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ABSTRACT. In this paper we are concerned with the regularity of weak solutions u to the one phase

continuous casting problem
div (A (z) Vu(X)) = div [B(u)v(X)], X €Cr

in the cylindrical domain Cr, = Q x (0, L) where X = (z,z),z € @ Cc RVN~1, 2 € (0,L),L > 0
with given elliptic matrix A : Q — ]RNQ,A“' (z) € C1*0(Q), a9 > 0, prescribed convection v,
and the enthalpy function B(u). We first establish the optimal regularity of weak solutions u > 0
for one phase problem. Furthermore, we show that the free boundary d{u > 0} is locally Lipschitz
continuous graph provided that v = ey, the direction of x  coordinate axis and d,u > 0. The latter

monotonicity assumption in z variable can be easily obtained for a suitable boundary condition.

1. INTRODUCTION

In this article we study the optimal regularity of weak solutions to the stationary Stefan problem, with
prescribed convection, and the smoothness of free boundary. There are a number of phase transition
problems in applied sciences that are encompassed by this mathematical model, among which is the
thawing or freezing of the water where the liquid part is in motion, for more details we refer to [4], [1]
Chapter 10.7, [11].

In general setting the convection term v is to be determined from a Navier-Stokes system [4], however
in this paper we assume that v is given. Furthermore, in the study of regularity of free boundary
we will consider constant convection vector v and take f = 0, [11]. The phase transition problems
with prescribed convection is called the continuous casting problem, and appears for instance in metal
production [11] page 32.

Here we focus on a model anisotropic stationary problem with uniformly elliptic matrix A;;(z) with

CY* o > 0 regular entries which are independent of ”height” variable z.

2. PROBLEM SET UP

We now turn to the mathematical formulation of the problem. Let & € R¥ ™! be a bounded Lipschitz
domain. Let L > 0 and set C, = Q2 x (0, L). The points in Cz, will be denoted by X = (z, z), where z € Q
and z € (0, L). The partial derivatives of a function u : C;, — R are denoted by 9,u,d.u,i =1,..., N—1.

Sometimes we will write 0;u or u; instead of 0, u for short.

Keywords: Continuous casting problem, Stefan problem, free boundary, convection.
2010 Mathematics Subject Classification: 35R35, 35B65, 80A22.
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In this paper we study the following boundary value problem

div (A(z)Vu) = 0.B(u) + f in Cr,
(2.1) { u(z,0) =0 on Q x {0},
u(z, L) =m >0 on Q x {L},
u(X) = g(X) on o0 x (0,L),

where m > 0 is a positive constant, g € H'(Cr) such that g’s trace vanishes on Q x {0} and equals m > 0
on Q x {L}, B is the enthalpy defined by (2.3), a > 0 is a constant

The equation
(2.2) div(AVu) = div[pv] + f,

emerges in the steady state heat transfer problems in anisotropic media in the presence of convection.
Here A is the anisotropic thermal conductivity, p is the density, v the prescribed convection, f accounts

for sources or sinks, 3 the enthalpy defined as

as if s<0,
(2.3) B(s) = €[o0,1] if s=0,
as+1 if s>0.

For more background on this problem see [10]. It follows from (2.2) that u satisfies

We will be also interested in the local behaviour of weak solutions of
(2.4) div (A(z)Vu) = 9.B(u) + f in Cr.

with convection v being the constant vector ex = (0,0,...,0,1).

Throughout this paper we make the following hypotheses on the matrix A:

Al A:Q RV,
(2.5) A2 NP < AiC’ ¢ < A[CPP A A >0,
A3 AcCh(Q),a0 > 0.

In other worlds A is independent of z variable, uniformly elliptic with C*®° continuous entries.

Proposition 1. Let g € H'(Cr) such that g’s trace vanishes on Q x {0} and has constant value m > 0
on Q x {L}. Then there exists a weak solution w € H'(Cr) of (2.1). Moreover, if g € C**(Cr) and the

resulted solution is a— Hélder continuous in Cr, for any a € (0,1).

Proof. The proof, which we briefly sketch here, is standard and is based on penalisation method [3],

[5]: for any e > 0 we consider the boundary value problem

div(A(z)Vu(x)) = 0. (auS + 4 (1 + tanh “{)) in Cr,
u® =g on OCy.



