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Abstract

We study a simple model of DNA evolution in a growing population of cells. Each cell contains
a nucleotide sequence which randomly mutates at cell division. Cells divide according to a branching
process. Following typical parameter values in bacteria and cancer cell populations, we take the mutation
rate to zero and the final number of cells to infinity. We prove that almost every site (entry of the
nucleotide sequence) is mutated in only a finite number of cells, and these numbers are independent
across sites. However independence breaks down for the rare sites which are mutated in a positive
fraction of the population. The model is free from the popular but disputed infinite sites assumption.
Violations of the infinite sites assumption are widespread while their impact on mutation frequencies
is negligible at the scale of population fractions. Some results are generalised to allow for cell
death, selection, and site-specific mutation rates. For illustration we estimate mutation rates in a lung
adenocarcinoma.
Published by Elsevier B.V.

1. Introduction

A population of dividing cells with a mutating DNA sequence is ubiquitous in biology. We
study a simple model of this process. Starting with one cell, cells divide and die according
to a supercritical branching process. As for DNA, we loosely follow classic models from
phylogenetics [16,25]. Each cell contains a sequence of the nucleotides A, C, G, and T, and
each site (entry of the sequence) can mutate independently at cell division. We are interested
in the sequence distribution when the population reaches many cells.
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Let us discuss a specific motivation. In recent years, cancer genetic data has been made
available in great quantities. One especially common type of data consists of mutation
frequencies in individual tumours. These data take the form of a vector (x;);cs, where i € 8
denotes genetic sites and x; is the frequency of cells which are mutated at site i. To make sense
of such data in terms of tumour evolution, simple mathematical models can be helpful.

Some important works on the topic are [4,8,26,27]. They consider branching process
and deterministic models of tumour evolution. They compare theory with data, estimating
evolutionary parameters such as mutation rates. A central feature of their theory, and of
countless other works, is the so-called infinite sites assumption (ISA). The ISA states that
no genetic site can mutate more than once in a tumour’s lifetime. The assumption’s simplicity
drives its popularity. However recent statistical analysis of single cell sequencing data [20]
shows “widespread violations of the ISA in human cancers”.

For a ‘non-ISA’ model of a growing population of cells, there is in fact a famous example.
Luria and Delbriick [22] modelled recurrent mutations in an exponentially growing bacterial
population. Subsequent works [14,17—-19,21] (and others) adapted Luria and Delbriick’s model
to branching processes and calculated mutation frequencies. These works describe only two
genetic states, mutated or not mutated, effectively restricting attention to a single genetic site.
In [7] we offered an account of one such model, proving limit theorems for mutation times,
clone sizes, and mutation frequencies. We then briefly studied an extension to a sequence of
genetic sites. Now we offer a self-contained sequel to [7], slightly adapting the model, and
aiming for a deeper understanding of the sequence distribution.

In [7] we studied several parameter regimes. In the present work by contrast, we study only
one parameter regime which is the most biologically relevant. We take the final number of cells
to infinity and the mutation rate to zero with their product finite. This limit is relevant because
a detected tumour has around 10° cells while the mutation rate per site per cell division is
around 107° [15]. This limit is also standard in Luria—Delbriick-type models of bacteria.

Now we introduce our main results. The number of cells mutated at a given site (mutations
are defined relative to the initial cell) converges to the Luria—Delbriick distribution. This
recovers a well-known result of single site models [7,14,17,19,21]. So a site is mutated in
only a finite number of cells, standing in contrast to the infinite total number of cells. Going
beyond [7,14,17,19,21], we also study the rare event that a site is mutated in a positive fraction
of cells. We show that, when appropriately scaled, this fraction of cells follows a power-law
distribution.

Across sites, mutation frequencies are asymptotically independent. The independence leads
to a many-sites law of large numbers. Specifically, the site frequency spectrum (empirical
measure of mutation frequencies) converges to a deterministic measure concentrated at finite
cell numbers. At positive fractions of cells, away from the mass concentration, independence
breaks down and the site frequency spectrum converges to a Cox process. These results
go beyond [4,7,8,10,26] who only give the expected site frequency spectrum, so our work
contributes an appreciation of randomness.

Our results are not all at the same level of generality. For sites mutated in a positive fraction
of cells, results are proven for a zero death rate and homogeneous division and mutation rates.
For sites mutated in a finite number of cells, results are proven for sequence-dependent death,
division, and mutation rates.

We also assess the infinite sites assumption’s validity. Our results say that for typical
parameter values, the number of sites to violate the ISA is at least millions, or even billions, in
a single tumour. Thus our work agrees with [20]’s statistical analysis of single cell sequencing



6582 D. Cheek and T. Antal / Stochastic Processes and their Applications 130 (2020) 6580-6624

data which says that ISA violations are widespread. It should be emphasised however that ISA
violations do not necessarily invalidate the ISA. One of our results says that ISA violations do
not impact mutation frequencies viewed at the scale of population fractions. Bulk sequencing
data, which is the majority of cancer genetic data [8], views mutation frequencies at the scale
of population fractions. Therefore our work endorses analyses of bulk sequencing data which
are reliant on the ISA, such as [4,8,26,27].

Before commencing the paper, let us note that there are a wealth of other works on mutations
in branching processes. Especially common are infinite alleles models, for example [6,9,13,23],
where each individual in the population has an allele which can mutate to alleles never before
seen in the population. In an infinite alleles model, a mutation always deletes an individual’s
ancestral genetic information. In an infinite sites model on the other hand, a mutation never
deletes ancestral genetic information; mutations simply accumulate. The DNA sequence model
which we study sits between those extremes.

The paper is structured as follows. In Section 2, we introduce the model in its simplest form.
In Section 3, we give notation and preliminary ideas. In Section 4, we present the paper’s main
results. In Section 5, we give generalisations and open questions. In Section 6, we prove results
on sites mutated in a finite number of cells. In Section 7, we prove results on sites mutated in
a positive fraction of cells. In Section 8, we discuss the infinite sites assumption’s validity. In
Section 9, we consider data from a lung adenocarcinoma and estimate mutation rates.

2. Model

Here the model is stated in its simplest form. It comprises two parts.

1. Population dynamics: Starting with one cell, cells divide according to the Yule process.
That is, cells divide independently at constant rate.

2. Genetic information: The set of nucleotides is N = {A, C, G, T}. The set of genetic sites
is some finite set 8. The set of genomes (or DNA sequences) is G = N®. Each cell has
a genome, i.e. is assigned an element of G. Suppose that a cell with genome (v;);es € G
divides to give daughter cells with genomes (Vi(l))ieg and (Vi(z))ieg. Conditional on (v;),
the Vi(’) are independent over i € § and r € {1, 2}, and

3, i
l—p, ¥ =u.
It is also assumed that mutations occur independently for different cell divisions.

The model is generalised to cell death, selection, and nucleotide/site-specific mutation rates
in Section 5.

3. Preliminaries

3.1. Luria—Delbriick distribution

Let (Yi)ren be an i.i.d. sequence of random variables with
1

PlY,=jl= —
W=71=50
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for j € N. Let K be an independent Poisson random variable with mean c. The Luria—Delbriick
distribution with parameter c is defined as the distribution of

K
B=Y Y. (1
k=1
It is commonly seen in its generating function form (e.g. [21,30])
Ez? = (1 —z)°¢' D, )

The connection between (1) and (2) is made explicit in [7] for example. Although the
distribution is named after Luria and Delbriick (due to their groundbreaking work [22]), it
was derived by Lea and Coulson [21]. See [30] for a historical review.

The Luria—Delbriick distribution’s power-law tail was derived in [24].

Lemma 3.1. lim,,_,.,mP[B > m] =c.
3.2. Yule tree

The set of all cells to ever exist, following standard notation, is
T = Uy{0, 1}.

A partial ordering, <, is defined on J. For x, y € T, x < y means that cell y is a descendant
of cell x. That is, x < y if

1. there are [;, 1, € Ny with [} <, and x € {0, 1}"1, y € {0, 1}"2; and
2. the first [; entries of y agree with the entries of x.

Note that ¥ € T and that ¥§ < x for any x € T\{/}. So @ is the initial cell from which all other
cells descend. For further notation, write x < y if x < y or x = y. Also, write x0 and x1 for
the daughters of x € T; precisely, if x € T and j € {0, 1}, then x;j is the element of {0, 1}/*!
whose first [ entries are the entries of x and whose last entry is j.

Let (Ay)ecg be a family of i.i.d. exponentially distributed random variables with mean 1.
A, is the lifetime of cell x. The cells alive at time ¢ are

Ti = xe‘I:ZAygt<ZAy .

y=<x y=x
The proportion of cells alive at time ¢ which are descendants of cell x (including x) is
Hy € Ti : x <y}

P., =
|7

Lemma 3.2. For each x € 7,
lim P, =P, = [ U,

1—00
N<y=x

almost surely, where

1. the Uy are uniformly distributed on [0, 1];
2. forany y € T, Uy + Uy = 1;
3. (Uyo)yeg is an independent family.

Lemma 3.2 will be proved in Section 7.
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3.3. Mutation frequency notation
When DNA is taken from a tumour, the tumour’s age is unknown, but one may have a rough
idea of its size. Therefore we are interested in the cells’ genetic state at the random time
o, = min{t > 0: |T;| = n},

when the total number of cells reaches some given n € N.

Write VA (x) = (Vi’“'“ (x))ies € G for the genome of cell x € T (where w is the mutation
rate). So (V#(x)).eg is a Markov-process indexed by T with transition rates given in Section 2.
Write V(@) = (u;);es for the initial cell’s genome. A genetic site is said to be mutated if its
nucleotide differs from that of the initial cell. Note that, according to this definition, a site which
mutates and then sees a reverse mutation to its initial state is not considered to be mutated.
Write

B = [{x € Tp, : V/(x) # uy} 3
for the number of cells which are mutated at site i € § when there are n cells in total. The
quantity (3), and its joint distribution over 8, is the key object of our study.

