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‘We obtain uniform asymptotic approximations for the monic Meixner-Sobolev polyno-
mials Sy, (z). These approximations for n — oo, are uniformly valid for /n restricted to
certain intervals, and are in terms of Airy functions. We also give asymptotic approxi-
mations for the location of the zeros of Sy (z), especially the small and the large zeros
are discussed. As a limit case we also give a new asymptotic approximation for the large
zeros of the classical Meixner polynomials.

The method is based on an integral representation in which a hypergeometric func-
tion appears in the integrand. After a transformation the hypergeometric functions can
be uniformly approximated by unity, and all that remains are simple integrals for which
standard asymptotic methods are used. As far as we are aware, this is the first time
that standard uniform asymptotic methods are used for the Sobolev-class of orthogonal
polynomials.
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1. Introduction

The monic Meixner-Sobolev polynomials S, () are orthogonal with respect to the
discrete inner product

(a)s = 3 (p(K)a(k) + Adp(k)Aq()} D (1)
k=0 '

where 0 < ¢ < 1, 8 > 0, A>0, and A is the usual forward difference operator defined
by Ap(k) = p(k+ 1) — p(k). When X = 0 the Meixner-Sobolev polynomials reduce
to the classical Meixner polynomials. These polynomials were introduced in [1],
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and a recurrence relation involving S,, S,—1 and 2 classical Meixner polynomials
are given in [2] and [7]. This recurrence relation is very useful for generating the
polynomials. The large n asymptotics in [2] is for non-oscillatory regions.

In this paper we give large n asymptotic approximations that are valid on the
real z axis, hence, they include the oscillatory region 0 < z/n < }f{g The starting
point is the generating function given in [7]:

G(t)=>_ Sn(a)t", (1.2)
n=0

where

1 (1_5)—1—5+v+1 _x»’Y,Z

ac

(-a@-y _1ldme- (1+mn0c)* —4c
1—a2¢c ’ h 2¢ ’

(1.5)

where n = 14X (1 — %)2 > 1. Note that 0 < a < 1 and that ca® — (1+nc)a+1 = 0.
In (1.3) the function o F @ ;t ] is the standard Gauss hypergeometric function.
c

(See [8].) Note that the definition of v differs from the one used in [7].

From the generating function G(t) we will obtain an integral representation for
Sn(z). The integrand will involve the Gauss hypergeometric function, and it seems
not easy to obtain asymptotic approximations. However, we will use some of the
linear transformations for hypergeometric functions, to express S, (z) as a sum of 3
integrals in which the hypergeometric functions can be approximated uniformly by
unity. Hence, the result is a simple integral approximation where standard methods
can be used.

The structure of the paper is as follows. In §2, we study the asymptotics as
n — oo and x is bounded. The analysis is based on Darboux’s method. We will
obtain simple asymptotic approximations, and observe that the small zeros of S, ()
are located at x = 0,1,2,---, with an exponentially small error.

In §3 we use several transformations to obtain an integral representation that
can be used for the uniform asymptotic approximations. We discuss the location of
the saddle points of the phase functions of the integrals. When x/n = Yy, where

y _l-ve _1+y/c

T 14/ 1=/

these saddle points will coalesce, and Airy functions are needed in the uniform
asymptotic approximations.

and Y, (1.6)



September 23, 2011 9:2 WSPC/INSTRUCTION FILE ws-Meixner

Uniform asymptotic approximations for the Meizner-Sobolev polynomials 3

The multi-valuedness of the hypergeometric functions is discussed in §4, and
we conclude that along the contours of integration of the integrals given in §3, the
hypergeometric functions can be approximated uniformly by unity.

In the following 4 sections, we discuss the uniform asymptotic approximations.
Only one saddle point dominates in the case Y_ < z/n < Yy and a simple saddle
point method approximation is given in §5, where we also give a relative simple
formula for the location of the zeros.

The cases 0 < z/n < Y_, 0 < z/n < Y} and Y_ < z/n are discussed in the
next 3 sections. In the first case, we give a uniform asymptotic approximation in
terms of a gamma function, and in the other 2 cases, Airy functions are needed
in the asymptotic approximations. The later case also gives information about the
location of the large zeros of S, (x), which are discussed in the final section. Our
three term asymptotic approximation for the large zeros is in terms of the zeros of
the Airy function Ai(z). When we let A — 0, that is, @ — 1, we obtain a three term
asymptotic approximation for the large zeros of the classical Meixner polynomials,
and our result agrees with [6], in which a two term asymptotic approximation is
given. The additional term in our approximation is surprisingly simple.

