ON THE REGULARITY OF AVERAGES OVER SPHERES
FOR KINETIC TRANSPORT EQUATIONS IN
HYPERBOLIC SOBOLEV SPACES

NIKOLAOS BOURNAVEAS AND SUSANA GUTIERREZ

ABSTRACT. We study the smoothing effect of averaging over spheres for
solutions of kinetic transport equations in hyperbolic Sobolev spaces.

1. INTRODUCTION

In this paper we consider solutions f : R; x R? x R? — R of the kinetic
transport equation

atf+v'vxf:ga (11>

and study their averages over spheres
p(t,x) = ft,z,v)do(v). (1.2)

Sd—1

These averages come up in the radiative transfer equation which describes
the scattering of photons in a hot medium [1, 2, 16, 25, 8].
Averages over balls of solutions of (1.1),

L (t ) /<1ftxv (1.3)

are known to be smoother than f, in all dimensions, by half a derivative.
More precisely,

H(l + ‘7'| + |£D1/2N 7' f HL (R1+d) < C(d) <HfHL2(]R1+d><B) + ”g”LQ(RdeB))

(1.4)
where B := {v € R? : |[v| < 1} and p, denotes the space-time Fourier
transform of p,. The same gain of half a derivative is observed in all dimen-
sions for averages over balls of solutions f : R? x R? — R of the stationary
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equation
v-Vyf=g. (1.5)
These smoothing effects were first discovered in [18] and [17] and later
developed in several papers [4, 7,9, 10, 11, 12, 13, 15, 19, 20, 21, 22, 23, 26].
See [24] for a review and an extended bibliography.
We now turn our attention to averages over spheres whose study was

initiated in [6]. For solutions of the stationary equation (1.5) averages over
spheres gain half a derivative in all dimensions, even in dimension d = 2.

Proposition 1.1. Let d > 2. Let f : R x R? — R be a solution of (1.5)
and define

[f1(x) = f(x,v)do(v) (1.6)

gd—1
Then

|a+1enirie)

gy S C (I lzzmocss + 19l agoxses) - (17
The proof uses the standard technique of [17] and is sketched in Section 2.

The situation is different for averages over spheres of solutions of the
time-dependent equation (1.1). It is important to notice here that in the
case of the stationary equation the ambient z-space has dimension d and
we averaging over d — 1 dimensional spheres, while in the case of the time-
dependent equation the ambient (¢, z)-space has dimension d+ 1 and we are
again averaging over d — 1 dimensional spheres. It was proved in [6] that
in dimensions d > 3 averages over spheres gain half a derivative, exactly
the same gain as for balls, although spheres have higher codimension. In
dimension d = 2 however averages over spheres only gain a quarter of a
derivative. It was also shown in [6] that the loss of 1/4 derivatives in two
dimensions occurs near the characteristic cone |7| = || in phase space and
that we can recover the missing regularity by working in hyperbolic Sobolev
spaces (see (1.10) below). Both in the case d = 2 and in the case d > 3
these estimates for averages over spheres imply the classical estimate (1.4)
for balls and in that sense they are stronger.

There is a simple geometric explanation for this discrepancy between two
and higher dimensions. Suppose we can show that for some « € (0,2) the
following estimate holds, for all 7 € R, all unit vectors ¢ € R% and all A > 0:

cf{veST T +u-¢ <A} SA(Y (1.8)

| < B means that there is a positive constant C, depending only on the dimension
(and possibly on various other harmless parameters) such that A < CB.
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where o denotes the usual surface measure on S4~1. We can then show(?)
that averages over spheres gain a/2 derivatives. To see how the mea-
sure of the set in estimate (1.8) behaves let us take £ = (0,...,0,1) and
consider the following two extreme cases: if 7 = 0 then the set becomes
{ve ST |vy < A} and it is a strip around the equator of ‘width” A whose

surface measure is < . If 7 = £1 then the set is {v € ST : |£1 + vy < A}
and it is a ‘cap’ centered at the South or North Pole whose surface measure
is < )\% We may restrict our attention to small \’s. If d > 3 then % >1
hence A“z° < \ (the measure is concentrated near the equator). In this case
a = 1 and the gain is 1/2 derivatives. On the other hand, if d = 2, then
A< AT =2, 50 a =1/2 and the gain is 1/4 derivatives.

Let us now recall the main estimate of [6]:

Theorem. [6] Let f be a solution of (1.1). Then the average over the unit
sphere defined in (1.2) satisfies the following estimates: If d > 3 then,

|a+ir+1etam o) . < C (Il grranpss + 19l pagisagis)
(1.9)

2(R1+d)
If d = 2 then,
i 1
[+ i+ et iie - it

< C (Il sqgavonsty + 19l arvasen) - (1.10)

In Section 6 we give a counterexample which shows that the pair (s,d) =
(1/4,1/4) in two dimensions and the pair (s,d) = (1/2,0) in three dimen-
sions are best possible.

The geometric viewpoint discussed above suggests that there should be an
improvement to these estimates in dimensions d > 4. Indeed, the measure
in the left hand side of (1.8) behaves differently depending on the relation
between |7| and |£], because it is this relation that determines the location
of the set on the unit sphere. We expect better estimates when the set
is near one of the Poles, and this happens when (7,£) is ‘near the light
cone’ |7] = [£|. This improvement will be expressed, as in [6], in hyperbolic
Sobolev spaces. We shall prove in Section 3 the following

Theorem 1. (Hyperbolic Sobolev reqularity) Let d > 2 and f solve (1.1).
Let 5,0 € R be such that:

sgmin{%,l}, if d#5
and
s <1, if d=05.

s+0< (1.11)

N | —

2The proof uses a standard technique from [17]. See also the presentation in [3]. With
a little care in the proof we can actually replace || f|| + |lg|| in the right hand side by

£ % gl %
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Then the average p defined by (1.2) satisfies the following estimate:

(1 +I7] + 16D (X + (7] = 1E1D° A7 )| oy

S Ml e @avaxga—y + 119l 2 @avarga—y  (1.12)

Some remarks are in order. In all cases we would like s, the exponent of
the ‘good’ weight 1+ |7| + ||, to be as large as possible. For d = 2 the best
that (1.11) allows is s = 1/4, and we can then take § = 1/4. This recovers
(1.10). For d = 3 we can take s = 1/2 and § = 0 and this recovers (1.9).
Let us examine more closely dimension d = 4 (*). We can take s = 3/4 and
d = —1/4. The estimate then is:

1L+ 7]+ 1ED* (L + lIr| = L)~ B(r, )] pogaay
S I 2@ivaxss) T 19l 2@ivaxssy  (1.13)

Observe first that (1+ |7| +[¢))*/* (1 + [|7] = [€][)~* = (1 + 7| + |§))'/2,
so (1.13) implies (1.9). However, (1.13) also shows that for (7,¢&) with
7| — |€]| < 1 (‘near the cone’) we can control (1 4 |7+ |£])¥4p(T, &) i.e.
gain 3/4 derivatives - an extra gain of 1/4 derivatives over the classical
1/2-gain. We have similar gains ‘near the cone’ in all dimensions d > 4.
This is in sharp contrast to what happens in two dimensions where a loss of
regularity occurs ‘near the cone’.

