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Abstract We show that the free boundary d{u > 0}, arising from the minimizer(s) u,
of the functional

J(w) = / |Vul?> + kiX{u>0} + )»Z,X{LKO},
Q
approaches the (smooth) fixed boundary 92 tangentially, at points where the Dirich-
let data vanishes along with its gradient.

Keywords Free boundary problems - Regularity - Contact points

Mathematics Subject Classification (2000) Primary 35R35

1 Introduction
1.1 Problem setting

Our objective in this paper is to analyze the behavior of the free boundary arising
from the minimization problem for the functional considered by Alt et al. [1],

A. L. Karakhanyan () - H. Shahgholian
Department of Mathematics, Royal Institute of Technology, 100 44 Stockholm, Sweden
e-mail: aram@math.kth.se

H. Shahgholian
e-mail: henriksh@math.kth.se

C. E. Kenig

Department of Mathematics, University of Chicago, 5734 S. University Avenue,
Chicago, IL 60637, USA

e-mail: cek@math.uchicago.edu

@ Springer



16 A. L. Karakhanyan et al.

Jw) = / VU + @2 w), (1)
Q

where g(x) is a given smooth function, g(x) # 0 for all x, and

2 .
2, |AL ifu>0
A = [AZ_ itu <0
and A =22 =22 #0,Ay > 0,A_ > 0.If A > 0 we define (following [1]) 2%(0) = A2,
while if A < 0 we define A2(0) = )Li. In the sequel we will consider for simplicity
g = 1,A > 0, the general case being similar. Here Q is a smooth domain and the
admissible class of minimization is

Kpi={u: u—fewy*(Q)

where f is smooth enough function. The main result (Theorem 5.1, see also Theorem

6.1) of this paper asserts:

At contact points between the fixed and the free boundary, where fand Vf vanish

simultaneously, the free boundary approaches the fixed one in a tangential fashion.
Note that this complements the result of Gurevich [G], who roughly speaking, has

shown that if Vf = 0 wherever f = 0, then u € Lip(S2). The latter denotes the class of

Lipschitz function.

1.2 Motivation

In mathematical modeling of industrial processes such as shape opitmization, fluids
flow in porous medium, crystalization, and many others, one encounters minimization
of certain functionals (such as that presented in this paper), over an admissible class
of functions, defined in a bounded or unbounded region.

In many situations, the interface, separating the active and non-active region (or
two, different in nature, active regions), may come in contact with the fixed boundary
9. The question that may be raised, then, is how does the interface (free boundary)
meet the fixed one (the container of the physical process).

Obviously, the Dirichlet data prescribed on 92 should play a crucial role on the
behavior of the free boundary near the fixed one. E.g., in the so-called Dam problem of
reservoir (see [3]) the free boundary is locally a smooth graph near the fixed boundary
(boundary of the reservoir), and the angle of contact depends on the pressure function
(the Dirichlet data) given on the boundary of the reservoir.

In a recent work by the third author and Nina Uraltseva [8], a similar analysis (for
the case of an obstacle-like problem) has been carried out. See also [9], and [4] for
extensions of the results in [8].

This paper is an attempt to make a similar analysis to that of [8] for the case of
minimizers of the above functional.

1.3 Plan of the paper

Section 2 contains all definitions needed in this paper. In Sect. 3, we prove a techni-
cal theorem, which more or less takes care of the stability of solutions, under mild
assumptions. In Sect. 4, we classify global solutions. First we take care of the homge-
neous global solutions. Then, using Weiss’ monotonicity lemma, we show that, under
suitable conditions, global solutions are one dimensional linear functions. The main
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The behavior of the free boundary 17

result, on uniform tangential touch, is stated and proven in Sect. 5. In Sect. 6, under
more relaxed conditions, we prove a weaker (non-uniform) variant of the main result.

2 Definitions and notation
2.1 Notation

We will use the following notations throughout the paper.

Co,Cy, -+ generic constants

XD the characteristic function of the set D, (D C R", n > 2)
D the closure of D

aD the boundary of a set D

x,x x=x1,,xn), X =(0,x2,--,x3)
R}, R” {xeR": x1 >0} {xeR": x; <0}
B, (x), {yeR":ly—x| <r}

B (x) B,(x) "R,

B, Bf B.(0), B (0)

At positive numbers

A A=23-22 #0

1 {x: x1y =0}

Prye - see Definitions 2.1, 2.3,

v, v~ max(v,0); max(—v,0).