LIPSCHITZ CONTINUITY OF FREE BOUNDARY 3

From (2.5) it follows that there is unique u® € H'(Q) N C%*(Cr) for some o < . Furthermore, if one

multiplies this equation by u® — g then after standard manipulations we can get

A Vu']? < VufAVu® = VgAVu® + (auE + L (1 + tanh u—)) (u® —9)-
cr cr cr 2 €
< 5 vuP+ 1/ VolP + 2 [ 0.5 + £(1 + tanh L )a.uf
ey 1) ey 2 Je, 2 &

€
7/ au®g, f/ §(1+tanhu—)gz
CrL CrL €

1
20 [ Va4 5 [ (VP +6) + %|Q|m2
cL cr

—a/m2+a/ usg+ 4 gz
Q Cr L

IN

Hence, choosing § > 0 small enough and after rearranging the terms we get

/ |Vuf\2sc(am|m2+/ <g2+|vm2+ez>)
Cr, CL

with some tame constant C' independent of e. From here and Poincaré’s inequality [6] we get the uniform
estimate [|u®||g1(c,) < C. After passing to the limit one can readily verify that the limit function u
solves the equation Lau = au. + 1. in the weak sense and 7 takes values only in the interval [0, ¢]. The

Hoélder continuity follows from the standard DeGiorgi type estimates. a

Proposition 2. Let u € Hl(CL) be a weak solution of Lau = 0.n inCr and n € B(u) and u* € Hl(CL)
is a weak supersolution Lau* < 0.(n*) with n* € B(u*). Suppose that for some p > 0 we have

(2.6) lul +|u*| >p in Qx (L—p,L).
If u* > wu on OCr, then u* > u in Cr,.

For reader’s convenience I will give the proof of Proposition 2, which is similar that of [3] with slight
amendments due to the anisotropy of A in the last section of the paper. Note that (2.6) is necessary for

Proposition 2 to hold, see [3].
Corollary 1. Retain the conditions of Proposition 1 and assume further that there is co > 0 such that

(2.7) liming 92 =@ 20) o 90 s s e [0, L].

z—2z0 z — 20

Then u is monotone in z direction and {u > 0} is C* graph over Q.

The proof of Corollary 1 follows from Proposition 2 and (2.7) and can be found in [3]. It is worth
noting that the method in [3] gives the same degree of regularity for both the solution in Cr, and the
free boundary on Q. Unfortunately, the best global regularity for u one can expect, under condition
of Proposition 2 is log-Lipschitz. On the other hand the best local regularity of u that is Lipschitz
continuity, see Theorem 1. However, in local outset the strong monotonicity of v in z—variable does not
follow immediately and some delicate analysis is required in order to obtain the strong monotonicity of
u in the subdomains of Cr..

Now we formulate our main results.
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Theorem 1. Let u be a non-negative bounded weak solution to (2.2). Then u is locally Lipschitz con-
tinuous in Cr,, provided that v € L= (Cr,RY) and f € C(Cyr).

The local regularity for two phase problem is discussed in [8], and [9]. As for the regularity of free
boundary, our main result here states that if u is a Lipschitz continuous solution of (2.2) and d.u > 0,

then the free boundary is a locally Lipschitz continuous graph in z—direction.

Theorem 2. Let u be a nonnegative weak solution to (2.1) in Cr such that u is nondecreasing in
z—direction. Then for any subdomain D C Cr, I'(u) = d{u > 0} N D is locally a Lipschitz graph in

en —direction.

Before entering into the details of the proof we would like to highlight the main ideas in the proof of
Theorem 2. First we establish the non-degeneracy of u. Then it will be seen that 0,u > 0 implies strong
monotonicity d,u > ¢o > 0, for some ¢y = (D), locally for any subdomain D CC Cr. Combining this

with the Lipschitz continuity of u the proof will follow.

The paper is organised as follows: In Section 3 we prove the local optimal regularity of the weak
solutions of (2.2). In Section 4 we introduce Baiocchi’s transformation w of u which allows us to retrieve
the non-degeneracy of u form that of w, which solves an obstacle like problem. The non-degeneracy of
u, established in Section 5,, is crucial in our analysis, especially in the proof of strong monotonicity in
z—variable, see Proposition 3. The proof of the main regularity result for free boundary is contained in

Section 6. Finally, last section contains the proof of comparison principle, Proposition 2.

3. OPTIMAL GROWTH

By Proposition 1, u is bounded. Moreover the weak solutions of (2.2) are continuous for u solves the
divergence form equation div(AVu) = div F + f in Cr, where one can take f = v € L>(Cr,R"). Thus
the continuity of u follows from DeGiorgi’s estimates. In fact, from the proof of Proposition 1 one sees
that if f is sufficiently regular u is a-Holder continuous for any positive o < 1. This means that {u > 0}

is open.

3.1. Proof of Theorem 1. As it is pointed out in [7], it is enough to show that for any compact set

K CC Cy there exists a tame constant C', depending on dist(K,dCr) such that

sup u < max (CQk, sup u) , VX € KNo{u>0}.

