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Magnitude homology is @ homology theony of (certou)
enridned c_akc.gorie,s ecnd, n PO beulef, of mekric Spccas.

€ SINGULAR HOMOLOGY DETECTS THE EXISTENCE
OF HOLES. MAGNITUOE HOMOLOGY MEASURES
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WHAT S MAGNITUDE HOMOLOGY ?

The mogwiude hovolgy of X,
MH&CX) s He homo(oa., of +e
MCIOX)  chonn covplex.

Let Met, denote e category

of mekic spows ond distence -

dwtwtvg MaRs.

Mct ond MHS ore fnclors
Met, — Ab

£.X—>Y give..s

(P, -, £ (%))
£ (%o, ~xa) = F lenghn onchonged,
O olu

The magnitude chaia covplex
of X is

MC,00) = @ MC&CX),

(=20

where.  MCL(x) = ZPLOAD.
With bouwndeny mep 0

.. MCE() — MCn (X)
the. auemo\b@ sum .Z'H){ Q.
whert =0

. U‘OJ---,;(\i/---,Xn)
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Ex: DEGREES 0

The mMogvtude hovolagy of X,
MHf\CX) s e P‘omo(ow of +e
MciO) chain covyplex.

Let Met, denote e category
of meknc Spaws ol distence -
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Mc! od NH% ore. funchors
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(), -, F(x))
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Tre boundon, vep
9, : MCL () — MC4 (X)

(s O, 3o
MHE(X) = Mcg (X)
= 2p2(x)
[2x if L=0,

= 4

| O ofrenuie.

Also, the 1-cydes ore all of
Mc{ ().



Ex: DEGREES 0 ANO 1

Tre boundleyy, ™Mo Tre boundon, vep
da: ML () — MC{ () 9, : MCE(X) — MCE(X)
dends  (%o,%1, %) £0 = (%e,%2) (s O, so
¢ MHE(X) = Mcg (X)
d(xo,% )= dex) + dba,xy), - 200)
onel 40O otfenize- [2x it L=0,

= <

Soy x, is betwean X 0 | O otrenwise.

when the tricnga ineguolity i
en  equolity. Also, He L-cydes ore all of
Mc (%),



Ex: DEGREES 0 ANO 1

The  boundey ™Mep Suy %o o xg Ore odjocenk
o Med () — NC,4 (X) it there o X%, behween trem.
Jonds  (o,%4,%0) €0 = (%e,%))
i Them Ml—\g()() =
d(Ko,X,_): d()(o,)(,)-l' d(\O\;Xg:), Z{ (.)(o,)(a\) I d(’(o ,&\: ]
ond 0 O othreriye. & %o cnd wy Ore ad)ucmt}.

Sab X, is bebuean Xo cnd X, Theoem (LU/\S{'QI & Shulmon [1‘))

When the tricngle inequolity s MH,() =0 i
e equolity. X is Meager Convex.



WHY MAGNITUDE HOMOLOGY !

One cen defire e mognitude Suy %o od xy ore odjocenk

hovology of ¢a enrichedl it there & o %, behween trem.
Ccd:eemb,
l
o For categories enricked. ovts Then MH,Q(X) =
fnite seks MH s e zZ 1 (x I _
. 1 O/x'\) d(’(o ,)(‘\\’ Q
Simpliiel  hovology o e {& Xo Crd ¥, Ort adjuce/\t}.

neqve
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WHY MAGNITUDE HOMOLOGY !

One cen defire e mognitude Under fomourcble  conatibions,

hovology of ¢n enricheol magvtude  homology cakesorifies

cwteeoca, MogMtude.

o For categories enricked. ovts Theorem (Leinster % Shulven [1])
Banite JUtS/ MH s tre 16 X s a fiaite mekvic sparce,
Simplicicl  hovology d e _
nerve. Mog Qg™ S

= L

o We view metrc spucel oS Z (1) (Z rk HHp (X) qc)

a eorhcler lind of RT- "o t=0
enriched.  cotegory. BUT Whot about infinite metric

Spauces?
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STRAIGHT METRIC SPACES

A U-cut in X s a tuple 5&3 X G 9Qodeb’e. i (%21
(%, 4192, 2) € 1 sudn Hhek is totcMy oderedk fc ol
x,2¢e€ X.
B.ECX)‘;)Q & 326(34;2)
ot Y Ya & (x,2). Ex. Ony Subspa of RY s
ge_odd'\'c.