In dimension d = 5, condition (1.11) excludes the end point case s = 1.
Actually, we can take s = 1 (and § = —1/2) if we allow for a logarithmic
term in 1+ ||7] — [£]] (see (1.15)).

It was noted in [6] that in the ‘elliptic’ region |7| > |£| we have an extra
gain of regularity (see (19) and (20) in [6]). In the present paper estimate
(1.12) will be a consequence of the estimates in the following Theorem which
take into account this gain in the region |7| > [£]. In these estimates x
denotes the positive part of the real number x.

Theorem 2. Let d > 2 and f be a solution of the equation (1.1). Then, the
average over the sphere in (1.2) satisfies the following estimates:
(i) If d # 5, define s = 1 + min {%,O} and

= —min{?,O} , 0g = —% —min{%,O}.
Then:

(L + |7l + 16D L+ (7] = 1€D-)™ L+ (Il = 17D BT, )| pogasay
S Il z@ira,sa-1y + ||gll 2@i+a, sa-1) (1.14)

3Tt turns out that one can use the corresponding pointwise four dimensional estimate
to improve considerably estimates (50) and (51) of [6] (see Theorem 3 below and Remark
4.1 on p. 18. ). The new estimates we present in this paper are best possible.
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(ii) If d = 5,
_1
11+ 1eh @+ (et = 1)

1+ 7|+ 1€ V) 2 -
(1“0g<1+||r|—|§||)> pn)

S Il z2@ies, sty + ||gll L2 mi+s, say (1.15)

The proof of this Theorem uses the methods of [6] together with a detailed
study and sharp estimates for the integrals J;™ (see Proposition 3.1). In the
region |7| > |£] (inside the cone) we use estimates for the integrals H' (see
Lemma 3.2) introduced by Foschi and Klainerman in [14] in connection with
sharp bilinear null form estimates for solutions of the wave equation . To
deal with the region |7| < |£] we introduce and estimate the new integrals
F¢ and GY (see Lemmata 3.3 and 3.4).

Estimates on averages of solutions of kinetic equations with right hand-
sides which contain derivatives with respect to v are used in the study of the
Maxwell-Vlasov equations. In Section 4 we will study averages over spheres
for the equation

L2(R1+5)

Of +v-Vuf =Qbg (1.16)

where 57 = Uiaivj — Uja% are tangential derivatives. We restrict ourselves
to tangential derivatives because we need to be able to integrate by parts
on the sphere. Moreover, if we take the point of view that f and g are only
defined on the sphere then only tangential derivatives make sense. In [6]
it was shown that if d > 3 then p gains 1/4 derivatives (exactly the same
gain as for balls), but gains only 1/8 derivatives if d = 2. The operators
(% introduce a special structure which is reminiscent of the null forms
structure for the wave equation and allows better than expected estimates
(see the Remarks in Section 4 of [6]). Taking this into account the following
improvement to the 1/8 gain in two dimensions was established in [6].

Theorem. [6] Let f solve equation (1.16) in d = 2 dimensions and define
p by (1.2). Let (s,6) = (%,0) or (s, 2). Then

16 16

1+ lI7l = €D (X + 171 + 16D AT, O 2 ey
<cC (Hf||L2(R1+2X51) + IlgHLQ(RMXsl)) (1.17)

In this paper we improve these results to (s,d) = (%, O) and (s,d) = (%, %)

and show that the new results are best possible. We shall prove the following
Theorem 3. Let f,g: R*2 x St — R satisfy
Of +v-Vuf=Qyg, (1.18)
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where QY = vi% — Uja%' Then, the average p defined in (1.2) satisfies:

1L+ I7] + 1D, Ol omasey S (11l emisenss) + 19l 2q@isesry) (1:19)
) ( )

and the hyperbolic Sobolev estimate:

1L+ 171+ (D5 @+ 117 = €13 (T, )l o grsy
S (1 agrvensn) + l9llgursseny) - (1:20)
In Section 5 we study the Initial Value Problem
Of+v-Vof =0, f(0)=fo (1.21)

and prove averaging lemmas in hyperbolic Sobolev spaces in all dimensions.
These estimates improve and generalize those of [6]. We present here a
proof which works in all dimensions and also provides a pointwise estimate
for p(, &) (see (5.5) ) while the proof in [6] only gave an estimate for a certain
weighted 7-integral of p(7,€) (see (5.4)). We shall prove the following

Theorem 4. Let d > 2 and f be a solution of the IVP (5.2). Then the
corresponding average p satisfies

_d=3
I+ 71 +1ED T (117 = 1) ™5 A(r ) la@osey S [l foll oqgangasy- (1.22)

Notation: We use f (&) to denote the Fourier transform of a function f on
R? and F(7,€) to denote the space-time Fourier transform of a function F on
R, For simplicity we assume that all initial data and right hand sides of
our equations are smooth functions which decay sufficiently fast at infinity.
Throughout the paper, p < ¢ means that p < C' ¢ for some positive constant
C' which may depend on the dimension. Also p ~ ¢ means ¢ < p < q.

Acknowledgements: The authors acknowledge with pleasure several
helpful discussions with Benoit Perthame and Luis Vega.

2. AVERAGES OVER SPHERES FOR SOLUTIONS OF THE STATIONARY
EQUATION

In this section we sketch the proof of Proposition 1.1 and show that the
exponent 1/2 is best possible.