By_p—1(X) B,_(X)
Assume that this inequality is false. Then there exist a sequence of weak solution u; such that

0 <u; < M for some fixed constant M > 0, a sequence {k;} C N, X; € K N9{u; > 0} and there holds

|
(3.1) sup  w; >max 7275, = sup  wy
B, —k;—1(X) B 1, (X;)
(X5 +279X
Define the scaled functions v;(X) = M, where S; = sup u. It follows from (3.1)
Sj BQ—(kj+1)(Xj)
that

(3.2) v;(0) =0, supv; >

_%, 0<v;(X)<2, Xe€B.
By
2

Since the weak solutions u; are bounded it follows from (3.1) that M > j27% implying that k; — co.
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According to (2.2), v; solves the following equation

div(A(X; + 275 X)Vu,) = %(LAW)(X]- r2hiX)
J
27k k,
= 3 div[B(vj))v(X; +27X)] + f;
J
divF; + fj,

27 ) ) —k; 272k _ —k; oo N .
where F; = 5; Bvj)v(X; +27%X), f; = ij(Xj +27%X). From v € L*°(Cr,R") we obtain,

using (3.1), definition of S; and (2.3), the inequality

27 ki M
|F;| < TB(Q) sup |[v] < 7(5(2) sup |v| — 0.
J

Similarly we obtain sup |f;(X)| — 0.
B,

From the Caccioppoli inequality it follows that {v;} is bounded in H* (B%). Furthermore, utilizing
(3.2) and DeGiorgi’s theorem for inhomogeneous divergence form elliptic operators, we infer that the
sequence {v;} is uniformly Hélder continuous in Bs,4. Now employing a customary compactness argu-
ment and the estimates for {F;} and {f;}, we can extract a subsequences j. such that X, — Xo,
{vj,,} C {v;} which uniformly converges to some vy in B 3 and weakly in H YB 3 ). Moreover, it follows

that
- [ AX)T0Te e = [ AKX, + 2 X0V0, Vo = [ fup-Fi Do 0, Ve CF(By).

Thus vo € Hl(B%) is a nonnegative continuous solution of div(A(Xo)Vwve) =0 in B%. On the other

hand, it follows from uniform convergence v;,, — vo that (3.2) translates to vo and we have vo(0) = 0

and supvy = % However this is in contradiction with the strong maximum principle and the proof
B,
3
follows. |

4. BAIOCCHI’S TRANSFORMATION AND ITS PROPERTIES

In this section we study the weak solutions u of the continuous casting problems which are monotone
in z variable, i.e. 9,u > 0. The monotonicity in z variable can be achieved for a suitable choice of
boundary data [3], see (2.7).

We establish the key estimate for weak solutions of (2.2), which will be used in the proof of Theorem
2. Our first lemma is of technical nature linking v with the solution of obstacle problem via Baiocchi’s

transformation. Recall that Baiocchi’s transformation w of u is defined by
z
(4.1) w= / u(z,s)ds >0, O.w=u.
0
From definition it follows that w is convex in z variable provided that d,u > 0.

Lemma 1. Let u € H'(Cr) be a weak solution of (2.1). Then the Baiocchi transformation w given by
(4.1) verifies the equation

div(AVw) = au + Ix{u>0}-
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Proof. By direct computation we have

N
div(AVw) = > 0, (Ai(2)02,w(X))
ij=1
N-1 N
= Z@M aach +ZAN] wN] )
=1 j=1
N-1 - -
= Oz, (A”(w)/ szu(w,s)ds) + Z Ain (z)ue +ZAN7 z)wn;(X)
ij=1 0 i=1
-1 N-1
= / Ou; (Aij(2)0;u(z, s)ds) +ZA +ZANJ )ty (X)
i,j=170 i=1

z

z

Oz [Aij () 0x;u(x, 8)]ds +

Il
S~

Il
=

ij

+ i Ain (T)ua )+ ZANJ uzj X)
/ Z Oz, [Aij (%) 0z, u(z, s)]ds —

ij=1

g3

N-1
—i—ZAiN(x)u ZANJ o)y, (X).
i=1

The first term is foz Lau(z,s)ds = au + €x{u>0}- It remains to combine the second and fourth line in

le

O, (Ain () yulz, s ds—/ ZazN(ANJ( 2)0a, u(x, s))ds

the computation in order to obtain

div(A(z)Vw) = au+ Cx{uso; —
_ /‘OZ { Z aﬁix]\, (Ain(z)u(z, s)) + Z Oz n (AnNj (m)azju(m, 3))} ds

N-1
+ Z AlN (lf)uxl + Z ANJ u;v] )
i=1
= au+ X{u>0},

where to get the second line we used 0, Ai; = 0-A4;; = 0. Now the proof is complete. O

Lemma 2. Let D C Cr be a fized subdomain such that dist(D,0Cr) > 0 and w be a bounded solution of
div(A(z)Vw) = B(u)

in Br(Xo) C D with Xo € 0{u > 0}. Then there is a universal constant C that depends on dist(D,dCr)
and data such that