3.4. Parameter regime

The number of cells in a detected tumour may be in the region of n = 10°, whereas
the mutation rate is in the region of u = 107 [15]. The human genome’s length is around
18| = 3 x 10°. Very roughly,

n~p a8
Therefore we study the limits:
en—o00, u—0,nu— 0 < o0;

oen—>o00, u—>0,nu—0 < o0, |8 = oo (sometimes with [S|u — n < 00).

Remark 3.3. Taking the number of sites to infinity is not to be confused with the infinite sites
assumption.

4. Main results

The first result shows that sites are typically mutated in only a finite number of cells, and
that these numbers are independent across sites.

Theorem 4.1. As n — 0o and nu — 0 € [0, 00),
(B"")ies = (Bi)ics

in distribution, where the B; are i.i.d. and have Luria—Delbriick distribution with parameter
26.

Remark 4.2. Taking |8| = 1, Theorem 4.1 recovers results of single site models [7,14,17,19,
21].
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The site frequency spectrum is a popular summary statistic of genetic data. It is defined as
the empirical measure of mutation frequencies:

Y oy
ie8
The site frequency spectrum sees a law of large numbers.

Theorem 4.3. As n — oo, nu — 6 € [0, 00), and |8] — oo,

1
5 Y g —> A
ie8

in probability, where A is the Luria—Delbriick distribution with parameter 20. Convergence is
on the space of probability measures on the non-negative integers equipped with the topology
of weak convergence.

Theorems 4.1 and 4.3 teach us that almost every site is mutated in only a finite number of
cells. What about the rare sites which are mutated in a positive fraction of cells? Heuristically,
the Luria—Delbriick distribution’s tail gives the probability that site i is mutated in at least
fraction a of cells:

Pln~'B"" > a] ~ P[B; € (na,n)] 4)

~2u(a~' —1). (3)

Approximation (4) is a hand-waving consequence of Theorem 4.1. Approximation (5) is due
to Lemma 3.1. The next result offers rigour (see Fig. 1).

Theorem 4.4. Leti € S and a € (0,1). As n — 00 and nu — 6 € [0, 00),
w Pl B > a] — 2(a - 1).

Theorem 4.4 and linearity of expectation yield the mean site frequency spectrum at positive
fractions of the population.

Corollary 4.5. Leta € (0,1). As n — oo, nu — 0 € [0, 00), and |S|u — n € [0, 00),
EY 8, 15mua, 1) = 2n@" = 1).
ie8 1
The next result gives the distribution of the site frequency spectrum at positive fractions of
the population.

Theorem 4.6. As n — oo, nu — 6 € [0, 00), and |S|u — n € [0, 00),
St X Mo
ie8 xeT\{#}

in distribution, with respect to the vague topology on the space of measures on (0, 1]. That is,
the measure applied to a finite collection of closed intervals in (0, 1] sees joint convergence.
The random variables which appear in the limit are:

o (M,) is a family of i.i.d. Poisson(n) random variables;
o (P,) is from Lemma 3.2 and is independent of (M,).
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Fig. 1. The number of mutant cells with respect to a single site is simulated 10° times. The parameters are
w = 1073 and n = 103. The plot compares P[n~'B"* € (a, 1)] (simulation), P[n~! By € (a, 1)] (Theorem 4.1),
and 2u(a~' — 1) (Theorem 4.4), for a € (0, 1). Simulation and Theorem 4.1 appear indistinguishable.

Remark 4.7. The mean site frequency spectrum, according to Theorem 4.6’s limit, is

E| Y Mdpla )| =2n@" -1
xeT\{#}

which recovers the limit of Corollary 4.5.

Remark 4.8. The variance of the site frequency spectrum, according to Theorem 4.6’s limit,
is bounded below by

Var [ " Mdp(a. 1) | =2 = 1).
xeT\{#}

In particular, the coefficient of variation tends to infinity as a 1 1.

The details of Remarks 4.7 and 4.8 are given in Section 7.5 (see Fig. 2).

5. Generalisations

Motivated by biological reality, we introduce some generalisations: cell death, selection, and
heterogeneous mutation rates.

5.1. Model and notation

Starting with one cell, the cell population grows according to a continuous-time multitype
Markov branching process. The types are the genomes, elements of § = NS It will be helpful



D. Cheek and T. Antal / Stochastic Processes and their Applications 130 (2020) 6580-6624 6587

108 = " .
TR simulation
% Theorem 4.3
\ Corollary 4.5
102 ¢ \ E
" AN
Q 1L = 4
% 10 N
G S
o ™
o
E anbik N
2 10 \
107 F
102 . .
107 102 107 10°
fraction of cells
Fig. 2. The site frequency spectrum is simulated a single time. The parameters are u = 1073, n = 103,

and |$| = 10°. The plot compares Y ;s 8,-15mx(a, 1) (simulation), IS|P(n~'B; € (a,1)] (Theorem 4.3), and
2|8|u(a=" — 1) (Corollary 4.5), for a € (0, 1).

to classify different types of genetic site. Partition the sites into neutral and selective sites:
8§ = Sneut U 8sel,

with 8 # . For a genome v = (v;);es, Write v/ = (v;);es,, for its restriction to the selective
sites. Let « and B be functions with domain N and range [0, 00). A cell with genome v
divides at rate «(v") (to be replaced by two daughter cells) and dies at rate S(v’).

The initial cell is said to have genome u, which is assumed to give a positive growth rate:
a(u') > B).

Consider a cell with genome (v;);cs dividing to give daughter cells with genomes (Vi(l)),’eg
and (Vi(z))ieg. Conditional on (v;), the Vi(r) are independent over i € § and r € {1, 2}, and

B[V = yion] = ui.
Slightly adapting previous notation, write
_ x,w)

# (Ml €8x, yeN
for the collection of mutation rates. Now let us state the notation for mutation frequencies (for
brevity, unlike in Section 3.3, we shall do so in words). Write B;l’“ for the number of cells
which are mutated at site i when n cells are first reached conditioned on the event that n cells
are reached.

5.2. Generalised Luria—Delbriick distribution

Let (&)ren be an i.i.d. sequence of exponentially distributed random variables with mean
A7 Let (Yi()ken be an i.i.d. sequence, where Y;(-) is a birth-death branching process with
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birth and death rates a and b respectively and initial condition Y;(0) = 1. Let K be a Poisson
random variable with mean c. The (&), (Yi(:)), and K are independent. The generalised
Luria—Delbriick distribution with parameters (A, a, b, ¢) is defined as the distribution of

K
B =) Yi&).
k=1

Its generating function

A A b/a —
Ez? =exp(cb/a — DF |1, ;14 ; /a=z
a—>b a—b 1-—z

when a > b is seen in [7,17,19]. Here F is Gauss’s hypergeometric function.
Taking parameters (A, A, 0, ¢) recovers the Luria—Delbriick distribution with parameter c.
The generalised Luria—Delbriick distribution with parameters (A, Aa, Ab, c¢), for A > 0 and
a,b,c > 0, does not depend on A. So one could define the distribution with 3 rather than 4
parameters. We choose 4 for a cleaner interpretation of results.

5.3. Results

To begin, Theorem 4.1 is generalised. The genomes whose only difference from the initial
cell’s genome is at site i € S,

Gi={veG:Vjed (u; #v;, < i=))}, (6)

will play a crucial role.

Theorem 5.1. Take n — oo and nuf’w — «91?“/’ € [0,00) for all i € 8§ and x, ¥ € N with
X #= V. Then

n
(Bi )i s Z Xy
ved; ie8
in distribution, where the X, are independent and have generalised Luria—Delbriick distribu-
tions with parameters

2ot(u’)9iu[’v[ )
a() —Bw))”
In the next result, which generalises Theorem 4.3, we keep the number of selective sites

finite while taking the number of neutral sites to infinity. For this limit, mutation rates require
consideration. Partition the set of neutral sites:

Sneul = U S(])v

jeJ

(oz(u/) — B, a(v), V),

such that mutation rates and the initial genome’s nucleotides are homogeneous on S(j) (J is
just some indexing set). Write u*¥(j) = ,ulx ¥ for the mutation rates of the sites i € S8(J).
Write u(j) = u; for the initial genome’s nucleotide at the sites i € 8(j).

Theorem 5.2. Take n — oo, nu*¥(j) — 0%¥(j) € [0,00), |Spew| — 00, and
IS/ 8newl = q(j), for all j € J and x,¥ € N with x # . Then

é Y g 2 Y a(NAG)

ie8 jeJ
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where the A(j) are generalised Luria—Delbriick distributions with parameters

’ ’ 1 ’ Za(u’) u(j) g s
() = By, ), B), —— 3 g
a(u’) — Bu’) ,
YeN\{u()}
Convergence is on the space of probability measures on the non-negative integers equipped
with the topology of weak convergence.

5.4. Open problems

To generalise Theorem 4.6 to a non-zero death rate, selection, and heterogeneous mutation
rates, we conjecture the following.

Conjecture 5.3. Take n — oo, nuXV(j) — 6%V(j) € [0,00), and u ¥ (NS —
n*v(j) e [0, 00), forall j € J and x, ¥ € N with x # V. Then

Ry
Z 8n_13[{l.xt — Z Z M, .dp,

ie8 xeT r=l1

in distribution, where convergence is in the same sense as Theorem 4.6. The random variables
which appear in the limit are:

o (P.)rea\(py is distributed as in Lemma 3.2 (and Theorem 4.6), and Py = 1;

o (Ry)xeq\(y Is an iid. family of geometric random variables with parameter (o(u') —
Bw")) /() + B(')), and Ry is independent of (R,) but with Ry < Ro—1;

e (Py,) is independent of (R,) if and only if B(u’) = 0;

o (M, ,)rerreNn is an iid. family of Poisson random variables with mean
20 2yt DV (), independent of (P, R,).