2.2 Preliminary definitions

To start with we need to define the class of boundary values that we will work with.
Conditions on f. To fix the ideas we will consider the origin as a point of contact

between the free and the fixed boundary. The key assumptions, throughout this paper,

are the following: The function f is defined (for simplicity) over the entire R” and

1

fle <R 1f@)] < Rixlo (), / med’ <R, @)

0

where R is a positive constant and w is a modulus of continuity.
For a fixed domain D C R”, we define the functional Jp as

Jw) = Jp(w) = / IVl + 22 gm0y + 22 X<, 3)
e

where A = Ai — 22 > 0. Now we can define the main class of functions we will work
with.

Definition 2.1 We define the class of functions P, = P,(n, R, A_, A1) which are mini-
mizers of J g+ over the set of functions

Kf:= {u ‘ue Wl’z(Bf), u—fe Wé’z(Bj)] ’

with f satisfying (2).
@ Springer



18 A. L. Karakhanyan et al.

Similary we define the following subclass of Py

(4)

Brn 0
PL(t, R A, A 10, €) = [vemn,R,u,x_): 1Br0tu>0l ]

|B |
where the density property should hold for all 0 < r < ry.

A standard method in treating free boundary problems, from the regularity view
point, is a scaling, and blow-up argument. The scaling also needs to preserve the min-
imizer. Therefore, for a sequence of functions #; € P;(n,R,A4,A_), and a sequence
of numbers r; (= ro, with ry € {0, 00}), we define

uj(rjx)
Tj

©)

vi(x) =

A main argument in this paper will be to look at the limit function(s), as j tends to
infinity, of the sequence v; in (5).
Remark 2.2 (Linear growth of solutions) For u € Py (n, R, A1, A_) there holds

lu(x)| < CRIx|, x¢€ Bf. (6)
Indeed, let w solve the Dirichlet problem

Aw=0 inBf

w=f(x) on 3Bl+.
Then standard estimates on Green’s function for the half ball yields w(x) < CR|x|.
Moreover, since u is subharmonic in BT (Theorem 2.3 in [1]), then u™ is also subhar-
monic in BT. Also u being harmonic in {u # 0} (Theorem 2.2 [1]) implies that u~ is

also subharmonic in B;r. (Recall u™ = max(u,0), u= = max(—u,0)). Thus we may
invoke the maximum principle to obtain (6).

Definition 2.3 (Global solutions) We say u € Pog = Poo(n, R, Ay, 1_) is a global solu-
tion, if

(i) |u@)| < Clx| for some C > 0,
(il)  u is a minimizer of Jp over

{w € WLZ(D) cw=0onIl,w—ue Wé’z(D)}
foreach D CC R'L.

Assumption (i) is justified by (6).

3 Technicalities

We now return to our scaled function v;, as in (5) with r; N 0. Since f(0) = 0, one
readily verifies that v; € Pl/,j n,CR, Ay, A2).

Theorem 3.1 Let v; be as in (5), with uj € P1(n,R, Ay, 1_). Then, after passing to a
subsequence, there exists v € Poo(n, Ay, A_) so that
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The behavior of the free boundary 19

(i) vj — vuniformly on compact subsets of R" and in CY'(K),0 < a < 1, for each
K ccR%,

(ii) foreach M, vi — v weakly in W1’2(B]J\CI),

iii) foreach M, x{vi > 0} — x{v > 0}in ,

h M, x{v; > 0} > x{v > 0} in L'(BJ)

(iv) Vvj(x) — Vv(x) for a.e. x,

\ or eac >0, - , atst(K, >o,U<r< , for ] large
Fe hé >0, K C B}, dist(K,TI) > §, 0 8/4, forjl

3{v; > 0} N K C Uxep=0)nK, ), Br(x),
and
3{1/ > 0} NK C ng{Vj>0}ﬂK5/zBr(x)7

where K is a §/2-neighborhood of K.
Proof The proof of this technical theorem follows, more or less, from [1]. However,
there can be some points in the proof of [1], that might need modifications. Therefore,

for the readers convenience we will mention all the steps that one needs to carry out
in order to obtain the theorem. For some of the steps we also give the details.

