A NOTE ON LOCALISED WEIGHTED INEQUALITIES FOR
THE EXTENSION OPERATOR

J. A. BARCELO, J. M. BENNETT, AND A. CARBERY

ABSTRACT. We prove optimal radially-weighted L?-norm inequalities for the
Fourier extension operator associated to the unit sphere in R™. Such inequal-
ities valid at all scales are well-understood. The purpose of this short paper
is to establish certain more delicate single-scale versions of these.

1. INTRODUCTION

Let n > 2 and o denote the induced Lebesgue measure on the unit sphere S*~! C
R"™. We define the extension operator associated to S*~! to be the mapping g +—
gdo, where

pir(o) = [ e,

g € LY(S"71) and x € R™. In this note we will be concerned with the validity
of certain weighted inequalities for this extension operator. The most well-known
conjectured inequality of this type is due to Mizohata and Takeuchi; see [9]. In
what follows p will be a non-negative Borel measure on the unit ball B of R™. For
such a measure we define T
Il = sup 24T
w

(T)n—l
where the sup is taken over all infinite rectangles T in R™ with (n — 1) short sides
with common length w(7T) and remaining side doubly infinite.

Conjecture 1.1. There exists a constant C, depending at most upon n, such that
if the measure p satisfies |||p||] < oo and R > 1, then

— 1l
1) [ o R < € 2 Lol

for all g € L*>(S"71).

This conjecture has been verified in the case where the measure u is radial; this
is done in both [2] and [4]. For more general weights very little is known beyond
some very special examples.
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In this note we will consider the versions of these inequalities which arise upon fixing
the scale R in Conjecture 1.1. (Both versions of this conjecture arise naturally in
a number of problems on the interface between harmonic analysis and geometric
measure theory; see for example [3], [5], [4], [6] and [12].) We now describe this
set-up, beginning with some notation.

Let R > 1 be a (large) parameter which may now be considered fixed. For R~ <
a < R7Y2 let T(a,a?R) denote a rectangle (or “tube”) of arbitrary position
and orientation in R™, having n — 1 short sides of length « and one long side of
length o R; so at one extreme, T'(a, @®R) is a cube of side R~!, and at the other,
T(a,a?R) is a rectangle of long side of length 1 and n — 1 short sides of length
R,

We test our extension operator on the standard examples that generate the classical
Restriction Conjecture for the Fourier transform (see [10]). One simply takes the
function g to be an arbitrary (modulated) characteristic function of a §-ball in S*~1;
ie. g(&) = e x(€) where a € R™, and x is the characteristic function of a é-ball
in S"~! for some 0 < § < 1. The fact that |g/d?7(Rx)| is large on a suitable tube
suggests the possibility that the inequality

sup
-1
RTL R—lgagR—l/Q

_ u(T (0, 0?R))

@ [l r i< {2 gy,

might hold for all g € L?(S"~!). Here C is a constant depending on at most n.
Observe that this has the correct homogeneity in the sense that the multiscale
inequality (1) would be a consequence of this on letting R — oo; the key point
being that for any rectangle T'(«, o®R),

w(T(a,0®R
pIlea’R)
[0

uniformly in o and R.

This observation also shows that the condition |||u||| < oo is necessary for an in-
equality of the form (1) to hold uniformly in R.

Unlike in the multi-scale situation, this single-scale inequality (2) turns out to be
false even for radial p. Curiously however, in the radial case, we are able to prove
a slightly weaker statement which is, nonetheless, optimal (up to multiplicative
constants). This is the content of our main theorem.

Theorem 1.2. Let p be a non-negative radial Borel measure supported onB. There
exists a constant 0 < C' < oo, depending on at most n, such that

— loglog R w(T(a,a®R))
®  [ldropan < cEEE sy [0S,
B R-1<a<R-1/2 «

for all g € L3(S"™Y) and R > 1. Conwersely, there exists a constant 0 < ¢ < o0,
depending on at most n, such that for each R > 1, there is a non-negative radial
Borel measure p supported on B for which

— log 1 T(a,a?
/ |do (Rz)[2dy > Joglog B /WO‘R))} _
B

u
Rn—1 R-1<aq<R-1/2 { an—1
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It should be remarked that although inequality (3) is sharp, it just fails to possess
the correct homogeneity to imply the corresponding multiscale inequality (inequal-
ity (1) for p radial).

Although the main result concerns radial measures, its proof contains some inequal-
ities for general measures which are perhaps of interest. These we mention as a
Corollary below.