Ex:
Non-ex. the circle, with tre
g gecdlesic mebnc s rot geodehic.
2
Non-ex: 0\3 SLbJQQQ Qc Rd X 2
has no Y-cuks.



STRAIGHT METRIC SPACES

A Y-cut in X is a tuple Soy X i straight © i U
(% ynyas,2) e X1 such ek | geodebic ool hog ro Y-wis.
3.e(x,31\ & 325(34,2) Ex. oy Juogpoa of A iy

oot Y ya & (x,2). straxghk
Ex: Cl\y comvydleke gropk or

Ex: tree 5 Strought.
X
2

Non-ex: ony Suospace of RY
hos no H-cuts.



STRAIGHT MAGNITUDE HOMOLOGY

Koneto. & Yoshinage [2] Say X sfmugkk & 0o
gove on expUut  dedcripkion Qeodetic ool hog  ro Y-wts.
of te mognttude ovology

of J“TQA'QM meknc Jpeces. Ex. 0/\9 J\b‘p&@_ DC R* 3

¢ .S{Twehh.
S0y (%oy-xa) € By (X) & a Ex: cng covplete  groph  of
thin frorve oo 5 Strodchb.

o )((..¢()([—|/XC+|) 'FOI‘ 0<L<Y\/
¢ (XE/X(+1\ :¢ for 0<i<n.

Lk TLOO € 04X be Hre
b o thin fromes.



STRAIGHT MAGNITUDE HOMOLOGY

Koneto. & Yoshinagen [27)
gwe  (n explicit  description
of e mognitude hoviology
of SHOUghk mekric Spocey.

50.5 (Xoy---, %) € Pnl(K) ¢ a

thin frorve €

¢ )((..¢()([—|/XC+|) 'FOI‘ 0<L<Y\/
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b o thin fromes.
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Qo ° o d

b
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Theoren ((2))
16 X is stroight, then

MHLX) = 2Tt 00).

Moreorwr, nodurel in X,



STRAIGHT MAGNITUDE HOMOLOGY

This hos Jorve Jl‘d)(,"ns Cnse — Ex. Let X consist of Yy poiats
quences. Ex. In nld 2

Qo ©) od
b
e (a,c,d) 0 & thia frome,
e (a,b,d) © NOT,

¢ (Ql d/ C—) (y NOT.

Cf\d Y hovwe lsomorpmc,
m%f\\tdﬁﬂ V\DN@LQ% |/\ ol ThQOPEn‘f\ ([1’3)
degreay  oncl  gradkings: 1§ X iy stronignt, Hen
BUT there is no mop £ X—Y MHL(X) = 2Tl 00).
(ﬂdkljng this  somerphiyMm.
Moreore, nodurel in X,
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INNER  GOUNDARIES

For strougnt mekric spaces,
Mmagnitude howology only e
Oout the  points  orowigg  UP
(n thin fromes. These ore oll
odjocent  to somethiag.

We focus on He deb oF Such
points .
Tre  innes bounolony of X is

pX = {xeX | x is adjocent
to some yeX



INNER  BOUNDARIES

For strougnt mekric spaces,
magnitude howology only ot
Obout the  points  orowigg  UP
i(n thin frommes. These cre oll
odjacent  fo sormethi G,

We focus on 4he det oF Such
points .
Tre  innes bounolony of X is

pX = {xeX | X i odjueent
to jome SP—XX

Ex:

1 X eRY Hhen pX is contuined
in tre topdogicel boundoy of X.
o pX negd not be closed 1a X:

X > pX=X\{0}),

-9




INNER  BOUNDARIES

Ex:
Theotem X
Lk X straight end 1‘,9-.\(—*\/, X
()= 900 YxepX

{:’\H 9* . MC:;O (X) - MC-:LOLY)
ot Chaun homotopic.,
Corollony 16 X erd Hhen pX is contuined
in tre topdogicel boundoy of X.