In figure 1 we display the graph of

215 (2)

g o\
erfc(20(Y- — y))T'(z + 1) n erfc20(y —Y_)I'(z+ 1) I'(n—xz—7) "
Vnacmto) /20 (z + v 4 1) n!(ac)™(1 — c¢)*

(1.7)

With this rescaling the function is O(1) on the whole interval. It clearly displays
the oscillatory region x € [0,nY,], and the dramatic change near x ~ nY_.

VAN A N
[LLRAR A At

—
—

]
—

Fig. 1. The graph of a rescaled version of Szg(x), where a = 3 ¢ = % and 8 = % Note the

6
dramatic changes at = nY_ ~ 8 and at x = nY} ~ 112.
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2. Large n and fixed = asymptotics

For the large n asymptotics, we will study the singularities of G(t) in the complex
t plane. These are at

ac, a, 1, 1/a, 1/ac, with 0<ac<a<1l<1l/a<1/ac. (2.1)

Hence, the singularity that is nearest to the origin is ¢ = ac. For an asymptotic
expansion that holds as n — oo and a, ¢, § and x fixed, we need the local expansion
of G(t) at this singularity. It is convenient to start with the identity

G(t) = G1(t) + Ga(1), (2.2)
(use (15.8.2) in [8]), where

PR (L —at)™ P! l—7fB-v—1 1
G0 - e (P T ) e
with
_ 1 TP - DI + )
K= (0-aG o) sty 24)
and
e A O R T N
Gl =1 1-t)(1-L)™"" 2F1< Lty +a ’Z(t))’ (25)
with
(oL ) DB DIz —7)
o= (009G ~0) TG =prea 20

The function G1(t) has no singularity at ¢ = ac. Hence, the main contributions to
the large n asymptotics will come from Gs(t). We expand

e’} ¢ m-+z+y
Galt) =K b (1- 1) (27)
m=0
with
1— —z—pB+v+1 -
by = (I-o¢) (ac) , (2.8)

1—ac
and obtain via Darboux’s method (see §2.10(iv) in [10])

oo b (1 ¢ \mtrty
Sn(x) ~ KQ ﬂ% 70’; dt
n; 271 {0} t +1
(ac)™™ &
~ Ky %bm (—m—vy—x),, (2.9)

as n — 0o, where the Pochhammer symbol is (2), = z(z+1)(z+2)--- (z+n—1).
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Just to illustrate: Taking a = %, c= % and 8 = %, then S50(1.5) = 3.256665 x
1023 and taking 4 terms on the right-hand side of (2.9) gives us the approximation
3.256592 x 1023, Hence, the relative error is 0.000023.

It follows from the gamma function I'(—z) in (2.6) that S,(x) has zeros at
approximately x = m, where m is a bounded nonnegative integer. In fact, since
K5 multiplies all terms in (2.9) and the contribution of G (¢) to the asymptotics of
Sp(x) will be exponentially small, it follows from Theorem 1 in [5], that the small
zeros are located approximately at x = m with an exponentially small error. In [6]
the authors make the same observation for the small zeros of the classical Meixner
polynomials.

3. Large n and «

Our analysis will be based on the observation that (see §15.12(ii) in [8])

o Fy (xAiBC; z) =14+0(1/z), = —o00, [ph(l-2) <. (3.1)
We will use this result for £ — +o00. The result even holds for x — oo in the sector
Iphz| < 37 — €, (where € is an arbitrary small positive constant), with the same
restriction on z. For larger sectors in the complex z-plane the z-region of validity
will be smaller.

The hypergeometric function in the right-hand side of (2.5) is already of the
form (3.1). For the one in the representation (2.3) of G;(t) we need one more
transformation.