See the Appendix for a heuristic derivation of Conjecture 5.3, which is based on a Yule
spinal decomposition of the branching process.

Selection in cancer is a major research topic, and there have been attempts to infer selection
from cancer genetic data [5,8,27]. Pertinently, Theorem 5.2 and Conjecture 5.3 suggest that
selection may not be visible in mutation frequency data, which according to [26] is the case
for around 1/3 of tumours. However we have assumed that the number of selective sites is kept
finite. According to [5], there are 3.4 x 10* selective sites at which mutations can positively
affect growth rate. Thus insight could be gleaned, for example, by taking |Ss| — oo with
My|Ssel| —7n for Y € (07 1]

6. Mutations at finite numbers

In this section we prove results on mutations present in only a finite number of cells. In
Sections 6.1 to 6.5 we prove Theorems 4.1 and 5.1 (where § is finite). In Section 6.6 we prove
Theorems 4.3 and 5.2 (where |§| tends to infinity).

6.1. Counting genomes

Assuming mutation rates u = (u;"w)igg;NeN, write

XE(1) ™
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for the number of cells with genome v € G at time ¢ > 0. (Recall that the initial condition is
XH(0) = 6,,p.) Write

o} =min{t zO:ZX{f(t):n
ve§
for the time at which n € N cells are reached, and use the convention min ¢ = oo.
Recall from (6) that G; is the subset of genomes with exactly one mutation which is at site
i. Write

922={vel: i €8:v #ui}| =2}

for the subset of genomes with at least two mutations.

Theorem 6.1. Take n — oo and nuf’w — Qix’w € [0,00) fori € S and x,y¥ € N with
X #= . Then

[(XT (@ Duegrmlon < 00] = (Xo)vegyu)
in distribution, where the X, are independent and distributed according to:

e for v € G;, X, has generalised Luria—Delbriick distribution with parameters
(o) = s e, o O )
aw)—pw),av), pv), ———— ] ;
a(u') — )

e forve Gs, X, =0.

Theorem 6.1 says that cells with at least two mutated sites are non-existent. However
simulations and biology tell the opposite story, that cells typically have many mutated sites.
This apparent contradiction comes because, while the population size and mutation rate
reciprocal converge to infinity, the number of sites is kept finite. So the result only makes
sense if one is considering a small subset of the billions of sites.

The mutation frequencies are

(B");es = | 22 Xt
veg
ViU ie8
conditional on the event {0’ < oo}. Therefore Theorem 6.1, via the continuous mapping
theorem, implies Theorems 4.1 and 5.1.

Theorem 6.1’s proof is rather lengthy. So, before jumping in with the technical details, let
us give an overview.

In Section 6.2 we present a construction of (X {,‘(cr,ﬁ‘ )veg. The construction will ultimately
illuminate the importance of various subpopulations and the mutations between them. Of
particular importance is the primary subpopulation, which is defined as those unmutated cells
which have an unbroken lineage of unmutated cells going back to the initial cell. The primary
subpopulation, in the limit, grows deterministically and exponentially.

In Sections 6.3 and 6.4 we show that several events are negligible: primary cells divide
to give two mutant daughters; primary cells mutate at multiple sites at once; mutated cells
receive further mutations, including backwards mutations. With these events neglected, the
situation is pleasingly simplified. The primary subpopulation seeds, as a Poisson process
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with exponential intensity, single-site mutant subpopulations. The mutant subpopulations grow
without further mutations, independently. This gives independent Luria—Delbriick distributions.
Finally, in Section 6.5 we condition on the event that the population reaches n cells.

Although the proof’s overview may sound simple, the details are less so. The reader will
find that the random time o, shoulders a large responsibility for complexity.

6.2. Construction

Additional notation to be used in the proof: for v € G,

€y = ((Sv,w)weg

is the element of (Ny)¥ denoting that there is one genome v and zero other genomes.
Let

= X’W)
[/»Ln]nEN [(M"" iES;X,‘/fENi|n€N

be a sequence of mutation rates. Assume that
lim nu’) = 67" € [0, 00)

n—o00
for x # .
Fix n € N. For v, w € G, write
pa(v, w) = [ T " ®)

ie8
for the probability that a cell with genome u# which divides, gives daughters with genomes v, w
(which implies that we have assumed an ordering of the daughters — the first has genome v and
the second has genome w). Now the construction of (X4» (o} )veg begins. For the foundational
step, introduce the following random variables on a fresh probability space.

1.
(Z" )0
is a birth-death branching process with birth and death rates
oy = a(u') py(u, u)
and
Boi=Bu)+a@) Y puv,w).
v,weG\{u}
The initial condition Z"(0) = 1 is assumed.
2. For j e N,
&
are {#J} U (G\{u})?-valued random variables, with
Bu’)
Bn

)

P[E" = ] =

and for v, w € G\{u}

a()p,(v, w)

]P’[E;-' =, w)] = 5
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3. For v € G\{u} and j € N,
n
gvy j ()

is a (Np)9-valued Markov process, with the same transition rates as (X4 "(-))xeg (defined
in (7)) and with the initial condition Y} j(O) = e,.
4. For v, w € §\{u} and j € N,

yﬁw,()

is a (Np)9-valued Markov process, with the same transition rates as (X% "(-))xeg and with
the initial condition ¥y , (0) = e, + ey.
5. Forv € G,

(Ny())e=0
are Poisson counting processes with rate 1.

The random variables
(20, B Y (0 Y (O, N ©)

are assumed to be independent ranging over v, w, j.

Let us explain the meaning of the random variables introduced so far. Z"(-) represents the
‘primary’ subpopulation — which we define as the type u cells whose ancestors are all of type
u. That is to say, there is an unbroken lineage of type u cells between any primary cell and the
initial cell. The rate, «,, that a primary cell gives birth to another primary cell, is simply the
type u division rate multiplied by the probability that no mutation occurs in either daughter
cell. The rate, B,, that a primary cell is removed, is the rate that a type u cell dies plus the
rate that a type u cell divides to produce two mutant daughter cells.

The E7 describe what happens at the jth downstep in the primary subpopulation trajectory.
If E;’ = (J, then the downstep is a primary cell death. If EJ" = (v, w), then the downstep is a
primary cell dividing to produce two mutant daughter cells of types v and w.

Sometimes a primary cell divides to produce one primary cell and one mutant cell of type v.
For the jth time that this occurs, HZ, j(t) is the vector which counts the cells with each genome
amongst the descendants of that type v cell, time ¢ after its birth.

Sometimes a primary cell divides to produce two mutant cells of types v and w. For the jth
time that this occurs, Y} ;(1) is the vector which counts the cells with each genome amongst
the descendants of the two mutants time ¢ after their birth.

The N,(-) will soon be rescaled in time to represent the times at which primary cells divide
to produce one primary cell and one cell with genome v.

The random variables introduced so far, seen together in (9), provide all the necessary
ingredients for the construction of (X" (o,"))yeg. Now we build upon these founding objects,
defining further random variables.

6. For v € G\{u} and > 0,

K, (t)= N, <2pn(u, v)a(u/)/ Z”(s)ds) . (10)
0
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7. For j € N and v € G\{u},
T, =min{t > 0: K(t) = j}.

St =min{t >0: Z"(t) — Z"(t7) = —1},
and then for j > 1, recursively,
S;’ = min{t > S;Ll 272" - Z"t7) = —1}.

(Here Z"(t7) == limyy, Z"(s).)
9. For v, w € 9\{u},

T, = mln{S" jeN, E;’ = (v, w)},
and then for j > 1, recursively,

T, ;=min{S}:jeN, 8 >T) . | E} =@ w)

v,w,j

10. For v, w € G\{u}, and ¢t > 0,

L= ENT, <1},

UlU

Let us explain the meaning of the new random variables. The K (¢) specify the number of
times before time ¢ that primary cells have divided to produce one primary cell and one type v
cell. Let us check that this interpretation makes sense. Conditioned on the trajectory of Z"(-),
K!(-) is certainly a Markov process, and increases by 1 at rate 2p,(u, v)a(u’)Z"(t) - i.e. the
rate at which primary cells divide multiplied by the probability that exactly one daughter cell
is primary and one is type v.

§7 is the time of the jth downstep of the primary subpopulation size. Then T}, ; is the time
of the Jjth primary cell division which produces two mutant cells of types v and w. Note that a
primary cell division which produces two mutant cells necessarily coincides with a downstep
in the primary subpopulation size. K, (¢) is the number of primary cell divisions before time
t which produce cells of types v and w.

The reader might question why we have decided to construct the ‘single mutation’ times
and the ‘double mutation’ times so differently. The reason for the difference is that single and
double mutations will play different roles in the limit, and require different techniques for the
proof.

At last the construction reaches its dénouement.

11. For ¢t > 0,

xn(t) = Zn(t)eu
Ky (1)
+ Y Z Y (=
veG\{u} j=I1
Ky ()

T2 ) W= T,

v,weG\{u} j=I1
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12.
o, = min{r > 0: [X"(1)] = n},
where | - | is the /;-norm on R9.

Note that X"(-) has the same distribution as (X*"(-)),eg; both objects are Markov processes
on (Ng)¥, whose initial conditions and transition rates coincide.

Next we will show that certain elements of the construction converge in distribution.
Convergence will sometimes be in the Skorokhod sense. For notation, write ID(/, R) for the
space of cadlag functions from an interval I C [0, 00) to a metric space R (which will always be
complete and separable). The space D(/, R) is equipped with the standard Skorokhod topology.
Less standard, we will also consider the space ID([0, co], R), which is defined by identification
with D([0, 1], R). Let us be specific. Define w : [0, 1] — [0, oo] by

—log(l —s), s€][0,1);

00, s=1.

w:s =

For f e IX[0, 1], R) define W(f) = f o w~!. Then the space D([0, oc], R) is the image
of w equipped with the induced topology. Note that according to this definition, for all
z € D([0, oo], R), lim,_, o, z(¢) exists. In fact we will only consider z € ID([0, co], R) with
lim;_, o 2(#) = z(00).

