Mathematics 3 Analysis & Integration 2004

Notes on Integration

1. Null sets A subset E of R is null if, given £ > 0, we can find a countable collection of open

intervals {/,} such that £ C (J [; and ) |;| < e. (It’s easy to see the word ‘open’ can be
j=1 j=1
omitted.)

Clearly singletons are null. So is any countable set. Subsets of null sets are null.

Notation: For an interval I of the form I = [a,b],(a,b), (a,b] or [a,b), |I| := b — a denotes

its length. If F is a finite union of disjoint bounded intervals, £ = [} U .... U Iy, then

N

|E| := > |I;|. Itistedious but routine to show that this is well-defined, and, as a consequence,
j=1

if £1 and F5 are such sets with E; C Es, then |F| < |Es|.

Theorem 1.1 If E; (j =1,2,....00) is null, so is |J Ej;.
j=1

Proof Let ¢ > 0; cover E; by intervals of total length < /2%, The union of all such
intervals has length <e > 27771 =¢/2 <e. O
j=1

However not every null set is countable:

Example: The Cantor middle third set

Let Ey = [0,1]; let By = [O, l} U [%, 1} , the set obtained by removing the middle third of
Ey; let By = [O, %} U [%, %} U T%, %] U [%, 1} , the set obtained by removing the middle third
of each of the two intervals comprising £;. Continuing in this way we obtain £, a union of

27 intervals of length 377, and F;; is obtained by removing the middle third of each of these

intervals. Let E = () Ej;. As the intervals comprising F; have total length (2/3)7 which tends
5=0
to 0 as j — oo, E is null. E is uncountable by the usual Cantor argument.

Example: Generalised Cantor sets

Consider the unit interval I = [0, 1]. Let F3 be the “middle” open subinterval of length % Let
F; be the union of the 2 “middle” open subintervals of I\ F}, each of length 5% Having defined
Fi,Fy, ..., Fj such that I\ (Fy U ....U F}) consists of 2/ closed intervals, we define Fj; as
the union of the 2/ “middle” open subintervals of I\ (F} U ....U F}), each of length = . An

o0

example of a generalised Cantor set is given by £ = I\ |J F; . Notice that E contains no
j=1

nontrivial interval, and that |F;| = 2/7!/57 | so that

[e.e] [e.e]

1 2\ 1 2/5 1
2 =32 () —atem s

j=1 j=1

We shall soon see that this shows that E is not null. (One can play games by varying the
ratio 1/5.)



Theorem 1.2 If [a,b] is covered by open intervals {I;}52,, then »_ [I;| > b—a. In particular,
j=1
[a,b] is not null, if a < b.

Proof Assume that ) |[;| < b —a. By the Heine-Borel Theorem, we may find a finite
j=1

N
subcollection {Iy,....Ix} with [a,b] C |J I;. Then, by the remark preceding Theorem 1.1,
j=1

N N
b—a<|U L] <> |, which is a contradiction. (The final inequality while ”obvious”, can

j=1 j=1
easily be proved by induction on N.) 0

Theorem 1.3 Let [ be a bounded interval. Suppose that F; (j = 1,2,....00) is a finite
union of disjoint intervals, F; N Fj, = () when j # k, each F; C I and that [\ |J Fj is null.

j=1
Then ) |F;| = |I].
j=1
N N
Proof Since |J F; C I for all N we have ) |F;| < |I| for all N (using disjointness of the
j=1 j=1

{F;}) and so ) |F;| < |I|. Thus we have to show > |F}| > |I|. Without loss of generality
j=1 j=1
we may assume that [ is closed and that each F) consists of open intervals as this affects

neither |F}|, |I| nor the statement that I\ (J F; is null. (We have modified matters only on a
j=1

countable, hence null set.) Suppose for a contradiction that ) |F;| < |I|. Cover I\ |J Fj by
= =1

open intervals {J;}32, with Y [Ji| < [I| = > [Fj|. Then {F;}32, U {J;}32, gives a cover of
=1 =1

