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Overview PDE 1 course

@ Not much about structure of hyperbolic PDEs, but only focusing on elliptic and
parabolic equations.

@ Not much about solution generating techniques. E.g. we will not discuss Perron’s
method but will touch upon the energy method

@ Much about the function spaces they act on.

@ Much about existence and uniqueness of solutions.



Operator picture

A: X =Y

A is an operator — comes from the PDE.
X, Y are function spaces.

Af =gin UCR"
Given g € Y,
prove existence of f € X.
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Operator picture

A: X =Y

A is an operator — comes from the PDE.
X, Y are function spaces.

Af =gin UCR" and f = hon OU.
Givenge Y, he”Z
prove existence of f € X.

We can use the powerful tools of functional analysis to study solvability of equations
involving A.

The main work is to find the right spaces X, Y and the abstract operator A, not the
functional analysis parts itself.



Second order PDEs

The theory about the function spaces we study in this course can be used to study
basically any PDE, but here we will mainly study R valued second order linear PDEs on
R" or on a bounded domain U. We have three main types

o Elliptic (Laplace eq. "7 ; txx = 0)
e Parabolic (Heat eq. ur — Y 7 Uxx, = 0)
@ Hyperbolic (Wave eq. uy — > 1 Uxx, = 0)
We will study the elliptic and hyperbolic case in detail, but not the parabolic case.



Definition

Let U be an open subset of R”. The linear partial differential operator Lu : R” — R
given by

n n

Lu= =Y al(x)ugq + > b (x)uy, + c(x)u, (1)

ij=1 i=1
is uniformly elliptic if there is a constant # > 0 such that

n
> al(x)&g > 0P forae xc Uandall{ €R". (2)
ij=1

If the inequality holds for § = 0, the operator is degenerate elliptic.

Remark

a¥ is always symmetric.

Other example is the divergence form equation

divfa(x)Vu(x)] = 0.
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given by

n n

Lu= =Y al(x)ugq + > b (x)uy, + c(x)u, (1)

ij=1 i=1
is uniformly elliptic if there is a constant # > 0 such that

n
> al(x)&g > 0P forae xc Uandall{ €R". (2)
ij=1

If the inequality holds for § = 0, the operator is degenerate elliptic.

Remark

a¥ is always symmetric.

Other example is the divergence form equation

div[a(x)Vu(x)] = 0. = d;[a¥uj] = 0.



The operator C% + L with L as in (1) but a, b and ¢ are allowed to depend on both x
and t is uniformly parabolic if (2) is satisfied for 0 < t < T for some T > 0.
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Definition

The operator g—; + L with L as in (1) but a, b and c are allowed to depend on both x
and t is uniformly hyperbolic if (2) is satisfied for 0 < t < T for some T > 0.

RENELS

More general definitions which does not explicitly separate the variable t are possible.
Divergence forms are also useful.
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For partial derivatives we will use the notation u,; = Oy, u etc. We will also use
multi-indices a = (aq, ..., ap), || = a1 + -+ + .

oM oY
D= — o — 4.
v ox{t oxgn !
U, V and W usually denote open subsets of R”. B%(x, r) the open ball centred at x
with radius r, and B(x, r) the corresponding closed ball. o o
V is compactly contained in U (denoted V€@ Uor VCC U)if VCV C Uand Vis

compact.



Weak maximum principle

Recall Lu=—>71,_; a¥(x) sy + Yo1q b (X)ux + c(x)u, where a¥ b and c are

continuous functions and a¥ is uniformly elliptic. In the two theorems below we assume
that U is bounded.

Theorem (Weak maximum principle)

Assume u € C2(U)n CY(U) and

c=0 inU.

Q@ /fLu<O0in U, then
max u = max u.
U ou
@ /fLu>0in U, then

min ¢ = min u.
U au



Weak maximum principle ¢ > 0

Theorem (Weak maximum principle ¢ > 0)

Assume u € C2(U) N CY(U) and

c>0 inU.