Step1 fK cC Bf/r» dist(X, BBIr/r_) > 8,and K C By, then thereis C = C(R,M,$,n,
] ]
iy Ao st

sup |Vvj(x)| < C. (7)
xeK

This follows from the proof of Theorem 5.3 in [1].

Step 2 For uj € Pi(n,R,Ay,1_), let fj (as in (2.1)) be such that u; is a minimizer for

JBT over Kf].. Define gj(x) = ff(:ilf") so that v; is a minimizer for JB]Jr/r/_, over Kg].. We
claim that
[ 19%0P = Cuve ®)
By

for each M > 0. To see this, note that, after change of variables we need to show that

1
. / IVuj(0)* < Cy g
st

M

Let h; be the solution to

2r]-M

Ahj=0 inBj
+
hj = u; on aquM .

The minimizer property gives J B M(u]-) <J BE M(hf)’ and hence
/]‘ I/'

/ IVujl* — [Vhy* < Crf.
Bl m
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20 A. L. Karakhanyan et al.

Using this we’ll have

/|V(uj—h)| = / V(uj —h)V(uj+ hj) —2 / V(uj—hj)th

B B

2rM erM 2rM
= / Vi |? — VR[> -2 / V(u; — hj)Vh;
Bl m Bl m
< Crf,

where we have used the fact that the last term vanishes by the choice of /. As a
corollary of this, we obtain that |, B, IV (uj — hy) 1?2 < Cr]f’, and hence to establish (8) it
j

suffices to show that
/ |Vh|* < crf.
B+
r,-M
In order to prove this, we rescale once more and consider

h]-(r]-x)
rj ’

wi(x) =

which is harmonic in B;M, has boundary value on the top part of E)B;r  and

f](”;x)

u;(rjx)
Tj

boundary value on IT = {x; = 0}. We need to prove that

/ Vw2 < Carz.

B
Note that because of (6)
@ <CR, VxeBj,, jlarge
j
and
f](:JJX) < CRo(rjlx|) < CR, x € By, rjlarge. ©)
f/(F/X)

For simplicity let j(x) =

, and ¢y be a cut-off function,

C
em =1 onBy, supppym C Bay, |Veul < u
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The behavior of the free boundary 21

Consider (w; — oz,~)<p12\,[, which is 0 on BB;M, and now compute

0= / Vw;V((wj — Oéj)(p%,,)

Bl
= / ijij(pjzw—l-Z/ijwjgaMV(pM
B3y B3y
— / ijVozjgojz\,I—Z/ijajgoMV(pM.
Biy Bjy

Rearranging terms and using Cauchy-Schwarz inequality we have

[ wwiteh =c [ whoowr

By By
+C/ IVaj|2(p]2V1+C/aj2|V<pM|2.
By By

The first term is bounded by CR>M"~2, because by the maximum principle w; < CR
in B;M (see (10)). Next |[Va;(x)| = [(Vfj)(rjx)| < R, while

[i(rjx)
—

J

< CR,

letj(x)| =

so our estimate follows.
Because of Steps 1 and 2 a subsequence converges in the appropiate sense, and the
limit function has zero trace.

Step 3 Let K C B}, for some M, dist(K, T1) > 8. Then, Vv; — Vv a.e. in K. Moreover
we can prove that for § > 0, r < §/4, and j large we have

v >0NK C U Bw
x€d{v>0}NKs/2
and
v>0NKcC U B, (x),
XEG{VJ'>0}QK,3/2
where Kj; is the /2 neighborhood of K.

This is contained in Lemma 6.1 of [1].

Step 4 There is c such thatforanyxg € 9{v > 0}NK,r < §/4, we have %J%B,(xo) vt >ec.
Use nondegenercy (Corollary 3.2 in [1]), and Step 3.

Step 5 Using Step 4, we can show that there is an ¢ = ¢(K) such that, for any xp €
d{v >0} NK,and all 0 < r < §/4, we have
[{v > 0} N B;(xo)]
e —mMm .
< p
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22 A. L. Karakhanyan et al.

Step 6 For all K C R’}
[0{v >0}NK|=0
Use a contradiction argument in conjunction with Step 5.