Proof of Pmpositz’on 1.1. We have f(&,v) = ﬂw) where h = f + g, there-

fore [f = gd—1 lhfl:gda v). Applying the Cauchy-Schwarz inequality we
get

MGIE (/S

e[ ao) a6
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where J(£)* = [gus %, so it suffices to show that J(£)? < %ISI This
integral can easily be estimated in all dimensions as follows:
T ind d—2
J(5)2 %/ %dg
o 14 |£]2cos?6
7 1
< ————df
N/O 1+ |€]? cos? 6
! 1
o dr (x :=cosfl
A(waﬁhﬁfﬁ ( )
1/2 1 1 1
< ————dr + — —dx
/0 1+ [§[22? €12 Jij2 V1 — 22
l¢|
1 /2 1 1
&l o 1+y? €[?
<o
€]
This settles the case |{] > 1. The case [¢| < 1 is trivial. O

To see that the exponent 1/2 in Proposition 1.1 is the best possible we
observe that estimate (1.7) implies the corresponding estimate for averages
over balls (*). If (1.7) was true with an exponent larger than 1/2 then the
same argument would show that averages on balls gained more than 1/2
derivatives. Since 1/2 is the best possible exponent for balls [23], it follows
that it is the also the best possible exponent for spheres.

3. AVERAGES OVER SPHERES FOR O;f +v-V,.f =g
The proof of Theorem 2 relies on sharp estimates for the integrals
T (sin @)™
JM(1,€) =
"0 = [ G el
Proposition 3.1. Let m > —1, | > 1/2 and define o = min {Zt1=4L 0},

Then the integrals J"(1,&) satisfy the following pointwise estimates:
(1). If Ir] = [&],

dd, T€ER, R (3.1)

(1t ]| — e .
(T T+ e SomiAA
T(r.) =
1 Ll + 6] _
e (T ) ¢ me
(3.2a)

Awrite f|v\§1 f(z,v)dv = fol Jsa-1 f(z,v)do(v)dr and use the analogue of (1.7) for the

sphere of radius 7.
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(). If || < [¢],

(L +[¢] = 7>~

gy <] AR g
7—7 ~Y
| R A Sl U ) K WP
L+ I+ I STl =171/
(3.2b)

Estimate (3.2) is sharp, except in a certain case explained in Remark 3.5 on
page 14. In the next three Lemmata we collect some estimates that come
up repeatedly in the proof of Proposition 3.1.

Lemma 3.2. Letb > —1, a € R. For A > 0 define

1
HE(N) = / A+ t)*tbat (3.3)
0
Then
Hy(\) = X\, if A2 1, (3.4a)
HE(\) e Amin{atb L0} e 0 < X< 1, a+b+1#0, (3.4b)
Hy(A) =1+ |logAl, if 0<A<S1l,a+b+1=0. (3.4¢)
Proof. See Lemma 4.2 in [14]. O
Lemma 3.3. Leta > —1 and b > 1. For Ay > 0, \y > 1 define
A2 ( a
y+A)
F (A, \o) = - 3.5
P = [ (3.5)
Then,
(1) [f )\1 > >\27
Fba(>\1, )\2) ~ )\(11 (36)
(2) ]fO S )\1 S 1 S )\Q,thGTL
Fo O M) 1+ log A, if a—b+1=0, (37
(A1, Ag) & 3.
b amaxla=br Lo} e 41 2,
(3) ]f 1 S )\1 S )\g,then
FAOL ) SN XL G a—b+1>0, (3.8a)
A
F (A1, A2 %Xf—l—log)\—Q, if a—b+1=0, (3.8b)
1

Fo (M, ) & A\, if a—b+1<0. (3.8¢)



AVERAGING LEMMAS IN HYPERBOLIC SOBOLEV SPACES 9

Proof. First assume that A\; > Ay. Then y + A\; & \; therefore,
A (y 4+ Ap)°

FOux) = | —dy%Xf/AQ W~
o (1+y)P o (I+y)?

Next, assume that 0 < Ay <1 < Ay, Split Fy as follows:

1 a A2 a
R = [ %dw / %c@ (3.9)

The first integral is clearly &~ 1. For the second integral we have y + A\ =~ y
and 1+ y = y, therefore,

//\2 (y+>\1)ad N/)‘2 a=b gy log Ao, if a—b+1=0,
1 (1+y)b Y ) Yy ) )\;nax{a*b+1,0} Zf a—b+1 7£ O

Y

Finally, assume that 1 < A\; < 9. Split F as follows:

A A
Uy + M) /2(y+A1)“
FeO M) = [ YT gy [ YT A4 B 3.10

b (s 22) /0 T R NG Tt (3.10)

In A, y + A\ = A\ therefore,

)\1 1
Az)\“/ ——dy = \¢
Yy aagp @S

In B, y+ A\ ~y and 1+ y =~ y, therefore

A2
B ~ / yafb dy
A1

AgTbFL _ \ambHL < \a=brL ifa—b+1>0
~ IOgi_f’ ifa—b+1=0
AoTbHL _ p\a=btl oyt _ yay—0D < hap g g1 < 0
O
Lemma 3.4. Let a > —1,0 > 1. For A > 1, define G§(\ fo/\ (()1\+z)a
Then G§(A) =~ \*.

Proof.

~Aa/ 1 1/A()\ Jod
- o (T+y)P /\b v

~ )\ + )\a—b—‘rl ~ )\
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Proof of proposition 3.1. We may assume that 7 > 0 because J™(—7,&) =
J™(1,€) (to see this change variables § — m—0). When 7+ |¢| < 1 estimates
(3.2) are easily seen to be true as J;™(7,£) < 1 and all the right-hand sides
are then ~ 1. From now on we assume that 7+ || 2 1. Performing the
change of variables § — x = cos 6, we have

m—1

o [t (=)
109 = | e i e 31

Write J"(7,€) = J4 + J_ where

= 1 (1 _ x2)mT71 X a
1= [ e (312

m—1

J:/O -z (3.12b)

S [U A (7 A+ (€)Y

= 1 (1_‘%2)% x c
by T e (3120

Observe that J, < J_, hence J/"(1,&) ~ J_, so it suffices to estimate J_.
We split the proof into two cases depending on the region where the pair
(1,€) lies.

