Workshop 5

November 11 2014

1. Let ¢ € D(R) and assume that ¢(0) = ¢'(0) = --- = ¢*)(0). Show that there
is 1 € D(R) with ¢(z) = 21 (z).

Solution: Expanding ¢ by its Taylor series around 0 we see that the ratio
o(x)/2*+1 is well defined near the origin. Hence we set 1(z) = ;f,fi)l It follows
from Leibnitz rule that 1 € D(R) because 2**! vanishes only at the origin and
hence 1’s support is in the support of ¢.

2. Show that there is a 1) € D(R) with ¢ = ¥ if and only if fj;o P(z)p(x)dx =
0 for each polynomial P of degree at most k — 1.

Solution: Use integration by parts. Indeed, let us assume that ¢ = ¢*) and
show that the integral vanishes. We have after k times integration by parts

400 +00
/_ P(a)p()de = / Pla)® (2)da 1)

[o¢] o0
+o00

= (_1)k/ OOp(’c)(x)w(x)dx = (—1)’“/ 0¢Y(x)dr = 0.

—00 —00

Now let us prove the converse statement. First assume that & = 2 then we
want to show that if

+oo
/ (ax + b)p(z)dxr =0

o0

for any real numbers a, b then there is ¢ € D(R) such that ¢ = ¢. Let A > 0
such that suppp C [—A, A]. Taking first a = 0,0 = 1 and then a = 1,b = 0 we
get

+A
¢(x)dx =0 (2)
—A
+A
/ x¢(x)dr =0 (3)
—A



Define
2 o(t)dt if x> —A,

vr(w) = { 0 otherwise.
Thanks to (2) we see that ¢; € D(R). Next we define

U(z) = { ng Pi(t)dt if x> —A,

otherwise.

Thanks to (3) we see that that ¢» € D(R). Observe that | = ¢,¢" = | = ¢
and the proof follows. The general case follows by induction.

3. (Homework problem) The principal value of 1 is defined as P1(¢) = lim f|x|>6 @dml

e—0

e Show that Pi defines a distribution
e Represent P%(qﬁ) as a double integral.
e Find the primitive of 77% in the sense of distributions.

Solution:

For the first part we have to check that the distribution defined in this form
is continuous because the linearity is obvious. Thus we want to show that for
any compact set KR there is a positive integer k and a constant C'(K) > 0 such
that the following holds

k

(6. P)] < C() Y suplo(a)].

1=0

Without loss of generality we will take K = (—R, R) because R = Ugr~o(—R, R).
We have from mean value theorem that the principal value satisfies the following
estimates (vp stands for principal value)

(6P| = 'vp [2 i) = o [ z ?0) *f'(x"”dl«‘ )
:hm/€+/RM®+¢@W%4

R
< / 16/ (20)|dz < 2Rsup ||
R

where z is some pony in the interval |z| < R. Hence k =1 and C(K) = 2R.



As for the second part we note that

ool v
:/_:JF/ER/; & (ta)dtde.

lim _R€+ / ’ %‘”)dx: /_ Z /0 ()b (6)

Finally the third part follows by direct computation using integration by
parts.

Hence

4. Find all f € D'(R) with zf(z) =

1.
Solution: If z # 0 then f(z) = . Ext endlng = around the origin and using
the previous problem we will get that f(z) = P.

5. Compute the following limits in D'(R).

e (a) lim t*x costr
t—o0

e (b) lim t?|z| costx
t—o0

° ( ) tllglo sn;tx

e (d) tliglo(cos tz)vp(l/x)
e (e) tlirglotsin(t|m|)

Solution: The main idea is to use integration by parts. In what follows
¢ € CP(R).
(a)

lim [ t*xcostrg(z)dr = tlim /t:p(sin tr)'¢(x)dr = — lim [ sintz(zd'(z) + ¢(x))tdx

t—o00 t—o00

= lim [ (costx) (x¢'(z) + ¢(x)) = — Jim [ cos te(z¢" (z) + 2¢'(x))dx =

t—o00

= — lim %(Sin tr) (x¢"(x) + 2¢'(x)) = tlg?o/ %(sin tx)(xe" (x) + 3¢"(x))dx — 0

t—o0

3



(b)

0 0
lim t?|z| cos tep(x)dr = lim {—/ t*x costxg(z) + / t*x cos ta:gb(m)dx}
0

t—o0 S t—o0 S

Using partial integration as in the previous problem we get that the limit is
—2¢(0). Hence the limit in D'(R) is —26.
(c)

Recall that the Dirichlet integral is fooo Sig”jdx = 5. Then we have

/_ ) Su;m¢(:c)dx = $(0) { /_ ) —dr+ /0 = xdx} + /_ o) - B(0)]——dz

= 700) + [ [6() ~ 60 e = 50(0) + [ [olu/t) ~ 0(0) Ly  o(0)
_ _ )

o0 [e.o]

Thus the limit in D'(R) is 70.
) Let € > 0 be fixed and small, then

[0 [ Letmrotonte = [ eosts?D =0 g

o(x)—p(—x)

where the last bit follows from Riemann’s lemma because is absolutely

integrable.