I by open intervals of total length less than |I|, in contradiction to Theorem 1.2. O

Corollary The generalised Cantor set constructed above is not null — if it were we’d have
00 1

F|l=—-.
> 1F)| = 5

to have > |F;| = 1, and we showed that
~ =

=

Null sets will be systematically regarded as ‘negligible’ in integration theory. A property of
the real numbers holds almost everywhere or holds for almost all x if it holds for all
real numbers except those in some null set. Thus, for example, yp = 0 almost everywhere.
1 z€eFE

Notation: if £ C R, xp(z) = { 0 2¢E

. Integration — what are we aiming for?

We wish to develop an integral with the following features:

(i) if f:R — Ris “nice”, then [ f should represent the “area under the graph of f”



(i) if f >0, [f>0
(iii) the integral should be linear

(iv) if I; (j = 1....00) is a sequence of pairwise disjoint intervals with 231 |I;| < oo, then
‘]:
should be integrable and [ x 5 should equal ) |[;].
U I j=1

ij I;
1

Jj= j=1

Of course we also wish the integral to be calculable by the standard techniques of integral
calculus (antiderivatves, parts, substitution ....) for sufficiently nice integrands.

n
Ifop=> cix 1, is a step function (i.e. a finite linear combination of characteristic functions
j=1
of bounded intervals) then this wish list prescribes that we must have

/¢=;Cj|fj|-

We will then use analysis to extend the definition of the integral to a wider class of functions.

Convention All functions f have domain R, and usually have codomain R, (but we will in
occasion allow f to take the values £00). If g : [a,b] — R, we extend g to be zero outside
la, b] to obtain a function with domain R. (We make an exception to this convention in Sections
7-9.)

. Integration of Step functions

Definition A step function ¢ : R — R is a finite linear combination of characteristic
functions of bounded intervals, i.e.
¢= Z CiX1;
j=1

where |I;] < oco.

Evidently, ¢ is a step function if and only if 3xg < 21 < ... < xy such that

(i) ¢(z) =0for x < zpand = > xy
(ii) ¢ is constant on (x;_1,2;) 1 < j < N.

We say that such a ¢ is a step function with respect to {x, ..., xy}. We define the integral

of such a ¢ by
N
/<Z5 = ¢ — 71)
j=1

where ¢; is the constant value of ¢ on (r;_1,7;). Note that if ¢ is a step function with
respect to {xg,...,zn}, and z;_; < ¢ < z;, ¢ is also a step function with respect to
{zo,....;xj_1,¢,2j,...,xn} and the two definitions of [ ¢ agree. Thus if ¢ is a step function
with respect to {xo, ..., xx} and also with respect to {yo, ..., yar }, upon ordering {zo, ..., zx} U



{yo, ..., ym} as zp < .... < zg (K < M + N) we see that the definitions of | ¢ with respect to
{zo,....,xn}, {20, ..., 2z } and {yo, ..., yns } all agree.

Thus [ ¢ is well-defined for any step function ¢.

It is clear that if ¢ and 1 are step functions and «, 3 € R, then a¢ + (1 is a step function;

o Jts+o0)=a [o+5 [ *)

as if we list all the “jump points” of either ¢ or v together as {xy < .... < zy}, the left hand
N N N

side is Zl(a¢j + 0Y;)(x; — xj-1) = a Zl¢j(:1:j —xj1)+ 0 lej(xj —zjiq)=a ¢+ 03[
j= = =

Similarly if ¢ > ¢, with ¢, step functions, then [ ¢ > [ 1.

Since [ x; = |I|, linearity of the integral (*) implies that

/ZCjX]]- => oIl
j=1 j=1

So points (i)-(iii) of our “wish list” are adequately resolved for step functions. How about
point (iv)? As so far we’ve only defined the integral for step functions, (iv) is tantamount to
asking:

If {I;};=1 is a disjoint sequence of intervals with union |J I; which is also an interval
j=1
I, does |I| = > |;|? This is guaranteed by Theorem 1.3. In fact, Theorem 1.3 can be
j=1
re-phrased as follows:

Theorem 1.3’ Let ¢, be the characteristic function of a finite union of bounded intervals.
Suppose that ¢, () < ¢, (z) for all z € R, and ¢,(z) — 0 a.e. then [ ¢, — 0.