Lemma 6.2. As n — oo,

(e Z"(O)ieto.00) = (€7 ZHO)icpo.c0)

in distribution, on the space ([0, co], R). Here

n =ty — By
is the growth rate of the primary cell population;
A=a@')—Bw)

is the large n limit of A,; and Z*(-) is a birth-death branching process with birth and death
rates a(u') and B(u').

Remark 6.3. The processes of Lemma 6.2 are defined at t+ = oo. For n large enough that
A >0,
e M®Z"(00) = lim e "' Z"(t) = W",
—>00
and
e *®°Z*(00) = lim e M Z*(r) = W*.
—>00
The limits W” and W* exist and are finite almost surely, which is a classic branching process

result [3].

Proof of Lemma 6.2. The transition probabilities of the (e 1'Z"(r)) rel0.0o] 2D
(e‘”Z*(t))rE[0 o) Are well-known [3,7,11]. These transition probabilities depend continuously

on the birth and death rates, so finite-dimensional convergence is given. To show tightness we
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shall use Aldous’s criterion [1]. Extend w(s) to s € [0, 2] by setting w(s) = w(1) = oo for
s € [1,2]. Write

M"(s) = e Z" (w(s))

for s € [0, 2]. Let (p,) be a sequence of [0, 1]-valued stopping times with respect to (M"(-)).
Let (3,) be a positive deterministic sequence converging to zero. Then, writing JF,, for the
sigma-algebra generated by M"(-) up to time p,,

E[(M™(pn + 8,) — M"(0))*1F 5,1 = EIM" (0 + 8,)*1F 5,1 — M"(p1)*

— (e*)tnw(/)n) —An@(pp +5n))

— e

% oy + B M"
An

where the last equality comes thanks to the fact that

(on),

M) 4 TP ; P o) g s

n

is a martingale. But

e*)hnw(l’n) _ e*)hnw(ﬁn‘Hsn) — (1 _ Ion))hn _ 1{l—pn—5,120}(1 _ :011 _ Sn))hn
< max{A,8,, 8;"}.
Now,
n n Op + ,311 n
E[(M"(0y + 8,) — M"(p,))*] < max{i,3,, SQ'I}A—EM (on)
= max{A,35,, ajn}%ﬁ".

n
Take n — oo to see that M"(p,+8,)—M"(p,) converges to zero in L, and hence in probability,
thus satisfying Aldous’s criterion. [

Lemma 6.4. Asn — oo,
%ﬁj() = Y,,;j(ey
in distribution, where Y, ;(-) is a birth-death branching process with birth and death rates o(v")

and B(v") and initial condition Y, ;j(0) = 1. Convergence is on the space ([0, 00), RY).

Proof. It is enough to note that the transition rates converge (see for example page 262
of [12]). O

Lemma 6.5. As n — oo,

Z ez — (O)ken
j<kn’/2 keN

in distribution, on the space RN,
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Proof. Note that
lim n*P[E]} # §] = 0.
n—oo
Then
P Z 1{55_1;% =0k=1,...,r| = IP’[E;’ =0;j 5rn3/2]
j<kn3/2

Lrn3/2J

= (1-2[E; %1)
— 1. O

Remark 6.6. The number 3/2 which appears in Lemma 6.5 is not special. It only matters that
3/2 € (1, 2). The relevance of the result will be seen in Section 6.3.

Lemma 6.7. As n — oo,

(@ Z"O)reo.cons (B, (Oret0.00) gy jeres | 2o Liensn

i <knd/2
j=kn’/ keN

converges in distribution to
[ Z* @t (Vs Oeet0.50) gy jere» Orert |
on
([0, 0], R) x D ([0, 00), RY) T R,
where the Z*(-) and Y, ;(-) are independent.
Proof. The convergence seen in Lemmas 6.2, 6.4, and 6.5 is joint convergence over the product
space due to independence. [

We are yet to say how the random variables in (9) are jointly distributed over n € N. In
fact, the choice of this joint distribution over n € N has no relevance to the statement of
Theorem 6.1. Hence the choice can be freely made, in a way that streamlines the proof. We
assume that:

nli)n;o(e_A”’Z"(t)),e[o,OO] = (™M Z*(t))re10,00] (1)
almost surely, on the space D([0, oo], R);
nlirgo(yz’j(t))te[o,oo) = (Yv,j(t)ev)te[o,oo) (12)

almost surely, on the space D([0, c0), R9), for v e S\{u} and j € N; and

Y lLesn| = Oken (13)

j<knf? keN

almost surely, on the space RY.

To justify that it is possible to have constructed the random variables in such a way that
(11), (12), and (13) hold, one can bring in Skorokhod’s Representation Theorem, to use with
Lemma 6.7.
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6.3. Neglecting double mutations

Call the event that a primary cell divides to produce two mutant cells a ‘double mutation’.
Recall that double mutations are represented by the events {E’} = (v, w)}, which occur at the
times S7 when the primary cell population steps down in size. In order to comment on double
mutations, we will first prove a rather crude upper bound for the number of downsteps in the
primary cell population trajectory. Write

7, = min{t > 0: Z"(t) € {0, n}}, (14)
for the time at which the primary cell population hits 0 or n. Write
D, :=|{j eN: 8" <1}

for the number of downsteps in the primary cell population before time 1.

Lemma 6.8.

supn 2D, < oo
neN

almost surely.

Proof. For each n € N, let (Rj’?) jen be a sequence of i.i.d. random variables with

P[R"} = x]

J

_ a, /@, + Bn), x=1;
IBn/(an +.8n)9 x=-1

SO

k
1+) R
j=1

is a random walk, whose distribution matches that of the discrete-time embedded chain of
Z"(-). Write

keN

k
Pn = Min keN:l—i—ZR;fe{O,n}
j=1

for the number of steps until the walk hits n or 0. Then the number of downsteps before hitting
nor 0 is

Pn

d
D, = Z 1{R;!:71} = Pn-
j=1

Therefore we can bound the tail of D,’s distribution:

P[D, > n*?] < P[p, > n*?].
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32
But {p, > n?} c {1 + Z,Ln:l ! R < n}, so

[n3/2]
P[D, >n*?1 <P|1+ Z RJ’?<n
j=1
2
[n3/2] 15
L2,
< ]P’[ Z R — = (15)
- J
=1 a, + By
3/21) 2
><Ln ] n+1_n>i|
oy + Bn
) n3/2]
|n32 ], )
5(—+1—n Var ZR;? (16)
oy +ﬁn =1
< cn_3/2, (17

for some constant ¢ > 0. Inequality (16) holds for large enough n and Inequality (16) is
Chebyshev’s inequality. Finally, (17) gives that

ZIP’[Dn > n*?] < o0,
neN
and the result is proven by Borel-Cantelli. [J

Now it is to be seen that double mutations occurring before time 7, can be neglected.

Lemma 6.9. Ler v, w € G\{u}. As n - oo,
Ky, (t) = 0

almost surely.

Proof. From Lemma 6.8, C := sup,, .y n=32D, < oco. Then

Ky (1) = Z HEr=.w)

rcn3/2]
Z HEr=.w)
j=1

rcn3/2]

> L.
j=1

By (13) this converges to zero as n — oco. [J

IA

IA

6.4. Convergence of genome counts

The purpose of this section is to show that X"(o,) converges when conditioned on the event
{W* > 0} (W* is defined in Remark 6.3). The times 7, (defined in (14)) will play the role of
a helpful stepping stone in the proof.
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Lemma 6.10. Condition on {W* > 0}. Then, almost surely,

1. there exists ng such that for all n > no, Z"(t,) = n, and
2. lim,_, 00 T, = 0.

Proof. To see the first statement, observe that there exists ny such that for all n > ng,
wW" > W*/2 > 0. For such n, lim;_, o, Z"(t) = 0o, and hence Z"(-) > 0. To see the second
statement, suppose for a contradiction that there exists a bounded subsequence (7,,) C [0, C].
Then, for large enough k,

ng = Z"(1,,) < sup sup Z"(z).
neN te€[0,C]

The left hand side of the inequality is unbounded over k. On the other hand, the right hand
side, which does not depend on k, is finite thanks to (11). O

Lemma 6.11. Condition on {W* > 0}. Suppose that (a,)nen is a sequence of real-valued
random variables on the same probability space as everything else, with

lim a, = oo,
n—o00

an S T}’l
for each n, and

lim (a, — 1,) =1 € [—00, 0]
o0

n—

almost surely. Then, almost surely,

lim Ki(a) = {g:a), v<8uies
where

KX (s) = NyQa a(u))g)"" ™).
Moreover, for v € G; and j € N,

i (a0 = 7¢)) =1 =T,

n— 00 v.J

almost surely, where

T, ; = min{s € R: KJ(s) = j}.

Proof. Let ¢t € R. Since Z"(t,) = n,

ap—+t t 7"(a + 5 e)\,,tn
n71/ Z"(s)ds =/ )f - ) M=+ g
0 —an e n(an+s) Z"(Tn)

Thanks to (11):

1. for any sequence (t,) which converges to infinity, lim,_,o, e """ Z"(t,) = W* almost
surely; and
2. SUP, e SUP;c(0,00] e Z"(t) < oo almost surely.
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So, using dominated convergence,

an—+t
lim n*lf Z"(s)ds = A1t HD
0

n— 00

almost surely. Note also that

uj, v .
0., vel;

1

lim np,(u, v) =
n—oo p ( ) {0, V€ 922.