C 1
(4.2) sup w<max [ 7, ~ sup w
By_r—1(Xo) 2 4 B,k (Xo)

for all R < 2%
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Proof. Suppose that (4.2) fails. Then there is a sequence k; such that

1
(4.3) sup w>max | —5—, sup w
B —k;—1(Xj) 2% 432—kj (X5)

Using the same reasoning as in Theorem 1 we conclude from (4.3) that the scaled functions w;(X) =

% has the properties
1
(4.4) w;(0) =0, supw; > —, 0<w;(X)<4, X € By,
By 4
where 7; = 275 and S(k; +1) = sup w. Furthermore, w; solves the equation

2—kJ—1( i)

7'2,
< B(u(X; +7;X)) in By

div(gj (2)Vw, (X)) = m

2
i

with scaled matrix A4;(X) = A(X;+7;X), X € B;. From (4.3) we see that SHTD < % Thanks to (2.3)
and Proposition 1 0 < w < M for some M > 0, hence |B(u(X; + r;X))| < aM + £ which implies that
the functions f;(X) = %5
standard Caccioppoli inequality we obtain

/ IV |? < 0/ (w? + 12)
B By

7
8

(u(X; 4+ r; X)) strongly converges to zero in B; as j — oo. Applying the

with C' depending only on N, X, A. Thus we have the uniform estimate for H' norm ||'LU]'||H1(B§) <
4

\/C(16 + (aM + £)2). Furthermore, from DeGiorgi’s estimates it follows that ||w;||c (B 4) are uniformly
1
bounded for some v > 0. Using a customary compactness argument we can extract a subsequence

{wj,, } C {w;} such that

(i

) )
(ii)) w
)

Wi,

— wp weakly in HI(B%) for some function wo € H'(B

00|~

jm — Wo uniformly in B%,

(iii) Aj,, — Ao uniformly in Bi, where Ao is a constant uniformly elliptic matrix,

(iv) div(AoVwo) =0 in Bs.

Recalling (4.4) and utilizing (i)-(iv) we see that that wo is a non-negative, non-zero Ag-harmonic
function in Bs,4 such that wo(0)=0, which however is in contradiction with the maximum principle. The
proof is complete. O

We close this section by proving the non-degeneracy of w.

Lemma 3. Let u be a weak solution of (2.2) such that .u > 0. Then for any D C R" there is a
positive constant ro = 1o(D) < min (dist(D, oCr)
there holds

,W) such that for the Biaocchi transformation

sup w for any Xo € {w >0} N D.

2 Lv
Br(Xo) SNA

Proof. From Lemma 1 we know that Law = aw,+£€X{w>0} = au+£x{u>0}. Moreover, if 9.u > 0 then
the positivity sets of w and w are equal, i.e. {X € Cr,u(X) > 0} = {X € Cr,w(X) > 0}. Otherwise, if we
drop the monotonicity condition d,u > 0 then the inclusion {X € Cr,u(X) > 0} C {X € Cr,w(X) > 0}

is always true. Hence we conclude that

Law = au + £X{w>0}-
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We want to show that sup w > CoR? for Xo € {w > 0}, where Cy =
9Br(Xo)

fails then n(X) = w(X) — Co|X — Xo|? < 0 for X € dB,(Xo) N {w > 0}. On the other hand 5 < 0 on
B, N d{w > 0}. Furthermore, in Br(Xo) N{u > 0} we have

s+x- If this inequality

Lan = Law—2CTrA —2C0d;A;(X" — X{)
> au+ 0 —2CTrA — 2CoN*R||Al|co.x
> £—2CoN (A+ NR||A]|co.1)
> (—4CyNA
provided that R < W\Co,f Thus, recalling Cy = MLA we conclude that Lan > é > 0. Applying the

maximum principle to n we get n < 0 in B-(Xo) N {w > 0}. From n < 0 we also see that that w(Xo) < 0

which is a contradiction. O

5. NON-DEGENERACY OF u

Now we turn to the non-degeneracy of weak solution u to the continuous casting problem.

Lemma 4. Let w be as in Lemma 1 such that O,u > 0. Let D C Cr be a fixzed subdomain such that
dist(D,0Cr) > 0. Then there are two constant C1 > 0 and Ro > 0 that depends only on dist(D,0Cr)
and the data such that for any Br(Xo) C D, Xo € 0{u > 0} there holds

(5.1) sup w. > C1R.
0BRr(Xo)

Proof. Recall that Low = au+ £ in {w > 0} and Lau = ad.u in {u > 0}. Therefore
sup w,= sup u= sup u.
BRr(Xo) Br(Xo) 9BR(Xo)
Furthermore, {u > 0} = {w > 0}.
The proof of (5.1) is by contradiction. Suppose that for some fixed D C Cp with dist(D,dCr) > 0
there are R; > 0, X; € D N 0{u > 0} such that