Note that the function Gy(t) is analytic at ¢ = ac. For that function we push ¢
to ac < Rt < a, and we use the transformation

G1(t) = G3(t) — Ga(t), (3.2)
(combine (15.8.4) with (15.8.1) in [8]), where
B twfﬁﬂ(l _ at)erﬁ—w—l B—ry—11-— v, L
Call) = Ko T a2 < 4By z(t)) (3:3)
with
S BN S YR ) N CR )
K= (090G 0) R s (34)
and
t*W(lié)*T*ﬁJﬂHl ’772+7_ﬂ.i
Ga(t) = 4(1_1&)%_1)_%7 2F1< I ,Z(t)>, (3.5)
with
ol ) (RB-DP@ + DI(—z — )
= (009G =) ra s (39
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We observe that Ga(t) and G4(t) are in terms of the same hypergeometric
function, but that in Go(t) we start at 0 < ¢t < ac, and in G4(t) we consider
ac < t < a. Combining these two functions we obtain

G+lt) = Galt) ~ Gal0) = =5 (20 ) gt (72777 Fi ) )

valid in the half-plane £3(¢) > 0, where

TS BN S RS VI C R )
k=00 -0) ey 6

and

(1t y—B+1
t) = ( a) —- (3.9)
(=0 -1)
Combining these results we obtain
1 G(t)
Sp(z) = —
(:L') 21 {0} tn—i—l

1 / Go(t) , 1 Ga(t) , 1 G- ,
C

2mi 2mi

5 tn+1 21 Cy t"+1 211 c_ tn+1

(3.10)

where C3 is for the moment a vertical contour that crosses the real t-axis in the
interval (ac,a) and C+ is a contour that emanates from ¢ = ac and goes to infinity
in the upper/lower half-plane. Again, the integrands in (3.10) have singularities at
the points mentioned in (2.1), and possibly a branch-point at ¢t = 0.

From here onwards, we will take

x =ny, where y >0, bounded. (3.11)

We will now replace the hypergeometric functions by unity, Hence, the phase-
function for integrand Gs(t) is f3(¢) and for integrands G4 (t) it is f(t), where

) ., f(t) =In(t) + yln <t _%) . (3.12)

ac

1—act
1—at

(t) =n(t) + yin

The saddle-points are located at

N - 2_
Sprs = g (e =D+t 1 lyte 1) ek )7 - de)

Spizg(y(c—1)+c+lﬂ:\/(y(c—1)+c+1)2—40). (3.13)

Note that the saddle-points ‘coalesce’ when 32 + Zy% + 1 = 0, that is, when
y =Yy, where Y, are defined in (1.6).
One very useful observation: let

I+c—(1-c)y

NG , then Spy = ay/ce™?, Spsy = ——e*0(3.14)

ay/c

cosf =
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It follows from these representations that for 0 < y < Y_, we have

1 1 1
ac < Spp <ave< Sp_ <a<1l<—-<8p3 < —=<8p3_ < —,
a ay/c ac
(compare (6.1)), for Y_ <y <Y, we have |Spi| = av/e < 1 < |Sps+| = 1/(av/c),
and finally for y > Y, , we have

-1
Sp- < —avec<Spy,  Sps- < —=<Sp3r, and  Spzx < Spi <0,

ay/c

(compare (8.1)). See figure 3, in which we indicate the location of the dominant

saddles in the case a = %, c= % and 8 = %
1.5
S3
15 % e 1

Fig. 2. Steepest descent contours C1 in the cases y = y;, where y1 = % <Y_,y2 = %, yz = <

5 ?
Yq = % and ys = 4 > Y1. The saddle points are located at s;. Note that the contours emanate

from ac and that s2, s3, s4 are located on the circle [t| = a+/c.

4. The multi-valuedness of the hypergeometric function

b
The principal branch for the hypergeometric function o F; <a, ;z) is [ph(1—2)| <
c

m. Hence, the branch-cut is z > 1. Thus, for the functions G4 (t) the t-branch-cuts
are at points where 1/z(¢) > 1, that is, 0 < z(¢) < 1. The reader can check that
this happens on the intervals (—o00,0), (a,1/a) and on the unit circle |¢| = 1.

For the function G3(t) the t-branch-cuts are at points where 1 — 1/z(¢) > 1,
that is, z(£) < 0. This happens on the intervals (0, ac) and (-, c0).