Then
ap+t
lim 2p,(u, v)o(u') / Z"(s)ds = 22" a(u))B; " M,
n—oo 0
Hence, recalling (10),

ap+t
Kj(a, +1) =N, (2pn(u, v)a(u’)/ Z"(S)dS>
0
converges almost surely to
Kl +1) =N, (22 a@)e/ " M),

because N,(-) is almost surely continuous at any fixed point.
Finally we check convergence of the a, — T} ;. Let € > 0. For sufficiently large n,

Kl(a, — 1+ T,jfj +e)= K:(vaj +€) > j;
SO

ap =1+ T, +e>T),
or equivalently
a, —Tv’fj > — T;fj — €.
The argument is now repeated for an upper bound. For sufficiently large n,
Kjan =1+ T, —e)= K (T ; —€) < J
SO

an—l—i—T:j—e<T"

v,j°

or equivalently

an—Tv'fj<l—Tv’fj+6. O

Lemma 6.12. Condition on {W* > 0}. Suppose that (a,) satisfies the conditions of
Lemma 6.11. Then, almost surely,

Ky
Jim (V) = Z'@en) =D D Jew 3 Yo =T,
ie8 vey; Jj=1

where the Y, ;(-) are from Lemma 6.4 and the K(-) and T, ; are from Lemma 6.11.

Remark 6.13. By definition, TU*J <lfor j=1,...,K(). So the limit in Lemma 6.12 is
well defined.
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Proof of Lemma 6.12. Recall that

K }(an)
X"(an) — Z"(@n)ey = ) Zy (ay — 1))
veSG\fu} j=1

w (an)

L, Z‘évw, =T

v,weG\fu} j=1

The ‘double mutation’ term in (18) converges to zero, because

K ,(an) = K7, (T0),

6601

(18)

which converges to zero by Lemma 6.9. As for the ‘single mutation’ term in (18), Lemma 6.11
says that the K] (a,) and a, — T, ; converge to Ky(l) and I = T} I while (12) says that the

v,

Yy () converge to e, Y, ;(-). O

Lemma 6.14. Condition on {W* > 0}.

lim (6, — 7,) =0
n—0oQ

almost surely.

Proof. By Lemma 6.10, for large enough n, Z"(z,) = n. So |X"(t,)| > n, and hence o, < 1,.

Therefore
liminf(o, — 7,) <O.
n—o0
Suppose, looking for a contradiction, that
liminf(o, — 7,) =1 € [—00, 0).
n—oo
Take a subsequence with
lim (0,, — 7)) = 1.
k— 00
Then, by Lemma 6.12,
|xn(ank) - Zn(Unk)eul

converges, and so must be a bounded sequence. However it is also true that, taking k — oo,

|xn(ank) - Zn(Unk)eul = N — an(ank)

e)‘"kank an(l-nk)
A
~ (1 — ™),

which is unbounded. O

Lemma 6.15. Condition on {W* > 0}.
K}(0)

lim (X"(0) = Z"(o)e) = Y D e Z Y, (T,

ieS veg§;

almost surely.

np )\nk Tny
ny (1 — Me—e)hnk(gnk—fnk)
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Proof. By Lemma 6.14, (0,,) = (a,) satisfies the conditions of Lemma 6.11 with [ = 0. Then
Lemma 6.12 gives the result. O

Let us look at the limit in Lemma 6.15. For v e G;, K¥(0) is Poisson distributed
with mean 2\~ oz(u’)@”‘ Y Conditional on K(0), the times (— T* ) Ky (©

o1 unordered, are i.i.d.
exponentially distributed random variables with mean A~'. So

K3(0)

ZY,U( ;)

has generahsed Luria—Delbriick distribution with parameters
(A, @), B, 22 ()6 "") .

Therefore the limit of Lemma 6.15 is a vector of independent generalised Luria—Delbriick
distributions:

K3 (0)
d
PIDITD IR G NEND DR
ie8 vey; j=1 veG\{u}

where the X, are as stated in Theorem 6.1. To complete the proof of Theorem 6.1 we need to
show that conditioning on {W* > 0} can be translated to conditioning on {0, < oo}, which is
the subject of the next subsection.

6.5. Conditioning on reaching n cells

In order to connect {W* > 0} and {0, < oo}, the next result is the key. It states that these
events are approximately the same for large n.

Proposition 6.16.
1. lim,_, o P[W* > 0,0, = o0] =0, and
2. lim, o P[W* =0,0, <o00] =0.

Let us break the proof of Proposition 6.16 into several lemmas; the idea is that the random
variable W" be used as an intermediary.

Lemma 6.17.
lim P[W* > 0, W" =0] =0.

n—oo
Proof. If W* > 0, then there exists ng, such that for all n > n,
W*

W .
)

So

lim 1{W*>0,W”=0} =0.
n— 00

Therefore, by dominated convergence,

P[W* - O7 w" = O] = EI{W*>O,W":O} — 0. O
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Lemma 6.18.
P[W" > 0,0, = 0] =0.

Proof. If W" > 0, then lim;_, o, X" (t) = 00, and so 0, < co. [

Proof of Part 1 of Proposition 6.16.
PIW* > 0,0, =o0] = P[W* > 0,0, =00, W' =0]
+P[W* > 0,0, =00, W' > 0]
< P[W*> 0, W" =0]
+Plo, =00, W'>0]— 0
as n — 0o, by Lemmas 6.17 and 6.18. O

The structure for the proof of Part 2 of Proposition 6.16 is much the same as that of Part
1. However the details will require a little extra work.
Lemma 6.19.
lim P[W* =0, W" > 0] =0.

n—00

Proof. Let € > 0. If W* = 0, then there exists n( such that for all n > no
W" < e.
So

hm 1{W*=0,W"2€] = 0
n—o00

almost surely. Then by dominated convergence,

lim P[W* =0, W" > €] =0.

n—00

Meanwhile for each n,

PIW" € (0, )] = 2 (1 - e—«%f) <e

n

(the distribution of W” is seen in [3,7]). Therefore

limsup P[W* =0, W" > 0]

n—oo
<limsupP[W* =0, W" > €] + limsup P[W" € (0, ¢)]
< e€.

But € > 0 was arbitrary, giving the result. [J

Lemma 6.20.
lim P[W" =0, 0, < 00] =0.

n—0oo
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Proof. If the primary population size never reaches n and there are never any mutations, then
the total population size never reaches n. That is, if Z"(z,) = 0, K;(-) =0 and K7 ,(:) =0
for all v, w € G\{u}, then

sup | X" (¢)| < n,

>0
which means that o, = co. Equivalently,
{ow < 00} C {Z"(z) =n} U {Tv, K() # 0} U{3(v, w), K7, (-) # O}
={Z"(m) = n} U (I, K;() # 0}
U{3(w, w), K7 ,,(-) # 0, Z"(z,) = 0},

where the equality relies on the fact that {Z"(z,) = 0} U {Z"(t,) = n} covers the whole
probability space. It follows that

P[W" =0,0, < o0] < P[W" =0|Z"(z,) = n]
+ Y PIK}() #0[W" =0]

veG\{u}

+ Y PIKT () #0125 = O], (19)
v,weG\{u}

We will show that each term of the right hand side of Inequality (19) converges to zero. Firstly,

P{W" = 0|Z"(,) = n] = (5—) ,

n

which is the probability that Z"(-), if starting at size n, eventually goes extinct; this clearly
converges to zero.
Secondly,

E |:Sltlp K{}(r)‘w" - o}

) [Ng (2pn(u, v)ot(u')fooo Z"(s)ds) W = 0]

- E[E[N{} (21),,(14, va) /0 N Z”(s)ds) |z70)]|wr = 0}
—E |:2pn(u, v’ /OOO z"(s)ds(W" - 0]

= 2pu(u, V() /O T ELZ ()W = 01ds

o0
=2p,(u, v)o(u') / e ds
0

— 0,

because p,(u, v) — 0. Hence

P [sup K'(t) # O‘W" = o} - 0.
t
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Lastly,

PIK] () # 0|Z"(t,) = 0] = P[K] ,(tx) # 0|Z"(z,) = 0]
_ PIK} (@) #0]
P[Z"(z,) = 0]

But P[K} ,(t,) # 0] converges to zero by Lemma 6.9, while P[Z"(7,) = 0] converges to
P[W*=0]>0by (11). O

Proof of Part 2 of Proposition 6.16. Just as for Part 1,

P[W*=0,0, <o00] = P[W"=0,0, < oo, W > 0]
+P[W*=0,0, < oo, W'=0]
< P[W*"=0,W" <0]
+Plo, <00, W'=0]—0

as n — 0o, by Lemmas 6.19 and 6.20. O
Corollary 6.21 (To Proposition 6.16).For any sequence of events (Hy),en,
lim P[H,, 0, < oo] = lim P[H,, W* > 0]

if the limit exists.

Proof. Partition the event {H, N (W* > 0U 0, < o0)} in two ways to obtain

P[H,, 0, < 0o] + P[H,, W* > 0, g, = o0]
=P[H,, W* > 0]+ P[H,, W*=0, 0, < o],

and take n — oco. 0O

Finally we are in a position to prove Theorem 6.1.