Step 7 For each K, Xvj=0 = Xv=0 in LY(K).
Use Step 6.

Step 8 There holds
Xy=0) = xw=0) in L'(Bj).
Step 9 The limit function v, is a global solution.

Proof of Step 9 1t is enough to check the minimizer condition on B]\L,I for each M.
Thus let w € WI2(B}), w =0on I, w—veW (B ), and fix M.

Letn € C5°(Bum), 0 < n < 1 be fixed. Choose also
6 € CR), 6=1forlx;|<1/2, suppd C {lx1] <1},

w(r/-M)

and choose d; — 0 so that ylcaline 0. Recall from Step 2 that if g;j(x) = U (r’x)

, then
]
vj is a minimizer for J, By, OVer Kg;, and that f; satisfies (2.1).
j
Set 6;(x) = 0(x1/d)) and define w; = w + (1 — n)(v; — v) + Ong;, so that w; = v; on
8B;(,1 and hence

JBL ) < JB/Tx/ w)).

Using the above steps to carry out some details, we can go to the limit with j (j — 00),
and with n 1 1, in order to arrive at

0= 0/ V> = VWl + AQxs0) — Xiw=0):
By

which is the desired conclusion.
This completes the proof of Theorem 3.1. This theorem justifies our interest in the
class Poo. o

4 Global solutions
4.1 Homogeneous global solutions

Wishful thinking suggests that global solutions should be one dimensional and have
no free boundary in the upper half space. This would be the ideal case, and indeed,
this is mostly the case for our problem, as will be shown below.

In order to treat global solutions we will need two monotonicity arguments (Lem-
mas 4.1, 4.7). The first one, classical by now, is the Alt-Caffarelli-Friedman monoton-
city formula. A refined version of it reads as follows.

@ Springer



The behavior of the free boundary 23

Lemma 4.1 [1] Let hy, hy be two non-negative continuous sub-solutions of Au = 0 in
B R) (R > 0). Assume further that h1hy = 0 and that h (X% = hy(x%) = 0, and set
(forO <r<R)

1 |Vh|? dx |Vho|? dx
— h h 0 = — —_— a5 NG Y ) .
v =9 (r’ 12 ) r (/B(xo,r) lx — x()|n—2 /B(xo,r) lx — x0|n—2

Then

Loy B0y, (10)
dr r

where A, > 0 is given by (see [5] Lemmas 2.2-2.3)
C
VA, = rn—_"lArea (3B, \ (supp k1 Usupp hy)). (11)

Using this lemma we can show that global solutions don’t change sign, i.e., there
exists oly one-phase global solutions.

Theorem 4.2 Letu € Poo(n, Ay, A_). Then either u > 0, oru <0.

Proof We apply the monotonicity formula of [1], since both of u™,u~ have linear
growth and vanish on I, and both are subharmonic, we extend them as O to the comple-
ment of the set {u™ > 0}. For r such that o (r,u™,u~) # 0we have (¢(r) = ¢(r,u™,u™))

2¢(r)

d
aﬁl’(”) = Ay

where VA > < Area(d(B1)), since u* = 0 on R™. If for some ry, @(rp) > 0 integrat-
ing the ODE we get that, for r > rg, ¢(r) > (p(ro)(%)m1 , contradicting that ¢(r) < C
by linear growth of u. O

Lemmad.3 Let u € Poo(n,Ay,A_) and assume that u < 0. Then either u = 0 or
u = —cxq for some ¢ > 0.

Proof Since u is subharmonic in B]L (Theorem 2.3 in [1]), and u < 0, we can invoke
strong maximum principle to conclude u < 0 or u = 0. The latter case implies that u
must be harmonic on R’}.. It also vanishes on IT, and has linear growth. Let

G u(x) ifx e R}
—u(—x1,x) ifx=(x1,x) e R"

Then u is harmonic on R”, has linear growth, vanishes on x; = 0, so by Liouville’s
theorem z(x) = —cxq. Sinceu = uon R}, u < 0, then ¢ > 0. Since u # 0,c > 0. O

We now concentrate on u > 0, u € Poo(n,As, A_). Let 0? = ()L?|r —22). Thenuisa
minimizer for

Ipo(w) = / Yl + 0o,
D

forall D C R, over {w € WD) :w=0o0nTI, w—u € Wy*(D)}.