If we continue to use the principal branches for the hypergeometric functions in
the definition for G4 (t), then we have for St > 0

G(t) = G4(t) + Gs(t), for |t| < 1,
G(t) = Gy (t) + 2P Dmigy),  for |t] > 1. (4.1)

Below we will see that the contributions of G3(t) are exponentially small compared
with the contributions of G4 (t). It follows from (4.1) that we can use (3.1) for the
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hypergeometric functions in the right-hand side of (3.7) along the entire contour of
integration.

5. The case Y_ <y <Y,

Since

R (f (Sp+) — f3(Sps+)) = In (a’c) <0, (5.1)

it follows that the G4 (¢)-integrals in (3.10) dominate the asymptotics. For the G (t)
integral the steepest-descent contour of integration in the upper half t-plane, starts
at t = ac passes through the saddle-point at ¢ = Sp; and goes to infinity. (See
figure 3.) The contour of the G_(t) integral in the lower half plane is the complex
conjugate of the contour in the upper half plane.

Let us study the integral

1 G4 (b)
— dt 5.2
21 Cy tntl ’ ( )
where
?(t) —xTi —-n
t:ﬁ = e ™ Ke g () /t, (5.3)

with K, g(t) and f(t) defined in (3.8), (3.9) and (3.12), respectively. Using the
saddle point method (see §2.4(iv) in [10]), the above integral, and hence S, (x) can
be approximated by

. o o0 r+y+1/2
ke (ayet) ™ ()
(1 —ay/ceb)\/2mn (2" — 1) (1 — eei\ﬁ)m+ﬁ—v—3/2

Sp(x) ~ 2R , (5.4)

as n — 0o, where x = ny and 6 is defined in (3.14).

The saddle-point approximation gives good results: Taking the same a, ¢, 8 as
before, and y = 0.7 then S5(35) = —8.24876 x 10?2 and the dominant approxima-
tion from the 2 saddle points gives us —8.27800 x 10?2. Hence, only one term gives
us already a good approximation.

Regarding the zeros, it follows from (5.4) that these are approximately located
where

n(0+y(r—0)) + (2ny + B8 — 1) ph(1l — Vee®) + ph(1 — ay/ee®) = (k + L)m,(5.5)

where k is an integer. For example, one solution of (5.5) is y & 0.709082395. Hence,
approximately there should be a zero at x = 35.45412. The ‘exact’ zero is located
at x = 35.45469.

The approximations in this section hold for Y_ < y < Y., that is, 0 < 6 < 7.
(Note the factor €2 — 1 in (5.4).) The saddle points Sp+ = a/ce®? coalesce when
0 = 0, 7. In the next sections we will obtain asymptotic approximations that hold
in larger intervals, including the turning points at 8 = 0, 7.
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6. The case y = Y_

We write (3.14) as

1- <Y. = —-0i>0
cosﬁzlf—c(ny_), and take 7 v
2y/c y>Y. = 6 > 0.

Hence, if y ~ Y_ then 6 ~ 0.
To obtain a uniform asymptotic approximation, we will use the cubic transfor-

mation suggested by Chester, Friedman and Ursell [4]
f(t) = 2u® +wu+ . (6.2)

The right-hand side of (6.2) has saddle-points at u = Fiy/w, and we will insist that
these correspond to t = Spi = ay/ce®™?
two results

(6.1)

, respectively. This gives us the following

¥ =1In(a) + %(1 + y)In(e), (6.3)
and
e /¢
~2iw*? = 0i(1 +y) + yIn (M{) : (6.4)

The reader can check that for the right-hand side in (6.4), we have

_0i _ 2

0i(1+vy) +yln (H) ~ —32’61/4(11\/%\/6)(3/—1/_)3/2, (6.5)

as y — Y_. Hence,

c—1/6 (1+ﬁ)4/3
(1 . C)1/3

It is not difficult to show that on the interval y € (0,Y,), w(y) is an increasing

analytic function of y with

(y—Y_.), as y—Y_. (6.6)

w n~

2/3
smy/e ) . (6.7

T

The local behaviour of transformation (6.2) near ¢t ~ a/ce’® and u ~ —i/w is

w(0) = — (2n(1/e)**,  w(¥)=0, wwu=(

—ie" 20 ging 9in 2 , 2
m (t — an/ce ) ~ —Z\/E (u + Z\/(;) 5 (68)

from which it follows that in the case w < 0 we have to take v/w = i4/|w|.
Integral (5.2) becomes