Proof of Theorem 6.1. For any R C (No)9\},

]P’[(Xuﬂn(o,,))veg\{u] €R, 0, < oo]

lim
n—00 Plo, < o0]
P | (X (0n)),cqr i € R W >0
. [ €5\) ] (20)
n—00 P[W* > 0]
= P(Xy)ves\(u) € R], 2D

where (20) is due to Corollary 6.21 and (21) is due to Lemma 6.15. O
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6.6. Law of large numbers

Proof of Theorem 5.2 (and Theorem 4.3). The expected site frequency spectrum is given by

E [|8|‘1 ng;w{k}} = ISI7" Y PIBM = k]

i€8 i€8
= 187! Z P[B"" = k]
[€8ge]
+I8I7M Y Y PIBM =k, (22)
jel ieS(j)

for k € Ny. The penultimate term of (22) vanishes:

817" > P[B! =k] > 0

iESsel

because |Sg|/|8| — 0. The last term of (22) can be written as

5730 Y rar =k =Y C gy = i,

jeJ ie8(j) jeJ |8|
where P[B™*(j) = k] = P[B"" = k] for i € 8(j). But
8(J) )
B, q()),

N
while Theorem 5.1 implies that

P[B"*(j) = k] — A(j){k}.
Therefore the expected site frequency spectrum converges:
E [|8|—' ZSvaﬂ{k}} — > g(NAG)K).
ie8 jeJ
The variance is

Var [|8|1 ZSB(L/L{k}:| = 18|72 ZVar[l{Bn,uzk}]

ie8 ie8
-2
+18177 ) Covll gy, Ly
i,jes ’
i#]
< 18|7" 4+ max Cov[1, . , gy ].
=8+ i,jes [ (B =k) (Bj M*k}]
i#j

Because S and J are finite sets and the random variables are exchangeable over S(j), the
maximum is taken over a finite set. Theorem 5.1 says that the covariances converge to zero. [J

7. Mutations at positive fractions

In this section we return to the basic Yule process setting, proving results on mutations
present in a positive fraction of cells. In Section 7.1 we prove Theorem 4.4 and also prove
an upper bound for mutation frequencies. In 7.2 we prove Lemma 3.2 and another result
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concerning cell descendant fractions. In 7.3 we determine mutation frequencies under the
infinite sites assumption. In 7.4 we show that the infinite sites assumption can offer an
approximation for mutation frequencies, concluding the proof of Theorem 4.6. In 7.5 we give
details of Remarks 4.7 and 4.8.

7.1. Single site mutation frequencies and an upper bound

Write
Bl ={x €T :V'x) #u;}
for the cells which are mutated at site i € 8, and
Bl ={yeT:Ix e Bl x <y}

for their descendants. Recall that T, are the cells alive when the total number of cells reaches
n. Note the inequality

B =B NT, | > B NT,, | =B (23)

The goal of this subsection is to prove Theorem 4.4 and the following closely related result,
which will later play a crucial role in the proof of Theorem 4.6.

Proposition 7.1. Leti € S and a € (0, 1). As n — o0 and nju — 6 € [0, 00),
/fl]P’[n’IEi"’“ >a]l— 2@ =1).

For this subsection we are always talking about a single site i € 8; for convenience, let us
drop the subscript i from the notation. To begin the proofs of Theorem 4.4 and Proposition 7.1,
fix u, and observe that (B"*),cn is a Markov process on the nonnegative integers with transition
probabilities

P[B! = kB = j]

L(u/3), k=j—1;
_ 23 = w3+ A - k= )
A w3+ 2 -, k=41

il k=j+2.

Here, j/r is the probability that one of the j mutant cells divides, while (/3 is the probability
that a mutant’s daughter reverts to the unmutated state. The process (B""),cn has transition
probabilities

P[B" " = k|B™ = j]

U0 k=Jj;
= P -, k=41 (2)
=Ly, k=j+2.

The key idea of the proof will be to condition on the number of cells when the first mutant
(with respect to site i) arises. For this purpose, introduce

& =min{r e N: B"* > 0}
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for the total number of cells when the first mutant cell arises. Let
oKk p&tae _
Bl = (B = j)

be the event that the first cell division to see a mutation gives j mutant cells, for j € {1, 2}.

Lemma 7.2. Forr e N,

2, j=1
llm _IP M:r, E”’ frd ’ ’
lim LS i1 0. j=2.

Proof. The probability that the first » — 2 cell divisions give no site i mutations multiplied by
the probability that the (r — 1)th cell division gives exactly one mutant daughter is
PlE* =r, 51 = (1 — W) 2u.
Similarly
P§" =r 5= (1 - w2
Divide by p and take © — 0. O

The next result gives conditional mutation frequencies.

Lemma 7.3. Leta > 0. As n — oo and nu — 6 € [0, 00),
Pln~'B"" > alg" =r, 5] > (1 —a)"!
and

Pln'B"" > alg" =r, - (1 —a)~!

Proof. Calculating from the transition probabilities (24),

E[B*" B = k] =k + 5 "k(1 — 8/3) + 2.

So
E[ts+ D 'B™ B =k]=5s""k+s ' s+ D" <2s — §k> W,
and hence
sk =257 < E[(s + D7 BB = k]
<s 4257 (26)

For the rest of the proof we WiAll condition on the event {£# = r, = l“}. That is, we will consider
the processes (B*#);>, and (B*#);>, conditioned on B"* = B"#* = 1. Write
E a[]=E[|" =r, 5]
for the conditional expectation. From (26), for s > r,
By [s7 B ] =257\ < By [Gs + )7 B
<E, [silBS”‘] +25 . (27)
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Combining (27) with
E, [r_lB”“] =r1,

we have that, for n > r,

n—1 n—1
rol— Z,LLZS_I <E. [n_lB"’“] <r 'y 2MZS_1.
s=r s=r

Therefore, as 4 — 0 and nu — 0,
E, [n’lB"’“] — L

In just the same manner,
E,, [rflé””‘] —r L

Consider the single mutant cell present when the total number of cells is r. Write D" for the
number of cells which have descended from this mutant cell when the total number of cells is
n > r. The process (D", n — D"),>, is just Polya’s urn. So

E, 1 [n_lD"] =r L

Moreover a well-known result (e.g. [10]) says that, as n — oo, n~! D" converges to a Beta
random variable. That is, for a € (0, 1),

P, [n7'D" > a]l - (1 —a) ", (28)

which is exactly the limit we wish to show for n~'B™* and n~'B"*. To show that n~' D",
n~'B™* and n~! B™" share the same limiting distribution, we will show that their differences
converge to zero. The inequality

D" < B
gives that

E,,1|n’11§”"‘ —n7'D" = E,,lrflén’“ — Er,ln’ID” — 0.
The inequality

B < B
gives that

IEr,lm_]Bn’M — I’l_an’Ml = ]Er,ln_an’” _ Erqlf’l_]B"’” — 0. O

Lemma 7.4. Consider (i,)nen With n, — 6 € [0, 00). Then

A

supP[n~'B" > a|&' =r, 5] < supP[n~' B > algM" =r, 5]
neN ’ neN

cr_z,

A

where ¢ > 0 does not depend on r, j.
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Proof. The first inequality is immediate. We prove the second. From the transition probabilities
(25),

E [(§s+1,un)2|l§s,un _ k] — 2 (1 TP —4Mns_l)
k(A + 5711 =20, — 2u0))
+ 200 + 200
< k(s 4+ 1)?s 7+ dnp, + 2, + 202 + 1.
So, for s < n,
E[(s 4+ D72B 2 B = k] < 57+ 572, (29)

where c¢; > 0 is a constant which does not depend on k, n, s. Now let us condition on {{#" =
r, = ]f‘ "}, again writing [, ; for the conditional expectation. From (29), for s € {r, ..., n},

E, [(s + D72 (B2 — E, j[s72(B*")*] < s7%c).

This leads to, for s € {r, ..., n},

E, ls 2 (B )]

A

s—1
E lr (B ) e ) 17

t

s—1
r_2j2 + ¢ Zs_z
t=r
<cr !, (30)

where ¢, is a constant which does not depend on j, n, r,s. (In the following, cs, ..., cg Will

also be constants.) Calculating third moments from the transition probabilities,
E I:(B&Fl,lln)?)léf,llvn — k] — k3 (1 + 3371(1 _ zﬂn _ 4#3))

+ k% (64, + 357" (1 — 2, — 6112))
+k (600 + 602 — 57 (1 + 241, +612))
+ 2/, + 641

< k(s + 13573 + 3k + cakn™".
Then

E I:(S + 1)73(@&1’1,#")3'@5,;}," — k] < S73k3 +C3s74k2 +C4572n71.
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Hence
Eps [+ DB | By [ By
< 3 B [s 2B ] 4 cas T,

which combined with (30) gives that

n—1

E, j[n 7 (B")] = B, j[r (B ) | +esr™ Y 57
< 3+ c6r_2
< cr 2.
Apply Markov’s inequality to conclude. [
Proof of Theorem 4.4 and Proposition 7.1.
w 'Pln' B > a)
oo 2
=> > w'PlE" =r, 1P B > algt =1, 5. 31

r=2 j=l1

Lemmas 7.2, 7.3, and 7.4, along with the Dominated Convergence Theorem, show that the
limit of (31) is

2 Z(l —a)y =2a' - 1.
r=1

The same argument works for Bt O

7.2. Cell descendant fractions

Here we are concerned with the P, , (the fraction of cells alive at time ¢ > 0 which are
descendants of cell x € 7).
Aldous [2], in a different language to ours, gives a similar result to Lemma 3.2. Rather than
adapting his result, we now give a distinct proof of Lemma 3.2.
Proof of Lemma 3.2. Write
D,={yeT:x <Xy}
for the descendants of cell x € T, and write
Dy =Dy NT,
for the descendants of cell x € T which are alive at time ¢ > 0. Observe that

DLZKXAyﬂz yeT:x <y, Z A, <t < Z A, ¢

x=z=<y x=zXy
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Hence

(1D0y s avel)

is measurable with respect to the sigma-algebra generated by (A,),cp,, and has the same
distribution as

(1D0.41),20 = (TiDizo
It follows that

0

. —t —_
Tim e Dys 4l = W

almost surely, where W, ~Exp(1); moreover if x, y € T are such that D, N D, = ¢, then W,
and W, are independent. In particular, W,y and W,; are independent. Now,

lim |Dx0,f| — lim |Dx0,t| _ WxO .
=00 |Dx,t| t—o0 ] + |®x0,t| + |®x1,t| WxO + le .

almost surely, and U,o+U,; = 1. A standard calculation shows that U, is uniformly distributed
on (0, 1): for u € (0, 1),

o0 [e¢]
PlUy < u] = / / e Ve *dydz = u.
0 z(1—u)/u

It remains to show independence of the U,. Another standard calculation shows that
WxO
WxO + le
is independent of
WxO + le :

for (u, v) € (0, 1) x (0, 00),

x0

Uy =

uv vV—2
PlUxo < u, Weg + Wy <v] = / f eiyeizd)’dz
0 z(1—u)/u

=u(l—(14+v)e™™)
PlUyo < u]P[Wyo + Wy < v].