Lemma 4.4 Letu € Poo(n, Ay, A_),u > 0, and assume, that u is homogeneous of degree
one. Then either u =0 oru = cx1,¢ > Q.
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24 A. L. Karakhanyan et al.

Proof Assume that u # 0. Assume first that there exists xo € d{u > 0} in R}. Then
by Lemma 3.7 of [2], for small r we have |B,(xo) N {# > 0}] < (1 — ¢)|By|, so that
|By(x0) N {u = 0}| > c|B,|. Here [{u = 0}| > 0. By homogeneity

H" 1 (3B} (0) NRL N {u=0})

=1

= €0,

where cg is independent of r. Now let

u(x) ifxeR%
ur() = [0( ifx e R
0 if x € R
u(—x1,x") ifx e R™.

u_(x) = [

We use the monotonicity formula to conclude that u = 0. A contradiction. Thus there
does not exist xg € d{u > 0} in R} so that u(x) > 0in R’}, and hence it is harmonic.
An argument as in Lemma 4.3 now shows that u = cxj,c > 0. To bound ¢, fix M,
choose n € C°(B})),0 < n < 1. Let for & > 0,u, = nc(x; — &)+ + (1 — n)cxy so that
us = uon 3B, and hence (with u = cx;)

0<Juy) —J).

Now
Vue = cVn(x) — &)+ + cnei X =) — Vnexy + c(1 — e
= c(X] — &) X(x; >} VN — VX1 + CNel Xxy e} + (1 — n)ey
= _CSX{x1>5}V77 - Cxlan{xlss} + CZlX{x1>s} +c(l— n)aX{xlfs}'
Thus,
/ |Vue|* = —2c%e / Vel X »e) + € / (1 — )Xy <o) + / Xix=e) + O(%)
By By By By

O Xue>0) = O xpx1>e) + O* An=1xy<e)» T W) = By, + O*IB},l,

J(ue) —J@) = O + & / (0= ) Kpey=e)
B},
+c2 / Xixy>e) — 2% / Vel Xix >e)
B}, B},
+ QB N {x > e}l + QX B, N{n < 1,x; <&}
— By N {x; > e}| — *|Bj; N {x; <&l
— QB Ni{xy > &}l — Q*1By, N {0 < x; < ¢}
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The behavior of the free boundary 25

SO
J —J N
0< Jue) = I | 2 / 1 —n2dH"t =22 / Ve,
&
aB ;NI B,
+Q?H" OB}, N {n <1)N 1)
—H" @B}, N 1) — Q*H" 1 (9B}, N T).
But
—2¢2 / Ve, = 202 / n
B}, aBF,NII
and hence
0<cH"'@B}, N1 — Q*H" (3B}, N 1)
if we make 7 1 1, so that Q% < 2. O

4.2 Further properties of Py

Lemma 4.5 Assume that u € Py, u > 0, and r > 0. Then there exists C such that
1
— / IVul* < C.
rn
B+

Proof By subharmonicity of u (Theorem 2.3 in [1]) and that u = 0 on I, we have

1 c
2 2
— < — <
rn/|VLt| < rn+2/u <C.
Bf

+
BZr
O

Remark 4.6 Let u > 0,u € Px. Then, by Remark 2.6 in [2], u € Lip(ﬁ), for each
M > 0. Note also that the proof of Remark 2.6 in [2] and a simple scaling argument
shows that, if u € P, |[Vu(x)| < C,Vx € R,

Blow-up limits: Let u > 0, and u € Poo. Let r; Ny 0. Let uj(x) = %;x) Then the
conclusions of Theorem (3.1) apply to u;. The limit 1 (after passing to subsequence)
will be called the blow-up limit. (Note that (6), (8) hold. This was the key in Theorem
3.1). Moreover, Vu; — Vug in Lz(Bj\r/I), for any M. This follows from (iv) in Theorem
3.1 and dominated convergence, in view of Remark 4.6.