1 G4 (t) e T K e /°° —n(ld?
— dt = n(zuttwu) du, 6.9
271 . tn+1 o ooe—27r71/36 3 go(u) du (6.9)
where
dt w? 4+ w
=t lg(t)— =t gt . 6.10
go(u) = t9(0) g = 790 55 (6.10)
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The orientation of the u-integral in (6.9) follows when one takes the obvious square-
hoods in (6.8). Note that from "'Hopital’s rule we obtain

dt +27
d - 27‘@9 (6.11)
duly,—yi e " (a\/ceT9%)

It follows that

w(l—c — oy (1 - ee¥0)' ™’
wo(ivE) = \ﬁ\/(;ino)y ((1 — )y> (11_{\/&2“ . (6.12)

To obtain a uniform asymptotic approximation, we use Bleistein’s Method [3]
and substitute into (6.9)

go(u) = p + qu + (u* 4+ w)ho(u), (6.13)
where
~ Goliv/w) + go(—ivw) ~ goliv/w) — go(—ivw)
p= ,oq= . : (6.14)
2 2i\/w
and obtain
i G+(t) dt ~ eimmK'einw <p /Oo 6*"(%u3+wu) du
2mi Jo, tmtl 27 coe—2mi/3

—|—q/ ue~(Fu Hwu) du> (6.15)

coe—2mi/3

Using the change of variable u = e~ ™/3n~1/3¢, we get

— ) ) i/
1 G4 (t) e T eV (pe_m/?’ /ooe ° L9/ gy

— dt ~ e3
2mi Jo, trH 2mi nt/3 | e—miss
—2mi/3  pooe™/? o
+qu/ test’—wn® P g ) (6.16)
n / coe—7i/3
Which is equivalent to
1 G (t) pe ™/3

dt ~ e T e ( Ai (we_”i/3n2/3)

e—2mi/3

2mi Jo, tntl nt/3

q : -7
_WAII (we /3n2/3)> ,(6.17)
as n — 0o, where Ai(z) is the Airy function, see (9.5.4) in [9].
Since the polynomials are real-valued and the contribution of the C_ will be just
the complex conjugate of (6.17), we conclude that

—mi/3
Ai (we—‘m’/3n2/3>

Sn(l‘) ~ 2%{6_””-[(6_“7’[} (p(;l/?)

—2mi/3

_1e 573 AY (we”/gnw?’)) } ,  (6.18)
n

as n — oo, uniformly for y € [e, Y} — €], where ¢ is a small positive constant.



September 23, 2011 9:2 WSPC/INSTRUCTION FILE ws-Meixner

Uniform asymptotic approximations for the Meizner-Sobolev polynomials 11

\ \ / ’/' / \\ y
T T T
TRVERY VAV AN 75
| X
“/
Fig. 3. The graph of a rescaled version of S2¢(z), where a = %, c = %, B = % (black), and

approximation (6.18) (grey). Note that only near y = 0 and y = Y4 the difference is visible.

7. The case 0 <y < Y_

We will use the notation of the previous section. In §2; we dealt with the case of
large n and finite x, that is, y & 0, and in the previous section we covered the case
0 <y < Yy. In the case of 0 <y < Y_, the active saddle-point of phase function
f(t) is at t = Sp4, and we have ac < Spy < a+/c. In integral representation (3.10)
the main integrals are still the ones involving G.. We write

1 Ge(t) , _ eFK

211 Cy tn+1 - 271 Cy

e ®5(t) dt, (7.1)

where

-y . <%2+7—B. 1 )
T+y+x " 2(¢)

~ a
g(t) (1_t)(£_1)_,yz 1
Since = appears in the bottom entry of the hypergeometric function, a possible
large value for x has only a positive influence in the expansion of this function near
t=Sp;.
Note that as y — 0, the saddle-point of phase function f(t) at t = Sp, coalesces
with the branch-point at ¢ = ac. The local behaviour of f(¢) near t = ac is

(7.2)

t
ft) ~ —yln ( - 1) +1In(ac) + yIn(l —¢), as t— ac. (7.3)
ac
For these reasons, we choose the transformation
ft) =u— aln(u) + In(ac) + y1n(l — ¢). (7.4)
The right-hand side has a saddle-point at © = « and a branch-point at v = 0.
Furthermore,
t
— —1~uY,  as u—0. (7.5)
ac