Now fix / € N. Because U, and W,y + W, are measurable with respect to the sigma-algebra
generated by (A,),ep,\(x}» Wwe have that

[(Uxo)ixi=t» Wxo + Wi xj=t, (A0 <] (32)

forms an independent family of random variables.
Finally we complete the proof by induction. Suppose that (Uyo)ce7:|x|<; 1S an independent
family. Observing that for any x € 7,

Wy = e~ (Wo + W),

we have that (Uyg)reT:|x|< 1S measurable with respect to the sigma-algebra generated by
[(Wyo + Wi)ix=t» (A)x<i]-

Then, thanks to the independence of (32), (Uyo)xe7:|xj<: forms an independent family. O

Next comes a technical result whose value will become apparent in the next subsection.
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Lemma 7.5. Let € € (0, 1). The set
{x e T\{#}:3r >0, P, > €}

is almost surely finite.

Proof. For t > 0, let F; be the sigma-algebra generated by (Ty)scpo,- For t > s > 0,
conditional on ¥, (Py't)yE‘J'S is exchangeable. So for y € 7,

e,
Ellyer,) Pys|F] = j’; |‘}

Now let x € T\{}. We have

Pir = 1yp, y=0 Prr = Z Py,
y€Dy s

and hence
E[Py|Fs] = Py s.

That is, (Py):>0 1S a submartingale with respect to (F;);>0. Then by Doob’s inequality,
P[3t > 0, P, > €] =Plsup P, , > €] < € *E[(P,)’].

t>0

But P, is simply a product of |x| independent Uniform(0, 1) random variables, where |x| € N
is the generation of x (that is, x € {0, 1}"*!). So E[(P,)?] = 3~*!. Hence

P[3t >0, P, > €] =P[sup P, > €] < e 2371,

>0

Now

Z Pt >0, P, > €] < 26*2(2/3)‘ < o0,

xeT\{0} leN
so the Borel-Cantelli lemma concludes the proof. [J

7.3. Mutation frequencies under the infinite sites assumption

Enumerate the elements of 7T,
T = (% )ken,
in such a way that
X <1 = j <k (33)

Let us give an example of such an enumeration: map ()c(r))f=1 e {0,1)) ¢ Tto?2 +

S 25 x(r).

Assuming a mutation rate p, write
¢ = min{x € T: V' (x) # u;}

for the first cell (with respect to the enumeration) which sees a mutation at site i € 8.

Remark 7.6. ¢, has geometric distribution:

Plg) = xi] = pu(1 — )"
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In this subsection we are concerned with Py . , which is the fraction of cells alive at time
0, (when n total cells are reached) which are descendants of cell ¢>f‘ . Phrased another way,
Pyt o, is the fraction of cells alive at time o, which are mutated at site i under the infinite
sites assumption.

Next we give an infinite-sites analog of Theorem 4.6.

Proposition 7.7. As n — oo, u — 0, and |8|u — n € [0, 00),

ZBP@”.U,,_) Z M)(BPX

ic8 xeT\{4}

in distribution, with respect to the vague topology on the space of measures on (0, 1].

The proof of Proposition 7.7 will require us to count the number of sites which see their
first mutation at cell x € T\{{} (with respect to the enumeration); write

M!S = (i € 8: ¢! =x}I.

Lemma 7.8. As u — 0 and |S|u — n € [0, 00),

(M"3) e = (M) xer\i)

in distribution, where the M, are i.i.d. Poisson(n) random variables.

Proof. The initial cell is x; = ¢. The number of sites which mutate in cell x», M}fz’s,
is binomially distributed with parameters § and w. This converges to a Poisson(n) random
variable. Now, for induction, suppose that

lim (M’l;fﬁ)k = (MXJ)Ijzz

n—o00 j=2

in distribution, where the M, are i.i.d. Poisson(n) random variables. Then
k+1 k
.8 — Ak S .8 _ Ak
P [(M;; ) = <m,>,:2] =P [M = met| (M%) = (m,),-zz]

j=2
k
x P [(MQS)H = (m j)';zz} _ (34)

k
Due to the property (33) of the enumeration, Mﬁ(’fl conditioned on the event (M)’fj’5> =
j=2

(m j)’;:2 is just a binomial random variable with parameters |S| — Z,];:z m; and p. Therefore
(34) converges as required. [

Proof of Proposition 7.7. Fix a sequence of sets of sites (8,),cn and a sequence of mutation
rates (i, )nen With w1, |8,| — n. Apply Skorokhod’s Representation Theorem to Lemma 7.8 to
obtain random variables (M}),eo\(g).neny and (M, )yeq\ (g Which satisfy

d nasn
L. (M)ervpy = (M )ceq\g for each n € N;

d
2. (M)xervigy = (My)xeT\gy; and
3. limy— o (MP)xeq\igy = (M )xeT\ipy almost surely.
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Put the M}, M, on the same probability space as the P,,, Py so that the M!, M, are
independent of the P, ;, P;. Then

— HnsSn
Yo, = X M,

ie8 xeT\{#}

Z M)'cl(SPx,an °

xeT\{0}
Let I1, ..., I; C (0, 1] be closed intervals. Then

k
(Zr?pq&#ﬂn(lj)) =X mise,ap| - (33)
j=1

ie8 xeT\{0}

I~

j=1

Lemma 3.2 says that P, ,, converges to Py; and P, does not lie on the boundaries of the I;
with probability one, so the summands of (35) converge pointwise. Meanwhile Lemma 7.5 says
that the sum is over a finite subset of T\{#}. O

Lemma 7.9. Leta € (0,1). Asn — 0o, u — 0, and |S8|u — n € [0, 00),
E [Z Ory,, (@ 1)] — 2n(a”' = 1).
ie8
Proof. First,

liminfE [Z 8p, , (@, 1)} >E [nmz(spw (@, 1)}

i€8 i€8

=E| Y Mdp(a.l)

xeT\{7}
=2 - 1),
by Fatou’s lemma, Proposition 7.7, and Remark 4.7. Second,

E [Z Ory,, (@ 1)] < E [Z 8,1 (@, 1)}

ies ies
— 2p(a~' = 1),

by the inequality Py ,, < n~'B"* and then Proposition 7.1. [J
7.4. The infinite sites assumption approximation

Lemma 7.10. Leta € (0,1). Asn — 00, nu — 0 € [0, 00), and |S|u — n € [0, 00),

D 0ry @ 1) =Y 8, ipruta, 1)

ie8 ie8

E

— 0.

Proof. The inequalities

n*lBinall S n*lBinaﬂ Z P¢H
1

:0n’
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imply that
28,1713!('1#(61, 1)< 25,1713;1»#(61, D> ZsP#LW (a, 1).
ie8 ie8 ie8
Hence
E|Y dp,, (@)=Y 8-ipmua 1)
€8 ! ie8S
<E|Y 81pn@ =) 8p,, (@)
ie8S iesS !
+E|Y 8, -1pmn(a, 1) = ) 8, ignia, )
i€8 : €8S
=2E) 8,-ijrn(a, 1) —E Zapﬁw (@a)—EY 81, 1),
€8S €8 €8S

which converges to zero thanks to Corollary 4.5, Proposition 7.1, and Lemma 7.9. O

Proof of Theorem 4.6. Let Iy, ..., I; C (0, 1] be closed intervals. Writing || - || for the /;-norm

on R,
k k
E (Z 5n13;1,u(1,)> - (Z 5%;‘.5" (1,-))
ie8 j=l1 ie8 j=1
k
= ZE Z(anBlfv,#([j) - ZBP#LM (Ij)
j=1 ie8 ie8
— 0,

due to Lemma 7.10. Therefore

k
(Z %-my«((ﬂ)
J

= =1

and

ie8

k
(Z 8P¢#.Jﬂ (Ij ))
j=1

share the same limiting distribution, if it exists. This limiting distribution, by Proposition 7.7,
is

Y Mde )

xeT\{#) |

J

as required. [J
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7.5. Mean and variance of the site frequency spectrum

Finally, let us check Remarks 4.7 and 4.8. Note that
—log(P,) = — > log(Uy)

y=x

is a sum of i.i.d. mean-1 exponentially distributed random variables, which is just a gamma
random variable with parameters |x| and 1. Then

P[P, > a] = P[—1log(P,) < —log(a)]

—log(a) slx\—le—s
_ / Sl g,
0 (x| = D!

E |:Z ngpx(a, 1)j| = UZP[PX > Cl]

—log(a) |x|—1,—s
=7 Z/ S u
0 (Ix| = D!

X

—log(a) S17167S
= [ s
0

So

—" (-
—log(a)
= 277/ é'ds
0
=2n@ ' —=1).

As for the variance of the site frequency spectrum,

Var [Z M. 8p,(a, 1)} = Var [IEJ [Z M 8p,(a, 1)|(Px)ﬂ
+E |:Var [Z M.8p,(a, 1>|(Px)ﬂ
>E |:Var [Z M,8»,(a. 1>|(Px>ﬂ
=K [Z Sp.(a, 1)Var [Mx]:|
=nE [Zah(a, 1)] :

8. Infinite sites assumption violations

The infinite sites assumption (ISA) is a popular modelling assumption, stating that each
genetic site can mutate at most once during the population’s evolution. There are influential
and insightful analyses of tumour evolution which rely on the ISA, for example [4,8,26,27].
However, recent statistical analysis of single cell sequencing data shows “widespread violations
of the ISA in human cancers” [20]. Thus it is unclear to what extent [4,8,26,27]’s analyses can
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be trusted. Our studied model of DNA sequence evolution does not use the ISA and invites a
theoretical assessment of the ISA’s validity.