Proof Let ¢, = xg,, thus £,; C E,. We may assume without loss of generality that F;
is an | interval. Set F,, = E, \ E,41 and I = E,. Then ¢, (z) — 0 a.e. is the same as saying

I\ U F; is null. By Theorem 1.3, Z |F;| = |I| = |E4|. But Z |F;| = > |E; \ Ejra| =
] ] ]_

Z(|E]| — |Eju]) = |E1| — lim |E;|. Thus lim |E;| = 0 and so fgb] —0asj — 0. O

=1 j—oo j—00

A fundamental fact in the theory of Lebesgue integration is that Theorem 1.3" extends to the
case where each ¢, is an arbitrary non-negative step function:

Proposition 3.1 Suppose ¢, is a sequence of step functions with ¢,(z) > 0 a.e.and
Gpi1(z) < ¢, (x) a.e. Suppose that ¢, (x) — 0 a.e. as n — oco. Then [ ¢, — 0.

Remark 1 The assumptions ¢, > 0 a.e.and ¢, ., < ¢, a.e. are innocuous as in this context
they mean ¢, > 0 and ¢, < ¢, except on a finite set, and any statement about [ ¢, is
unchanged after modification of ¢,, on such a finite set. On the other hand ‘¢, (z) — 0 a.e.’
does have content as the (usual) Cantor set construction shows.

4



[Remark 2 There is also a “dominated” version of this Proposition which is formally stronger:
if ¢, is a sequence of step functions with 0 < ¢, < ¢; a.e. and ¢, — 0 a.e., then [ ¢, —
0. However this would require some machinery to prove.|

We first prove a lemma, which, roughly speaking, says that if ¢,, is a sequence of step funcitons
such that ¢,(xz) > 0 and ¢, ,,(z) < ¢, (z) for all z, and such that ¢,(x) — 0 a.e., then the

convergence is “almost uniform”:

Lemma 3.2 Suppose ¢, is a sequence of step functions with ¢,(z) > 0 and ¢, ,(z) <
¢, (z) for all z, and such that ¢,(z) — 0 a.e. Let ¢ > 0. Then there is a finite union E of
intervals such that |E| < ¢ and an N € N and such that xt ¢ £, n > N = ¢, (x) < ¢.

Proof Let E, = {z | ¢,(z) > €}. Then E, is a finite union of bounded intervals and, as
Gpi1 < &y, Eny1 C By, and thus xp < xg,. Moreover xp — 0 a.e. as

{z|xp,(x) -+ 0} ={z |z belongs to infinitely many E,}
= {z | ¢,,(x) > ¢ for infinitely many n’s}
C {z | d,(x) = 0}

which is null by hypothesis. By Theorem 1.3, [xp = |E,|] — 0. Choose N so that
|En| < e, and take F = Ey.Sox ¢ E = x ¢ E, for alln > N, so ¢,(z) < ¢ for z ¢ E and
n > N. U

Proof of Proposition 3.1 According to Remark 1 after the statement of Proposition 3.1
we can assume that ¢,(z) > 0 and ¢, ,,(z) < ¢,(z) for all z € R. Suppose ¢, is zero outside
la,b] and ¢,(x) < M for all x. Let £ > 0; take F and N as in the lemma. Then for n > N

/¢n = /¢nXab]mE+/¢nX[abnEC

< M|E|+¢(b-
< (M4 (b—a)e.

Thus [ ¢, — 0asn — oo. O

. Extension of the integral

To capture the essence of the integral as the “area under the graph” it seems reasonable to
define, for arbitrary f : R — R, f f as sup f ¢ where the supremum is taken over all step
functions ¢ with ¢ < f a.e. While this is a good definition for a wide class of f’s, it’s not good
in general if we wish to maintain our wish list.