Case 1: Estimates inside the cone: Fix (7,§) such that 7 > |£]. If 7 > 2[¢|
use the fact that for 0 <z <1, 14 (7 — |{|2)? ~ 1 + 7% =~ 72 to get,

1 2 m—1
B (1—2%)"2
= | e g
]_ 1 m—1

1 (g
7-2l (1+T+ |£’)2l+a

Q

(3.13)

It remains to deal with the case [{] < 7 < 2|{]|. Recall that we are assuming
7+1€] 2 1, hence |¢] = 1. Using 1 — 22 ~ 1 — x and then changing variables
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r —y=1-—1x we have:

m—1

J_ = 1 y: d
/o[ (= lel+ )] !

1 Y m-1
z/ 2ldy
o [L+7—[&]+1[€y]

— LH& <1+T—_‘£’) (3'14)

where H?, is defined in (3.3). Notice that HEK' < 1%‘5 S 1 Ifm+1-41 #
2
0 then, by (3.4b),

H2 <1+T—|§|> . <1_+T—|§|>mi“{”T—2”°}: <1+T—|s|)“
T € €

which gives,

LOtr—le) | (kg

~~ 3.15
’5‘2l+a (1+T+|€|)2l+a ( )
If m+ 1 — 4l = 0 then, by (3.4c),
H_%ll (1+T_’€‘) %1_’_ 10g1+7__ ’6"
N I3
which gives,
1 1+7— |§]H
J_~ — [1 + ’10g _ (3.16)
s €]
1 1474+ |§|]
~—-—— 1+ log —m— 3.17
T (317)

Case 2: Estimates outside the cone: Fix (,&) such that 0 < 7 < |£]. Recall
that we are assuming |7| + |£] 2 1, hence || 2 1. By an appropriate choise
of the constants we may assume that || > 4.

Suppose first that [£] > 27. Write J_ = JY 4+ J® where

3/4 1_x2)mTﬂdx ! (1—:62)7”771&6
SO _ ( g
. /o 1+ (7 — [¢la)?) /3/4 1+ (7 — g0y

For J% use 1 — 22 ~ 1 and then change variables © — y = 7 — |£] x to get

\s|/; |§’/+Ool+y NEll
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dy

. dy 9 >
Since N Tl = I 7] ~ 1,

31¢] €] T
T T 2> 5 > 1, we also have f—(%—

therefore J ~ % For J use &| x — 7 = |£], to get:

~ L (3
Therefore J_ ~ \£|( ).

Suppose next that 7 < |{| < 27 and [{] — 7 < 1. Changing variables
r—y =1 (1—2x) we get:

m—1

L (1—2)" da 1 €l y 2z dy
J_ =~ = i l
/0 [+ (r — [ )2) |€!m2+/o 1+ (y = ([€] = 7))7]

Observe that, since 0 < |[¢| =7 < 1, we have 1+ (y — (|¢] — 7)) =~ 1 + 42
(if y < 1 then both sides are ~ 1, and if y > 1 then both sides are ~ y?),
therefore, using (3.7), we have

/Iél y m= dy
mi1 l
|€|

T e Py (0,1€)
§|

— T if m4+1—4l#0

|21 [1+1loglél], if m+1—-41=0

Q

[3

(L+|g[—r)?~1+e .
e if m+1—-41#0

. 3.18
%[Hbg”'g'i], if m+1—4l=0 (3.18)

Q

1+[¢]

SNote that the decay rate is independent of the parameters m and [. This estimate
shows that, in the various versions of the averaging Lemmas, we cannot expect a gain
better than 1/2 derivatives. Also note that this ‘worse decay’ occurs when [§] >> 7.
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It remains to deal with the case 7 < |£] < 27 and [{| — 7 > 1. Change
variables © — y = 7 — || x and then split J_ as follows:

L (1—2)" da
J_ =
/0 [+ (7 — lg])?)

1 /T (y+ 1€ = 7)™ dy
(lgl-7)

e 1+ 42
1 / W+l —m)Tdy 1 [Tyt g - 7)T dy
T e [ + mil I
€] (14 y?] €2 1+ y?]
1 m—1 1 m—1
Py (|§|—T;T)+@G2ﬁ (|&]—=7)
€] €] 2
~ %Fﬁl (1€l —7,7) + % (3.19)
€] 2 €]z

where we have used Lemma 3.4 in the last step. If m + 1 — 4l < 0 then,
using (3.8¢) of Lemma 3.3, we obtain:

m—1

(S N S s
g e

If m+1—40 =0 (hence 7+ = 2] —1 > 0) then, using (3.8b) of Lemma 3.3,
we obtain:

,_.

(|§|—T) E 1

+ oy log —— (3.20)
[ N s
< =" it ]
& Hen +Og|€\
-t 1+ [¢]+7
T [l“ogma—r} (3:21)
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If m +1— 4l > 0 then, using (3.8a) of Lemma 3.3, we obtain:

m—1 'm+1
L =n e

- = (3.22)
K
(|§| )41 <|€| _7_) mil_g L
P g e
~ 15‘21
2l—1+a
N 1T+ —7)> 1 (o =0 in this case) (3.23)

(L I+ e
0J
Remark 3.5. Our proof shows that estimate (3.2b) is sharp in all cases

except when m + 1 — 4l > 0 and (7,§) is in the region |7] — || > 1 and
7| < €] < 2]|7|. In this case the sharp estimate is (see (3.20) and (3.22)):

mil_g)
JM(T,€) ~ (e Q +’T| e if m+1—40>0 (3.24)
&) 9
(el =1mp™ 1 I
Jm(r, et = Cif 1—4=0 (3.25
(1.8 ~ e |§| g\fl—!ﬂ if m+ (3.25)

In particular in the case |7| <[] and m + 1 — 4] < 0 (3.2b) is sharp and
gives:

L+l 17"
(L [El +[[])

; . (3.26)

Jlm(Ta 5) ~

Proof of Theorem 2. By taking the Fourier transform with respect to the
spacetime variables in (1.1) it is easy to see that

sr8) = | Frev)dow) = / MTEY) ).
§d—1 S

a—1 1+i(7’+?)~§)
where h = f + ¢g. Apply the Cauchy-Schwarz inequality to get:

s ([ i) ([ e oras).