@ /fLu<O0in U, then

max u < maxu™.

U ou

@ /fLu>0in U, then

minu > —minu .
U U

© In particular if Lu =0 in U then

max |u| = max|ul.
U ou



Strong maximum principle.

@ The weak maximum principle: A subsolution attains its maximum on the
boundary.
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Strong maximum principle.

@ The weak maximum principle: A subsolution attains its maximum on the
boundary.

@ The strong maximum principle: A subsolution can not attain its maximum at an
interior point unless it is constant. (On a connected region.)

: : . .. Ou
@ We show this by analysing the outer normal derivative 2 at a boundary
14
maximum point.
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Lemma (Hopf's Lemma)

Assume u € C>(U) N CY(U) and ¢ = 0 in U. Suppose further Lu < 0 in U, and there
exists a point x° € OU such that

u(x®) > u(x) for all x € U. (3)

Assume finally that U satisfies the interior ball condition at xO- that is, there exists an
open ball B C U with x° € 9B.

Th
= e ou

v

where v is the outer unit normal to B at x°.

(x°) >0,

@ I/fc >0 in U, the same conclusion holds provided

u(x®) > 0.

11/25



Remark

The importance of point 1 is the strict inequality. Observe that %(XO) > 0 is obvious
because

v x=x0  |xp — X]|

8u(xo) — lim u(xo) — u(x)‘

Note that the interior ball condition automatically holds if OU is C2.

12 /25



Proof

Assume ¢ > 0 and u(x°) > 0. We may as well further assume B = B%(0, r) for some
radius r > 0. For A > 0 define

v(x) = e — e (x € B(0, r)).

13/25



Then using the uniform ellipticity condition, we compute:

n n
Lv= — E a’vain + E b'vy. + cv
ij=1 i=1

= e P Z al(—4X2xix; + 2085) — e~ A2 Z b'2)\x; + c(e*)"X|2 - e*)‘r2)
ij=1 i=1
< e P (—40X2|x|2 + 2\ TrA+ 2)\|b||x| + ¢) |
for A= ((a¥)), b = (b',...,b"). Consider next the open annular region
R = B%(0,r) — B(0,r/2). If we choose A > 0 large enough, we get

Lv < e AP (—0X2r2 4+ 2\ TrA+ 2)\|b|r +¢) < 0'in R. (4)



From (3) we get that there exists a constant ¢ > 0 so small that
u(x®) > u(x) + ev(x) (x € 9B(0,r/2)). (5)
In addition note
u(x®) > u(x) + ev(x) (x € 9B(0,r)), (6)
since v =0 on 0B(0, r).
As u and v are subsolutions we find

L(u+ev—u(x) < —cu(x®) <0in R, (7)

and from (5), (6) we observe u 4+ ev — u(x°) < 0 on OR.
The weak maximum principle gives u + ev — u(x%) < 0 in R.
But u(x?) + ev(x®) — u(x®) =0, and so

ou ov

ou. oy, 9V, 0
8V(X )+eay(x)20.



Consequently
g;(xo) > —eg‘;(xo) = —;Dv(xo) x0 = 2\ere ™ > 0,

as required. O
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Theorem (Strong maximum principle.)

Assume u € C>(U)N C(U) and ¢ = 0 in U. Suppose also U is connected and open.

@ /fLu <0 in U and u attains its maximum over U at an interior point, then u is
constant within U.

@ Similarly, if Lu >0 in U and u attains its minimum over U at an interior point,
then u is constant within U.

17/25



Write M = maxg u and C = {x € U|u(x) = M}.
Then if u#Z M, set

V = {x € Ulu(x) < M}.

Choose a point y € V satisfying a %4
dist(y, C) < dist(y,dU), and let B = B(r,y) with
largest r such that B%(r,y) C V. Then there exists

some point x° € C, with x° € 9B.