For example, let f = y~ where C'is a generalised Cantor set as constructed in Section 1, and
o0

where ) |Fj| = a is chosen to be less than 1. Since C' contains no nontrivial interval,
j=1
the proposed definition for [ x. gives zero; while points (iii) and (iv) of our wish list require
o0
[Xe=1-% Bl =1-a>0.

Jj=1



Clearly the problem with this f is that it is not well-accessed from below by step functions.

Definition f:R — RU {oo} is accessible from below by step functions if there exists
a sequence of step functions ¢,,, with ¢, < f a.e., such that lim ¢, (z) = f(x) a.e.

The class of such is denoted by M~ (the minus signifying “below”). Thus, while x i €
=1

M=, 11— ij | may not be in M.

U 4y
Jj=1

Definition For f € M~ we define

/f = sup {/gb | ¢ a step function, ¢ < f a.e.}
(possibly with value +00) and we say that f € L iff f € M~ and [ f < c0.
Note: For step functions, this definition agrees with the one previously given.
Remark The reason for the terminology “L™¢” will become clearer in a little while.

Definition We shall say that f : R — R U {400} is Lebesgue-integrable, or f € L', if
there exist g,h € L™ such f(x) = g(z) — h(x) for all z with g(z), h(z) < oco. For such an

f we shall define its integral to be
oo ]n

Remark We shall show later that this is a good definition: If g;,h; € L™ and g1 + hy =
go + hq, then f g1+ f hey = f go + f h, will follow from linearity of the integral on L with
positive scalars. This requires proof. (It is not even immediately obvious that g, h € L"¢ =
g+he L)

Remark There is of course another way to deal with the question of accessibility from below
by step functions, and simultaneously deal with the “above/below” symmetry, which is to
declare that we should define [ f as sup { Jolo<f ¢astep function} only for those f’s

for which we have
— inf
?Ji‘;/ o=t [v

(where the sup and inf are taken over step functions). This of course is the Riemann integral;
thus the Riemann integral is to “and” as the Lebesgue integral is to “or”. If we want wish
(iv) to be true we have to step outside the framework of Riemann integration, and it is wish
(iv) that drives the powerful convergence theorems of the Lebesgue integral, the utility of the
Lebesgue integral in PDE’s and the relevance of the Lebesgue integral to probability theory.



5. On L™
We wish to address three issues concerning L™: Are “reasonable” functions automatically

in L"? Is L'"¢ closed under addition, and the integral then linear with respect to positive
scalars? How does one effectively calculate [ f for f € L™?

Lemma 5.1 Suppose f : [a,b] — R is continuous. Let € > 0. Then there is a step function
¢ such that f(x) —e < ¢(x) < f(x) for all x € [a,b].

Thus if f : [a,b] — R is continuous, and is extended to be zero outside [a,b], f € M™. If M is
an upper bound for f(z) and ¢ is a step function with ¢ < f a.e., then [ ¢ < M(b—a). Hence
fe L™ and [ f < M(b—a). By “pieceing together” such f’s we see that piecewise continuous
functions of bounded support are always in L.

Proof of Lemma

Given ¢ > 0, for each x € [a, b] there is an open interval I, containing z such that y € I, =
|f(z) = f(y)] < /2. Thus, y,z € I, = |f(y) — f(2)| < €. Since {I,, | © € [a,b]} is an open

7j—1
cover for [a, b] we may find a finite subcover I, ....1,,. Letting J, = I, and J; = J,,\ U J, we
Coe=1

obtain a disjoint cover {.J;,...J,,} for [a, b]. Now define

inf f(z) € J;

zeJ;

o) =1 e¢ UJ;.

Then ¢ is a step function satisfying
f(x) —e < ¢(x) < f() for x € [a,b].
O

Slightly more generally, it’s not hard to see that if f : [a,b] — Ris bounded below and
continuous at almost every point of [a,b], then f € M~ (when extended to be zero outside
[a,b]). If such an f is also bounded above, then f will be in L.