Blow-down: Let u > 0, and u € P. Let R; 1 oo. Let uj(x) =

u(rjx
Ry
luj(x)| < C|x|’fB/T4 |Vu]~|2 < C, and u is global solution, the proof of Theorem 3.1

. Then since

applies and the limit u(x) will be called blow-down limit. Again Vi; — Vi, in
L?(Bj,) for any M.
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26 A. L. Karakhanyan et al.

4.3 Weiss’ Monotonicity formula

Define

1 1
Woao = [ (VP + QCrieo) - ; / | uwianrap,

B (0) 0 aB;,mp

where v is the outer unit normal to 0 B, and BB:; wop = 9B, NR’.. Note that, by Remark

4.6, and the fact that u € Py, We must have W(r,u) < C for each r.

Lemma 4.7 (Weiss) If 0 < s < p, then for u € P, there holds
W(o,u) — W(s,u)

t
/ / /(Vu(rs) £)2dr — /Vu(rg)-gdr dH""1(&)dr > 0.

S (?BJr 0

Proof The result is proved in [10] for the case of B,. However, the argument works
exactly the same way for the case of half ball B;', since u| = 0. In fact the only thing
we need to verify is that the function u; := 12 u(t ) satisfies u; = u on 3B (see the

proof of Theorrem 1.2 in [10]). This is the case for all u with 1(0,x") homogeneous of
degree one. O

4.4 Classifications of global solutions

Lemma 4.8 Letu € Py, u > 0and let ug, uso be a blow-up and blow-down of u respec-
tively. Then ug and us, are homogeneous of degree 1 and thus ug(x) = coxi,Uco(X) =
CooX1, Where co =0 orcog > Q and coo = 00rco > Q.

Proof Once the homogenety is established the rest follows from Lemma 4.4. Let
us prove it first for up(x). Let again u;(x) = u(r]x) . We first claim that W(r,ug) =

lim;_, oo W(r,u;). This is clear for

1 2 2
rT’ (lVM| +0 X{u>()})
B (0)
in view of
A 2ot o lop+
Vu; — Vug in L°(B)), X(w;>0) = X{u>0} in L (B)).
For
1
- / (Vu; -v)>’dH" 1dp
’
0 8B;,lop

just use dominated convergence and the fact that |Vu;| < C uniformlyinj, Vu; — Vuyg
a.e. Thus, W(r,ug) = limj_.o W(r,u;), but W(r,u;) = W(rrj,u). Note that W(r,u) is a
monotone increasing function, by Weiss’ monotonicity formula Wy = limg_,o W(s, u)
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The behavior of the free boundary 27

exists (note that W(r,u) < C). Thus lim;_, o W(r,u;) = Wy. Hence, W(r,ug) = Wj.
We now use Weiss’ monotonicity formula again to conclude u is homogeneous of
degree one. The argument for u«, is similar. O

Theorem 4.9 Let u € Poo,u > 0 and assume that ug, a blow-up of u, is not identicaly
zero. Then u = cx1,¢ > Q

Proof Let us first compute W(r,cx1) for ¢ > 0. We get, for the first two terms, and
with w, = |B1], %(c2 + 0?). For the other terms, we need to compute

,

¢ 1 2 pn—1 2 2 3pn—1

" P (vp)*dH"'dp =c¢ (vp)°dH" .
0 B+

IRt
dBl‘mp

1
/ v%dH”flzi/v%dH”*l

pitop

Now by the symmetry

T
6Bl,tvp BBI
and
/ vidH" ! = / vidH"!
9B, 9B,

for any j, and hence

_ Area(dBq)
2 n—1 __
/(ul) dH"" = —

9B,

We thus get %Area(aBl). But w, = w

”(:"), and notice that W (sr,u) = W(s,u,). Consider now r; | 0,R; 1 oo and consider

corresponding ug, is. We have

,and so we get %QQ. Let now u,(x) =

.
W(r,u) =W (rj,urj) > W (1,ur,-)

for any j large, since % > 1. Now lim;_, o W(l,u,j) = W, up), as we saw. More-

over W(l,ug) = Qz%, since 1y # 0, by Lemma 4.8 and the first computation. Thus,
Q> < W(r,u)

.
Wru) = W (Rj,uRj) W (1,uR,.)

for j large (R%- < 1. Wl ug) — W(l,ux). We then have QZ% < W(r,u) <
W (1, ux). In particular us, cannot be identically 0. Hence