Let us check the prevalence of ISA violations. For simplicity, consider the most basic version
of the model, which was introduced in Section 2. Building upon notation of Section 3.2, write

Ty ={xeT:IyeT,,x <y}

for the set of ancestors of those cells alive at time o, (when the total number of cells reaches
n). Write

XPH = (G, xj) 1 x € Ty, j € 10, 13, Vi) # VEGe )|

for the number of times that site i mutates up to time o,. Observe that X!"* is binomially
distributed with parameters 2n — 2 and w. Site i is said to violate the ISA if X;"* > 2, which
occurs with probability

pln, p) = PIX;"" > 2]
=1—(1—"? = @2n—2ud —w>>.
Then the number of sites to violate the ISA,
i es: X" >2),

is binomially distributed with parameters |S| and p(n, ). If parameter values are indeed in the
region of n = 10° and u = 1077, then the expected proportion of sites to violate the ISA is
in the region of 0.5. This means that the expected number of sites to violate the ISA may be
in the billions. Even if very conservative parameter estimates were plugged in, the number of
violations is still massive. In fact violations are even more common if one considers cell death.
Suppose that cells divide at rate « and die at rate 8. Then to go from a population of 1 cell to
n cells requires approximately no /(o — B) cell divisions, where the factor «/(¢ — ) may be
as large as 100 [4].

Despite the apparent prevalence of ISA violations, our results suggest that their impact
on mutation frequencies is negligible at the scale of population fractions. Importantly, bulk
sequencing data is only sensitive on the scale of population fractions. Our theoretical work
stands in support of the data-driven works [4,8,20,26,27].

Note however that our model only considers point mutations; it does not, for example,
consider deletions of genomic regions, which are thought to be a significant cause of ISA
violations [20].

9. Estimating mutation rates

In this section we wish to give the reader a light flavour of mutation frequency data and its
relationship to the model. We estimate mutation rates in a lung adenocarcinoma.

9.1. Diploid perspective

Before presenting data, an additional ingredient needs to be considered: ploidy. Normal
human cells are diploid. That is, chromosomes come in pairs. Therefore a particular mutation
may be present zero, one, or two times in a single cell. It should be said that the story is
far more complex in tumours, with chromosomal instability and aneuploidy coming into play.
Even so, many tumour samples display an average ploidy not so far from two (for example
see Figure (1a) of [28]). We imagine an idealised diploid world.
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Fig. 3. A histogram of mutation frequencies from a lung adenocarcinoma.

To illustrate the diploid structure, label the genetic sites as
§={1,2} x{1,..., L},

for some L € N. The first coordinate of a site (i, j) € 8 states on which chromosome of a
pair the site lies, and the second coordinate refers to the site’s position on the chromosome.
Mutations at sites (1, j) and (2, j) are typically not distinguished in data. In the original model
set up, mutations were defined as differences to the initial cell’s genome. Let us slightly improve
that definition. Now a genome v € G is said to be mutated at site (i, j) € 8 if v; ; # r;, where
(r‘j)f:] is some reference. Then data is simplistically stated in the model’s language as

2
1
Fi=— E B! 36
J on P i,j ( )

for j = 1,..., L. That is, the total number of mutations at position j divided by the total
number of chromosomes which contain position j.

9.2. A lung adenocarcinoma

The mutation frequency data of a lung adenocarcinoma was made available in [29] (499017,
Table S2). The data is plotted in Figs. 3 and 4. This is just one tumour to illustrate our results.
A broader picture of data is seen in [4,26]. They analysed hundreds of tumours. Around 1/3 of
the tumours were said to have a power-law distribution for mutation frequencies, resembling
the one we consider.

Our method to estimate mutation rates is, to a large extent, inspired by [4,26]. Their attention
is restricted to a subset of mutations. They ignore mutations at frequency less than 0.1, saying
that their detection is too unreliable. They ignore mutations above frequency 0.25, in order to
neglect mutations present in the initial cell (which are relatively few). We do the same.

Write

M(a,b)y={jef{l,...,L}: F; € (a, b)}|
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Fig. 4. The number of mutations (of the lung adenocarcinoma) whose frequency is in the interval (0.1, x), for
x € (0.1,0.25).

for the number of mutations with frequency in (a,b) C (0.1,0.25). Then, adapting
Corollary 4.5 to (36), the expected number of mutations with frequency in (a, b) is

EM(a, b) ~ u|S|(a~ ' — b7 ). 37

Under different models, [4,26] derive the same approximation (37). They estimate the mutation
rate u by applying a linear regression to (37). We simplify matters even further. Our estimator
for u is
. M(0.1,0.25)
B
which (37) says is asymptotically unbiased. Now let us calculate i for the data example. The
data shows mutations on the exome, which has rough size |$| = 3 x 108 [4]. And the number
of mutations in the specified frequency range is M(0.1, 0.25) = 112. This gives

A =6.2x1078.

(38)

Next let us consider mutation rate heterogeneity. Write u, for the rate that nucleotide x € N
mutates. Partition the genetic sites:

8§=38,U8c U8z U3,
where
Sy={ieS:u =y}
is the set of sites which are represented by nucleotide x in the initial cell. Just as before,
o = M, (0.1, 0.25)
’ 613, |
is an unbiased estimator for u,. The data gives

(ia, fc, G, fr) = (0.7, 12.8,15.0, 1.5) x 1078,
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This method could easily be extended to offer more details, for example to estimate the rate
at which nucleotide A mutates to C or to estimate mutation rates on different chromosomes.

The just presented statistical analysis is of course simple and brief. We recommend [§8]
for a far more comprehensive statistical analysis of mutation frequency data. However their
infinite-sites framework does not consider mutation rate heterogeneity.
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Appendix

A heuristic ‘proof’ of Conjecture 5.3 is given.
First we argue that, in the conjecture’s limit, selection is unimportant. Write

Geel = {v € G:3i €8, Vi # ui}
for the set of genomes which are mutated at a selective site. Write
Zvegsel X{;’([)
Zueg Xflk(t)

for the proportion of cells at time ¢ > 0 whose genomes are mutated at a selective site. Then,
according to Theorem 6.1,

(0L ()0} < 00) — 0

fel(f) =

in probability. Therefore we neglect selection.

Cells divide and die at rates o(1’) and 8(u"), which we now abbreviate to & and 8. Some cells
have an ultimately surviving lineage of descendants. Other cells eventually have no surviving
descendants. Name these cells immortal and mortal respectively. In a supercritical birth-death
branching process, it is well-known (eg. [10]) that the immortal cells grow as a Yule process and
the mortal cells grow as a subcritical branching process. An immortal cell divides to produce
two immortal cells at rate « — 8, or it divides to produce one immortal and one mortal cell at
rate 28. A mortal cell divides at rate 8 to produce two mortal cells, or it dies at rate «. Because
the process is conditioned to reach a large population size, let us assume that the initial cell is
immortal.

The notation of Section 3.2, T = U2,{0, 1} and its partial ordering <, will be used to
represent the immortal cells. Let (A, )¢c7 be i.i.d. Exp(a — ) random variables, which represent
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the times for immortal cells to divide to produce two immortal cells. The immortal cells at time
t >0 are

T, = XGTIZA)-SI<ZAy .

y=x y=x

The immortal descendants of x € T are

D;:{yeﬂ':xﬁy}.
The number of immortal descendants of cell x at time 7 is

D, =|D.NT,.
Let ((Rx(1))i20) .y be i.i.d. Poisson processes with rate 28. Write R, , = min{r > 0 : R (1) =
r}forr =1,..., R,(Ay). Then the seeding times of mortal cells are

Ser= Ay+Ry,.

y=<x

Each seeding event initiates a subpopulation of mortal cells; let (¥ .(f));>0 be i.i.d. birth-death

branching processes with birth and death rates 8 and «. Then the number of mortal descendants
of x at time 7 is

Ry(Ay)
D)lrv,lt = Z Z Ly—s,, =01 Yyr (t = Sy.r) .
yeD, r=1

The number of descendants of x at time ¢ is
D.,= D], + D},

The next result shows the long-term proportion of a cell’s descendants which are immortal.
The result is a basic consequence of classic branching process theory [3], and was mentioned
in its specific form by [10].

Lemma A.1. There is ¢ € (0, 00) with

I
. X,t

lim =c

t—00 Dx,t

almost surely.

We use Lemma A.1 to see the number of descendants of a cell as a proportion of the total
population.

Lemma A.2. For x € T\{d},

. Dy,
lim
t—00 DQ),{

- P,
almost surely, where the Py are as in Lemma 3.2.

Proof. By Lemmas 3.2 and A.1,
Dx,t _ Dx,t D){,t D;),t
D(?),t D){’, Dé’t DQ,t

converges to the required limit. [J
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Let us look at mutations. In the proof of Theorem 4.6 it was shown that the number of
new mutations to arise at a cell’s birth is approximately Poisson. Here, with heterogeneous
mutation rates, the number of new mutations to arise at a cell’s birth is approximately Poisson
with mean

=y > nPVQ.

JeJ yeN\{u(j)}
Each x € T\{} witnesses 1 + R,(A,) cell divisions, while ¢} witnesses Ry(Ay) cell divisions

(one less because there is not a cell division associated to the initiation of ). So the number
of new mutations to arise at x is

Ry (A .
Y Moy, x £
ZRx(Ax) M x = @

X,rs — Y,

r=1

where the M, , are i.i.d. Poisson random variables with mean 7. In the proof of Theorem 4.6
it was also shown that a mutation which arises in cell x will have approximate frequency P;.
Here, thanks to Lemma A.2, the situation appears identical. It only remains to discuss mutations
arising in mortal cells. Any subpopulation of cells which descended from a mortal cell must
eventually die out. Hence mutations arising in mortal cells are negligible when compared to
the infinite total population size.
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