(5.2) sup u= sup w,< &
Br;(X;) Br;(X;) J
Define
’wj(X):iw( j—:RJ ),Uj(X)ziu( J+R] ) XGBl.
Rj R;

It follows that w; solves the equation L;J_ wj = alju;(X) +€x{u,;>0y in Bi. Here Aj(x) = A(X, + R; X).
Furthermore, w; has the following properties
Co 1
(5.3) supw; > ==, lwjllerr < C, 4;(0) = w;(0) =0, supw; < =, lujlloor(s,) <C
By B, J

2

_£
SNA

can extract a subsequence {j. } such that

where C' is independent of j and Cy = see Lemma 3. Using a standard compactness argument we

(i) wj,, — wo weakly in H'(B;) for some function wo € H'(B1),

(ii) wj,, — wo uniformly in B,

(i) Ay, — Ao uniformly in Bi, where Ay is a constant uniformly elliptic matrix.
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We claim that div(AoVwo) = 0 in B;. Indeed, from (5.2) we infer that X{u; >0} — 0 almost everywhere.

Thus from Lebesgue’s dominating convergence theorem we get that lim || By X{u;>01P = 0 for any ¢ €
j—o0
CG°(B1). Therefore wo is a weak solution of div(AoVwo) = 0 in Bi. Moreover, wo > 0,supp, wo > %
3

and wo(0) = 0, thanks to (5.3). But this is in contradiction with the maximum principle. O

Next, we record some properties of the blow up limits. Recall that the blow up limit of u at Xo is

defined as vo(X) = lim0 M where Xy € 9{u > 0} and {r;} is a sequence of positive numbers
T J
tending to zero. Notice that the sequence u;(X) = M is Lipschitz continuous in view of The-
J

orem 1, hence by a customary compactness argument one can extract a converging subsequence from
r;lu(Xo + r;X) for any sequence {r;},r; — 0. It is worthwhile to point out that vg solves the equation
div(A(Xo0)Vvo) = £d.(H(vo)) in RY.

Lemma 5. Let vo > 0,v9(0) = 0 be a blow up limit of u. Then vo is non-degenerate, i.e. for any
bounded domain D C RY there exists cp > 0 such that

(5.4) sup wg > ¢pr, VXo € 0{u >0} N D, B.(Xo) C D.
Br(Xo)

Proof. It is enough to notice that sup
B
needs to apply Lemma 4 and use a customary compactness argument. O

M > (C for a fixed s > 0 and small ;. To see this one
J

Corollary 2. Let vy be as in Lemma 5, then there is a constant Cp such that

][ vg > Cpr?, VXo € 0{u>0}N D, B, (Xo) CD.
By (Xo)

Proof. If not then there exist X; € d{vg > 0}ND and a sequence 0 < r; | 0 such that fBrj (X,) vg < %

][ <t
B1 J

Since Vv;(X) = Vuo(X; + r; X) and wvo is Lipschitz, it follows from Arzela-Ascoli theorem that there

Set v;(X) = T;lvo(Xj + r; X), then clearly

exists a subsequence j; such that v, (X) — V(X) uniformly in B; for some function V. In particular

fBl V2 = 0. However this contradicts the non-degeneracy of vg, Lemma 4, because

1
supvj = — sup wvo > cp > 0.
By "5 Br;(X;)

Corollary 3. Let vg be as in Lemma 4. Then there exists C > 0 such that

][ |Vuo|> > Cp > 0, VX € 0{vo >0} N D, B.(Xo)CD.
Br(Xo)

Proof. We argue as in the proof of the previous Corollary. Thus there are X; € 9{vo > 0} N D and
0 < r; | 0 such that fBrj (x;) |Vuo|? < % Put v;(X) = Tj_l'l}o(Xj + 7;X) then it follows that

1
][ Vo2 < 1)
B1 J

because Vv;(X) = (Vo) (X; +r;X), thus in particular the sequence {v;} is uniformly Lipschitz contin-
uous in B;. By a customary compactness argument we can extract a subsequence j such that v;, =V

uniformly in By and Vv;, — VV weakly in Bj.
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By the semicontinuity of Dirichlet integral we get

O:liminf/ \Vj, |? 2/ |VV|?
k— B JB;

oo

implying that V = 0 in B; (recall that vo(X;) = 0 which translates to v;, (0) = 0). But this contra-
dicts the non-degeneracy of vg, see (5.4), because %jsupBTj (x;) V0 = SUPp, Vj = €D and by uniform
convergence this yields supg, V > cp. a

We close this section by giving an application of Corollary 3, see [2]. It provides a rough estimate for
the measure of a neighbourhood of free boundary and will be used in the proof of strong monotonicity

of u in the next section.

Lemma 6. Let vy be as in Lemma 5. Then there is a tame constant C > 0 such that for any R, and

small 0, 0 < 0 < R the following inequality holds
|{0 < wo < 0} N Br| < CoR™ .