We can use a basis in v-space such that & = (0,...,0,[¢|). Thus, using
spherical coordinates we get that

o v) R .
/Sd—l 1+ (7+v-§)? S /0 L+ (74 || cos 6)2 do = Ji7(7,¢€) (3.27)
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The estimates in Theorem 2 are proved by first applying the pointwise es-
timates for J¢ (7, &) given in Proposition 3.1, and then integrating with
respect to (7,&). O

Proof of Theorem 1. We present the proof in the case d # 5. The case
d = 5 is similar. Fix (s,6) with s+ < 1 and s < 1 4+ m, where m =
min{(d — 5)/4,0}. Set wy(1,§) = 1+ || + [§| and w_ = 1 + ||7| — [£]|.
Theorem 2 implies that

1
I4+m,  —5~ W~

IP(R1+4):S 11| z2@isaxsi-1) + 19l p2giraxga-1)

so it suffices to show that

1
5 m. —5—m
< w1 w_?

wiw
Indeed,

1
s 0 s 7S
wiw? < wiw?

1+m—s
1o (w
m _
= wMw_? (—)

Wy

1
(because ¢ < 5 s)

14+m

1
< wMw_? (because 1 + m — s > 0)

O

4. AVERAGING LEMMAS FOR O;f + v -V, f = Q% g IN 2 + 1 DIMENSIONS

Proof of Theorem 3. Since d = 2, we can set (i,j) = (1,2). Take the space-
time Fourier transform in (1.18) and add \f(7, &, v) to both sides to obtain
that

A +i(m+0-E)f(r.60) = AT, &0) + Af (1,6, v)
The parameter A = \(7, ) depends on (7, &) and will be chosen later. Then,

i B 2%9(r&v) M &v)
p<7,5>—/8 )d<>+/S do(v).

i A +i(t+v-€ i A+i(T+v-E)
Integrate by parts in the first term to get:

~ . N 01&s — 126 M (7, &,v) do(v)
p(T’é.)__Z/§1g(7’§7v)()\+i(7+v'f))2da(v)+/81 )\+Z(T+U§) :
Therefore,

|ﬁ(7—’ §)|2 < ||§<7-7§’U)||i% 11(7—7 5) + ||f~(7—7§77j>”i% IQ(T’ 5)7 (41>

_ [v1€2 — V261
hir&) = /Sl 2+ (7+£&-v)

where
|2

7y do(v)
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and
do(v)

T — )2 )
2(7_75) /%1 )\2+(T+£'?})2
Set 7' = { and {' = % Then

& _, a2
e v — w2l

WO =5r v re o

€” [ (sin6)”
S’ F / / 22d9
o [L+ (7" + ¢ cosb)?]

2
B (1.2

and

B do(v) T do B
bL(7.8) = /Sl 1+ (7" +¢& - v)? S /0 L+ (7 +|¢cosh)? T (r€) (4.3)

with the J/™-integrals defined as in (3.1). As a consequence of (3.2) we have,
in all regions,

P ¢ 1 v s
JM(T,E) S 4.4
PO S e T o
provided that o = min {Z=4 0} 3£ 0.
With (7,§) fixed, choose A = A(7, ) such that
A>1 and A=A+ g+ 7T (A + ¢l = |7l (4.5)
Then
I ( < ﬁjQ !~
1 T>€>N A4 2(7-?5)
_ P a+lig =171
TA el
O IE 1D A O+ 11El = Il
B At A+ €]+ 7))
el D Ll = Il
_ .
_ 1
A+ €]+ 17D F (A + 11l = I7]])
< ! i (4.6)
(L+ €]+ 17T (L + 1€l = I7]])
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and

[2 (T7 5) S J{)(Tlv 5/)

< 1
Tl D (e - )
A
A+ [€]+ 172 A+ (€] = |71D)2
1
Ol DT+ 1lEl = 17l
< ! i (4.7)
(1+[€] + [7)F (1 +[1¢] = 7]

Combining (4.1), (4.6) and (4.7) in the usual way we get (1.20). Next we
prove (1.19). With (7, ) fixed, choose a new A = A(7, ) such that

A>1 and A= (A+ [€[+ |7))5 (A + ||€] — |7]])2 (4.8)

Then

2
nirg) < B )
ZlePa+g -1
T el )
_ P a+lg =171
X @+ je] + )
O R e I R Eal)
~ At A+ €]+ 7))

A+ €[+ 7))z (A + (€] = |73
)\5

[N

(4.9)

ojw|  Nlo

1
(A + 1€l +I71)

1
A+l

Wl

(4.10)

o=
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and
[2(7—7 6) 5 Jlo(Tlafl)
S - 1
[T+ 7)) A+ lIE] = I7[])2
B A
A+ el + 1702 A+ (1] = [7]])2
B 1
A+ 1€l +I7])®
< S (4.11)
(T + el +17)®
Combining (4.1), (4.10) and (4.11) in the usual way we get (1.19). O

Remark 4.1. The estimates for the J;" integrals are applied with m = d—2
(see for example (3.27) in last Section). In this sense J2 corresponds to d = 4
and behaves like a four dimensional term while J{ corresponds to d = 2 and
it is a two dimensional term. It is the sharp estimates for these integrals in
higher dimensions that allow us to improve the results of [6].

Corollary 4.2. Under the assumptions and notation of Theorem 3, the
average over the sphere satisfies:

I+ 7+ €D (@ + lr] = 1€l A7, ) L2y
S (1l paqgsesny + ol pengny) - (412)
whenever the pair (s,d) satisfies
s+0<1/4, 6s+20 <1, ands <1/6. (4.13)

Proof. Define wy = 1+ [£| + |7| and w_ = 1 + ||¢| — |7]|. Interpolating
between the two estimates in Theorem 3 we easily get (4.12) for any pair
(s,0) lying on the line segment with endpoints (s,d) = (1/6,0) and (s,0) =
(1/8,1/8). Now fix (s,d) as in (4.13). If s < £ then

=S

1) s %_5 % é w_ '\ ® % %

wiw’ <wlw!  =wiw? | — <wiw?
w4

and the result follows from (1.20). If on the other hand § < s < } then
1-6s

s 0 s 2
wiw? < wiw_

and again the result follows as (s, 1_63) lies on the line segment with end-

points (s,d) = (1/6,0) and (s,d) = (1/8,1/8). O
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5. AVERAGING LEMMAS FOR THE INITIAL VALUE PROBLEM