Inequality (2) fails more dramatically (by a power of R) for arbitrary Borel measures
u, rather than just by a factor of loglog R in the radial case. This can be seen as a
consequence of work of Tosevich and Rudnev [7]. Further counterexamples in this
context may be found in [1].

In the next section we establish some preliminary lemmas, and in Section 3 we
give a proof of Theorem 1.2, and some further remarks concerning its formulation.
Finally in Section 4 we make some remarks on known variants of inequality (2) for
general (i.e. non-radial) measures y in two dimensions.

Notation. For non-negative quantities X and Y we use X <Y (X 2 Y) to denote
the existence of a positive constant C', depending on at most n, such that X < CY
(X >CY). We write X ~Y if both X <Y and X > Y.

2. LEMMAS

As we shall see, since our measures j are radial, we may quickly reduce the proof
of Theorem 1.2 to certain uniform estimates for ordinary Bessel functions. The fol-
lowing lemma makes a connection between the relevant Bessel function asymptotics
and expressions of a geometric nature involving tubes. Here we shall use dH" 2 to
denote the n — 2 dimensional Hausdorff measure on R".

Lemma 2.1. Let 0 < a < 3,7 >0 and u,w € S" ! with u-w = 0. We define a
rectangle T =T, , w (o, ) CR™ as follows:

(1) T has n— 1 short sides of length « and one long side of length (.
(2) T is centred at the point rw, and has direction u.

If
(4) B2 > 8ra + 402,
and x € R™ is such that

2
(5) r+a§|x|§\/r2+%,

then the quantity

I,(z,7r,, B) = / / XTy o0 u(0,3) (x) dH"_Q(u) do(w)
Sn=1 J{ueS*—1:u-w=0}

satisfies

(6) I/ﬂ(x? T? a’ 5) ~
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Proof. We begin by observing that I,(z,r, «, 8) is a radial function of z, and that
the integral

Lt el dot)

is independent of w and u. Using these observations and Fubini’s Theorem, we may
write

In(x7 ,r7 a’ 6)
1
- ] 0 tha]) AR 2(a) do (o) do ()
Cn—1 Jsn—1 Jgn—1 {uesS"—1:u-w=0}

1
= [ e tel) do),

Cp—1

where ¢,,_1 denotes the volume of the unit sphere in R”, and w’ and «’ are arbitrary
points on S"~! with v’ - w’ = 0. For convenience we choose w’ = (0,0,...,1) and
v = (1,0,...,0).

Now fix z € R"™ and set p = |z|. By (4) we have that

2
\/r2+%>r+a.

To obtain (6) in the region (5), we must calculate the proportion of pS"~! that
intersects T} . . (c,3). This intersection is an “ellipsoid” in pS"~! with length
|P — Q| in one direction and « in the remaining n — 2 directions. Here

P:( p2—(r+a)2,07...,07r+a) and Qz( p2—r2,07...,07r).

Hence
|P — Qla?
In($,7", «, 6) ~ Tv
and since
2
P=QP ~a?+ (Vi? =12 = Vi =+ a)?)
9 (2r + )?
~ (1 + 7;)2 — 2
a?p
p—r’
we obtain (6). O

The following Lemma summarises the relevant Bessel function estimates. See, for
example [2] for a proof.

Lemma 2.2. For v > 0, there exists a universal constant C > 0 such that
(1) for0<r <1,

.01 (5) w7
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1/4}

Incidentally, Lemma 2.2 fails to reflect a certain exponential decay of J,,(r) present
in the region 1 < r < v (see for example [11] for explicit details of this). Given
this, it is perhaps of little surprise that we shall only need to use our geometric
representation (given by Lemma 2.1) of these asymptotic estimates for J, (r) in the
region r > v.

(2) forr>1,
r+v

r—v

|, (r)] < Cr~1/2min {1/1/67

3. THE PROOF OF THEOREM 1.2

We begin by constructing an example showing that our inequality is optimal.

Let i be a radially non-increasing Borel measure supported in B. Observe that the
supremum in the right side of (2) is attained by a rectangle, centred at the origin,
and whose long side is parallel to the z1-axis. For this rectangle T' = T'(a, o® R) we
have that

1 o’R

™) cernTea?R) £ 3 [+ [ dut),

Next we define a sequence of positive real numbers {%‘}?:o by setting oy = 0,

o] = % and
Qjp1 = Ra? for 2<j <k,
where k is such that oy, ~ R~'/2. We now define the measure p by
k

1
du(t) = Z — X(ay.0;00)(t) dt.
j=0 Jj+1

j—1
Observe that since a; = QZT, we have that

(8) k ~ loglog R.
Let g = 1. Using the well-known asymptotic formula (see [10])

do(x) = cla|="7 cos(|a| = 7/4) + O(J| "% ); |o| = ox,

and the nature of the measure u, we obtain the lower bound

9) /Ic/ic\r(Rx)|2dﬂ(x)> 1 A L) > B1B R

~ Rpn—1 <Jol<1 |z[n—1  Rn—1

This gives the desired inequality since by (7),

sup {W}gl.