Clearly V satisfies the interior ball condition at x°. ou
Hopf's Lemma point 1, gives %(XO) > 0. But this

is a contradiction: since u attains its maximum at

xY € U, we have Du(x°) = 0. O

18/25



Theorem (Strong maximum principle with ¢ > 0.)

Assume u € C2(U)N C(U) and ¢ > 0 in U. Suppose also U is connected.

@ /fLu <0 in U and u attains a nonnegative maximum over U at an interior point,
then u is constant within U.

@ Similarly, if Lu >0 in U and U attains a nonpositive minimum over U at an
interior point, then u is constant within U.

The proof is like that above, except that we use point 2 in Hopf's Lemma.
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A priori estimates

Let u € C(U)N C?(V) solve a¥(x)uj; + b'(x)u; + c(x)u > f in the bounded domain U,
al is elliptic (i.e. a¥¢'¢) > N€]?, A > 0) and ¢ < 0. Then

s f~
supu <suput + CuPUi||
U oU A
where the constant depends on diamU and (3 := S“';\lb'. In particular if

al(x)uj + b (x)u; + c(x)u = f then

supy |f|
A

sup |u| <suplu|+ C
] ou

Here u®

are the positive and negative parts of u respectively defined by

ut = max(u,0),u” = —min(u,0), hence u = u™ — u™. In particular, if U lies between

two parallel planes a distance d apart, then the inequality above is satisfied with

C = eB+1)d _ 1 20/25



Proof
Let U lie in the slab 0 < x; < d, and set Logu = aUu;j + biu;. For a> B+ 1 we have

Loe® = (a?a™ + ab)e™ > \(a? — afB)e®™ > .

Let

V(X) = sup u+(ead — eaxl)M'
au A

Then, since Lov + cv < —Asupy(|f~|/A), consequently

Lo(v—u)+c(v—u)§—>\<suPL3\|f_|+:> <0 inU

and v — u > 0 on QU. Hence, for C = €9 — 1 and o > 3 + 1 we obtain the desired
result for the case Lou + cu > f.
Replacing u by —u, we obtain the result for the case Lou + cu = f.

21/25



Bernstein's method

Let u be harmonic in By = {x € R" st |x| < 1} and assume that u € C3(By) then
there is a constant C depending only on the dimension n such that

1Du(0)] < Csupul.
By

22 /25



Proof
Introduce the auxiliary function w(x) = ¢?|Du|? + \|u|?, where X\ > 0 is a constant to

be fixed below.
We have that Au = 0 and differentiating both sides of this equation in
xi,i =1,2...,n it follows that Au; = 0. Then we have

Aw = [DuPAC)? + ¢ |2uidu; +2>  uf| +8(Gujuj + 2A|Dul® + 2Aulu
ij
= |Dul® [2X + A(CP)] + 26D uf + 8[¢iuj][Cuy] >
ij
|Dul? [2X + A(¢?) - 8|D¢[]

v

where we used the fact that Au =0, Au; = 0 and Cauchy-Schwartz inequality for the
last line. Choosing A large enough so that 2\ > sup |A(¢?)| + 8|D¢|? we infer that

Aw > 0.
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Applying the weak maximum principle we infer that

supw < supw = Asup |u]?.
B 0B, OB,

On the other hand supg, w > supg, (?|Dul? > ¢?(0)|Du(0)|?. Thus the result follows.

Now we give two applications:

@ let u be harmonic in B, then

C
10u(0)] < S supul.
r B,
Let v(x) = u(rx),x € By then Dv(x) = r(Du)(rx). Applying previous theorem
the claim follows.

@ let u be harmonic in By, then

||

C
|D*u(0)] < iy Sup lul ke = (ks ka), Jhl =y -+



To see this one has to iterate the previous estimate and note that A(D¥u) = 0 for any
multi index k. For instance for the second order derivative u;,i = 1,...,n we have

C C?
|Du;(0)] < — sup |Du| < — sup |
r B re g,

Since i is arbitrary it follows that

D? <C72
|D=u(0)| < —5 sup|ul
r- B

r