In this section, we continue the investigation started in [6] on studying
the smoothing effect on the averages over the sphere:

p(t,x) = f(t,z,v)do(v), (5.1)

gd—1

where f : R x S9! — R is a solution of the homogeneous initial value
problem:

Of+v-V,f=0,
{ (5.2)
f(owrvU) = fO(xav)'
Proof of Theorem 4. We have
pr.e) = | fol&)d(r+&-v)do(v). (5.3)

§d-1

and supp p C {(7,€) : [£| > |7|}. We prove first the following two pointwise
estimates:

€] d—1 d—3 o
[ - R rars [ i oPdow). (69

1§ s4

) (¢l =17 =
p(r )P < L
T

Fix (7,&) with |7| < [¢]. Then

i) dow) (5.5)

B €) = /S /O © (€, wsing, cos0) 6(7 -+ |€] cos 0) (sin )2 df do(w)

1 T+ T 2 T
—|§_|/Sd2/7—|£ fo f’w\/l_< €] ) Ny
z—71\° =
: (1 — ( g ) ) 0(z) dxdo(w)

d—3
1

= L. folewy/1- (é)z—é—’ (1— (%{)2) 2 do(w) (5.6)

where we have performed the change of variables x = 7+|¢| cos € in obtaining
the second identity. Using a trivial Cauchy-Schwarz inequality on S%2, we
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get that

[€1%15(7, )1
2

2 2\ 43
[ (Y T (T :
<[ ile- () (1 (|£I)> 1)

or, equivalently,

2
L T e

(- (2))
S/S“ fo | &wyf1- (’2—‘)2—@—’ (1— <|g—|)2>2da(w).

Now integrate with respect to 7 (recall that |7| < [¢]) and then change

variables 7 — 6 where cosf = —7/|¢| to obtain:
§ fd_l

I S 7t €) 2 dr
e (1€ = 1D = (el + 1) =

2 d—3
€] R 2 - ~\2\ 2
. (L do(w)d
<[ Lot leh-(8) 5 <1 <|£|)> 7l
= ’ in 0)%2| f, in 0, cos 0)|2do(w) df
€1 [ [ in0)* a6, wsind,cos)do(e)
—1¢l [ Vil o) doto).

Using |7| + |€] = |¢] we obtain (5.4) (°).
Going back to (5.3) and applying Cauchy-Schwarz we get

PO < I(r,€) /

§d—1

(e, v)f dor(v) (5.7)

where

I(1,¢) = /Sdl T +v-&)do(v) = C’/OTr 5(7 + €] cos 0)(sin ) 2df  (5.8)

6Strictly speaking our proof of (5.4) makes sense only for d > 3, but the case d = 2
requires only minor modifications of the argument. See Section 5 of [6] for the proof in
two dimensions.
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We change of variables § — x = 7 + || cos 6 and use [£| + || = |7| to get:

o=, (- (7))
(- (@) )

w

_ (=1 59
s
This proves (5.5). Now we write
1L+ 7]+ DT @+ [|7] - |§||)7%ﬁ(775>||%2(11§1+d):A+B
where
= [ T e - 1) R O drg
R Jo<g|—|rI<1
(5.10)

:/Rd/a |>1(1+|r|+|§|)dz‘1(1+|§| i) |, )P drde (5.11)

To estimate A we first use 1 + |7| 4+ [{| =& 1+ [£] and 1+ || — |7]| =~ 1 and
then apply estimate (5.5) to get:

O Al i i
AS/W /Sdl fO(g’v)‘ €)% /0§|£T|§1(|€| ) dT] dor(v)dg
If |£] > 1 then
(1+ €)= €l i
I S 3 d < . 2 S, 1
€l = /0§|£—|T|§1<|£| )T 4—1(’& 2
and if |£] <1 then
(L+]¢h= 1

€| o
Y — &l — Ydr < ——— ) Fdr <1
IS /0<|£|r|<1(| | |T|> ! |§|2/0 ([€] = @)= dx

therefore
A S Hfo”iﬂ(RdXSd—l)
For B we have 1 + |7] + [¢| = |¢] and 1 + [£| — |7| &= |£| — |7]|, therefore the

corresponding estimate follows by integrating (5.4) w.r.t £.
O
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Remark 5.1. Integrating (5.5) w.r.t. £ we obtain that the following esti-

mate is also true:
-3

d—1 _d=3
Il + 1D Ml = 1l = (7 Oll 2@reey S ol 2axsary-  (5:12)

This is slightly better than (1.22) near the cone {|¢| = ||} N{]¢| > 1} when
d> 4.

Corollary 5.2. Letd > 2. Under the assumptions and notation of Theorem
4 we have

1L+ |7+ 1€D° (L + 1] = 1IN’ A(T, Ol 2@y S Ifoll o gargary-  (5-13)
provided that s + 4§ < % and s < %.

Proof. Fix (s,0) with s+ < 1 and s < %L, Define w, (7,€) = 1+ [¢] + |7
and w_(7,§) = 14 [|¢] — [7]|. Then,

s 1, a1 _d-3 [ T ° -1 _d-3
S S 2 _ 4 4 — 4 4
wiw <w+w =w," w —_— <w4r w

and the result follows.

6. COUNTEREXAMPLES

In this Section we show that the conditions on s and ¢ in Theorem 1
and Corollary 4.2 are necessary. We use the following notation: For ¢ =
(&1,...,&) e R weset & = (&1,...,& 1) and write € = (¢/,&,). We denote
the Lebesgue measure in R'*¢ by 4 and its restriction on S~ by o.

Proposition 6.1. The conditions (1.11) in Theorem 1 are necessary.

Proof. We prove first that s + 6 <
(s,0) € R x R. Define

% is necessary. Fix N >> 1. Fix

A={(r¢ eR™:5<7<10,|¢| <1, N <& <2N} (6.1)
1
b= {U € STt Jug| < N} (6.2)
Define g € L* (R'*4 x §*71) by
9(1.&,v) = xa(r,§)x5(v) (6.3)

Observe that o(B) ~ + (7) and

. 1 1
||g||L2(R1+dX5d—1) ~ ||g||L2(R1+dXSd_1) = pu(A)20(B)?
For (1,€) € A and v € B we have
€ vl <IE'V'] + |€al val <3

"Bisa strip of width % around the equator.
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and since 5 < 7 < 10 we have
T+ vl (6.4)

Moreover,
L+l + gl = 1+ l7] = €| = N
Define f € L* (R x S9°1) by

3 . g(Tvg’U)
[ &) = ey

Then f is well defined thanks to (6.4), and satisfies 0,f +v -V, f = g in the
sense of distributions. Also,

F(r0)| =

(6.5)

g(T7 £7 U)

Pl i)

therefore

~ 1 1
11 2 iy + 191l sy 2 0ll o ooy = #(A) o (B)?