Theorem 5.2

(i) If ¢, is a sequence of step functions with ¢,, ., > ¢, a.e., ¢, — f a.e. and [ ¢, convergent,
then f € L and [ f =lim [ ¢,,.

(ii) If f € L™ and ¢, is any sequence of step functions with ¢, > ¢, a.e., ¢, — f a.e.,
then lim [ ¢, exists and equals [ f.
n—oo
(Hence the name “L™¢” for such f’s realised as limits of increasing sequences of step functions.)

[Remark: There is also a formally stronger “dominated” version of this result.|

Proof



(i) If there is a sequence of step functions ¢,, with ¢,, < ¢, < f a.e. and ¢,, — f a.e., then
clearly f € M~. If now ¢ is any step function with ¢ < f a.e. then ¢, := (¢ — ¢,,)+ is a
decreasing sequence of nonnegative step functions with v,, — 0 a.e. By Proposition 3.1,
[, — 0. Thus f € L' and [ f <lim [ ¢,. But as ¢, < f a.e. and as ¢, is a step
function, it is a candidate in the definition of [ f, and so [ ¢, < [ f for each n. Hence

lim [ ¢, = [ f.
(ii) Let f € L™°. There is an increasing sequence of step functions ¢, with ¢, — f a.e.

Then as ¢, < f ae., [ ¢, < [ f and the increasing sequence [ ¢, converges to some
number less than or equal to [ f. By part (i), lim [ ¢, = [ f. O

This theorem is useful both theoretically — as we’ll see below, we can deduce linearity of the
integral with positive scalars from it — and practically as a method for calculating [ f for
f e Lme

Theorem 5.3

(i) If f,ge L™, sois f+gand [(f+g9)=[f+ [y
(ii) If f € L™ and a > 0, then af € L™ and [af =« [ f.
(iii) If f,g € L' and f > g a.e., then [ f > [g.

Proof

(i) If ¢, is a sequence of step functions increasing to f a.e., and v, is a sequence of step
functions increasing to g a.e., then ¢, + 1, is a sequence of step functions increasing

to f 4+ g a.e. By Theorem 5.2, [¢, — f, [¢, — [g, f+g € L™ and [(f +g) =
lim [(¢, +¢,) =lim [ ¢, +1im [, = [ f+ [g.

(ii) is similar.

(iii) If ¢,, and 1, are as in (i), let #,, = min(¢,,,,,). Then 0,, < ¢,, and 6,, is a sequence of
step functions increasing to g a.e. Thus [ ¢ =1lim [0, <lim [ ¢, = [ f.

Very useful in practical situations is the following.

Lemma 5.4 Let f,, be a piecewise continuous function, f,(xz) = 0 outside a bounded interval
I,. Suppose f,11 > fnae., f, — fae. and [ f, is a convergent sequence. Then f € L™ and

[ f=1lm [ f,..

Proof By Lemma 5.1, there exists a step function ¢,,, vanishing outside I,,, such that
fo—2" < ¢, < f,ae As f, — f ae., ¢, — f ae. Let ¢, = max{¢,,...¢,,}. Then

Yoy > U, ¥, is a step function and v, — f a.e. Moreover as ¢, = max{¢,,...¢,} <
max{fi, ..fa} = fo, [, < [fo < K < oco. Thus f € L and [f = lim [, <
lim [ f,. But as f, < f we have [ f, < [ f and thus [ f =1lim [ f,. O



6. Practical Integration

Let g : [a,b] — R be continuous. Then fab g is defined as [ 9X[a)- Note that if g is continuous

on [a,b] and a < ¢ < b, then fabg = [Tg+ fcbg (by linearity of the integral on L™¢ with
positive coefficients).

Theorem 6.1 Let g : [a,b] — R be continuous. For a <z < b let

Then G is differentiable on (a,b) and G'(z) = g(z).