(e)

z‘/lim tsin(t|z]) = 0 in D'(R). Hint: consider the integral over (—oo,0) and
—00

(0, +00) respectively and then use partial integration.

6. Compute in D'(R?\ {(0,0)}) :
lim ¢sin(t|z? + y* — 1|)
t—o0
Does this limit exist in D'(R?)?
Let f; = tsin(t|a® +y*> — 1|). If ¢ € C(R*\ 0) and ¢(z,y) = ®(r,0) with

polar coordinates then

27 o0 27 o0
_ . 2 _ .
(fr,0) = t/o /0 sin(t|r® — 1)®(r, 0)rdrdf t/o /1 sin(t|s])®(v's + 1, 0)rdrdf /2

Integration by parts for s > 0,s < 0 gives the limit [ ®(1,6)dd, that is, f; —
ds, the arc length measure on the unit circle. If we take instead ¢ = ¢(z? + y?)

where ¢ € C3°((—1,1)), then

(fe, ) = 27Tt/0 sin(t(1 — r?))p(r*)rdr = 7Tt/0 sin(ts)p(1 — s)ds

= m[—cos(ts)p(1 — s)|y — 7 i cos(ts)(¢'(1 — s)ds = —m(¢(0) cost + o(1).



If ¢(0) # 0 the oscillation as t — 0 shows that there is no limit in D'(R?).

7. Is there a distribution on R, the restriction of which to (0, 00) equals e'/* ?
Solution: The answer is no. To see this let us argue towards the contradic-
tion. If such distribution, say f, exists then we must have

(f.0) = [ exo(w)da.

Pick ¢ € D such that such that ¢(z) = 0if o < 1 or & > 2,69 > 0, [> ¢y = 1.
Define the sequence

ou(z) = e ko (kz) — 0

as k — oo in D. Then we have

<ﬁw—/émmm—[e%ﬂ%@@z[%@@—l (7)

Which means that f is not continuous in D', hence contradiction.

8. Is there a distribution on R, the restriction of which to (0, 00) equals e!/Zexp(ie'/*)7|
Solution:
1 .
The answer is yes. Denote f = ex, g = fe'/ and define the distribution u as

follows (@6’
T i ((f(@)o(x
(u, ) = 2/0 e @ (—f,@) dx
where ¢ € D(R). Clearly u and g agree on (0, +00). Computing the derivative

/
explicitly (%) one can easily see that the integral is convergent around 0

and hence u is continuous in D'(R). Indeed, note that ' = —x—ge%,% = —z% and

% = 1+ 2z. Combining these we get

f(z)o(x) '_ ,i_ Ir" b 22— "
(F5057) —oveg—fpp o -nr

and the continuity of u follows.

9. (Homework problem) Let f be a function on R which is zero for z < 0,
continuous for z > 0 and assume that fol x| f(z)|dx < co. Show that f represents
a distribution of order at most 1.



Solution:
Note that f(z) = 0 if x € (—00,0). Hence suppf C [0,+00). Now take
¢» € C§°[0,4+00) (in particular ¢(0) = 0). Suppose suppp C [0, R] for some

R > 1, we have
/ORf(x) (/Ox gb’(t)dt) dx

< sulo){ [ sl + [ oisac}

Note that the second integral in the last line is finite because f is continuous in
[1, R] and hanse f is bounded on [1, R].

= <

/ " fa)oe)d

10. Solve the following equations in D'(R):
(a) zf'(x) = o(x),
(b) zf'(x) + f(x) = 0.
Solution:
(a) Consider z f'(z) = d(x). We have that
9(0) = (f'(x)z, ¢(x)) = (f'(x), 26(x)) = = (f(2), 2¢'(x) + d(x))

Therefore f = —¢ is a solution.

(b) Observe that z f'(z) + f(z) = (zf(z))" hence we must have that f = ¢PL

where ¢ is any constant.