On the other hand
~ . §(7-7 6’ U) N
= — —d — —
p(r, &) = —i /S o(v) = —ixa(r,§) /B

d—1 T+€'U

do(v)
P
therefore
L+ +1€D° (A + [I7] = €D (7, €)] = N*o(B)xa(r, &)

which gives

| 11+ 1 e+ 111 = 17 13 ) ~ N*o(B)u(A)}

L2(R1+d><§d71) (6 8)

If estimate (1.12) is true then (6.6) and (6.8) imply that N**a(B)Y/2 < 1,

and since o(B) ~ + we have N*t=3 < 1. Since N >> 1 was arbitrary we

conclude that s + 6 < %

Next we show that the conditions

s <min {4t 1} ifd#5
s <1 itd=5

are necessary. Define

1
B:{veSd_lz—l—{—NSvdﬁO} (6.10)

For (1,€) € A and v € B we have
THE v=T+Eug+E
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and

1
7+ &ava 2 T+ [¢] (_HN) =T—|€!+% 27— ¢l =10
while |¢"-v'| < 1. Therefore

THEvRTHEU 21
Moreover

(6.11)

L+|r|+[fl= N, 1+ |[r] - [¢§]l = 1
Define f,g € L* (R x 1) by

gir. v = 2ol

g T, 57 v XA 7—75 XB\V
i(T+&-v) i(t+&-v)
Both f and g are well defined thanks to estimate (6.11) and satisfy 0,f +v -
V.f = g in the sense of distibutions. For fixed (7,£) € A we have

/Sd—l ’g(ﬂg,v)‘? do(v) = xa(1,&)I(7,€) (6.12)

where

1
I(r€) = /B el (6.13)

Using (6.11) and changing to spherical coordinates (¢ is the angle between
vand (0,...,0,1)) we get

1
I(7,€) N/Bmdg(v)

/arccos(1+1{,) (sin d))d_Q ;
- : (T + &4 cos ¢)2

1_% (1—x %
~ RS 6.14
/0 (r—&ax)?” (6.14)
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Recall that £, ~ N, |¢'| <1 and 7 — |§| ~ 1. Therefore 7 — &; ~ 1, hence

N2/ 1—|—2f

mm{dl 7 ifd#5
— Iy (6.15)
ifd=5
Therefore
|l ) doe) ~ xar. Oan (6.16)
hence
9l e (rarcgary = m(A) 21N (6.17)
For f we have, since 7+ & -v 2 1 by (6.11), that
Frgv)] S a6 0)
therefore

HfHL2(R1+ngd—1) + H9HL2(R1+«1Xsd—1) ~ ||9||L2(R1+dxgd—1) ~ M(A)IQI;,/J\%
(6.18)
For the average p we have:
p(7, &) = —ixa(r,)I(7,§)
therefore
1p(7, )| = xa(T, &) Lan

therefore
(L 17|+ 1€+ [I7] = [€])° (. €) HLQ (rrva) N°p(A) Loy (6.19)
If estimate (1.12) is true then
N (A 21y S (A 2L
hence
N°Iw <1

If d # 5 this gives

stmin{%,l} S 1
therefore s < min {%, 1}. If d =5 then

N*L(log N)'/? < 1

therefore s < 1.
O

Proposition 6.2. The conditions (4.13) in Corollary 4.2 are necessary.
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Proof. We show first that 6s + 26 < 1 is necessary. The construction is
similar to those used in Proposition 6.1 but because we need to integrate
by parts we replace the characteristic function yp(v) by a smooth cut-off
function ¢(v). Recall that we are working in 2 4+ 1 dimensions. Given a
non-zero vector £ € R? we denote by arg¢ the angle in [0, 27) formed by
¢ and (1,0). For v € S' we write v = (cosf,sinf) with 6 € [0,27). Then
QL2 = 110y, — v120,, = 5. For £ € R* \ {0} and v € S*! we denote by
£(&,v) the angle in [0, 7| between these two vectors.

Fix N >> 1. Define o, = arcsin i (k € N). Define

A= {(Taé)NS |€| SQN, Oéarggga& N1/3§7—_|§’ §2N1/3}

Choose a smooth cut-off function ¢ : S* — [0, 1] such that (620
o(v) = P(cosf,sinf) =1 when m#—ay <0< 71— (6.21a)
d(v) = P(cos,sinf) =0 when 0 <O<mT—asor 2n >0>m—

(6.21Db)
12020 (v)| = [0 [p(cos b, sin )] < N3 (6.21c)
Observe that
o(supp ¢) ~ N11/3 (6.21d)
For (1,&) € A and v € supp ¢ we have
T—2a5 < L(Ev)<T—0m (6.22)

therefore

1 —cosay < 1+cosd(§v) <1—cos(2as)
Now 1 — cosq & 175 and 1 — cos(2a5) & 575 therefore 1+ cos £(€,v) =

1

~z75- Hence

1
THEv=1—|¢ + € (1 +cos£L(Ev)) ~ N3 + N & N3 (6.23)

From (6.22) we also get sin £(£,v) & w7, therefore
ks — i = [€] sin £(€,0) ~ N?/P (6.24)
We define f,g € L*(R'*2 x St) by

. 012§(7,€,0)
g(1,&,v) = ; and JEv) = v I 7 6.25
97.60) = xalr. 0) and Jir ) = S AREE (625)
Thanks to (6.23) they are well defined and satisfy 0,f + v - V. f = ¢ in the
sense of distributions. Integrating by parts we find that the corresponding
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average is given by:

jir6) = [ fireoaot)

QL2¢(v
——ixatr9) [ 2oy
= ina(r) | oo B (6:20)

and using (6.23), (6.24) and the fact that [, ¢(v)do(v) ~ w7 we obtain,

Nl

3 xa(T,§
(r,)| ~ XA
therefore
s ~ g9 _ 1
[+ Ir] + 1€D* (@ + NI7] = EID° AT, )| paggieay = N5 su(A)V?(6.27)
On the other hand
; ~ —ixa(r,§Q,%¢(v)
f(Ta€7U)_ 7'+€"U
and using (6.21c), (6.23) and (6.21d) we find

1|2 reensry S #(A) 2o (supp §)'/? & p(A) /2N THE

Also,
191l 2 grs2 51y < p(A) o (supp ¢)'? < p(A)VENTVE

If estimate (4.12) is true then Ns+3-3 < ~i75 and since N was an arbitrarily

large positive integer this implies 6s + 26 < 1.