Proof. Let 0 > 0 be fixed and 0 < t < ¢ < R. Let v, = max (min (vo, 0) 7t). Recalling that
div(A(Xo)Vuvo) = L0, H(vo) we see that div(A(Xo)Vwvo) = 0 in {vo > 0}. Applying Green’s formula we
get

OZ/UU@CA(XO)’U(): / U,;;’t(A(X())VU())I/f / (A(Xo)V’Uo)V’U().

Bgr 9BR Brn{t<vo<o}

Notice that ¢t < v, + < 0 and vg is Lipschitz continuous, thereby

A / |Vuo|? < / Vo1 (A(X0)Vuo)r| < CAcRN .

BrN{t<vp<o} BRr

Sending t to zero we conclude

(5.5) / Vo> < CoRN 1.
Brn{0<vg<o}
Next, we define the maximal distance of {vo = o} from d{vo > 0}, i.e. d = sup dist(Z, {vo =

Z€d{vo>0}
o} N Bg). Let us show that d < Co. To see this we make a use of the non-degeneracy of vo in By(z)(Z),

where d(Z) = dist(Z,{vo = 0}),Z € 9{vo > 0}. Thus by (5.4) sup wvo > cpd(Z). On the other
By(z)(2)

hand Byz)(Z) N{vo > 0} C {0 < vo < o}, hence sup wo < o and d(Z) < % = Co for any
By(zy(Z)

Zea{’vo > O}QBR.

This, in particular, yields {0 < vg < 0} N Br C Bacos(T'g) where I'g = 9{vg > 0} and Baco (o) is
the 2Co neighborhood of the free boundary I'y. Observe that by Sard’s theorem {vo = o} is smooth for

almost every o > 0.

Now let us consider a Besicovitch type covering | J; By, (Z:), Zi € 0{vo > 0} of the free boundary such
that the balls have finite overlapping. Applying Corollary 3 we obtain
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(5.6) Cpl{0 < vy <o} < Cberv
j
<Y [ up
jBrj(Zj)
< C(N) / | Dvol?.

Byco(T'o) N{vo>0}
By Lipschitz continuity, Theorem 1, vo(X) < 4Co||Dvo||ec for any X € Bsco(0{vo > 0}) {vo > 0}.
Thereby

(5.7) Baco(d{vo > 0}) () {vo > 0} C {0 < vy < 4C0||Dvo|loc} -

Combining (5.6), (5.7) and (5.5) we get

{0 <vo < o} N Bgr| < CoRN ™!

and we arrive at the desired inequality. |

6. LIPSCHITZ REGULARITY OF FREE BOUNDARY

Now we are ready to demonstrate the strong monotonicity of u in the z—direction.

Proposition 3. Let u be the weak solution to (2.1) such that (5.4) holds. Then there exist ¢y > 0 such

that we have

(6.1) inf liminf O.u(Y) | > e >0, D cccy.
xebnr | y>xer
Ye{u>0}nD

Proof. The proof is by contradiction. Suppose that (6.1) fails, then there are points X; € DNT such
that lﬁi/m i)I(lf A:u(Y) < % and there exists Y; € {u(X) > 0} such that
-y

(6.2) 0 < dzu(Y;) <

SN

. dist(Y;,0{u > 0}) — 0.

Let X; € 8{u > 0} be such that the distance p; & dist(Y;, 8{u > 0}) is realized and p; = |X; — Y;|.
Introduce v;(X) = M where p; = |X; — X,| and X € Bs.
J
Clearly Bi1(Y;) C {v;(X) > 0}, with Y; =

0 € 9{v; > 0}, see Figure 1. Moreover, (6.2) implies

@ and it touches the free boundary of v; at the origin
J

]

(6.3) 0 < 0.5 (V) = (2-u)(V;) < =.

<

Notice that Vo;(X) = (Vu)(X;+p;X), X € By and hence by local Lipschitz continuity of u, Theorem
1, we conclude that the functions v;(X) are uniformly Lipschitz continuous in Bs.

Next, we claim that v; is uniformly C? continuous in B (Y;). Indeed, letting 7; (£) = v;(Y;+€),€ € By
we conclude that ¥; > 0 in B; and 7; € C%*(B;) uniformly. Moreover in B; ¥; solves the equation
div(A(X; + p; X)VU;(X)) = ap;d.0;(X),a > 0, see (2.3). Thus by (2.5) and Schauder’s estimate

V5l c2@7) is uniformly bounded. Returning to v; the claim follows.
2
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FIGURE 1. The structure of the free boundary of v; near the origin.