Lt X steaght, pXEAC X ond |
r: XA o didenw-decreasing e pX negd not be cloed 1a X:

bon, T
rekraction. Ther N X 5 pX= X\{0},
MH () & MH,,, (A), 3




INNER  BOUNDARIES

ProoF . We hore

Theorem
Lek X straight end $,9-.X—*\/,

f(x) = 900 VxepX =

fa,9ut MG 00 — MCL,LY)
o Chaun homotopic.

Cocol(og

Lt X steajght, pXEAC X ond
r- X— A o disenc-decreasing
retrackon. Then

MHY (X)) & MHL, (A)

pXSA,f:X

-
with  r,= 14, S pX<A,
r fixes pX, so the theorem
iml'u Uy (s +re \dﬂl\h‘('& A

Ex: Lk X R cloed oncl

Cowex. Sencing Ye RY 4o the
inique Clogest poiat (n X gives

o redrochon

RI\ it X — bd X.



INNER  BOUNDARIES

ProoF:  (We hove

pX <A : X
-
with  r= 1,a. Sinca ()XQA,
r fixes pX, so the theorem

iml'u Uy (s +re \dﬂl\h‘('& A

R4\ iat X bd X
Ex. L& X¢ le closedl oncl
Since. e Iner bouno(cg of cowex. Sendking Ye R 4o the
RANint X precigely bd X. nigue Closest poiat (n X gives
We hoe ot +rese Hwo o redrochon
Joaes ore ‘moagnitude |2°‘\ it X = bd X.

hmflotogg e.qU{\rGLG.Ab ’.



MAGNITUDE HOMOLOGY EQUIVALENCE

Theoremw

Let X stoigt, F:X— X
TFAE :

) By is He iderbty ar MHJ,, (),
([iD) £, is the idenhty on MH7 O

foc Jove n>o0,
fRd\ int X bd X (i) ¥ restncks to e fdmh’tb
. on pX.
Since tre IR bounden of
RINak X precsely bd X. In pocticde, & Y i also
We hoe Hhobt 4rese Hwo straighk, ten £ X =V:Q
Jpus ore 'nognitude m lovese mog. oM. equiv.
homology  equivalent: I g [ =Ly ondl ‘°9|p\ = Ly



MAGNITUDE HOMOLOGY EQUIVALENCE

Tn fock, we con fully  cheroe - Theoremn
tuise uhen two  clogecl Jsuogedts Let X s’rraighb, F.x— X.
of I'Rd ot MO, hom. equiv. TFAE : .
wing O purely gemeknc L) F, is He (dentity o1 MU, (),
ConAkitiaa. (i) £ ©s +he idenkity on MHY OO
The core of Xélﬂd &) for Jove n>o0,

core(X) = Conv(pX) A X, (@) £ restncky to e idenbiiy
£ oN ()X-
X

In pocticde, & Y i also
straighk, ten £ X =V:Q
ore inerse mag. hom. equiv.




MAGNITUDE HOMOLOGY EQUIVALENCE

Tn fack, we con fully  cheroe -

tuise uhen two  clogedd sUojgels
of R4 ore moy). hom. equiv.

uing O purely gemernc

condihaa.
The coe of XcR* s core (X)
core (X)) = C_Dr\—\'l(p)() aX. Theotem
Ey. let Xond Y € I’R"l closec ond

nonempty . Thea X ond Y
ore  magnitude hoology
equivedent 1%

core(X) & core (V).




MAGNITUDE HOMOLOGY EQUIVALENCE

PROOF SRETCH: (&)

Using €re wedric projeckon,
we 9(’1‘ (0} W'mea—dﬂcmwing
Mteockion X — core (X). So
we Qet Cowolite equivclences
X = coe(X) = coelV) > V.

() The mops n on equivtlence
restrct to lsomekries pX= pV.
The Structure of RY +ren gves
o (@O = cnv (pY) ondl, with
Jome Wwerl, oore (X) & core (V).
o

core (X)

The.orem

Let X ond YGI’R‘Jl closed ond
nonempty. Thea X ond Y

ore mogr\tfuck rorvology
equivedent 1N
core(X) = core (V).
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