To see that s < § is necessary replace the set A in (6.20) by
A={(1,§) : N <[¢| <2N, 0<arg§ < a5, 1 <7 <2}
Then (6.23) becomes

1
T+§-v:T—|§\+|§|(1+cosi(§,v))xl—l—NWzN1/3

and since now 1+ ||7| — [€|| = 1, (6.27) becomes
s ~ s—1
11+ b1+ 16D+ il = 1B €) e, & Mo (42

Everything else is exactly the same as before and we get N sy < L

; ~ N1/6 L.e.
s < z.
— 6

Finally we show that the condition s + ¢ < }l is necessary. Fix N >> 1.

Define new angles ay by ap = arccos (1 — %) (k € N) and a new set A by

A={(1,§):1<7<2, N<|¢{<2N,0<argé < as}
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and choose a cut-off function ¢ : S! — [0, 1] such that

¢(v) = p(cosf,sinf) =1 when g —ay <0< g — (6.28a)
o(v) = ¢(cosf,sinf) =0 when 0<6 < g —asor 27> 0> g — o
(6.28b)
|Q};2q§(v)| = |9pp(cos B, sin @) < N2 (6.28¢)
Observe that
o(supp ¢) ~ Nll 7 (6.28d)

For (7,€) € A and v € supp ¢ we have

3—2@5§4(fav)§g—0ﬂ

therefore
1 .
cos £ ( ,v)%m , sind(&v) ~1
Thus
_ ~ ~ N1/2
T+§-v_7+|§|cosé(§,v)~1+NN1/2 ~ N
and

0281 — 016 = [€]sin £(§,v) = N
Define f and g as in (6.25). Using (6.26) and [, ¢(v)do(v) ~ w17 we find

(7,9 ~ XA

therefore
1+ 171+ 1D+ I = €15, ] o gasa) = (A 2N=72
On the other hand it is easy to see that
Hf||L2(R1+2><Sl) + HgHLQ(R1+2><Sl) < M<A>1/2J<Supp ¢)1/2 s M(A)1/2N*1/4

If estimate (4.12) is true then N*¥~2 < N~ and since N was arbitrary,
s+0< i.
U

Proposition 6.3. Let d > 2. The conditions s + 6 < % and s < % m
Corollary 5.2 are necessary.

Proof. First we show the necessity of the condition s < (d — 1)/4. Fix
N >> 1 and consider the following sets:

A={¢eR?! : N<|¢{|<2N}, (6.29)
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and
B = {v € S¥! v = (wsinf, cos ), Wllﬂ <h< ﬁ, wE Sd_Q}.
(6.30)
Define fy by
fo(&,v) = xa(€)xa(v). (6.31)
Define
1
D{,N = |:— |§| COSW , — |§| COS W:|
We show that
. 1 72 &N
i =g (1= 1) w6
Suppose d > 3. Using (5.6) we have
1 T2 < ~ T2 1/2 T
i, &) =—(1- — 1- ~ T4
ie0=1g (1) [LH (5’ (1) = |£|> 7
(6.33)
1 2\ 2z 72 1/2 T
=—|1-— - — —— 1 d
g () e ((1 ) - |5|> 7)
(6.34)

Fix £ € A. It is easy to check that if 7 € D¢ x then for all w € S¥2 we
1/2

have ((1 - %) w, —%) € B, and therefore the integrand in (6.34) is

identically equal to one. On the other hand, if 7 ¢ D y then for all w € S
2

1/2
we have ((1 - #) w, —|2—|) ¢ B, and therefore, the integrand in (6.34)

is identically equal to zero. This proves (6.32) when d > 3. If d = 2 we
replace (6.33) by (see Section 5 of [6])

_ 1 2\ 77 2\ 7
9= 77 (1= ) 0(5’(1‘@ "m> o)

and work similarly.
It follows from (6.32) that

- 1 1
supp p = {(T,f):feA, —|§|COSW <7< —|§|COSW} (6.36)
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therefore, for (7,€) € supp p, we have || ~ N and 7 &~ —N hence |7|+ || ~
N. Also,

c 1 1 c
—[¢] <1_N> < —!§|COSW <7< —|51COSW <—¢ (1_N)
therefore )
— = ~IEl=~1
el ~ 17l = lel + 7~ lel
It follows that

T €m0 () % NV €0 1)

p(T, &) =
therefore

1+ L&l + 17D+ 18] = 171D )] 2 gas
A1) /R d /R XA(E) XDy (7)drde

1 1
_ A72s—(d-1) _
=N /A|£| (COS4N1/2 0052N1/2>d§

~ N2==D(A) (6.37)
On the other hand,

HfOHi2(Rd><Sd_1) = M(A)(T(B) ~ d—1* (638)

We conclude that in order for the estimate (5.13) to be true it is necessary
that N2s~(@-1) < N—“% for arbitrarily large N. Thus, s < (d—1)/4.

Next we show that s+ < % is necessary. We define A as in (6.29), define
a new set B by

1 2
B:{veSdQ:v:(wsinﬁ,cose), g+N§9§g+N , weS?
(6.39)
and a new set D¢ ny by
Dew = |Ielsin < , €] sin ~ (6.40)
&N = sSin N sSin N .
We define fy by (6.31). Working as above we can show that
N 1 72 kS
i) =g (1= ) T O

Therefore, on the support of p we have |{| & N and 7 = 1, hence |7|+|¢| = N
and ||7| — [¢]| &~ N. This gives p(7,£) = xx4(€)xp, »(7), and working as in
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the proof of (6.37) we get

1L 1l + 17D+ Ll = 71507 )2 gy = N>+ 20(A)

On the other hand

These

1]
2]

[3]

(A
HfOHiQ(RdXSdfl) = u(A)o(B) =~ %

two estimates give N2720-2 < N=! ‘hence s + 6 < 1.
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