Wl ) = Q* 5"
and thus W(r,u) = Qz%". Lemma 4.7 applies again, to give u is homogeneous of
degree 1, non-zero and the conclusion follows. O

Remark 4.10 The solution u(x) = Q(x; — 1)+ shows that the assumption on ug is
needed.
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5 Main result

Theorem 5.1 There exists a constant po, and a modulus of continuity o such that, if
uec Pl(nv R7 )"+, k—era C)
then

u>0yNBj C{x:x1 < o(x)x])

Proof We will show that, given ¢, there is a p, such thatif u € Py(n,R, A+, A_,19,0),
then

ofu>0yNB) c B} \K;

where K, = {x : x; > ¢, /x% + -+ +x2}. This clearly suffices. We argue by contradic-
tion. If not there are u; € Py (n, R, A1, A—,ro,¢) and x;j € d{u; > 0} N BIF with [xj| — 0,
and such that x; € K. Let now r; = |x;| and let v;(x) = @ By Theorem 3.1 after
passing to a subsequence, we can find v € P such that v; — v uniformly on compact
subsets of R’}. Note that Vi(%) = 0and -L € 9B} N K,. Thus after passing to

[xj] 1,top
further subsequence, there exists xo € dBT N K, such that v(xg) = 0. Next, note

1,top
that x>0 = x>0 in LY(B}) for each R by Theorem 3.1. Then
1 -k 1 o 1
@ X{v=0} = ]_1)120 % X{vj>0} = ]_lglo %Rﬂ X{u;>0}
B; B; 2 Brt-R

= lim —|{u; > 0}NB,|>¢
j 00 |B:;R| 7 iR

since u; € P1(n, R, Ay, _,79,c). But then

+
By rj}n{vn> 0} =
7R
for each R. Thus v # 0, and v # 0 by a similar argument, where v is a blow-up of v.

Because of Theorem 4.2 and Lemma 4.3 v > 0. Also Theorem 4.9 gives v = cx1,¢ > Q.
But then v(xg) > 0, a contradiction. O

Remark 5.2 1f we consider u;j(x) = Q(x1 — rj)4, with r; | 0, we see that without (4)
the conclusion of theorem 5.1 fails.

Remark 5.3 Tf there esits a §,r9 > 0 such that for all 0 < r < rp, B \ {0 < x1 <
sry} N af{u > 0} # @, then there is ¢ > 0 such that u € Py(n,R, Ay, A_,r9,c), Once
u € Py(n, R, A+, A_). In fact, if xg € B \ {0 < x; < §r} N d{u > 0} by Theorem 3.1 [1]
(nondegeneracy), %J%BS(XO) ut > C,for0 < s < ér,and hence |{u > 0}NBs,(xg)| > cr"
and thus |{u > 0} N B)F| > ¢r". The same is true if B \ {0 < x; < 8r} N {u > 0} # 0.

Remark 5.4 Suppose that u € Py(n, R, 4, 1_), and there exists ¢ > 0, ry such that for
0 <r <, }ng:r ut > c. Then, u € Py(n,R, Ay, _,79,c) because on a substantial

portion of B} \ Bj/z, we have u™ > cr.

@ Springer



The behavior of the free boundary 29

6 Non-uniform results

We now turn to the analog of Theorem 5.1 for the class P;(n, R, A4+, A_). Because of
Remark 5.2 this cannot hold uniformly, but it does hold for each u € Py (n, R, A+, A_).

Theorem 6.1 Given u € Py(n,R,Ay,A_), there exists a modulus of continuity o,
depending on f and u, and a po with the same dependnece, such that

of{u > 0} ﬂBZO C {x:x1 <o@)x|}.
As before if suffices to show the following.

Lemma 6.2 Ifu € Pi(n,R, Ay, A_), then given ¢ > 0,3p, such that 3{u > 0} N B;’,‘g C
Bﬂe \KF

Before giving the proof of Lemma 6.2 we need a preliminary lemma

Lemma 6.3 Let u € Pi(n,Ay,A_) be given and let « > 0 be given. Then there exist
10,8 > 0, such that, if for some 0 < r < ry,

1][ ut <4,
p

B,*\Bj/2

then, u(x) < alx|, for |x| < r/2.
Proof Fix n small, and consider
+ [32 1 442 +
K,]ﬂaB%mop = [xl > /X5 + +xnl ﬂaB%r,mp.