We insist that the saddle-point at ¢ = Spy is mapped to u = a. Hence, « is defined
via

f(Spt+) =a(l —lna) +1In(ac) + yIn(1 — ¢), (7.6)
and the property that a ~ y as y — 0. Since
dt  uw—a tt—a)t—ac)(u—a)

@ W) (= Spa)l— Spju 1)
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it follows that
dt 1

- = 7.8
At |y=a af”(Sp+) (78)
We have
1 G+(t) eFImiK e _ « _
= dt = i n(u—alnu) < (v+1) 1d 79
27 Jo, 7+ (ac)”(l—c)”yzm'/o ‘ Jo(wu u, (7.9)
where
. o dt e
Go(u) = g(t) J-u'=TOTY. (7.10)

The power of u in (7.10) is chosen such that §o(u) has no branch-point at u = 0.
To obtain a uniform asymptotic expansion we have to expand §o(u) near u = .
Hence,

—sin(zm)Kgo(a)
(ac)" (1—c)"Y 7
as n — oo, uniformly for y € [0, Y_ — €], where ¢ is a small positive constant. Again

we can see that S, (z) has zeros at approximately = m, where m is a bounded
nonnegative integer. This is in agreement with the final paragraph of §2.

Sp(x) ~ poon—y O+ (an + g(fy + 1)) , (7.11)

8. The case y = Y
When y ~ Y, we have for the 6 in (3.14) § =~ 7. We will replace 6 by m — ¢ and

the link between the new ¢ and y is now
1-c
2y/c

Hence, if y = Y, then ¢ = 0.

y>Y, = —¢i>0,

-Y d tak
(y=Ys), and take y<Y, = > 0.

cosp =1+ (8.1)

In this case we use the cubic transformation
ft) = %ud — wu + 1. (8.2)

The right-hand side of (8.2) has saddle-points at u = F+/w, and we will insist that

these correspond to t = Spy = ay/ce(™?)? respectively. This gives us
¢ =In(a) + 3(1 +y) In(c) +in(1 —y), (8.3)
and
2 3/2 _ . e /e
Fw 2= (1+y)pi+yln (M) . (8.4)
The reader can check that for the right-hand side in (8.4), we have
| e Ve e Vo)” 3/2
1+ +yl , ~ £ -Y , 8.5
( y)Sm Y n( ePi \/E > 3 m (y +) ( )
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as y — Y. Hence,

—1/6 1— 4/3
W 1‘{? (y—Yy), as y— Y, (8.6)
(1-¢)
It is not difficult to show that on the interval y € (Y_,00), w(y) is an increasing
analytic function of y with

w(¥-) =~ (1347:\/\/66

The local behaviour of transformation (8.2) near t &~ ay/ce!™ %) and u ~ /w is

2/3
) . w(Yy) =0 (8.7)

—ie2#isin @ N 2 2
etmsme <w—so>z) ~ _
=0y (t ay/ce Vw (u—vw), (8.8)
from which it follows that in the case w < 0 we have to take /w = —iy/|w].
Using substitution (8.2) integral (5.2) becomes

coe—27i/3

1 a(t) _ e T Ke ™ —n(iud—wu)
o Jo, T dt = i /OO e "3 go(u) du, (8.9)
where
dt u? —w
=t lgt)— =t""g(t)——. 1
) =790 30 = 1790 s (5.10)

The orientation of the u-integral in (8.9) follows when one takes the obvious square-
hoods in (8.8). Note that from I’'Hopital’s rule we obtain

dt +2/w

— =\ 8.11
Bl \ T aeetrmem) (&1

It follows that

go(£Vw) = —

iva(l— oy ((1—cy\? (14 eeFei)' ™’
Vesing ’ < ac y) 1+ ay/ceFei (8.12)

Again, we substitute into (8.9)

go(u) = p+ qu+ (u? — w)ho(u), (8.13)
where
_ 90(Vw) + go(—vw) _ 90(Vw) — go(—vw)
p= , q= : (8.14)
2 NG
and obtain
2 _ T —n e8]
LG TR (g,
2mi Jo, tH 2mi coe—2mi/3