G(x + h) — G(z)

Proof For z € (a,b), let h > 0 be small and consider h

—g(z). (The argument
for h < 0 is similar.) This quantity equals

i [ - gtar.

Now as ¢ is continuous at z, if € > 0 there exists a 6 > 0 such that if z < ¢t < x + h and
h < 9, then —e < g(t) — g(x) < . So for such h,

o< %/+ 9(8) — gla)]dt < &

G(z+h) —G(x)
h

by the properties of the integral developed above. Thus h < ¢ implies

e and so G'(x) exists and equals g(z).

Corollary 6.2 Suppose f : [a,b] — R has continuous derivative f’ on [a, b]. Then

[ 7=10)-s@,

Proof Let G(z) = [ f". Then by Theorem 6.1, G'(x) exists for all z in (a,b) and G'(z) =
f'(x). Thus G — f, being continuous on [a, b] and differentiable on (a,b), must be constant on

[a, b] by Rolle’s theorem. So fab f'=G(0) =G(a)+ f(b) — f(a) = f(b) — f(a). O

7. L'

The definition of L is asymmetric in so far as it is concerned with accessibility from below
rather than accessibility from above. We make a final extension of the integral to remedy
this situation. The resulting space of integrable functions, L', will be a vector space, and the
integral will be a linear function from L' to R. First we need a preliminary result.

—g(7)| <



Proposition 7.1 If f € L' then {x € R | f(z) = oo} is a null set.

Proof In view of Theorem 5.2, it suffices to show that if ¢, is a sequence of step functions,
Gpiq > ¢, ae., [¢, < K, then {z | ¢,(x) — oo} is null. Fix an M large. Then E; =
{z | ¢y(x) > M} is the union of a finite number of intervals of total length < K /M. Let
Ey ={z | ¢5(x) > M}; then Ey C Ey (as ¢, > ¢;) and Ej is also the union of a finite number
of intervals of total length < K /M. With F, = E5 \ E}, we see that Es is the union of a finite
number of intervals comprising F; and F; of total length < K/M. Continuing in this way,
with E, = {z | ¢,(z) > M}, then E,, ; C E,, and with F,, = E,, \ E,_; consisting of a finite
number of intervals, we see that F,, is the union of a finite number of intervals comprising

E\, Fy, F, ..., F,, of total length < K/M. Now E,, := {z | lim ¢,(z) > M} = |J E, =

n=1
EyU U Fs.. . Thus E, can be covered by a countable family of intervals of total length
< K/M.
Finally, {z | lim¢,(z) = oo} C {z | lim ¢,(z) > M} for each M, and so by choosing
M sufficiently large we can cover {x | lim ¢, (z) = oo} by countably many intervals of
arbitrarily small total length. 0

Definition 7.2 Let f : R — RU{4o0c}. Then f is Lebesgue-integrable, or f € L', if there
exist g,h € L™¢ with f(z) = g(z) — h(z) for all z with g(z), h(x) < oco. For such an f we

define its integral to be
frefo-f>

Lemma 7.3 This is a good definition.

Proof If Elgl, ga, hl, h2 € me s.t.

f(x) = g1(x) — ha(z) = ga(x) — ha()

for all z with ¢;(z) < oo, hi(x) < oo, then g1(x) + ha(x) = g2(z) + hy(x) for almost all z, by
Proposition 7.1, and both g; + hy and ¢, + hy are in L™ by Theorem 5.3. Thus

Jot [m=[@+m)= [@rm) = [a+ [m

by Theorem 5.3 once again, and since g; +hs = ga+hy a.e. Thus [ g1— [h1 = [ g2 — [ ho and
[ f is well-defined.