Note that, for n small, for each x in this set, By, /2(x) C B\ B:r/z. Hence,

1

- ut < Cy8,

r

B2 (0)\Byrja(x)
and so, for some }r < s < 3r we have % —faBS(x) ut < 6:,8. Choose now 8 so small,
depending on 7, so that C,§ < C, where C is as in Theorem 3.1 in [1], so that u* = 0
in B; > (x). With this choice of §, we see that ut =0on 8BJ{r op N K. Recall also that
7"

lu(x)| < Clx| in B}, (see (6)). Consider now wy in B;rr, given by
I

Aw1 =0 in Bgr

pis
_ +

wr =0 on BBgr’mp NnK,

wi = Cl|x] on aB%r,mp \ K

w; =0 on II.

We claim that, given « > 0 and C as in above, we can choose an 5 so that

o .
0<wi(x) < E|x| in Bj/z.

Indeed, by C'# (B:r/z) regularity we have wy(x) < @wl(%r, 0), where x € B:r/z, and
A is a dimensional constant. But a scaling argument shows that we can choose 7 small
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so that w1(8r 0) < 541, since the harmonic measure at the point (8, 0) for 8BJr of the
set aB \ (K, UIT) — 0 as n — 0. Let now w2 (x) solve

Awy =0 in BJr
wy =0 on E)B+

4r top

wy =f(x) onlIl
We claim that, given o > 0, we can choose ry > 0 so small that
a
20| < S x| in B,.
In fact, let v2(y) = wa(3ry) for y € B} . Then

Avy =0 in BJr
vy =0 on anmp
vy =g(y) onll

where g,(y) =f(%ry). Now

3 3
lgr()] < ZrRIylw (Zrlyl) .

Moreover

[olin) 2o

which is small if » < rg,rp is small. Thus, we can choose ry so small that [v2(y)| <
%ArRA"‘W lyl, and hence, |w2(x)| < 5 |x|. Now, since u is subharmonic, and u < wy +w»
on 83;/ 4y» the lemma follows. O

Corollary 6.4 Let u € Py(n,rq,r_) be given. Then, there exists ry,8 such that, if for

u(r/x)

some 0 < r < ry, % j[‘B:r\B+/2 ut <6, and ri 0, uj(x) = and v = limj_, oo u; is as
T,

in Theorem 3.1, then v < Q.

Proof Since v € Poo, by Theorem 4.2 v < 0 or v > 0. Assume that v > 0. Let « be the
constant as in Lemma 2.5 in [2 [ ] (with k = 1/2; see also Remark 2.6 in [2] and observe
that v = 0 on IT), so that if & —f33+ v <a,thenv=0in BR/2 Choose now §,r¢ as in

Lemma 6.3. We claim that

aB}
Indeed
—][v_llm— uj = lim — u<ca,
]*)OO J— o0 Rr]
aB% aB% aB},
since u(x) < alx|, |x| <r/2. Hencev=10 O
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Proof of Lemma 6.2 Let ry,$ be as in Corollary 6.4. Assume first that, for all 0 < r <
ro, jfB:r\BJF/Z ut > §. Then for all such r,
l{u > 0} N B}
gy =€
|Br|

and hence the conclusion follows from Theorem (5.1). Assume then, that there exists
0 < r < rp such that
1
— ][ ut <34.
r
Bi\Bj;z

If the conclusion does not hold, there exist x; € d{u > 0} N BIF with r; = |xj| — 0 and

x; € K, for some fixed ¢ > 0. Let u;(x) = u(;’:x) ,and v = lim;_, o u;, as in Thoerem 3.1.
]
Recall that, after passing to a subsequence, we can assume that % — X0 € 83; o 1 Kes
i Jtop

and hence v(xp) = 0. Also by Corollary 3.2 [1], % J%Br-/z(x,-) ut > ¢, ¢ > 0, and since

xj € K¢, itis easy to see that v # 0. But by Corollary 6.4 v < 0, and hence, since v # 0,
v(x) = —cxq, ¢ > 0, by Lemma 4.3, which contradicts v(xp) = 0.
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