+q/ ue~ (U’ —ww) du) . (8.15)

coe—2mi/3
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Note that in this case e *"'e~"¥ = (—a) "¢~ ("*t%)/2, Using again the change vari-
able u = e~ ™/3n"1/3t, we get

1 a:(t)d K(_a)_n p€2”/3 coe™/? %t?’—w712/362m/3td
2mi c, b~ 2micntz)/2 \  pl/3 ¢ t

coe—™i/3

coe™i/3

wi/3 )
+E / fet—un®/ 2T/ dt) , (8.16)

n2/3 coe—7i/3
which is equivalent to,

~ —n 27i/3
1 G+ (t) gt~ K(—a) (pe / A (we2m/3n2/3)

% . tntl c(n+w)/2 nl/3

qeﬂi/?)

T p2/s

Ai/ (W627ri/3n2/3>> ; (817)
as n — 0o. Hence,

2K(—a)™" pe™i/3 2mi/3, 2/3 g™ 2mi/3, 2/3
Sp(x) ~ )2 §R{ Y Aj (we /n/)— 373 Aj (we /n/> ,(8.18)

as n — oo. Using the fact that p and ¢ are real-valued and the connection relation

Ai (w) 4 e72™/3 A4 (weﬂmﬁ’) + e2™/3 Aj <w62”/3> =0, (8.19)
(see (9.2.12) in [9]), we get
K(=a)™ [ —p ,. 2/3 q s 2/3
Sp(x) ~ ey {nl/:sAl (wn ) - WAl (wn ) , (8.20)

as n — oo, uniformly for y € [Y_ + ¢, 1/¢], where € is a small positive constant.

Fig. 4. The graph of a rescaled version of S2(z), where a = g, c = %, B = % (black), and

approximation (8.20) (grey). Note that only near y = Y_ the difference is visible.

9. Large zeros

Let ax be the k' zero of the Airy function Ai(x) with k = 1,2,3,---. Thus a; =
—2.338- -+, ag = —4.088---. (See §9.9 in [9].) The dominant term in (8.20) includes
the factor Ai (um2/ 3), and the zeros of this function are located at

wp = agpn " 2/3. (9.1)
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Hence, for fixed k these will approach zero as n — oo, and we can use (8.6)

1 _
s LTVE ), (0.2)

(c+ Vo)

as n — 00, where & = ny, ; are the zeros of S, (z) with

agn

0<Ynm <Ynn-1 <...<Yn1 < O00. (9.3)

Thus for the large zeros we obtain,

(c+ Vo) a
1_ﬁ n2/3’

as n — 0o, where k =1,2,3,--- is fixed.

To obtain a better approximation for the zeros we use both terms in the right-
hand side of (8.20). Tts small zeros are located at wy = axn~2/3 + 6, where § =
o (nfz/ 3), as n — 00. We substitute this expression for w into the right-hand side of
(8.20), approximate Ai (wyn??) & 6n*/3Ai’(ay) and Al (wyn?/?) ~ Ai'(ay,). Hence,
d ~ —q/(pn). From (8.14), (8.12) and (8.4) we can obtain the limit of ¢/p as w — 0.
The result is the approximation

1 2/3
wi ~ apn” 23 + ( = b ) (c+ Vo) , as n — 0o. (9.5)

Yn,k ™~ Y+ +

l4+aye 1+./c

n
Hence,
1/3 1—
yn,k~Y++(C+\/a a_ a Jé; c++/c 7 (9.6)
1—ye n23  \l+aye 1+4yec) (1-ye)n

as n — oo, where k =1,2,3,-- - is fixed.
When we let A — 0, that is, a — 1, we obtain a two term approximation for the
large zeros of the classical Meixner polynomials:

(c+ V)3 N Byc
1-ve n23 " (1—on

as n — 0o, where k =1,2,3,--- is fixed. The first two terms in this approximation
agree with the result (2.42) given in [6]. The third term appears to be a new term,
and is surprisingly simple.

We finish with a numerical illustration. Taking n» = 100 and & = 1 in (9.4) we
obtain y, 1 ~ 3.4831614, and from (9.6) we obtain y, 1 ~ 3.4969920. The ‘exact’
location is yp,1 = 3.4999640. The errors seem to be of the correct order.

Yn,k ™~ Y-i- + (97)
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