R-1<a<R-1/2 on—1

In order to prove the positive part of Theorem 1.2 we decompose g into its spherical

harmonics, writing
ap
2 : 2 : ¢
9= CZ,mYma
¢ m=1
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where Y,Y denotes the m’th standard basis element of the spherical harmonics of

order £. By a standard orthogonality argument it is enough to show that

|JU(R£C)|2 loglogR
Y . jal<1 TRapz @) S~ el
where 2
el = sup {MﬂmﬁR»}
R-1<a<R-1/2 an—

and v = v(¢) = { + 252. To this end we break up J according to the behaviour
of the Bessel function J, (see Lemma 2.2), writing J = 71 + Jo + T3 + J1 + T5,

where |7, (Rz)[?
N /le|§1 Wdu(x)’
J,(Rx)|?
. /1<Rr<;, jel<1 IREcIde“(x)’
J,(Rz)|?
e /gnggy_gyé, 2l<1 mdﬂ(a?h
Ju(Rx)|?
h /’/_2V:15SR$|§U+2V;15) el<1 Md/i(x)
and |Jl,(Rm)|2
S = /R1’>IJ+21/%.7 lz|<1 Wdﬂ'(x)~

We now obtain the required bounds for each of the J; with 1 <i <5.

From our geometric point of view, the most interesting and significant term here
is J5 (see the remark after the statement of Lemma 2.2). Although the argu-
ments for the remaining terms are relatively straightforward, we include them for
completeness.

By Lemma 2.2 and the fact that v > "T_Q,

1
T < wBORT) S g

Here we are using the fact that if « = R™!, then T'(a,a?R) is simply a ball of
radius R~1.

el -

By a straightforward dyadic decomposition, and Lemma 2.2 again, we have that
1 1 ek
NERS i >, WN(B(O»R 2%)).
1<2k<¥
Covering the ball B(0, R~12¥) with a union of (essentially disjoint) tubes of the
k
form T = T(a,a?R), where a = 22, of which there are a total of O(2%("=2)),

R
quickly leads to the required bound.

We now turn to J4, and cover the annulus

O— GR"'V 2V%<||<U+2V%
-7 "R R -W=RTR
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with O(v3"=1) tubes T = T(a, 02R), where a ~ /3 /R, having bounded overlap.
Thus by Lemma 2.2,

1
o
Vit Q -3

In order to bound [J3 we let

IS

o ) S sl

_ 1/3 173
Q= {xeR”:V—W“V <zl < ”-2]”},
R
and, using Lemma 2.2, write

NEDS Z %/ du(),

n—2,m—329%
1<2igprrs BTTVITE22 g,

and continue as in the case of J4, where for each j the corresponding value of « is
25 R,

We now turn to Js, where by Lemma 2.2 we have

1 1
I5 < 7/ du(x).
R Jypzd < [a]" 82| — 413

1

In order to bound this term we define a sequence {a;} by a; = 22> and
L L L
oyl = = .
J+1 20 R y J =2

Let k be such that % + ax ~ R~1/2. As before we note that
k ~ loglog R.
We now write

1
jE)N / du(m),
R“Z oy <lel< g rases 2" 3 [la] — B3

v
R

. . _ _ 5 _ 2 .
and apply Lemma 2.2 for each j, with r» = = aj and 5 = ojR, to obtain

v
R’
1
j5 ~ Rn 1 'n,
fta;<lz|<E+ajt1 {ueS"—1:u-w=0}

]
X2y (e 02 (2) A2 (0) do(w) dpz)

k 2
1 / / 1Ty wula,0fR)
< E ! dH" 2(u) do(w
Rnil Z: Sn=1 J{ueSr—1:u-w=0} n-1 ( ) ( )

@

1og log R
N Rn— T pn—1
as required.

