) .

inducing this isomorphism .

Moreover, natural in X .
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INNER BOUNDARIES

For straight metric spaces,
magnitude homology only cares

about the points showing up
in thin frames. These are all

adjacent to something.

We focus on the set of such

points.

The inner boundary of X is

pX = [xeX/x is adjacent
to some yeX]



INNER BOUNDARIES

For straight metric spaces, Ex :

magnitude homology only cares ⑳about the points showing up
in thin frames. These are all

adjacent to something. x
We focus on the set of such P

points. · If X CIRP, then pX is contained

in the topological boundary of X .

The inner boundary of X is
·pX need not be closed in X :

pX = [xeX/x is adjacent
·

.

X => pX = X 1 103
.

to some yeX] H
·

O



INNER BOUNDARIES

Theorem

Let X straight and fig : X+Y.

f(x) = g(x) VxepX =

Ex :

⑳fx , 9 x : MCxo(X) -> M2o(Y) ~are chain homotopic . ox

Corollary
· If X CIRP, then pX is contained

Let X straight, pXCACX and in the topological boundary of X .

r : X+ A a distance-decreasing ·pX need not be closed in X :

retraction. Then
·

.

X => pX = X 1 103
.

MH<xo(X) E MHIso (A) . H
·

O



INNER BOUNDARIES

PROOF : We have
Theorem

Let X straight and fig : X+Y. px[A
= X
-
r

f(x) = g(x) VxepX = with ru= 1A -
Since pXEA ,

fx , 9 x : MCx5o(X) -> M2IoLY) cr fixes PX, so the theorem

are chain homotopic . implies rUx is the identity. D

Corollary Ex : Let XCIRd closed and

Let X straight, pXCACX and convex . Sending ye Rd to the

r : X+ A a distance-decreasing unique closest point in X gives

retraction. Then a retraction

MH<xo(X) E MHIso (A) . 1R91 int X -> bdX .



INNER BOUNDARIES

PROOF : We have

px[A
= X
-
r

with ru= 1A -
Since pXEA ,

I fixes pX, so the theorem

implies rUx is the identity. D

RRd) int X bdX
Ex : Let XCIRd closed and

Since the inner boundary of convex . Sending ye Rd to the

IRalint X is precisely bd X . unique closest point in X gives

We have that these two a retraction

spaces are 'magnitude 1R91 int X -> bdX .

homology equivalent !



MAGNITUDE HOMOLOGY EQUIVALENCE

Theorem

Let X straight, F : X-X .

TFAE :

(i) Ex is the identity on MH20(X),

(ii) Ex is the identity on MH* (X)
for some n> O,

RRd) int X bdX (iii) F restricts to the identity
on pX .

Since the inner boundary of
IRalint X is precisely bd X .

In particular, if Y is also

We have that these two straight, then fix+Y : G

spaces are 'magnitude are inverse mag, hom . equiv

iff gflox = 1 and Eglpy = dby .homology equivalent ! pX



MAGNITUDE HOMOLOGY EQUIVALENCE

In fact
, we can fully charac Theorem

terise when two closed subsets Let X straight, F : X-X .

of (Rd are mag . hom . equiv TFAE :

using a purely geometric (i) Ex is the identity on MH20(X),
condition. (ii) Ex is the identity on MH* (X)

The core of XCIRd is for some n> O,

core(X) = <v(pX) X
.

(iii) F restricts to the identity
on pX .

X In particular, if Y is also· straight, then fix+Y : G

--
are inverse mag, hom . equiv

-&O -↳-
.

iff gflox = 1 and Eglpy = dby .
C X) pXore(



MAGNITUDE HOMOLOGY EQUIVALENCE

In fact
, we can fully charac X

terise when two closed subsets

of (Rd are mag . hom . equiv

using a purely geometric *
condition.

The core of XCIRd is
core(X)

core(X) = <v(pX) X
.

Theorem

Let X and Y < IRd closed and
nonempty. Then X and Y

are magnitude homology·* equivalent iff
---&-O ↳ core(X) E core (Y)

.

ore(X)C ·



MAGNITUDE HOMOLOGY EQUIVALENCE

PROOF SKETCH : (E) X

Using the metric projection, *we get a distance-decreasing
retraction X-> core (X). So

we get composite equivalences
core(X)

X = core(X) E cor(Y) = Y
.

(5) The maps in on equivalence
Theorem

restrict to isometries PXEPY .

Let X and Y < IRd closed and

The structure of1Rd then gives nonempty. Then X and Y

are magnitude homology
Cav (pX) E <v(pY) and, with

equivalent iff
some work, core (X) E core (4)

.

core(X) E core (Y)
.

A
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