Corollary 7.4 L'is a vector space and [ : L' — R is a linear transformation. Moreover, if
f €LY, then |f| € L' and | [ f| < [|f]. Finally if f € L' and g = f a.e., then g € L' and

Jog=[F

10



8. The convergence theorems

Lemma 8.1 A nonnegative function f belongs to M~ if and only if there is a sequence

¢,, of nonnegative step functions such that f = Z ¢,, a.e. In this case, [ f = Z [ ¢,

Proof

“if part’: Given such a sequence ¢,,, let ¢, = > ¢,. Then v, is an increasing sequence of step
Rl 2l P
functions converging to f almost everywhere. If 3 [ ¢,, = lim [ 4, is finite then f € L™ and

[f=Mlm [+, => [,;if [, — oo then [ f = oo.

‘only if’ part: If f € M™, suppose 0, is a sequence of step functions with 6, < f a.e.
and 0, — f a.e. Then ¢, := max{#,,...0,} gives an increasing sequence of step functions
with ¢, — f a.e. By replacing 1, by max(,,0), we may assume that each v, > 0. Let

¢ =11, ¢ =1, —,_;. Then f = 3" ¢, ae. and, as in the ‘if’ part, [ f =" [¢,. O
n=1 n=1

Lemma 8.2 Let f, be a sequence of nonnegative functions in M~. Then f = )  f, is in
n=1

Mandff:ilffn.

Proof For each n there is a sequence of nonnegative step functions {¢, ,}o2, such that

= > ¢, ae Then f =3 ¢, ae and f € M~ (as the set of pairs n,v is countable).
v=1 n,v

Thus [ f =Y [én0= > [ fu by Lemma 8.1. O
n,v n=1

Corollary 8.3 Let f, be a sequence of nonnegative functions in L¢, with Y [ f, < oo. Let

n=1

=3 foThen fe L™ and [f=3 [ fu
n=1 n=1

Lemma 8.4 Let f € L' and € > 0. Then dg,h € L™ with f = g — h a.e., h > 0 a.e. and
[h<e.

Proof As f € L', 3G, H € L™ with f = G — H a.e. By the definition of L™¢, 3 step
functions ¢, ¢ with 0 < [(G—¢) <ecand 0 < [(H —¢) <e. Then h:= H—1¢ > 0ae.,[h <
cand f = g— h with g =G — ¢ € L™, O

Theorem 8.5 (Interchange of summation and integral theorem for nonnegative sequences in
LY

Suppose f, € L, f, > 0a.e.and Y [ f, converges. Then Y  f, € L' and [ > fu=> [ fu.
n=1 n=1 n=1

11



Proof By Lemma 8.4, we can write f, = ¢, — h, with g,,h, € L™, h, > 0 a.e. and
[ hn < 1/2". Corollary 8.3 applied to {h,} shows that h = Y h, € L and [h < 1. Now
Gn = foth,>0ae.,g, € L™ and Y [ g, = [ fat+Y. [ hn < 0. So Corollary 8.3 applied
to {g,} shows that g => g, € L™ and [g=> [go-S0D fu =29 — > hn=9g—h €
Land [Y fu=[g-[h=X [0 =2 [lu=3] fa O

Corollary 8.6 (Monotone convergence theorem for L)

Suppose f, € L', foy1 > f, ae. and lim [ f, < co. Then f = limf, € L' and [ f =
lim [ f,.

n=2
ZZIannh_)Igoffn_ffL
By Theorem 8.5, Y. g, € L' and [ Y g, = [(f — f1) = > [ go = lim [ f,, — [ f1. Thus
n=2 n=2 n=2 n—oo
f:zgn+f1€[,1andff:hmffn' u
n=2

Corollary 8.7 Let f € L', f > 0a.c.and [ f =0. Then f =0 a.e..

Proof Let f, = nf; then f,y1 > f, ae., f, € L' and [ f, = 0¥n. By Monotone Con-
vergence, lim f, € L', and by Proposition 7.1, lim f,(z) < oo a.e. The only way this can

happen is if f =0 a.e.. O

Remark There is also a version of the MCT when f,.; < f,, (obtained by applying the
MCT to {—f.}).

Observation 8.8 Suppose f,(z) < g(x) a.e., fn,g € L. Let Up(x) = max{fi(x),...., fr(z)}.