[l

Corollary 3.1. For all Borel measures p supported in B,

|J,(Rx)|? loglog R
WA () < R
L e £ SR
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Proof. In the proof of (10) we at no point used radiality of p. O

In particular, taking v = 0, we have that for arbitrary Borel measures u,

d
/| M) < 1og log R |

al<1 1271

Remarks

1. In retrospect, the conjecture that (2) might hold was a little hasty. It was
generated only by the single family of examples descrillcii, and we did not even
take account of the effect of the tails of the expressions |gdo(Rz)|. Considering the
case d ~ 1, we should therefore have included “tail” terms such as

(11) sup/1 dpu()

y /R<|z—y|<1 |l,7y|n71

into consideration of necessary conditions. The fact is that, by the remark following
the above Corollary, and translation invariance of |||-|||r, this term (11) is automat-
ically controlled by |||¢|||r up to a factor of loglog R. When p is radial, the tails
occurring in the (unmodulated i.e. y = 0) cases § << 1 are controlled by the same
mechanism, using explicit rotation invariance. However when y # 0, and § << 1,
it is perhaps simplest to use the theorem itself to see that the contributions from
the tails (analogous to (11)) are dominated by loglog R |||u||| -

In the case of general measures, it is easy to see that all the “tail” terms such as
(11) are dominated by log R |||]||r. (For (11) one uses a dyadic decomposition of
{1/R < |z — y| < 1} and then tubes pointing along rays through y.) However, as
we have noted above, (2) fails polynomially in R for general measures .

2. If the Mizohata—Takeuchi Conjecture 1.1 is correct, it can be rescaled to obtain
the scale-invariant inequality

/R l9do (@) dp < Cllul] 912 nry

for all g € L2(S™™!). (There is now no condition on the support of p.) However, it
is not necessary that |||u||| be finite in order to have

(12) /Rn lgdo () *dp < K (1) ||gl72(sn1y-

Indeed, taking du(r) = w(x)dz, inequality (12) holds with K (1) = [|wl|(nt1)/2;
this is the content of the Stein—Tomas restriction theorem. And, of course, the
quantities [|wl|(,41y/2 and ||[u]|| are not comparable. On the other hand, testing on
the usual examples gives the necessary condition

T
(13) sup{z'l\?(n_)l:TanNXN~~><N><N2tube,N>1}<oo

for (12) to hold. The quantity |||g||| is the smallest dilation-invariant functional
of p which is larger than that generated by (13). And by Holder’s inequality,
(13) < [Jw|l(n+1)/2 when du(x) = w(x)dz. On the other hand, (13) is not sufficient
for (12) to hold, as the result of the present paper (or [7]) shows.
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4. REMARKS ON LOCALISED INEQUALITIES FOR GENERAL MEASURES IN TWO
DIMENSIONS

Although inequality (2) fails by as much as a power of R for general measures p
(see [7]), there are certain closely related variants of it which are true, possibly up
to logarithmic factors. We briefly describe here two such variants (the forthcoming
inequalities (14) and (15)), neither one of which implies the other. Both originate
in work on the Falconer distance set conjecture (see [8]). We omit the proofs due
to their close proximity to arguments already well established in the literature.

A variant based on an argument of Erdogan. A careful inspection of the
arguments in [6] (see also [5]) leads to the following two-weighted inequality for
the extension operator in two dimensions. The subsequent variant of inequality (2)
follows as a corollary.

In what follows T'(«,3) will denote a rectangle in the plane of short side o and
long side 3, and T, (x; v, 3) will be used to denote the rectangle T'(«, 3) centred at
2 € R? and pointing in the direction w € S'. B will denote the unit ball in R?, and
o the induced Lebesgue measure on the unit circle S' ¢ R2.

Theorem 4.1. Let p be a Borel measure supported in B. Then there exists an
absolute constant 0 < C' < oo such that for all R > 1 the a-priori inequality

/ lgdo (Re)[2dy < 181 / 19() P M) dor ()

holds. Here the mazimal function Mg is given by

1/2
(z;0,0%R)) 2
Mpu(w) = sup sup /( > dx .
( ) R-1<a<R—1/2 T||w |T| |Tw|

T=T((a«R)"1,1)

Corollary 4.2. There exists a constant 0 < C' < oo such that
(14)

lo T)u(T)?
/|gdo (RE)|2dp < € ]g% sup sup {“()“()} lgll3,

i
R-1<a<R-1/2 T=T(a,a’R) ‘T”T |
T'=T'((aR)™*,1)
TcT',T||T’

for all Borel measures p supported in the unit ball, R > 1 and g € L*(S*1).

A variant based on an argument of Bourgain. A careful inspection of the
arguments in [3] leads to the following variant of inequality (2). This observation
is due to Ana Vargas.

Theorem 4.3. There exists a constant 0 < C' < 0o such that

_ (log R)'/3 WM assy e
1) [ ldorePar< cRERE sy JEIE
) [ ladotro) R ol L

for all Borel measures u supported in the unit ball, R > 1 and g € L*(S"~1).
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