
THEMAGNITURE OFAGRAPH
GLaMS Example Showcase

Adrian Dona Mateo



NOTIONS OFSIZEACROSS MATHS

Fd. Vector topological
Structure sets spaces spaces

Size function cardinality dimension Euler
characteristic

x (A +B) =x(A) .X(B)

x(AUB) =x(A) +x(B) - x(AnB) (A,B=X)
+assumptions



MAGNITUDE

Magnitude is an invariant ofenriched categories
thatgeneralises these nations ofsize.

In particular, we can talk about the magnitude
ofa metric space and, a fortions of a graph.



OUTLINE

1. Define the magnitude ofa metric space.

2. Specialise to graphs.

3. See whatmagnitude can tell us.

4. See whatmagnitude can't tell us.



MAGNITUDEOF A METRIC SPACE

*
· LetX be a finite metric space.
· The similaritymatrixofX is an X-by-X
matrixwithentries

Sy(a,b) =e
- d(a,b)

· If Sxis invertible, we say the magnitude of

Xis the sum ofthe entries ofSi

#X =2Sy(a,b)eR
a,bcX

*we allow d(a,b) =0.



ALL SCALES ATONCE

· Given too, we can consider the metric space tX.

deX(a,b) =t.dy(a,b)

·Thisgives a magnitude function ofX.

(0,0) ... - -R

tr #tX



GRAPHS AS METRIC SPACES

Agraph6 can be seen as a metric space

withthe shortest-path metric.

· d(a,b) <(Nv90];St6(a,b) =e-td(a,b).

=> entries ofST, and hence # t6, are

rational functions of atover

*finite, undirected, no loops, no parallel edges.



GRAPHS AS METRIC SPACES

For convenience, writeq et. (98 =0)

Then Zo(a,b) =gd(a,b), seZ6(9)
a matrixover [[9]<Q(9).

If Iis invertible, we define the

magnitude of6 as

#G(q) =2(z0(q))" (a,b)eQ(q).
a,bt G



Lemma. Z isalways invertible over QG).

Hence, G isalways defined and we can

see itas a power seriesin IRaD.



Lemma. LetG and Ibe graphs, then

· #(GH) =H6 +HH,

· #(60 H) =#6.HH.

D cartesian productofgraphs Acategorical product



COMPUTING MAGNITUDE

Letu=(12 ... ()
*

Tren

#G(q) =sum(zg(q)") =a+20(q)"u

Definition. A weighting on G is a function (rector)

Wa:V(6) -> Q(q), such that

b,p9d(a,b)WC (b)
=1 facV(6)

# 76w6 =u.



COMPUTING MAGNITUDE

Lemma. If wa is a weighting on G, then

#6 =5ws(a).
atV(6)



BASIC EXAMPLES

Lett be a discrete graph (no edges).

Then d(a,b) =a => gd(ab) =0,a+b.

:z(q) =I => #G(q) =((6)1.

In fact, Zc(0) =Ifor any G, so

#G(e) =1V(6) 1.



BASIC EXAMPLES
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G

· &



BASIC EXAMPLES

Call a graph homogeneous if its group of

automorphisms acttransitively on the vertices.

Proposition.If G is homogeneous then

#G(q) =6abc for any a e V(6).

beV(G)9



ALTERNATIVEFORMULA

Lemma. For any graph G,

#G(q) =(-2)4...-Xa(x,x)
-... -dxmaand

k=0

where Xx...., Xh-V (6).

Corollary.The coefficientofin #G(q)1 [qB
is -2/E(6) 1. Hence,

(V(6)1 =HG(e) ad(E(6)1 = - za #G(a))q
=
0



Lemma. If wola) has no poles at 1

for all a cV(6), then

# 6(2) =I connected components 31.



ASPECIAL GRAPH

⑥
w =weight ofblue vertices

↑ ↑ ↑
v =weightof green vertices

S I = w +3qu +2q-w

· 1 =1 +q(2v +3w)

#G(q) =ua



ASPECIAL GRAPH

↑ ↑ ↑
#G(q) =ua

· ·
H6(2) =57 # connected

components

ButHKS(q) =ng, since KS ishomogeneous.

Hence, IK.S(q) ==
0

=#63(q).
1+49

=> magnitude cannottell # connected components
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