Homework 3

October 27, 2014

(due on Friday 10/17, 2.10pm, before class starts):

1) Suppose that M is a closed subspace of a Hilbert space H.

a) Show that M = (M*)*.

b) Is there a similar statement for subspaces M which are not necessarily closed?

Solution: Suppose that M is a closed subspace of a Hilbert

a) Show that M = (M*)*.

Vo € M,Vy € M+ (x,y) = 0= M C (M*)*. Hence if M is a closed subspace of
H, then M is a closed subspace of the Hilbert space (M*)+ and so (M)t =M oW
where W is the orthogonal complement of M in (M=+)t. Hence W c M+ N (M*+)+ =
{0} = W = {0} and so M = (M*+)*.

b) Is there a similar statement for subspaces M which are not necessarily closed?

M = (M+)*.

2) Let H be a Hilbert space and A : H — H be a linear bounded operator such that
Az is defined for every x € H (in other words the domain of A is the whole space H).

Prove that 1
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Solution: We have that
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sup (A& m)| > sap (A&, n)| > [|A]
EneH,|€]I<1,|In]I<1 §eH,|€I<1,

if we choose n = ﬁ. To get the reversed inequality we note



(A, m] < [|A]
if ||€]] < 1,]|n|| < 1, hence the proof follows.