Thus for any € > 0 there is § > 0 such that uniformly in j
(6.4) 1005 (X) = 0:0;(Y;)| <

whenever | X — Y;| < 8. Notice that |8.v;(Y;)| = 0 by (6.3).
Since }7] € By and by Arzela-Ascoli theorem there is a subsequence ji, and a function vy € C?(Bs)
such that
?J’k — Yy € Bz,
vj,, — vo uniformly in C%(B2) N C2(B% (Y0)),Va € (0,1),
Bl(Y()) C {U()(X) > O},
diV(AoVUo) = eazH(vo), in BQ,

supvo > cp,
B,

where Ay is some constant positive definite matrix (thanks to condition (2.5)), H is the Heaviside function
and the last inequality follows from (5.4), the definition of v; and the uniform convergence of vj, in Bs.
To finish the proof, it remains to establish that vo = 0 in Bs, since then it will contradict the inequality
Supg, Vo > CD.

Let h = 9.vo, then h > 0 and harmonic in B1(Ys). Moreover by (6.4) |h(X)| < € whenever | X — Y| <
0. Thus h(Yo) = 0 and by the strong maximum principle it follows that h = 0 wherever Ag—harmonic,
i.e. h =0in {vo(X) > 0} implying that

az’Uo(X) = O7 X e {1}0 > 0}.
Since div(AoVwg) = 9. H (vo) in Bg, then for any ¢ € C§°(B2) the following identity holds

0. = [ LH(vo)dp =
/

Ban{vo(X)>0}

= /(onuo)v¢.

B
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Let 0 > 0 be small, fixed number. Then

00.4p = / 0.0 + / 0.

BaN{vo(X)>0} Ban{vo(X)>0} B2n{0<vo(X)<o}

By Sard’s theorem, d{vo > o} is smooth for almost every . Thus, if necessary, we can take a slightly

different domain D C Bj such that {u > o} N D has Lipschitz continuous boundary. Thereby applying

AV 020
9.4 = ¢ REMACUR ¢ ~0
v / ”’(e” |Vvo\) / Y Vw0l

Ban{vo(X)>0o} Band{vg>o} B3Nd{vg>o}

Green’s formula

for a.e. o since d,vo = 0 in {vo > 0} and by Sard’s |Vvo| # 0 on 9{vy > o} for a.e. o > 0.

Finally utilizing Lemma 6 we infer that

0,9 — 0
Ban{0<uo(X)<o}
as 0 — 0. Hence div(AoVvg) = 0 in Bs. Because vg > 0 and v9(0) = 0 we conclude, again from the

maximum principle, that vo = 0 in B> which contradicts to supg, vo > cp. O

Remark 3. It is worthwhile to point out that if 0;u(Xo) = 0 for some Xo € {u > 0}, then d.u =0 in
{u > 0}. This follows from (2.5), the mazimum principle for O,u > 0 and it solves the linear equation
La0:u = ad;(0.u) with a > 0. Of course, the boundary data and (2.7) prevents this from happening.

Thus 0,u stays positive away from free boundary.
6.1. Proof of Theorem 2. From Proposition 3 and Theorem 1 we have

u(x2, 22) —u(zi,21) = [u(x2,22) —u(ze, 21)] + u(x2, 21) — u(x1, 21)

> ci(z2—2z1)—Clxr —x2/ >0

provided that zz — 21 > %|x1 — x2|. Let h(x) = inf{z,u(z,2) > 0} the height function of the free
boundary over x € 2. Thanks to 0,u > ¢1 > 0, h is continuous and the free boundary is a continuous
graph over . Then for small € > 0 we take z2 = h(z1) + ¢ + %|:c1 — x2] and z1 = h(z1) + . Clearly
20 — 21 = %|x1 — x2| and hence u(z2, z2) > u(x1,21) > 0 because z1 = h(z1) + & > h(z1). Therefore
h(z2) < z2 = h(z1) + e+ %\xl — x2| or equivalently h(z2) — h(z1) <e+ %|m1 — x2|. Swapping z1 and
2 and letting e — 0 the result follows. O

7. PROOF OF PROPOSITION 2

The proof is very similar to [3] Lemma 2.1, however there are technical complications due to the heat
condition coefficients A;;.

Using € € C§°(Cr),& > 0 in the weak formulation of solution u and supersolution u* we get
[ ~(vu = Vuave+ o - mo.g <o
Cr
After integration by parts we get

(7.1) /C (@ —wlae+ " —moe = [ @ —waver <o,
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First we show that (AVE)r < 0 on Cr. Take v(X) = £(Xo + A(Xo)(X — Xo)) with Xo € 9C \ (09 x
{0} U9 x {L}). Since v > 0 and v(Xo) = 0 it follows

B,0(Xo) = lim —Xo = AXO)(X — Xo))

<0.
X—Xo | X — Xo| -

—&£(Xo—Avt) —

Notice that Xo—Avt € Cr, if t > 0 is small enough thanks to the ellipticity of A. Thus lim >
t

—0+
(VEAV)(Xo) and the claim is proved.