Then Uyy1 > Uy, and Uy < g = [ Uy, is bounded above by [ g. The MCT now implies that
klim Up(xz) = U(z) is in L'(and is finite a.e.). Of course, U(x) = sup{ f1(z), fo(2),....}.

Theorem 8.9 (Dominated Convergence Theorem)

Suppose f, € L', |f.| < g ae. and g € L'. Suppose f, — f a.e. Then f € L' and
J 1= Jim J f

Remark Existence of lim [ f, is part of the conclusion.

Proof For each fixed n > 1 let

Vo(z) = sup{fu(z), fus1(x),.....}.

Then V,, € L' by Observation 8.8. Now V,.; <V, and f, <V, so that —¢g < f,, <V}, and
— [g < [V,. Moreover V,, — f a.e. So by MCT f € L' and [ f = lim [ V,. Similarly with
L,(z) = inf{f,(x), far1(x), ...}, [ f=1lm [ L,.
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Now L, < f, <V,,s0 [ f, also converges to [ f. O

Exercise Suppose f, € L', f, — fae., 0< f, < fae.,and [ f, <C. Then f € L' and
Jf=Tm [ fa.

Theorem 8.10 (Interchange of integral and summation for general sequences in
LY

If g, € L', and either

oo

(a) > [|gn| converges to a finite number
n=1
or

(b) > |gn(x)| belongs to L,
n=1

then >~ g,(x) converges a.e. to a function in L' and [ 3" g, = > [ gn.
n=1

n=1 n=1

Remark If g, > 0, then part (a) is Theorem 8.5.

Proof

(a) Let g = max(g,,0) > 0. Then g} € L', [g} < [|gn| so that > [gF < oo. By
Theorem 8.5, > g € L' and [Y gf = > [ gt Similarly for g, = —min(g,,0) >
0. Now g g — g,,, s0 >_ g, converges to Y. gF —> g, € L', and [> g, = [D gt —

I =2 9= 9. =2 [ —92) =2 [ 9n-

(b> Let fn = Z 9k, 9 = Z |gk| . Then fn € L17 |fn| S g €< Ll and fn - Z gk (Wthh con-
k=1 k=1 k=1

verges a.e.). By DCT, kz_:lgk € L' and sz_:lgk = nh_)rgoffn = JI_{&I;II% = kz_:lfgk O

. Measurable functions

Definition 9.1 f:R — RU{+0c0) is measurable if there exists a sequence of step functions
¢, with ¢, — f a.e.

Remarks So f € M~ or —f € M~ = f measurable; [in fact if f is measurable 3g,h €
M~ st. f=g—h]

Obviously f € L' = f measurable.

Proposition 9.2 If f is measurable and g € L' such that |f(z)| < g(x) a.e., then f € L.

Proof Let ¢, be step functions with ¢, — f a.e. Let h, = mid{—g, ¢, g}, which (ex.)
belongs to L'. Now |h,| < g, h, — f a.e. By DCT, f € L'. O

Corollary 9.3 f measurable, |f| € L' = f € L.
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Proposition 9.4 Let f,g be measurable. Then |f|, f A g, fV g are measurable, and, if

1
f(x) # 0 a.e., — is measurable.

S

Proof If ¢,,1, are step functions with ¢, — f a.e., ¥, — g a.e., then |9, |, ¢, N,,, ¢,V
1, are step functions converging a.e. to |f|, f A g, fV g respectively, and 6, defined by

0, (z) = { 1/¢,(z) if ¢,(v) #0and [z] <N

0 otherwise

is a step function converging a.e. to f(x) if f(z) # 0 a.e.

Proposition 9.5 If f, is measurable and f,, — f a.e., then f is measurable.

f

Proof Let q(z) =e l; g€ L, q(z) > 0 all z. Let g, = mq : g, measurable, |g,| <

q € L'. So by Proposition 9.2, g, € L'. Now the DCT implies ¢ = lim g, = (ljwq €

L'. Noting that |g| < q a.e., since f = % , f is measurable by Prop.9.4. O
qa—19
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