Hence omitting the boundary integral in (7.1) we obtain

(72) 0> /C (" — WAl + (g — ot — [ (" —w)(AVEw > / (" — n)(8- + uLAE) <0

acy, cr

where

#_{ L=t gt £,
1 if p* =mn.

In order to estimate p from below we utilize (2.6). If u*(X) > 0 for some X then p(X) = (u* —
u)/(au* 4+ € —n) = 1/a provided that u(X) > 0. If u(X) = 0 then pu(X) > 25 where p is from
the condition (2.6). The estimate for other cases follows by similar reasoning. It also follows that
p < max(1, 1).

Next, for ¢ € C5°(CL), ¢ > 0 consider homogeneous boundary value problem

pnLal™ +0.£" =—¢ inCp
=0 on OCy,

Bn—p

{pn} because u,u* € H*(Cr) and hence by Sobolev’s embedding theorem n* — 5 € L*T¢(Cr) for some

where p, is chosen so that H(n* -n) —0and & <p, <14 L Itis possible to construct

e>0.
Moreover,
* 1 pn—p
lrtn = #ll 2y < Niy/Fnu” = w) ]—7 =0
| ‘Lz(CL) | HLQ(CL) /T (u* — ) L2(cy)
thus without loss of generality we assume that p, > ﬁ.
Multiplying the equation by £4£&™ we obtain
| omeagnt = = [ rencae
CL CrL
= [ eavews [ veaver - [ eavew s [ veraver
oCy, Cr, CrL cr
= — | "Lap+ | VEAVE" - £ (AVE v
Ccr Cr ocr
= h+I+1s,
where
L =-— E"Lap, Ir= VETAVE™, I3 = — E(AVE .
Cr CL ocL

Notice that £ = 0 on 99 x (0, L) hence the last integral is Is = — fo{L} &-(AVE™)v. Therefore to

obtain uniform bound on I3 it is enough to estimate the normal derivative of £" on © x {L}.
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As for the remaining two integrals we first set notice that

I = VETAVET
Cr

/c 9. (VETAVE™) — VE" D, (AVE™)

CL

L
/ o.(verave™) — [ vena.(ave™).
0o Ja cr

On the other hand from (2.5) and symmetry of A we conclude that

L= [ verave = % / Ve (z, L) A(z)VE™ (x, L)da.
L Q

And again we see that we only need to estimate the normal derivative of £ on Q x {L}.

We first prove uniform C° bound for " in order to estimate I; and then an estimate for ,£™ on
Q x {L}.

It is easy to prove that {™ > 0. Indeed, from ¢ > 0 and the equation A;;&;; 4 0; Aij&; —|—E—i = —uin <0,
it follows from maximum principle that ™ > minge, £ = 0. In order to prove upper bound we introduce
b= C — €eT* for some constants C,T > 0 to be fixed below. We have

n bz 2 Tz Tz TeTz
Aijbi; + &-Aijbj +— = —T%e¢e "Ann —Te “0;Ain —
/Jzn /””ﬂ
1
= —Te' (TANN + 0;Ain + IT>
S 7T€TZ
Hn

provided that T > % which implies TAnn+0; Ain > 0. Next if we take T = max (A~ ' N|[Al|co.1, supe, [¢])

it will follow that £ab + ﬁ—; < La&"+ j—z in Cr. Finally choosing C' = €Tl we see that b > £" on OCr,

and hence from comparison principle we infer the estimate " < b for any n = 1,2, ....
2
It remains to estimate the normal derivative near Q x {L}. Take v = [|¢|oo (1 — (1 — %) ) for

some p < p to be fixed below. In Q x (L — p, L) we have

ﬁAU—FE = —%<iANN+8iAiN(1—sz)+l (1—sz)>
Hn P P P 122 P

el (1222
Plin P

provided that p < rnin(m7 1). Furthermore, if z <
c0,

IA

then Lav+ 2= < —lele < 2 gumma-
B Phn T

rizing we see that Lav+ 2= < £A§"+i—zn in %% = Qx(L—%,L). On the other hand £ < b < Cv on 0.%%

for sufficiently large C' > 0 such that Cv > b on Q x {L — £}. Therefore we obtain |9,£"| < %H(p”oo

on Q x {L}. Combining these estimates and bounding the integrals I, I> and Is we obtain the uniform

P
2
14
2

estimate
| meagn<c
Cr

with some tame constant C' > 0.
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Taking £ = £™ in (7.2) we get

0o > /C (" —n)(uLal™ + 0.6") =
= —/ (n —n)so+/ (" = n)(p — pn)LaE™
Ccr, CcL

—/CL(n* —n)p - (/CL un(ﬁAS"f)% H(n* —n)%

implying n* > n in Cr, and the proof is complete. |

Y

—>—/CL(17*—77)¢

L2(Cr)
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